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For a set A of non-negative numbers, let D(A) (the difference set of A) be the set of non-
negative differences of elements of A, and let DF be the k-fold iteration of D. We show that for
every k, almost every set of non-negative integers containing 0 arises as Dk(A) for some A. We also
give sufficient conditions for a set A to be the unique set X such that 0€ X and D¥(X)=Dk(A).
We show that for each m there is a set A such that D(X) = D(A) has exactly 2" solutions X
with 0 X.

1. Introduction and Notation

For a set A of non-negative numbers, let D(A) = {|la—b|:a,be A}. We call
D(A) the difference set of A. Difference sets of sets of positive density have been
studied, for example, in [7] and [8]. For a general reference on sequences, see, for
example, [5]. In 1974 1. Z. Ruzsa [6, p. 156] asked: Under what conditions will a
set be the difference set of another?

Our goal in this paper is to show that many sets (in various senses of “many”)

occur as difference sets and also to analyze the possibilities for D~1(B) = {4 :
D(A) = B} as B varies. In a sequel [1], we will use the concepts and methods
of recursion theory to compare the “complexity” of D(A) to that of A. One goal
behind the results in both this paper and [1] is to characterize the family of all
difference sets or else to show that this family is not Borel. (The latter result would
indicate that no reasonable characterization is possible.) We have not yet reached
this goal, but we hope that the results in these papers may provide some helpful
steps in this direction.
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The following is a simple example of a result (due to A. Sirkozy, given here
as Theorem 2.1) showing that many sets occur as difference sets: Let B be a set
with 0 € B which contains arbitrarily long blocks of consecutive integers. Then
there are uncountably many sets A such that D{A)=B. It follows that the family
of difference sets is of measure 1 and comeager on {B C Ny :0 € B}, in terms of
the usual (product) topology and measure on the latter set. Extending this result,
we show that, among sets B with 0 € B, almost every set B (in the sense of both

measure and category) is a kth difference set for all positive integers k, i.e. for some
A the set B is of the form D¥(A), where D?(A)= A and D*t1(A)=D(D*(A)).
It is obvious that if B is a nonempty difference set it is the difference set of

infinitely many sets (since D{A)=D{A+m) for all m.) To eliminate this triviality,
we often identify sets which differ only by a translation. We say that B is a unique

difference set if there is a set A such that D(A)=B and any set A with D(A)=B is
of the form A+k for some k. Ruzsa [6, page 156] also asked for conditions implying
the uniqueness of D(A). He mentions an example where the members of 4 grow
exponentially. Here we will give many more examples, even ones having positive
density.

Call A a By-set if distinct multisets of £ elements of A always have distinct
sums. We show that if A is a Bg set, then D(A) is a unique difference set. (This
result was independently discovered by Erdés, A. Sarkozy, and V. T. Sés [3].) We
also give examples to show that for each ¢ there is a set B which is the difference
set of exactly 2¢ sets (modulo translation).

All infinite and finite sets here consist of nonnegative integers, unless otherwise
stated. The set of positive integers is denoted by N, and the set of non-negative
integers is denoted by Ny, as usual. The notations A+ B, AB, as usual, denote
the sets {a+b:a€ A, be B}, {ab:a€ A, be B} respectively. {p}+A and {p}A are
abbreviated as p+ A and pA respectively.

The n+1’st element of the sequence A (B, C'...) is denoted by a,, or a(n) (b,
or b(n), ...), whichever is more convenient.

2. Almost every set is a difference set

If ACNp contains arbitrarily long strings of consecutive integers, then D(A) =
Ng. Thus almost all sets have Ny as their difference set. Nonetheless, the following
result of Sarkézy shows that almost all sets containing 0 occur as difference sets.
For completeness we repeat the (10-line) proof in a language which will be useful
later. The result will be extended, with a much more complicated proof utilizing

new ideas, to kth difference sets in Theorem 8.2.

Theorem 2.1. (Sarkozy, see [6, p. 156], and Erdds, A. Sarkézy, and V. T. Sés [3,
Corollary 1 to Theorem 14]). Let B be any set such that 0 € B and B contains
arbitrarily long strings of consecutive integers. Then there are uncountably many
sets A such that D(A)=B.
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Proof. We construct a single set A such that D(A)=B. It will then be clear how
to vary the construction to produce uncountably many such A. The set A will be
.constructed as the union of a chain Iy C Fy C... of finite sets. Call a finite set F
acceptable if D(F)C B. We will arrange that each F,, is acceptable and that, if
k€ B, then k€ D(F}). From this it follows that D{A) =B, where A=U.F},. To
obtain the sets F}, recursively, it suffices to prove the following lemma:

Lemma 2.2. Let F' be any acceptable set, and assume that k€ B. Then there is an
acceptable set G D F such that k€ D(G).

Proof. Let G=FU{a,a+k} where a is chosen so that G is acceptable. Specifically,
choose a > max(F') so that a— F C B and a+k — F C B, where this is possible
because B contains arbitrarily long blocks of consecutive integers. [ |

3. Bjs sequences have unique difference sets

Definition 3.1. A set of numbers A is called a By-set (£ a positive integer) if
a1, 09p € A, Zlgigeai = Ze+1gigzzai implies that the sequences {ay,...,ap}
and {agyy,...,ag¢} are identical up to a permutation, (i.e., identical as multisets).
A Bj sequence is called a Sidon sequence (cf. [5]). The following result was obtained
independently and at about the same time by P. Erdés, A. Sarkéozy, and V. T. Sés

[3, Theorem 17]. It will be extended to k** difference sets, too, in Theorem 9.1.

Theorem 3.2. Suppose that the sequences of reals A={a(0)=0<ea(1)<...<a(n)<
...} and B={b(0)=0<b(1)<...<b(n) < ...} have the same difference set, i.e.
D(A)=D(B). If A is a By sequence, then A=B.

Proof. The proof presented below is considerably shorter than that in [3], though
it uses the same ideas. The proof of the generalization (Theorem 9.1) requires
different ideas borrowed from linear algebra and the theory of hypergraphs.

As D(A) = D(B), one can define functions f and g for all positive integers
i such that b(z) — b(i — 1) = a(f(i)) — a(g(¢)). Here f(i) > g(i) > 0. Consider
b(i+1) —b(i—1) € D(B) = D(A), and write it in the form a(u) —a(v), (u>v>0).
The identity (b(i-+1)—b(3))+(b(¢) —b(:—1))=b(i+1) —b(i — 1) implies that a(f(i+
1)+a{f(i))+a(v)=a(g(i+1))+a(g(i))+a(u). So the multisets of indices coincide,
e, {f(i+1), £(i),v}={g(i+1),g(3),u}. Hence {f(i+1), /(i)} N {ali~1),g(i)} £0.
However, f(i+1)>g(i+1) and f(i)>g(q), so either f(i+1)=g(i) or f(i)=g(i+1)
(but not both) holds. In the first case we say i€ R, in the second i€ S. The crucial
point of the proof is the following claim:

(3.3) i € R implies (i + 1) € R.

