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Abstract

A graph is chordal if and only if it is the intersection graph of some family of subtrees of a tree. Applying
“tolerance” allows larger families of graphs to be represented by subtrees. A graph G is in the family
[A,d, t]if there is a tree with maximum degree A and subtrees corresponding to the vertices of G such that
each subtree has maximum degree at most d and two vertices of G are adjacent if and only if the subtrees
corresponding to them have at least 1 common vertices.

It is known that both [3, 3, 1] and [3, 3, 2] are equal to the family of chordal graphs. Furthermore, one
can easily observe that every graph G belongs to [3, 3, ¢] for some . Denote by 7(G) the minimum # so that
G € [3, 3, ¢]. In this paper, we study ¢ (G) and parameters

t(n) =min{t : G € [3, 3, ¢] forevery G € K}
and
thip(n) = min{t : G € [3, 3, t] forevery G C Ky n}.

In particular, our results imply that logn < fyjp(n) < 5n1/3 log, n and log(n/2) < t(n) < 20n!/3 log, n.
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1. Intersection representations of graphs

One of important and interesting topics in graph theory is the representation of a graph
using intersections of finite sets. Here, each vertex of a given graph is assigned a finite set,
and two vertices are adjacent if and only if the corresponding sets intersect. More generally,
a p-intersection representation of a graph G with vertices vy, vo,..., v, is a collection of
sets {S1,S82,...,8,} such that v;v; is an edge of G if and only if |S; N §;| > p. The
p-intersection number 6,(G) of G is the smallest cardinality of U?:] S;, taken over all
p-intersection representations {S1, Sz, ..., S;} of G.

Erdés et al. [7] proved that for all G on n vertices, the intersection number of G, 61(G), is at
most n?2 /4. For p > 1, p-intersection numbers have been studied [3,5,6,8], yet many questions
remain open.

Since each graph has an intersection representation, we can impose additional restrictions on
sets allowed in the intersection representation and investigate what families can be obtained. The
best known example is the family of interval graphs for which we are allowed to choose only sets
that are intervals on the real line or, alternatively, subpaths of a path. This is further generalized
in the following definition.

Definition 1. For three positive integers A, d, and ¢, we say that a graph G has a (A, d, 1)-
representation (and write G € [A,d, t]) if the following is true. There exists a tree T with
maximum degree A(T) < A for which there are subtrees 77, ..., T,, such that

(a) A(T;) <dforeveryi =1,...,n,
(b) viv; € E(G) if andonly if |V(T;) N V(T;)| = tforalll <i < j <n.

We will use oo in place of a maximum degree when no limit is given.

As mentioned above, [2, 2, 1] is the family of interval graphs, and the interval graphs have
been characterized by Lekkerkerker and Boland [14]. It is not hard to show that for ¢+ > 1,
G € [2,2,t]ifand only if G € [2,2,¢ + 1]. Thus, for all # € N, the graphs in [2, 2, ¢] are the
interval graphs, a proper subfamily of the chordal graphs.

A graph is called a subtree graph if it is in [00, 0o, 1]. In the early 1970’s, it was shown
that a graph is a subtree graph if and only if it is a chordal graph. This result is due separately
to Buneman [2], Gavril [9], and Walter [17]. An improvement was found by McMorris and
Scheinerman [15] who showed that [3, 3, 1] is the family of chordal graphs. Later, Golumbic and
Jamison [11] proved that [3, 3, 1] = [3, 3, 2].

1.1. Tree representations

As was observed by Jamison and Mulder [13], the family [n2/4, n?/4, 2] contains all graphs
on n or fewer vertices. This follows from the already mentioned fact that for all G on n vertices,
01(G) is at most n? /4; see [7]. Then one can construct a tree representation of G using a star with
01(G) leaves as the host tree. The substar assigned to a vertex corresponds to the center node of
the star plus the leaves corresponding to its set in the intersection representation of G.

We can further improve this by taking a path P of length 6,,(G) and adding one leaf to each
vertex of the path. The subtree assigned to a vertex is path P and the leaves corresponding to
its set in the p-intersection representation of G. It is easy to see that this is a (3, 3, 0,(G) + p)-
representation of G. One may therefore ask what is the minimum ¢ = #(G) such that G €
[3,3,1¢].
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Since #(G) = 1 for every chordal graph G, we turn our attention to the complete bipartite
graph K, ,, which is not chordal for n > 2. We have already observed that (K, ,) <
0,(Ky,n) + p. Now we recall the following result of Fiiredi.

