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Abstract

Let p be a positive integer and let @ be a subset of {0,1,...,p}. Call p sets
A1, Az, .., Ay of a ground set X a (p, @)-system if the number of sets A; con-
taining x is in @ for every x € X. In hypergraph terminology, a (p, Q)-system is a
hypergraph with p edges such that each vertex x has degree d(z) € @. A family of
sets F with ground set X is called (p, Q)-free if no p sets of F form a (p, Q)-system
on X. We address the Turdn type problem for (p, @)-systems: f(n,p, @) is defined
as max |F| over all (p, Q)-free families on the ground set [n] = {1,2,...,n}.

We study the behavior of f(n,p, Q) when p is fixed (allowing 27! choices for Q)
while n tends to infinity. The new results of this paper mostly relate to the middle
zone where 2"~ < f(n,p, Q) < (1 —¢)2" (in this upper bound ¢ depends only on
p). This direction was initiated by Paul Erdés who asked about the behavior of
f(n,4,{0,3}). In addition we give a brief survey on results and methods (old and
recent) in the low zone (where f(n,p,Q) = 0(2")) and in the high zone (where

2" = (2—¢)" < f(n,p,Q)).
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1 Introduction

The starting point of this paper was a question of Paul Erdds. Unfortunately,
we had no opportunity to continue the conversations on the subject with him
which started during the Summer of 1996. Following his well-known habit,
he started with a special case: “how many subsets of [n] = {1,2,...,n} can
you give if no four of them cover their union exactly three times? Can you
give more than 2"~! or only significantly less than 2"?” He explained that
it seems to be the first interesting special case of f(n,p,q), the maximum
number of sets of [n| such that there are no p sets covering each element of
their union exactly ¢ times. He gave some comments as well: “we proved with
Vera (T. Sés) that f(n,3,2) =2""! +1 and f(n,5,3) is related to a number
theory problem with Vera and Sarkozy.” Here Paul have had referred to their
paper on product representation ([1]).

We shall prove here that f(n,p,q)/2" < 1—¢,, if p/2 < g and give a con-
struction showing that f(n,p,p — 1) > 2"~! + cnP=3. Probably ¢, , tends to
1/2 for p/2 < gq. This seems to be a difficult problem, we could prove it only
in a few special cases (In fact this is true for most choices of ¢ in this zone).

We explore what is known and unknown about the following generalization of
the initial problem. Assume that () is an arbitrary subset of {0,1,...,p}. Call
psets Ay, Ag, ..., A, of [n] a (p, Q)-system if the number of sets A; containing
z is in @ for every z € [n|. Using hypergraph terminology,

Definition 1 a (p, Q)-system is a hypergraph with p edges such that each
vertex x has degree d(x) € Q. A family of sets F is (p,Q)-free if it does
not contain any (p, Q)-system. Then f(n,p, Q) is defined as max |F| over all
(p, Q)-free families F on [n].

Notice that f(n,p,q) = f(n,p,{0,4}).

Sets with multiplicities are excluded, therefore, f(n,p, Q) < 2". We study the
behavior of f(n,p, Q) when p is fixed (allowing 2?1 choices for Q) while n
tends to infinity. Many important results and problems of extremal set theory
fits into this general Turdn type question (for various choices of p and Q).
Also observe that, e.g., f(n,p,{0,1,p}), is the maximum size of a hypergraph
containing no A-system with p edges, which is a classical (and still unsolved)
problem, too.
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