Indeed, suppose, on the contrary, that i belongs to R and (i+1) € S, i.e., g(i) =
f(i+1)=g(i+2). This and the conditions f(j)> g(j) imply that

(3.4) f+2), f(i)>g(i+2)=g() = fE+1) > g(i +1).
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Write b(i+2) —b(i—1) in the form a(z) —a(y). On the other hand
b(i+2)=b(i~1) = a(f(i+2)) ~a(g(i+2))+a(f(i+1)) —a(g(i+1)) +a(f (1)) —a(g(3))
= a(f(i +2)) + a(f(i)) — alg(i + 1)) - a(g(1)),
so the Bs-property implies that {z,g(:+1),9(¢)} = {y,f(i +2), f(:)}. However,

{9(i+1),9())}N{f(i+2),f(z)}=0 by (3.4), a contradiction. This proves (3.3).

If R#0, say i € R, then (3.3) implies that all integers j >4 belong to R. We
have g(i) = f(i4+1) > g(i+1) = f(i+2) > g(i+2) = f(i{+3) >... > ... an infinite
descending sequence of nonnegative integers, a contradiction.

It follows that R =49, so f(i) = g(¢+1) holds for every i > 1, i.e. b(i+1)—
b(i) = a(f(i +1)) —a(f(i)). Define f(0):=g(1). Then we have that b(i) —b(i —
1) =a(f(@))~a(f(i—1)) for all ¢ >1. This implies that for all j > >0 one has
b(7) —b(i) =a(f(j)) - a(f(i)), which gives b(i) =b(i) —b(0) =a(f (1)) —a(f(0)) for all
i, and f(0)<f(1)<...<f(i)<.... We obtain that f(j)>;

We claim that f(j) = j for all j. Suppose, on the contrary, that j is the
smallest number with f(j) > j. Then j ¢ f(Ny), because [ is strictly monotone,
0=£(0),...i—1=f(j—-1), i< f(j)< f(7+1)<.... The Bs-property implies that
a(f(j))—a(j) cannot be written in the form a(f(z))—a(f(y)), because a(f(j))—a(j)=
a(f(2)) - a(f(s)) implies {£(j), ()} = {/(@), 1}, but § & J(No). So a(f()) - a(j)
does not belong to D(B), contradicting that D(B)=D(A). Since f(j)=j for all j,
b(i)=a{f(z)) —a(f(0))=a(i) — a(0)=a(i) for all <. Hence A=B. 1

4. Dense sequences with unique difference sets

A Bs-sequence, A, can have at most O(n1/3) members from {0,1,2,...,n}.
(This is so, because for |A{0,1,2,...,n}|=c all the distinct (C:L;Q) triple sums, where

now we have counted the triples with repetitions, lie in the interval {0,...,3n}, so
this binomial coefficient is at most 3n+1.) In this section we present further exam-
ples with unique difference sets which can have far more elements, even arbitrary
positive density up to 1/3. If0€ ACNp has a unique difference set, then D(A4) #Np,
say d¢ D(A), which implies that [{z,z+d}NA| <1 for all z, so the density of A is
at most 1/2. Whether it can exceed 1/3 remains undecided.

We say that the sequence C with 0 e C={cp=0<e1<...<¢<...} CNy
is decomposable if it can be written in the form C'=C’'+ S, where C’,S C Ny and
|S|>1 but S is finite. Note that 0€ S, C’ because 0€ C and no element of C'US
is negative. Otherwise, C is indecomposable, i.e., C' CNy, SCNy, S is finite, and
C=C"+S imply S={0}. Most sequences are indecomposable. For example, C' is
indecomposable if it has arbitrarily large double gaps:

(4.1) lim supmin{c; — ¢;—1,¢i41 — ¢} = 0.

2
Such a C can have density 1. To see that decomposable sequences cannot satisfy
(4.1), consider a decomposition C=C’+S with 0€ S and maxS5>0. Let c€C be
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given, and let ¢c=¢ +s for some ¢ € C', s € S. Choose s’ € S with s’ #s. Then
d+s'eC and 0 <|c—(c'+5')| <max S. It follows that min{e;—¢;_y,¢41—¢;} <max.S
for all 7, so (4.1) fails.

Theorem 4.2. If C is indecomposable and 0 € C, then the sequence A= {1}U3C
has a unique difference set.

The proof of this Theorem is immediate from the following Lemma.

Lemma 4.3. Suppose that 0€ C C Ny, p>3 integer, A={1}UpC, and 0€ X CNy
with D(X) = D(A). Then either X = A, or there exists a decomposition of

C = C'"+ 8 such that X can be obtained as follows. S is a finite subset of C,
with 0 € S, ¢y = max{z:z € S} >0, and C’ is a subsequence C' C C, such that

X = (per, —pS)U(pC' + (peg, — 1))

Proof. Suppose that 0 € X C Ny, D(X) = D(A). As X C D(X) = D(A), every
element z € X can be written either in the form z=p(c; —¢;) (where j >7>0), or
in the form z=pe; —1 (i>1), or z=1. Let X(") ={z e X:2=7 (mod p)}. Then
X=xOuxC-Dux® and xOc{1}.

Suppose, first, that 1€ X, ie., X() = {1}. There is no member z € XD
with x> 2, because then x —1=-2 (mod p), z~1>1, (z—1) € D(X)=D(4), a
contradiction. If 2€ X(=%) ie. p=3, then there is no y € X(© (y=0 (mod 3))

with y > 3, otherwise we get another difference (namely y —2) belonging to X (1),
Hence in this case X C {0,1,2,3}, contradicting the fact that X is infinite. So
X C{1}u{0,p,2p,...,tp,...}. D(X) contains all the differences of the form pc; —1,
so we obtain that pC C X. For the same reason X cannot have more elements of
the form ip, so X = A.

From now on, we suppose that 1¢ X, i.e. X=X©ux(1 As1e D(X), there
is an element py € X (©) such that (py—1) exX(=1, But x(- ¢ {pci—1:i>1}, so we
have that for some k> 1, y=c;. We claim that pcj is the largest element of X(O),

and pcj —1 is the smallest element of X1, Indeed, for pyGX(O) with y> ¢, we
get {py — (pcg — 1)) € D(X), however 1 is the only element of D(X) congruent to 1

(mod p). Similarly, for (py—1)€ X~ with y<cy., we get (per. —(py~1)) € D(X),
the same contradiction.