Proposition 2 (Cf. Proposition 3.3 in [8]). If p = 2K — 1, then 0p(Kp+1,p+1) = 4p.

Since each interval [n, 2n] contains a power of 2, we obtain ¢ (K, ,) < 10n. For arbitrary graphs
G, the value of 0,(G) is generally not known and, therefore, 1(G) < 6,(G) + p only yields
O (n?) bounds.

In this paper we improve this further and prove the following theorem.

Theorem 3. For all n, tyip(n) = min{t : G € [3, 3, t] for every G C K, ,,} satisfies
toip(n) < 72n'"3 4-4)(logy n/3 +2) — 6.

As a corollary we obtain an upper bound on 7 (G) for an arbitrary graph G.

Corollary 4. Forall n, t(n) = min{t : G € [3, 3, t] for every G C K} satisfies
t(n) < 282n'"? + 1)(logy n/3 + 2) — 24.

For the lower bound, we obtain the following result.

Theorem 5. tyip(n) > t (K, ) > logy n for all n. Hence, t(n) > log, (n/2).

We remark that it is not obvious that a graph having a (A, d, t)-representation has also a
(A, d,t + 1)-representation. This was, indeed, conjectured by Jamison and Mulder, and it has
been proved only for some special cases (r = 2, 3,4)in [13].

Conjecture 6. For A,d,t € N, t > 1, we have [A,d,t] C [A,d,t + 1].
In Section 5, we prove the following special case of the conjecture.

Proposition 7. For A,d,t e N, t > 1,
[A,d,t] C[A,min(d + 1, A), t + 1].

We see from Proposition 7 that K, , € [A, A, t] = K, , € [A, A, t 4 1], and in particular,
Knnel3,3,t]=— K, €[3,3,t+1]. (1)

Finally, Theorem 3 provides a partial answer to the following question raised by Mulder
(see [10]).

Problem 8. For whichn > 3, K, , ¢[3,3,n —1]and K, , € [3,3,n] ?

In view of (1), we can restate this question as finding all n for which ¢ (K}, ,) = n. This is known
to be true for n = 3 and n = 4 by the results and constructions of Jamison and Mulder [13]. On
the other hand, Theorem 3 shows the existence of ng such that # (K, ,) < n for n > ng. Careful
analysis (outlined in the Appendix) reveals that 4 < ng < 589.
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2. The upper bound: A reduction

In this section, we show that the upper bounds in Theorem 3 and Corollary 4 follow from the
same construction.

2.1. Reduction

For given positive integers n and ¢ let K be any set of size n, T be any binary tree with root r,
and let L be the set of its leaves. Suppose that for every a € K there are two subtrees T4 (a) and
Tp(a) of T rooted in r and satisfying the following properties:

(1) |Ta@) NTa(d)| <tforalla+#a, a,a’ € K,
(ii) |Tg(@) N Tg(a')| < t foralla #a' a,a’ € K,
(iii)) Ta@) N Ta@)NL =Tg@)NTg@)NL=@foralla #a a,a’ € K,
(iv) Ta(@) N Te@)NL # @ foralla,a’ € K,
(V) |Ta(a) NTg(a')| < tforalla,a’ € K.

Then we construct a (3, 3, t)-representation of G C K, , as follows. Suppose that A U B is
the bipartition of G. Since |A| = |B| = |K| = n, we can associate every vertex in A and B with
one distinct element of K. For every edge ab of G, fix one leaf v(ab) in T4(a) N Tp(b) N L # @
(cf. (iv)). It follows from (iii) that v(ab) # v(a’b’) for distinct edges ab and a’b’. Set

L(G) = {v(ab) : ab € E(G)).

We obtain the host tree 7’ by appending a distinct path P, with ¢ vertices to every leaf v € L(G).
Fora € A (b € B, respectively), we construct a subtree T'(a) of T’ (T’ (b) of T’, respectively)
by taking T4 (a) (Tp(b), respectively) and all paths P, for every leaf v € Ta(a) N L(G) (all
v € Tg(b) N L(G), respectively). In other words,

T'(a) = Ta(@) U{P, : v € Ta(a) N L(G)} forac A (2a)
and

T'(b) = Tp(b) U{P, : v e Tp(b) N L(G)} forb € B. (2b)
Fora #da € A, we have

T'@NT' @)= (Ta@ NTa@) U[P,:veTa@NTa@)NLG)}.
By (iii), {P, : v € Ta(a) N Ta(a') N L(G)} is an empty set, therefore, by (i),

IT'(@)NT'(a")| = |Tala) NTa(@)| < t. (3a)
Similarly, using (ii) and (iii), we get

IT'"B)NT'(B")| = |Tpb) NTp®d')| <1t (3b)

foreveryb # b’ € B.
Suppose thata € A and b € B are such that ab ¢ E(G). It follows from the definition of
L(G) and (iii) that no v € L(G) belongs to T4 (a) N Tp(b), and thus,

IT'@) N T'(®)| = |Tat@) N Ta®)| 2 1. (30)
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By (iv), there is a leaf v = v(ab) € L(G) foreverya € A and b € B, ab € E(G), such that
v € Ta(a) N Tg(b). Consequently,
T'(@)NT'(b) 2 (Tala) N Tp(b)) U P,
and, therefore,
IT"@NT'®b)=|P| =1 “4)
What remains is to describe the construction of subtrees 74 (@) and T (a) and prove that they
satisfy conditions (i)—(v). This is done in Section 3.

2.2. Proof of Corollary 4

We prove that any construction satisfying (i)—(v) above can be turned into a (3, 3, 4¢)-
representation of an arbitrary n-vertex graph.

Let G = (V, E) be an arbitrary graph on n vertices. Without loss of generality we may assume
V = K. We construct an auxiliary bipartite graph I" with bipartition AU B, A = B = V, and
edge set

E(I'Y={ab:ac A,b e B,ab € E}.

Consider a (3, 3, t)-representation of I" given by (2a) and (2b) in which we append paths P, with
4t (not t) vertices. We set T” (v) = T’ (@) UT'(b), wherea = v € A and b = v € B. Note that this
is a tree because T'(a) and T’ (b) share the root of T’. We prove this is a (3, 3, 4¢)-representation
of G.
If v € E, then, similarly to (4),
IT"MNT"V)| = T @) NT'®")| = |P)| =4,
wherea =v € A, b’ =V € B, and v is a leaf belonging to T4 (@) N T (b’).
Ifw ¢ E, then
IT"MNT")| < T (@) NT' @)+ T @NT'®"
+IT'B)NT' @)+ T'B)yNT' B,
wherea =v € A,a’ =v € A,b=v € B,andb' =v' € B. We have |T'(a) N T'(a')|,
|T'(b) N T'(b")| < t because a and @’ are in the same partition class and b and b’ are in the

same partition class of I (see (3a) and (3b)). The other two terms on the right-hand side are also
bounded by ¢ by (3c). Hence,

IT"MNT" )| < 4t.
3. Upper bound: Trees defined by PLG (2, q)
In this section we provide a construction satisfying conditions (i)—(v) in Section 2.1.
3.1. Preliminaries

Let p be a prime, g be any power of p, and [F, be the field with elements 0, 1,...,q — 1.
We say that (a1, ap) € IFZ and (b1, by) € IFZ are equivalent if ay = Aby and a; = Ab, for some
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non-zero A € F,. Then ]Fé \ {(0, 0)} splits into g + 1 classes that are represented by (0, 1), (1, 0),
(1,1),...,(1,g—1) and the set X of these representatives is called the 1-dimensional projective
space over F.

It is a well-known fact that any non-singular 2 x 2 matrix A € Féxz (the group of all such
matrices is denoted by GL(2, ¢)) acts on X as a permutation by mapping x to xA (see, e.g., [4,

12]). Clearly matrices A and AA define the same permutation for A # 0 € F,, hence all these

permutations are defined by matrices [é ;] with bc # d and [(]) ;] with ¢ £ 0. (We just remark

that these matrices correspond to the projective group PLG(2, ¢) and that the number of these
matrices is (g + 1)g(qg — 1) (see [12]).)
Let K be the set of all vectors (b, ¢, d) € IFg such that b, ¢, d # 0 and bc # d. By subtracting

from (g + 1)g(g — 1) the number of matrices of types [? ;]with c # 0, [}7 g]with bc # 0,
[é Z]with d # 0, and [,i g]with b, d # 0, we obtain the following.