Define S={s:p(cy —s) € X9} and C' = {t: (pt+pecy, —1) € X(=D1, We claim
that C'CC, SCC, |S|>1 and C=C'+ 85, so they form a decomposition of C. To
see that C' C C suppose that (pt+pcy—1)€ X1 ¢>0 and consider the difference
between (pt+pcy, —1) and peg € X©) It must be of the form pc; — 1. Similarly,
for s€ 5, s>0, we obtain s € C considering the difference of (pc; —1)€ X(=1) and

pleg—s)€ X ). It must be of the form pc; — 1, too, so s€ C. Moreover, 0€ C, so
we conclude that SCC. Since {0,pci} C X we have {0,¢,}C.S, implying [S|>1.
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For s € §, t € C' with st # 0 we have that the difference of the members
(pt+pcg—1) € X1 and p(ci—s) € X(©) is p(t+s)—1. This belongs to D(X)=D(A),
so it is of the form pe; — 1, implying (¢t +s) € C. Hence C'+ S C C. Finally, the
differences {x(_l) —z(0 .20 ¢ X(i)} vield all the numbers of the form pe; — 1. To
see this, note that every 2D e X(=1) can be written in the form pt+pep —1 with
teC’, and every z(9 € X(© can be written in the form p(cg —s) with s€ S. Thus,
pc; — 1 can be written in the form pt+pcy, — 1 —p{cg —s), where s€ S and t€ C'.
Hence ¢;=t+s, and so CCC'+ 8. We are done. |

5. Any nontrivial set of powers of 2 has a unique difference set

Although the set of powers of 2 does not form a Bs-set (e.g., 2" +2™ 42" =
gn—1lpon=1 4 9m+1) the following holds.

Proposition 5.1. Any infinite set of powers of 2, P=P(A)={2%:a€ ACNy}, has a
unique difference set, except when A is a final segment of Ny.

Fix k€ Ny, and let Pl ={22:4>k}. We have D(pPlly = D(PH u{0}). Our
proof will show that (up to translation, of course) this is the only other sequence
with the same difference set. So we have an example B such that D(X) =B
has exactly two solutions modulo translations. We return to this phenomenon in
Section 6.

Note that the above remark corrects a small error from [6, page 156], where it
was mistakenly claimed that the set of powers of 2 has a unique difference set.

Proof of 5.1. The proof is similar to the proof of Lemma 4.3. Let X CNy such that
D(X)=D(P) and min X =min P. If min P is denoted by 2°, then all members of P
(and therefore X)) are divisible by 2¢. So without loss of generality we may suppose

that minP =1, i.e., 0€ A. Define X ={ze€ X :z=7 (mod 2)}. Now 1=minX
implies that (X —1)CD(X)=D(P)={20-2%:b>a>0,b,ac A}. So we have that
XOcP\{1} and XM {2022 41:6>a>1, bac A} .

Suppose, first, that |X(1)| >2, ie., (20=2041) e X() for some b>a>1, b,a€ A.
We claim that for every member 2¢e X one has c<b,ie., X(©) is finite. Indeed,

(5.2) 2 42 = 2 42 3,y,u,v € No imply {,y} = {u,v}.

For ¢>b the difference 2¢ — (2° —2%+1) is odd and belongs to D(P); therefore it
must be of the form 2¢—1. Then {c,a}={b,d}, so c=b (because c>d). As x(0) i
finite, X 1) should be infinite.
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The set X(©) cannot be empty, so let 2¢e X0 be an arbitrary element (¢>1),
and suppose that yeX(l), y>2°t1 Write y in the form 2% ~2Y +1. Consider the
difference (2% —2Y+1)—2% it must be in the form 2% 1, so

(5.3) 42 =2v 4294 2¢

Here d € A and d > ¢ because, by definition, 2% — 2V + 1 is larger than 2 x 2¢, so
29 _1 is larger than 2¢. Moreover, u>c+2, so subtracting (1/4)2* from both sides
of (5.3) yields that (3/4)2% <2¥+2% But u>wv, u>d, so we obtain u—1=v=d.
Then (5.3) gives ¢ =1, so X(%) = {2}, the only even member of X. To get the
odd differences for D(X) the only possibility is to take an element of X (1) and the
element 2 € X0, So all the elements of X (1) exceeding 4 have the form 2% +1
(a€A, a>2), ie., X\ {1,3} C{20+1:a€4, a>2}.

We are going to show that A=Ng and X ={1,2} U{2%+1:a€Ny\ {0}}. As
{1,2} C X, we have that 1€ D(X)=D(P), so 2! € P. Choose 2° € P such that b>2
and consider the difference (20 —21) e D(P); it is in D(X). As all elements of
X W\ {1} have the form 2741, this difference cannot be obtained using the element
1,50 (5.2) implies that (20 +1)€ X and (2! +1) € X. Hence 2€ D(P) which implies
that 22,2' € P. Now let a be any member of A with a > 2. As 2% € P, we have
(2¢—1) € D(X), so (2°+1) € X(1), This implies that 2¢ € D(X™M)) C D(P), so
(a+1)€ A. We have shown that indeed, A=Ny, and X =1U(1+ P) as claimed.

From now on we may suppose that | X(1|=1, i.e., X(}) ={1}. Considering the
odd differences of P we obtain that X =P. |

6. Finitely many sequences with the same difference set

In this section we show that for each positive integer ¢ there is a sequence
B such that D(X) = B has exactly 2¢ solutions X with 0 € X CNy. Let C =
{co=0<c1 <...} CNy be an infinite sequence, and suppose that A is obtained
from C' by multiplying by a large number p and by taking a little perturbation.
This means that p,r are positive integers, p>4r, 0€ R; C {0,1,...,7} =[0,7], and
A =Uj(pe; + R;). Suppose that D(X) = D(A). Then X C D(A) = Uj5;(p(c; —
ci)+(Rj — R;)) UU;D(R;). Write X in the form Up(pys+Qy), where Q, C [—r,7],
0€QpC[0,r]. Then for the sequence Y ={yo<y;<...} we claim that

(6.1) D(X) = D(A) implies D(Y) = D(C).

Indeed, (y; —y;) € D(Y) means that for some i>j >0, ¢; €Q;, q; € Q5 we have that
(pyi+qi)€ X and (py;+q;)€ X. Hence p(yi —y;)+ (9 — q;) belongs to D(X). But
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then it also belongs to D(A), so it can be written in the form p(cy, —cy) +{(ru —7v),
where cy,cy €C, u>v>0 and ry € Ry, 74 € Ry. Here |g;|+|g;| + o +70 <41 <p,
so the above equality yields y; —y; = ¢y — ¢y, implying D(Y) C D(C). The proof
of the reverse inclusion, D(C) C D(Y'), is similar: Take ¢y, cy €C, u>v > 0. Then
there exist 7y € Ry, 1y, € Ry such that (pcy +ry) € A, (pey +71) € A and therefore
p(cu—cy) + (ry — 1) € D(A)=D(X). Write it in the form p(y; —y;)+(¢; —g;) and
apply again that |g;|+[g;|+7u+7y <dr <p.