Fact9. K has (g — 2)(qg — 1) elements.
Now for each (b, ¢, d) € K we define a mapping w(p,c.q) : X — X by

Tbe.ay((0, 1)) = (1,b7'd),
Tp.e.ay(1, —=b~1) = (0, 1) 5)
Tpeay((1,0) = (1, (c +dN)(1 + b)Y fora # —b~1

Since 7(p,¢,q) corresponds to the action of [}7 2] on X, we have immediately that 7, ¢ 4) is a

permutation of X for every (b, ¢, d) € K. We will need the following fact observed by Deza and
Frankl [4].

Fact 10. For all (b,c,d) and (b',c’,d") € K, wpca)®) = 7e e a)(x) has at most two
solutions x € X.

Before we define a family of subtrees satisfying the conditions from Section 2.1, we need one
more operation on X. For ¢, d € F; andx € X we set

_JQyex+d) ifx=(1,x)
cx+d= {(l,d) if x = (0, 1). ©)
Clearly, cx + d acts on X* = X \ {(0, 1)} in the same way as cx 4 d does on F,.
For each (b, ¢, d) € K we define a mapping k(,c,4) : X x X — X by
_[dy+b ifx=(1,0) or wp.ca @) = (1,0),
Kipc.d) (%, y) = {dy +c¢ otherwise. @

The following fact follows from (5) and (7).

Fact 11. For all (b, c,d) and (b',c',d) € K, if T(h,e,d)(X) = o a)(X) and K@ ca)(X,y) =
K .c'.d)(x,y) for somex,y € X, thenb =b" and c = ¢'.

3.2. Construction

For a vertex v and integer ¢, we denote by Ty (v) the full binary tree of height £ rooted at v and
by Ty(v) the tree constructed as follows: the root v is adjacent to two vertices v; and v, and we
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append the tree Ty (v1) at vq. In other words, Ty (v) = {wi}U{wa}UT;(v1). We call the edge vn
the “special branch”. We also set f‘[ ) = {vwi} U Ty—1(v1). (We obtain f‘[ (v) from f‘g(v) by
removing all its leaves.)

Note that Ty (v) has 271 — 1 vertices and 2¢ leaves, Ty(v) has 27! + 1 vertices and 2¢ + 1
leaves, and f‘[ (v) has 2¢ vertices.

We now describe the host tree 7 with root r. Let i be a positive integer, ¢ = 2", and
t =7+ D(h+1) — 6. In Tj,(r) = {rr1} U {rra} U T (r1) we label the leaf r» by (0, 1)
and the leaves of T, (r1) by vectors (x) € X* = X \ {(0, 1)}.

For i = 1,..;,5, and for each (x1,x2,...,x;) € X!, we label the leaf in the
special branch of Tj, ((x1,x2,...,x;)) by (x1,x2,...,X;, (0,1)) and the other g leaves by
(x1,x2, ce Xy (1,0),...,(x1,x2,...,x;, (1,9 — 1)). Now we let T be the tree formed by

the union of T} (r) and all trees
fh (x1,x2,...,x;)) fori=1,...,5and (x1,x3,...,X;) € )&

Note that 7 has maximum degree 3. For two vertices u and v in T, we denote by P(u, v) the
vertex set of a unique path from u to v and we also set P~ (u,v) = P(u,v) \ {v}.

Recall now that K is the set of all vectors (b, c,d) € ]Ffl such that b, ¢, d # 0, and bc # d.
For each (b, ¢, d) € K we shall define subtrees T4 (b, ¢, d) and Tg (b, ¢, d) of T and prove that
they satisfy conditions (i)—(v) from Section 2.1.

We define T4 (b, ¢, d) as the union over all x, xp, x3 € X of

T (r), i

P ((x1), @1, T(pc.ay®1)) U Ty (1, 7o) (x1))),

P (o1, 70b.c.a)(X1), %2), (¥1, T(b.c.d) (X1)5 X2, Kb ,c.a) (X1, x2))),

Th ((e1, T (p,e,a) (*1), X2, Kb c,a) (X1, X2))), and

P (1, T(p,e,ay(X1), X2, K(p,e.d) (X1, %2), X3), (X1, T(p,c.a) (X1), X2, K(p,e.a) (X1, X2), X3, (1, d))).
We define Tg(b, c, d) as the union over all y1, y>,y3 € X of

P(r, (1,d)) UT;, (1, d)),

P (A, d),yD), (1, d), y1, Tp.c.ay (Y1),

Th (1, d), 1. o,y (¥1)),

p (1, d).y1, T pe.ay(¥1).¥2), (1L, ), ¥1, T e,y (Y1) Y2, Kb,e.d) (Y1, 32)))
Ty (1, d), 31, T(p.e.dy(P1): Y22 K(b.c.d) (¥1,32))).-

We prove that the trees above satisfy conditions (i)—(v) in the next section.

3.3. Proofs

From the above definition we conclude that the leaves of T4 (b, ¢, d) are of the form

(*1, Tp,c.a)(X1), X2, Kb ey (X1, X2), X3, (1, d))

and the leaves of Ty (b, c, d) are of the form

(L d),y1, e, dy(P1)s Y20 K(bre,dy (Y1, ¥2),¥3) -

If Ts(b,c,d) and To(b',c’,d’) (or Tg(b,c,d) and Tg(b', c’, d’)) have the same leaf, then, by
comparing coordinates, we obtain thatd = d’, T (b,c,d)(X1) = T4, q)(X1) has a solutionx; € X,
and k(p,c.d) (X1, X2) = k@' ¢ 4)(*1,x2) for some xo € X. By Fact 11 we have b = b’ and ¢ = ¢'.
Thus (b, ¢, d) = (b, ¢’, d’) and (iii) holds.
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To prove (iv), we need to find x1, X2, X3, y1, y2,¥3 € X so that

(1. Tpre.ay X1), X2, K(p,c.a) (X1, X2), x3, (1, d))
= ((Ld)y1, @ e ay (D1, Y2, K@ e ary (¥1,32),¥3) -

We see that this is satisfied for x; = (1,d'), y1 = 7p.ca)(x1), X2 = T4 ey (Y1), y2 =

K(b.c.d)(X1,X2), X3 = K@y ¢/ 4’ (¥1,¥2), and y3 = (1, d).

The definition of T4 (b, ¢, d) and Tg(b', ¢/, d’) implies that their intersection consists of the
union of paths (this is because T (b', ¢/, d’) has paths at places where T4 (b, ¢, d) has trees and
vice versa). From this we deduce that

Tab,c,d)NTg(',c',d') = P (r, (1, T(p,c.a)(X1), X2, K(p,c,a) (X1, X2), x3, (1, d))) ,
where x1 = (1,d), y1 = 7pcay(X1), X2 = 7@ ¢.ay(¥1), Y2 = Kp,e,d)(*1,%2), and
X3 =Kkw,c.a(¥1,y2). Hence [To(b, ¢, d) N Tp(b', ¢’,d")| = 6h + 7 < t and (v) holds.

Consider the intersection of T4 (b, ¢, d) and TA(b’, ¢/, d"). To maximize this intersection (and
reach beyond level 2h) we must have (¢ 4)(X1) = 74y, 47)(x1) for some x; € X. Let u; and
u> be (at most two) solutions (cf. Fact 10) of this equation.

We distinguish two cases. If d = d’, then K(b,e,d)X1,X2) = K4y ¢',q)(X1, X2) cannot have any
solution for x| € {u;, uy} because by Fact 11 we would have (b, ¢, d) = (b’, ¢/, d). This implies
that T4 (b, c,d) N T4 (b, ', d") is contained in

T, () U | P (@), @1 7pc.a)(x1))
x1eX

T, ((ur, we.qy @) U T, (w2, 7pc.a) (U2)))

U U P~ (1, 7 p,c.ay@1), %2), @1, T, c.a) @1), X2, K(p,c.a) (@1, X2)))
xeX

U | P (@2, .y @2). X2), (2, 7(h.c.a) @2). X2, K.y (U2, X2))) - ®)
xeX

If d # d, then K(b,e,d)(X1,X2) = K@ ¢ ,4)(X1,X2) has at most two solutions for a fixed x;
(cf. (7) and (6)). Denote by u11, u12 the solutions for x; = u; and by u»1, us; the solutions for
x| = uy. This implies that T4 (b, ¢, d) N Ta(b', ¢’, d’) is contained in (8) enlarged with