From now on, we suppose that C itself is a Bs-set, so Theorem 3.2 and ({6.1)
give that Y=C. So X =U;(pe; + Q;), where

(6.2) Q;—Qi=R;—R;forallj >i2>0,

(6.3) 0€QoC0,r], UD(Q;)=U;D(Ry).

Suppose now, that r€ R; for all :€Nyg. We will show that this implies that
(6.4) {0,7} C Q; C [0, 7] for all 7.

Indeed, (6.2)-(6.3) give {which we already know) that Q; =Q; -0CQ; —Qo=R; —
RoC[-r,7], t.e., maxQ; <r (j>1, but this holds for Qp, too). On the other hand,
r=(r—0)€ R; — Ry =Q; —Qo. As Qo consists of only non-negative numbers,
this implies that max@Q; > r, implying max@; = r for all j > 1. Let £; be the
length of the shortest interval containing @;, #; = max@Q; —min(};. We have that
£j+£; =max Q;—min Q;+max Q;—min Q; = (max Q; —min Q;) —(min Q; —max Q;) =
max(Q; — Q;) —min(Q; — Q;) =max(R; — R;) —min(R; ~ R;) =7 — (—r)=2r. This
implies that £;=r for all ¢, so we get (6.4).

Recall that our aim is to define a sequence B such that D(X)= B has exactly
2t solutions X with 0€ X CNy. Let S(¢)={0,4,4}, where i=1 or 3. Fix an integer
m > 100, let i = (ip,i1,...,4s—1) € {1,3}! be a vector of dimension ¢, and define
S(i)=S(ig)+mS(i1)+...+m!~15(i;_1). Then S(i)—S(i)=D+mD+...+mt1D,
where D={-4,-3,-1,0,1,3,4}. Let D(t)=D+mD+...+m!~1D, and let D(t)*
be the set of non-negative elements of D(t).

Theorem 6.5. Let 0€ C CNy, C a Bs-set, and let B=U;~;{p(cj—c;)+D(t)}uD(t),
where p>4m?~1. Then there are exactly 2¢ sequences X with 0€ X CNy satisfying
D(X)=B, namely X =pC + S(i), where i€ {1,3} and S(i), D are as above.
Proof. First, note that D(pC + S(i)) = B for all i € {1,3}¢. Now, suppose that
D(X)=B, 0€ X CNy and apply (6.1). We get that X =U;(pc; +Q;), satisfying
(6.2)-(6.4) with r=3"5;,4m", ie.,
Qj - Qi=D(t) forall j > i >0,
0€QoC[0,r], UD(Q)=uD®)
{0,r} C Q; € [0,r] for all 4.

Then, our theorem follows from the following:
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Proposition 6.6. {0,r}CU,VC[0,7], U=V =D(t), U-UCD(t)~-D(t), V-V C
D(t)— D(t) imply that U=V =S§(i) for some i€ {1,3}}.

Proof. As 0€ U and U —~U C D(t), we have that U C D(t). Write any member
of w € U (and v € V) in the form u = quujmj {and v = Zj<tvjmj). Such
a form is uniquely determined if we suppose that u; € D (and v; € D). Let
Uj=A{uj:u€U}, Vj={vj:v €V} To complete the proof, it suffices to show
that U; =V; € {8(1),5(3)}. We have that {0,4} CU;,V; (because 0,7 € U,V), and
that

Uj——Vj:D, Uj—Ung, V}—VJQD

It follows that U;,V; C[0,4]. As 2, —2¢ D we get that 2¢ U;, V. Similarly 1 and
3 cannot be in Uj; simultaneously, because U; —U; CD. The roles of U; and V; are
symmetric {also the role of 1 and 3}, so suppose that 1€ Uj, so U;=1{0,1,4}. Then
3¢V, but 1€V; (to get the difference 3€ U; —V; = D). Hence U; =V, =S(1) (or
S(3) in the symmetric case.) In the only remaining case, U; =V = {0,4}, we get
U;—V;#D, a contradiction. [ |

7. Sequences with unique difference sets do not form an ideal

We have seen in the third section that every infinite B3-set A has a unique
difference set. All subsets of A are Bs-sets, so all of its infinite subsets have unique
difference sets. Let 4 denote the set of sequences with a unique difference set
(0€ AC N for all A€.d). There are sequences A € 4 such that some of their
subsets are not in 4. (Of course, for all infinite sequences 0 € B C Ny there exist
continuum many A€« with AC B.)

The easiest example is to take a sequence 0 € C C Ny with arbitrarily large
double gaps, (limsup; min(c;—c;_1,c;+1—¢;) =cc) and with arbitrarily long segments
in it. Then D(3C) = 3Np, so 3C is one of the 2%¢ solutions. However, 3C is
indecomposable, so 1U3C' has a unique difference set as was shown in Theorem 4.2.

Another example can be obtained from the results of Section 6. Let 0€C CNp
be a Bs-set, and consider A=pCU{(pC+1)U(pC+4)U{3}, with p>16. A\{1} is one
of the two solutions of the equation D(X)=D(A\{1}) (by Theorem 6.5). However,
A has a unique difference set. Indeed, assuming that D(X)=D(A) and using (6.1)-
(6.4) we get that X =U(pc;+Q;) where {0,4} CQ; C[0,4]. We obtain from Theorem
6.5 that X'\ {0,1,3,4} should be either p(C\ {0})+{0,1,4} or p(C\ {0})+{0,3,4}.
In the latter case 1, 2¢ Qo, i.e., Qo C {0,1,4}, hence —2 ¢ Q; ~ Qo contradicting
(pc;—2) € D(X). We obtain that @y =...=Q;=...={0,1,4}. As pc;+2¢ D(X), we
have that 2¢ Qo, so Qo C{0,1,3,4}. On the other hand 2€ D(X), so 2€ Qg — Qq
implying {1,3} CQq, hence Qp=1{0,1,3,4}. |
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Ruzsa [6, p. 156] gave an example, namely A; ={2*:k €Ny} and Ay = {2k:
keNp}, where D(A1)UD(A3) is not a difference set at all.

8. Almost all sets are k'] difference sets

It was shown in Theorem 2.1 that every set B with 0 € B which contains
arbitrarily long strings of consecutive integers is a difference set. Below, we extend

this result to k** difference sets by strengthening the hypothesis that B contains
arbitrarily long strings of consecutive integers as follows.

Definition 8.1. Let ¢ be a positive integer. A set BCNy is t-big if for any finite set
{urz4vr,ugz+vs,...,ujz+v;} of linear polynomials with integer coefficients, where
1<wu; <t, there are infinitely many z € Ny with (u;z+wv;)€ B for all 7, 1 <i <.

For example, the 1-big sets are precisely the sets B which contain arbitrarily
long blocks of consecutive integers. Hence, by Theorem 2.1, every 1-big set is a
difference set. More generally, a set B is k-big if and only if for each positive
integer n there exists z > n such that each of the k intervals [z — n,z +n],[22 —
n,2z+mn|,...,[kx — n,kx +n] is contained in B. Also almost every set is t-big for
every ¢ (in the sense that the family of sets which are t-big for every ¢ is comeager
and of measure 1). (For measure, this follows because for any sequence {F}};en,
of pairwise disjoint finite subsets of Ny of fized cardinality, almost every set B
will have the property that F; C B for some j.) Note also that the linear case
of Schinzel’s hypothesis almost says that the primes are t-big for every ¢, except
that it is required that no integer n>1 can divide all values of the product of the
polynomials. The following result subsumes Theorem 2.1.

Theorem 8.2. Every 26~ 1-big set B with 0€ B is a k' difference set.

Proof. Let B be 28~ 1-big. We first need some definitions.

For any sequence A C Ny and any positive even integer ¢, let £(£, 4) be the
set of nonnegative numbers which can be obtained as a linear combination of the
form ), a;a;, where all a;’s are nonzero integers, ), a; =0, and Y ;|a;| <£. An
element z€£(¢, A) can be written in the form Elgigeg(i)a(i) where () € {1, -1},
Zs(i) =0, and (a(l),...,a(i),...,a(e)) is a sequence (or multiset) of some members
of A. Then D*(A) C £(2% A) for any sequence A C Np. Here equality does not
necessarily hold.

Call a finite set F' acceptable (more precisely, k-acceptable for B) if $(2k,F) -
B. Just as in the proof of Theorem 2.1, it suffices to prove the following lemma. In
fact, it follows from the lemma, there is a set A such that DF(A)=£(2F A)=B.

Lemma 8.3. Let F be acceptable and suppose that b € B. Then there is an
acceptable set G2 F with be D¥(@).
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Proof. Let z1,22,...,Z9 be indeterminates, and define the following homogeneous
linear polynomials p;{(z1,...,24;) for 1<j <k by recursion on j:

p1(z1,22) = 2 — 21,
pj+1(z1, .. oiw1) = Pj(Toig1, - Tos+1) — P21, -, Tos).

It is clear by induction on j that p;(z1,...,29;) has the form c{xl +...+

c%jm2j where [(:Z. =1for 1 <i<2. Itis also clear by induction on j that if
values are assigned to x,...,2; in a way which p;(z1,...,25;) and the polynomials
which arise 1n its recursive definition above are all positive, then p; (z1,...,295) €
Di({z1,... ,&q; }). (For example, if j =2, we have pa(z1,...,24) = (z4~23)—(T2—21)
and require that zo > 1,24 > 3, and (x4 —23) > (23 ~z1). It then follows that
pz(:tl, iae ,:B4) S D2({1‘1, vl ,x4}).)

We will let G = FU{z1,...z9¢} for values of x1,...,2z9: chosen so that
pr(z1,...,29¢) and the polynomials used in its inductive definition are all posi-

tive as required above. Thus, to ensure that b € D*(G), we also require that
pr(z1,...,2qk) =b for these values of r1,...,Z9k. This condition determines x4k in
terms of 1,...,Z9x_1, and in fact solving it for zox yields zox =q(z1,..., 2k _;)+b
where g is a homogeneous linear polynomial in x1,...,29x_; with coefficients of ab-

solute value 1. The main part of the argument is then to use the 25~ 1-bigness of B

to show that we can choose z; for 1<i<2F to make G acceptable. To do this we
use the following lemma which implies that B has an apparently stronger property
involving several linear polynomials in several variables.

Lemma 8.4. Suppose that A is t-big and that P is a finite set of linear nonconstant
polynomials with integer coeflicients in the indeterminates z1,...,z5. Suppose
further that for each polynomial }, . a;x;+d in P, we have 1 < a; <t for the

leading coefficient a;, i.e. the greatest i such that a; # 0. Then it is possible to

choose positive integer values of x1,...,zs in such a way that all of the polynomials
in P take values in A.

Proof. The proof of this is easy. First choose a value for x1 so that all polynomials
in P having no variable other than z; take values in A. From now on, treat 1 as a
constant. Then choose a value for x2 so that all polynomials in P having x5 as their
only (remaining) indeterminate take values in A. Continue in this fashion until all
of z1,...,25 have been assigned values so that all polynomials in P take values in
A. Note that in the above process it is possible to first choose x| arbitrarily large,
and then o arbitrarily large, etc. ¥

By Lemma 8.4, to make G acceptable it suffices to construct a finite set P
of polynomials satisfying the hypotheses of Lemma 8.4 with A= B, t=2*"1 and
s=2F_1 s0 that every element of £(2F, )\ (£(2%, F)U{b}) can be expressed as the
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value of a polynomial in P. First note that each z;, i < 2k is obtained simply as
the value of the polynomial x;, while o is obtained as g(x1,...,29x_;) +b, where

all the coefficients in the linear homogeneous polynomial ¢ have absolute value 1.
It follows that any element u of £(2%,G) can be written as Zj<2k bjx;+e, where
b < 2% and |e| <m, where m=2F"1max(FU{b}). (The coefficients used to express

elements of £(2%,G) as linear combinations of elements of G cannot exceed 25~1
in absolute value because these coeflicients must sum to 0 and the sum of their
absolute values is at most 2%, Also, each zj for j< 2k occurs exactly twice in the

polynomials giving 1,...,Z.)

Let @ be the (finite) set of linear polynomials over the integers which are
of the form 37; orbjz; +e where [bj| < 2% for all j < 2* and |e| < m. The
preceding argument shows that each u € :f(?k,G) is the value of a polynomial
in Q. Now let P be the set of all (necessarily nonconstant) polynomials in Q
whose leading coefficient b; satisfies 1 < b; < 28F=1. Assume u € £(2%,G) and
u = b(e1,...,Tok_1) = 2 <ok bjz; + f, where b(z1,...,29x_1) € Q, and in fact
b(z1,...,Z9k_1) is obtained by the procedure outlined above. Let b; be the leading
coefficient of b(zy,...,2Zqx_;), where we assume temporarily that this polynomial is
nonconstant. It must be shown that 1<5; < 2k—1, Finally we justify the assumption
that the polynomial is nonconstant, provided that, in addition, u¢<£ (2’“,F)U{b}.