U T, (@1, Tp,e.ay @1), X2, K e,a) (W1, X2)))

xo€{uy,urz}

v U T, (2, b0y W2), X2, K(p e (U2, X2)))

xp€{uyr,un}

U U U (@1, 7 (p.c.a)@1), X2, K(b.c.a) (W1, X2), X3),

xo€{uy,uin} x3eX
W1, 7T (pc.a)W1), X2, K(p,c.a) (@1, %2), X3, (1, d)))
U U U (@2, T (p,c.a)W2), X2, K(b.c.a) (W2, X2), X3),

x2€{uar un) x3€X
W2, T(p,c,dy(U2), X2, K(b,e.a) U2, X2), X3, (1, d))) .
Clearly, the second case yields a larger intersection whose size is bounded by
@y h+2 22 Q) h+4 24 Q) h <t
Hence (i) holds.
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Now we look at how Tg(b, c,d) and Tg(b', ', d") intersect. Clearly, d = d’ holds and
T(b,e,d)(¥1) = T4, ¢)(¥1) has a solution in order to maximize this intersection. Let v; and v, be
(possibly two) solutions of this equation. By Fact 11, k¢ .4)(¥1,Y2) = k@', ¢",a)(¥1,y2) cannot
have any solution y, fory; € {v, v2} because otherwise we would have (b, ¢, d) = (b', ¢, d).
This implies that Tg (b, ¢,d) N Tg(b’, ¢’, d’) is given by

P (r,(LLd)UT, ((1,d)U U P~ (((,d),y»), (1, d), y1, Tp,c.ay(¥1)))
y1€X

UTh (1, d), v1, Tpe,ay1)) U Ty (1, d), v2, Tp.c.0) (2)))

Ul P @) o1, A peay 1), 32), (1, d), 01, L pc.ay (01, 32, Kpc.a) (V1 92)))
»ex

Ul P @), w2, A c.ay(92),92), (1, d), 92, 7.0y (V2), 2, Kb c.d) (2, 92))) -
»ex

A moment’s thought shows that the above intersection is smaller than the one in the previous
case and thus that (ii) holds.
For any n satisfyingn < (¢ —2)(¢ — )? = (2" —2) (2" - 1)2, the above construction and
Section 2.1 yield a (3, 3, t)-representation of any G C K, ,, where t = TP+ 1)+ 1) —6.
Given n, we find an upper bound on 4 using the fact that

(21 =2) (2 - 1)2 <n

because, otherwise, we could use t = 7(2"~14+1)((h—1)+1)—6. Thus, we haven > (2"~1 — 2)3
from which we deduce that 2" < 2n!/3 4 4. A short calculation shows that

1
tip(n) <1 =7Q" + 1)(h+1) — 6 <723 + 4) (% n 2) —6.

4. Lower bound

In this section, we prove Theorem 5. For any (3, 3, f)-representation of K, ,, let T be the host
tree, and Ay, ..., A,, respectively By, ..., By, denote the vertex sets of subtrees corresponding
to vertices in each partite set of K, ,,. Thus we know that [A; N A;| < ¢, |B; N Bj| < t for all
I<i<j<n,and |A;NBj|>tforalll <i,j <n.

Claim 12. Either |A; N Aj| > 1foralll <i < j <nor|BiNBj|>1foralll <i < j <n.

Proof. Suppose that A; N A; = ¥ forsome 1 < i < j < n. Let P be vertices of the unique
shortest path (in T') between A; and A}, that is |P| > 0. Since every By must contain a vertex
from both A; and A and T'[By] is a tree, By must also contain P forallk =1,...,n. O

Due to symmetry, we may assume that [A; N Aj| > 1forall 1 <i < j < n.Recall that any
family of subtrees of a tree has the Helly property, i.e., if the members of the family are pairwise
intersecting, then there is a vertex common to the whole family (cf. Chapter 1 in [1]). Thus we
have

Claim 13. |(Y_; 4;] = 1.
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Now we prove that every B; has a non-empty intersection with ﬂ?:] Aj.

Claim 14. For everyi € [n] there is a vertex vi € B; N ﬂ;le Aj.

Proof. Suppose B; N ﬂ?:l Aj = (¥ and let v; be the closest point of B; to A = ﬂ?:l AjinT.
Note that since every two points in T are connected by a unique path and v; is the closest point
of Bjto A = ﬂ’}zl A, each path between B; and A must contain v;.

Thus, as evefy A ; has non-empty intersections with B; and A and T[A] is a tree, we obtain
vie€ Aj,Vj,hencevie Aand B;NA#¢Y. O

Observe that since [A; N Aj| < t for everyi < j, we have |ﬂ?=] Aj| < t. In view of the
previous claim, there must be a vertex v € ﬂ?zl A such that

{i :ve B} =n/t.