We first use a sign argument to show that |b;| <2¥~1. (Of course, this can be

omitted if we assume that A is 2%-big rather than 2¥~1-big.) Since u € £(2%,G),
we have u = Zj<2k djz; +r, where the sum of the positive (and also of the

negative) d;’s is at most 2F=1 in absolute value and |r| <2¥~1. max F. Replacing
ok by q(z1,...,20k_1) +b, where q(T1,...,Zgx_1) = Y ; ok 4@, we obtain u =
Zj<2k(d2k gj+d;)zj+r+dgrb, so we may define bj =dyrq;+d; for j< 2k Consider
first the case where i=2F —1 for the leading coefficient b;. Then b; =dgr +dok_1,
since gor_ 1 =1. If dgk - dok—1 >0, then |b;| = |dor +dor_1| <2671 If dyk - dgr—1 <0,
then |b;| < max{|dgk|,|dyr_;|} < 2%¥71. This completes consideration of the case
where i=2% — 1. Suppose now that i < 2k _1. If ¢; =1, then b; =dyr +d;, and we
conclude that [b;| < 2k=1 since the argument for the case i=2F_1 actually shows

that |dy +dy| < 2%-1 whenever 1 <u < v < 2*. Suppose now that ¢; = —1. Note
that 0 = byr_; = dok +dgr_ (since byr_ is not the leading coefficient). Hence

b; = —dgr + d; = dox_{ +d;, and again |b;] < 2k—1 by the same principle, with
u=4,v=2F —1. This completes the proof that 1] <gk-1,

Next we show that b; > 0. For this it suffices to ensure that the value of any
polynomial in @ will have the same sign as the leading coefficient of the polynomial.
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Specifically, we require that 1 >m and, for 1<i< ok 2> Zk_l‘max{zj :j<i}+m.
This is possible by the final remark in the proof of Lemma 8.4 and completes the
proof that we may take b; >0. We also use the fact that polynomials in @ have the
same sign as their leading coefficient to show that the polynomials p;(zg,...,z.)

(where 1< i<k, 1<a, and c= a+2—-1< 2k) take positive values and thus
that b € D*({z1,...,zox}) as mentioned at the beginning of the proof. This is
immediate when ¢ < 2k, since each p; has a positive leading coefficient and x,x does
not appear, so p;(Zg,...,Zc) € Q. However, if ¢ = 2k then zqr must be replaced
by g(1,...,29x_;) +b before the leading coefficient is computed, so an additional
argument is needed. We show by reverse induction on j that p;(z,,..., 2% ) :=n;>0
for 1<5< k,a=2F —2/ 4 1. The base step when j=k is immediate since ng=5b>0
by choice of zqk. Also, nj1=n;—p;(zg,...,2c) where e=2F_97 and a=c—27 +1,
by the definition of p;4;. We have already remarked that p;(zq,...,z¢) > 0 for
c< 2% soif nj4+1>0, it follows that n; >0, completing the reverse induction.

The above arguments show that every element u of £ (2k ,G) can be expressed

as the value of a polynomial in @ which is constant or is in P. We complete
the proof by showing that the polynomial is non-constant, under the additional

hypothesis that u ¢ £(2F,F). Thus there are no polynomials needed to express
elements of £(2F,G) in which all the z;’s for i < 2F are used but “unexpectedly”
cancel out, which would ruin the argument. To prove this, let v;=z; for 1<j< 2k
and let vor = g(x1,...,295_1). (Recall that g(z1,...,z9x_;) +b =12z € G.) We
view v1,...,Vok as elements in the vector space of homogeneous linear forms in
Z1y...,Tok_1 OVer the real field. Obviously, v1,...,v9x_; are linearly independent

since they form the standard basis of this (2¥ —1)-dimensional space. Now, let N
k

be the set of 2F-tuples (c1,...,cok) in R2* such that 2]2':1 ¢jv; =0. Then N is a 1-

dimensional subspace of RQk, by basic linear algebra. Since ¢ has 2k _1 coefficients

and all have absolute value 1, there is a vector p = (p1,p2,...,p9x) € N such that

pok =1, Zj<2k Ipj| = 2k and each p; is an integer. Since N is 1-dimensional, it

follows that any vector in N with integer components is an integer multiple of p.
Thus +p are the only nonzero vectors in N whose components are integers whose

absolute values sum to at most 2.

Suppose now that d € £(2F,G)\£(2%,F). We must show that either d is the
value of a polynomial in P or d=b. Write d as 3 _; djg(j), where g(/) €G,> d;=0,
and )_|d;] < 2% We cannot have i) € F for all j since d¢£(2%, F). Now let ¢; be

the coefficient of ; for 1 <: < 2% in this linear combination, and let n=(c,...,cq ) #
0. If n¢ N, then d is the value of a polynomial in P, since z1,...,29x_; do not all

cancel out. If n€ N, then n=+p. Thus 3 |¢;| =2* >3 |d;| >3 |ci], so no terms
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from G\F appear. Hence d=3_; ok ¢;T; =c1v1+. . +Cok_1Vgk_1+Cok (vgr+b). Since

(c1,...,c9x) EN and [cox| =1, it follows that d=+b. Since d,b are nonnegative, it
follows that d=b, so the proof is complete. |

Remark 8.5. The following is a slightly different approach to the proof of Lemma
8.3. It is based on the same choice of G as FU{x1,...Zk }, where b=pi(z1,...,2Z9x),

but the z;’s are now expressed in terms of new variables y1,...,yox. Considering
the dual of the inequality system required for the z;’s in Lemma 8.3 one can write
them as linear polynomials of the non-negative variables y1,...,yy« as follows. Let

h(n) be the maximum h such that 2" divides n. Define &, = yn-+yn—_1+Yn—2+yn—a+
Yn—8+. - HY,, _oh(n)—1 (exactly h(n)+1 terms), for example z,, =y for all odd n, and

xg =ys+y7+us+ys. In general define mg) =y {y;:i= 2in,2in—2%, ... ,2in~2i+h_1}.
(@ _ 6 (i+1) (k)

Then for even n we have z;,’ — Tl = Ty finally ©;/ = yor. Fix yqr = b,
and choose y1,...,yok_; to be any rapidly growing sequence. Then positivity of

the differences used to obtain b € D¥(G) and the inequalities 0 < b; < 25~ for
the coefficients of the leading terms of polynomials in the variables y1,...,¥x_;

needed to express elements of £(2%,G)\ (£(2%,F) U {b}) follow immediately. Of
course, Lemma 8.4 is now applied to these polynomials rather than to polynomials
in x1,...,29k_;. The rest of the proof (linear independence, b is the only constant

added to £(2%,G)) becomes somewhat more involved.

9. Sequences with a unique k" difference set

The following result is an extension of Theorem 3.2. The reader may wish to
assume that k=1 in a first reading of the proof. This simplifies some aspects of
the argument and gives a proof of Theorem 3.2 which is different from, but related
to, the proof in Section 3.

Theorem 9.1. Suppose that 0€ A CNy is a By-set with £=22k—1_4 9k—1 (keNy,
k>1). If0€ X CNy has the same k’th difference set, D*(X)=D¥(A), then X = A.

Proof. As in the proof of Theorem 8.2, let £(t, A) be defined as the set of positive
numbers which can be obtained as a linear combination of the form zzZie g0y,
where all o;'s are nonzero integers, ) ;cg0; =0, and ) ;- glag| <t. (For S =10
the sum is 0.) The set S = S(z) = {i : o; # 0} C Ny is called the support of
the sum, and also the support of z. Note that the number = € £(t,A) can have
more than one support, (then S(z) is defined as one of the supports), and distinct
numbers (like 2a;—2a; and a;—a;) can have the same support. Moreover, an = can
have a unique support in £(¢,A) and several supports in £(t/, A) for some t' > t.
(Hence the precise notation would be S(¢,z) for a support of z € £(t, A), but the
omission of ¢ will not cause any misunderstanding.) We frequently write an element
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z €£L(t,A) in the form Ziels(i)a(i) where £() € {1,-1}, |[I| <t, el =0, and
(a(l),...,a(i),...,a([m) is a sequence (or multiset) of some members of A.

We have that D¥(C) C£(2¥,C) holds for any sequence with 0€ C CNp. Here
equality does not necessarily hold, but one can prove by induction on & that for
any sequence c(l),...,c(i),.‘.,c@k) (c(i) eC, D =cl) is allowed) of length 25 one
can find a sequence ¢(¥) € {1,~1} such that D 1<i<ak () =0 and

(9.2) Z e =y e DF(O).

1<i<2k
Note that S(y) contains each element i of the multiset {i:¢; € (c(I,...,c(,..)}
which occurs only once (and those appearing with odd multiplicities).

As A is a By-set, every element of X C£(2F, A) has a unique support. Even
more, 21 € £(4%,A), zo € £(2%,A), z1 = 2o imply that S(x1) = S(xz). To see
this, note that x1 =uj —v1, where uj,v; are each sums of ny elements of C' (with
repetitions allowed) and 2n; < 4k, Similarly, z9 = ug —v9, where ug,v9 are each

sums of ng elements of C (with repetitions allowed) and 2ny <45, We then apply
the By-property of C to the equation u1 4+ v2 =ug + vy to conclude that the terms
from C used in the combined sum uq +v9 coincide as a multiset with the terms in
ug +vi. Since there is no overlap between the terms in u; and v; or between the
terms in ug and vg, it follows that the terms for u; coincide with those for ug, and
the terms for vy coincide with those for v1, and thus the corresponding supports

are the same. We now apply this fact to show that elements z of D¥ (X) can be
represented as a linear combination of elements of X whose supports have a special

property. Let z € D*(X), and write it in the form z = > ie1@i%; (where o are
non-zero integers with 3" a; =0, ¥ [a;] < 2%, because DF(X) C£(2%, X)), and let
Si=5(x:)\ (Uji jerS(z;)), (ie., S} consists of the indices of the a;’s used only in
the linear combination providing z; €£(2%, A)). Then

(9.3) D Isi < 2k,

i€l

Indeed, as z; ZZmeIi ; mGm E.f(?k,A), x can be written as a member 0f.:£(4k,A).
However, z € D¥(X)=D¥(A) C£(2*, A), so we can write it as a + sum of at most

2% members of A.
Zaé( Z Q) = T = Za(j)aj.

el mel; jeJ

The By property, (where 2¢ =4k+2k), implies that these two sums coincide. So all

but at most 2% terms in the left hand side cancel each other. Obviously, the terms
corresponding to the elements in (9.3) do not cancel, finishing its proof.
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The very same proof gives the following sharpening of {9.3). Not only is the

total size of the disjoint sets SZ’- at most 2F , but the total size of the coefficients
appearing in them cannot exceed the same bound. Using the notations of the
previous paragraph we have

(94) S Y laiml | <2

i€l \mgS]

Let & be the family of supports of the elements of X in $(2k,A), ie., fix

t=2% Then S(z) is uniquely determined and has at most 2¥ elements for each
z € X. Using (9.3), (9.4), and some hypergraph theory we are going to prove that
S ={0}{{0,:}:i€Np\{0}}, which will easily imply X = A. In the course of the proof
we will verify more and more properties of the family & until our final conclusion.
Note that the support of ag=0 is @, and, for i:£0, the support of a; € A in °f(4k,A)
is S(a;)={0,1}; (we have (AUX)C D*(A)=DF(X)CL(2F, X)CL(4F, A)).

For any § € & there are only finitely many x € X with the same support
S = S(z). As |X| = oo this implies that & contains infinitely many distinct
supports. Divide & into subfamilies according to the cardinalities of its members, let
Fi={Se¥:|8|=1} (0<i<2F). Suppose that FoU...UL,_1 is finite, but |f 4| =o0.
We will use the following result of Erdés and Rado [2]: For all positive integers a,
b if F is a family of sets each having at most a elements such that |#|>al(b—1)%,

then & contains a delta system of size b, i.e., there exist S1,...,5, €% and a set K
(called a kernel) such that K CS; for all 1<j<b, and the sets S;\ K are pairwise

disjoint. Actually, for our application we may assume that  is infinite, and in this
case the result is very easy. (Let K be a set of maximal cardinality such that K CS
for infinitely many S€ . If T is any finite set such that T2 K, then all but finitely
many S € Z satisfy SNT = K. Then one may recursively define sets S1,S59,...€F
so that S; D K and S;NU;j<;S; =K. Thus K is a kernel for the infinite sequence

S1,92,....)  Applying the result of Erdés and Rado [2] with b=2k*1 and F=¥,,
we obtain that there exists a 25+1-element set J CNp, a set K such that K C S(z;)

for all j€J, and the sets S(z;)\ K are pairwise disjoint, distinct, nonempty sets.
We claim that for all z€ X,

(9-5) 1S(z) \ K| < 1.

Indeed, let z € X be arbitrarily chosen. As |S(z)| <2* the pairwise disjointness of
the members of {S(z;)\ K :j € J} imply that there exists a (2F —1)-element set

ICJ such that (S(z;)\K)NS(z)=0 for all ic I. The 2* sets of the form S(z)\ K
and S(z;)\ K (i€) are pairwise disjoint. By (9.2) there is a linear combination of
z;'s and x with suitable £,e; = %1 coefficients such that y=sx+zie 7 &iT; belongs

to D¥(X). Then (9.3) implies that |S(z)\ K|+ 3 ;c;1S(z:)\ K| < 2*. Here all the
2k _1 sets S(z;)\ K are non-empty, hence |S(z)\ K|<1.
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Let N={z€ X:|S(z)\ K|=1}. (9.5) implies that ¢/, forms an (infinite) delta
system (with kernel K). All but finitely many members of X belong to N. For
any member y =) . a;a; € £(2F, A) the restriction y|K is defined as Yick G0
One can find z1,...,29x € N such that z;|K =d is a constant, and the 1-element
sets S(z;) \ K are pairwise disjoint. (Here we are dropping the convention that
xz; is the (i+1)%t element of X.) Write the elements z; (1 <j < 2%} in the form
Tj = ek Qiti +o(Tj)agp g,y =d+o(zj)ag,). As the sum of the coefficients of
any member of £(2%,4) is 0, we get that a(z;) = — Y ;cx & =t a is a constant,
too. Fix the numbers z;, 1<j < 2% and the corresponding coefficients aj(x) and
o; (1€ K), as well as the numbers d and a.