Set I = {i : v € B;} and imagine T as a rooted tree with root v. Leti € I and j € [n].
Each intersection A; N B;, j € [n], contains a subtree with ¢ vertices rooted in v (because
|Aj N B;| > 1). No two intersections A; N B; and A ;s N B;» can be the same since |[A;NA /| < ¢
and |B; N By| <t foralli #i’, j # j'. Therefore,

n x ; < # subtrees of T of size t rooted at V. 9

It is a well-known fact (cf. [16], page 220) that the number of rooted subtrees of size ¢ of a
binary tree is given by the Catalan number C; = (2:) /(t + 1). Since we allow the root v to

have three neighbors (denoted by vy, v2, v3), we must adjust the counting: if we remove the edge
vv3, any subtree of size k rooted in v splits into two trees — one rooted in v of size k (where
k € {1,...,t}) and the other rooted in v3 of size t — k. Notice that the new trees are rooted
subtrees of the binary tree, and, therefore, we get

t
# subtrees of T of size t rooted at v < Z CrCr_j < Ciy1. (10)
k=1

The last inequality follows from the fact that Z;(:O CvCi—f = Cr41.
Combining (9) and (10) yields

n? 1 [2t+2
— =<C41=—= .
t t+2\r+1

. 2m
Since ( m

a

< 22" //2m, we obtain

N—

2642

<— X — <
t+2° V2 +2

Hence, t > logyn. O

2t

5. Monotonicity of tree representations

Here we prove Proposition 7.
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Proof. Suppose G € [A, d, t] with vertices {v{, v2, ..., v,}. Let H be the hosttreeina (A, d, t)-
representation of S and v; — S; for every i € [n].

Let v be any leaf of H. We constructa (A, min{A, d + 1}, t + 1)-representation, {Slf 11 €nj,
of G, from the subtrees {S; : i € n} and host tree H.

The (A, min{A,d + 1}, ¢ + 1)-representation will have host tree H’ which is H with an
additional vertex v/ and edge vv'. Notice that H' has the same maximum degree as H. Consider
v/ to be the root of H'.

Given any subtree S of H, we can consider it to be a subtree of H'. Let r(S) be the vertex in
the smallest level, £(r(S)), of H'. Then for every subtree S of H, r(S) has a unique parentin H’.
We call this parent p(S). Notice that if S and T are two subtrees of H then

SNT #¢ ifandonlyif r(S)e V(T)orr(T) e V(S). arn

Foreachi € [n], set Slf = S; + p(S;). Observe that the maximum degree of Slf ismin{A,d + 1}.
We claim that

1Si N S;1 < ISiNSE < 1SN S;+1 (12)

foralli # j.

The first inequality in (12) is obvious.

Suppose for some i # j, [S; N S;.l > |S; N S;| + 2. Itis clear that p(S;) # p(S;), since if
p(S;)) = p(S;) then S/ N S;.l = |S; N S;| + 1. Since we gained two vertices, it must be true
that p(S;) € V(S;) and p(S;) € V(S;). But p(S;) € V(S;) implies £(r(S;)) < £(r(S;)) and
p(Sj) € V(S;) implies £(r(S;)) < £(r(S;)). We have reached a contradiction. Therefore, (12)
holds.

By (12),if [S; N S;| <t — 1 then |S] N S;.l <t.

If |S; N Sj| = t, then by (11) either (S;) € V(S;) orr(S;) € V(S;). If r(S;) = r(S;), then
p(S;) = p(S;) and we have |5/ N S;.| =t + 1. Otherwise, without loss of generality, assume that
r(S;) € V(S;) and £(r(S;)) < £(r(S;)). Then p(S;) € V(S;) and thus, S/ N S}I >tr+1. O
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Appendix. In search of the smallest n such that ¢ (K, ,) < n

Careful analysis of the proof of Theorem 3 reveals that our construction gives (K, ,) < n
forn > ng = 589.

We recall that Theorem 3 yields a (3, 3, ¢)-representation of K, ,, for (Zh_l -1 (Zh_l -2)% <
n<@"—1@"—-2)2andr =1t(K,,) =7Q2" + 1)(h 4+ 1) — 6. It is an easy exercise to verify
thatr < (2"=1 — 1)(2"=1 = 2)? for h > 5, from which ¢(K,,) < n for n > 3150 follows.

For h = 4, we get a (3, 3, 589)-representation of K, , for every 590 < n < 3150. Hence we
can set ng = 589.
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