Write all z € N in the form ), a;(z)a; +a(z)asy). We claim that for all
z € N their restrictions coincide and in fact:

(9.6) a;(z) = e foralli € K and az) = o.

Indeed, there is a set J C {1,...,2%} of size 26 —1 such that for every j € J the
sets S(z;)\ K avoid S(z)\ K. Consider a suitable linear combination, y € D*(X),
provided by (9.2) of these 2¥ —1 numbers {z;:j€J} and z. We get the coefficients
e;j€{1,~1} (j€J) and e(z) € {1, ~1} such that e(z)+3_,c ;€;=0 and

y =e(z)z + Z €55 =

jedJ

(9.7) a(z)e(z)af(s) + Z 0Ejaf(g;) T+ Z a;(z)e(z) + a4 Z g5 | ai.

jeJ €K Jjed

The support of this linear combination (in DF(X) C £(2*,A)) contains the 2%
elements a £(z) %f () Jj€J outside K, so its restriction to K should give 0 (by the

uniqueness of the support in D¥(X)). We have that y|K =0, so the coefficient of a;
in (9.7) is 0 for every i€ K, giving o;(z)e(z) =~y Zj€J e;. However the last sum
equals —&(x), so it gives the first statement in (9.6). The second statement follows

from the fact that the sum of coefficients of x is 0, a(z) +> ;¢ jr 2 =0, and this is
the same for all ;.

From (9.6) and the fact that all z € N have the restriction d fixed two para-

graphs above, we see that each x € N can be written in the form x =d+ aa F(z)

Inequality (9.4) (applied to y in (9.7)) implies that 2¥|a| < 2%, so |a| =1. Only
finitely many numbers of the form d—a; can be nonnegative, but N is infinite, so
necessarily a=1. Hence, for all z&e N

(9.8) r=d+ Of(z)
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where the af(;)’s are distinct members of A.

Our next claim is that |K| =1. If z € X, then its support S(z) cannot be
a singleton, because the sum of the coefficients (in £(2,4)) is 0. Since N is
nonempty, there exists z € X with [S(z)— K| =1, so K # 0. Let zg = 0 so
zo has empty support, i.e. S(zg) = #. Take an appropriate 2¥-clement linear
combination egzg +EjeJ €T =2 € D¥(4) provided by (9.2), (here |J| =2F -1,
z; €N, zj = d+af(mj)). The support of z is Uje7S(x;), which has cardinality
|J|+|K|=2%—1+|K|. Since any element of DF(A) has support of cardinality at
most 2%, it follows that [K[<1, so |K|=1.

Let K = {v}, so by the definition of d, d = aya,. Thus, by (9.8), each z € N
can be written in the form z=0yay+1-af(;). Since the coefficients in this linear

combination must sum to 0, we get that oy, =—1, implying
(9.9) T=afg) —ay

for al ze N.

We claim that each element z € X, other than zg =0, can be written in the
form (9.9). To prove this it suffices to show that X\ {0} CN. But this is clear, since
if z€ X and x#0, the support of X cannot be a singleton (as already remarked)
and so must have at least two elements, so S(X)C K cannot hold.

Next, we show that a, =0, and hence, by (9.9) that X C A. We now return
to our usual convention that z; is the (i+1)%! element of X (instead of being fixed
as before). Since ay = ay —ag € D*(A) = D¥(X), we have that a, €£(2F,X). Let

av:ZieI Bix;, where ). B;=0 and Zie[ 16i] <ok, Then, by (9.9)

(9.10) ay = Zﬂzaf(a:,) - Z,Biav = Zﬁzaf(zi)

i€l i€l el

We now assume for a contradiction that a, >0 and show that {9.10) violates the
hypothesis that A is a By set. To do this, we first rewrite (9.10) as an equality of
sums of elements of A. Let Iy ={i€l:8;>0} and I_={i€l:6; <0}. Then, by
(9.10),

(9.11) ot I Bilasey = D Bits(ey:

el el

By “padding out” each side of (9.11) with sufficiently many terms equal to ag =0,
each side of (9.11) may be viewed as a sum of £ elements of A. Thus, since A4 is a By-
set, the two sides of (9.11) are identical up to a rearrangement, after this padding.
Since, by (9.9), f(z;)>v for all i>0 (and we may take f(z¢)=v to make (9.9) hold
for x=uxg), it follows from the assumption that a, >0 that 0¢ I=1_UI. Thus the
two sides of (9.11) are padded with the same number of terms ag, and thus the two
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sides of (9.11) differ by at most a rearrangement even before the padding. Hence
I_C1,, since every term which occurs on the left-hand side of (9.11) must occur
on the right-hand side also. Since I_ NI, =@, it follows that I_ =@, so I =1I,.
Summing the coefficients from the two sides of {9.10), we get that 1 =2i€ 18i=0,
our desired contradiction. Hence a, =0. {We thank 1. Ruzsa for pointing out a gap
in our original proof that a, =0.)

To complete the proof that X = A, we show that AC X. We have qg=0€ X
by hypothesis. Assume for a contradiction that a; € A\ X, where j > 0. Then
aj € DF(X)C DF(A\ {a;}), since X C A\{a;}. Thus j¢ S(a;), contradicting the
fact that aj=a; —ap and the uniqueness of supports. 1

Remark 9.11. With a little more effort we can prove the following result about
finite By sequences. If ap=0<a; <...<ay is a By sequence with ¢=2%k-1 —|—2k_1,

20=0< 11 < ... < Tm, D*¥(A) = D*¥(X) and n > 24%2° then either X = 4 or
X =an—A. One can get a smaller bound for n if instead of the Erdés-Rado
theorem one uses the following result of Fiiredi and Tuza [4]: If # is a family of at

at+b—1
a

members, i.e., S1,...,5, €% such that S;\ (Uj#Sj) #0 for all 1<i<b.

most a element sets with |F]| > ( ), then it contains b disjointly representable

10. Some questions

1. Is {D(X): X CNp} a Borel subset of 2% with its usual (product) topology?

2. Is there a sequence B such that D(X )= B has exactly Ry solutions X with
0eXCNyg?

3. For which positive integers m is there a sequence B™ such that D(X)=B™
has exactly m solutions X with 0€ X CNy? (We showed that every power of 2 is
such an m.)

4. Which real numbers occur as densities of sets which have unique difference
sets?

5. Given k, what is the least t=t(k) such that every t-big set is a k" difference
set? It seems reasonable to conjecture that ¢(k) =k although from Theorem 8.2 we

know only that (k) < 2k=1 It seems likely that the proof of Theorem 8.2 can be
modified to show that (3) <3. We have no lower bounds for t(k).

6. Does the set of primes have a unique difference set? What about other sets
of integers commonly studied in number theory?
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