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Abstract

Erdds, P., Z. Fiiredi, J. Pach and L.Z. Ruzsa, The grid revisited, Discrete Mathematics 111 (1993)
189-196.

We construct a set of n points (i) on the unit sphere S~ ! (d>4) so that they determine o(n) distinct
distances and (ii) in the plane, in general position, so that they determine o(n'*¢) distinct distances
for any ¢>0. We also prove that if P is a set of n points in a disk of radius n such that the minimum
distance between them is 1, and |P|/n—oc, then the set of angles determined by these points is
everywhere dense in [0, 2x].

1. Introduction

There are many extremal problems in discrete and combinatorial geometry whose
optimal solution is provided by a grid, i.e., by a piece of

A={nyvy +ny05+ - +ng04: Ny, Ry, ..., NELY,

where v,,v,,...,0, is a system of d linearly independent vectors in Euclidean d-space.

Perhaps the most famous example is the problem of densest packing of disks.
According to an old theorem of Thue [21,22], the density of any packing of nonover-
lapping unit disks in the plane is at most m/ \/ﬁ, and this bound is attained for
a system of disks whose centers form a hexagonal lattice, i.e.,, a grid A with v, =(1,0)
and v,=(1/2, \/3/2). This result was generalized by Rogers [18] and Fejes Toth [8,9]
to packings of translates of any centrally symmetric convex set in the plane, and the
optimum is always attained for a suitable lattice packing. The corresponding prob-
lems in higher dimensions are under persistent attack. (See, e.g., [5,7, 16] for recent
surveys on the subject, and Wu-Yi Hsiang [14] for a new attempt.) We recall another
related problem of Fejes Toth [8, 9], for which the optimal configuration is conjec-
tured to be a piece of the hexagonal lattice: p;, ps, ..., p, be n points in the plane whose
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minimum distance is 1. Minimize

Z d(pisp; ),
1si<jsn

where d(p;, p;) denotes the distance between p; and p;.

Some 45 years ago, Erdds [3] initiated the investigation of a branch of problems of
a completely different kind. In particular, he asked:

(i} What is the maximum number of times that the same distance can occur among
n points in a fixed metric space M?

(ii) What is the minimum number of distinct distances determined by n points of
M? In other words, determine or estimate

f“(n)=maxg1>agl{{pi,pj}: d(pi,p;)=a}1, (1)
gM(m)=min|{d(p;, p;): 1<i<j<n}l, 2

where the max and min are taken over all n-element point sets {p,,ps,...,pn} S M. If
M =R*, the Euclidean d-space, then we shall write f;(n) and g4(n) for f™(n) and g™ (n),
respectively. Spencer et al. [20] and (with a more elegant proof and with a better
constant C>0) Clarkson et al. [2] showed that f,(n) < Cn*/®. However, according to
Erdds’ conjecture, the maximum is attained for some piece of a grid; hence,
fo(n)<nt*C/loeloen T the same spirit, Erdés conjectured that the extremal configura-
tion {p1,p2, .-, P} S R? realizing the least number of distinct distances has grid-like
structure and ¢,(n) =cn/./logn for some ¢>0. The best result in this direction is due
to Chung et al. [1]. A similar phenomenon appears to occur in higher dimensions. For
instance, in 3-dimensional space the conjectured bounds are f3(n)< C'n*?loglogn
and g3(n)=c'n?3.

A related result of Pach and Sharir [17] states that the maximum number of
right-angle triangles spanned by n points in the plane is O(rn? log n), and this bound is

asymptotically tight, as is shown by the example of a \/; by \/; piece of the integer
lattice.

In the following two sections we are going to discuss two very similar extremal
problems. In both cases we shall present a construction which is probably close to
being optimal. The first construction can be obtained from a grid by choosing
a suitable small subset of its vertices, while the second one can be derived from such
a subset by orthogonal projection into a plane in general position. In the last section
we shall consider a somewhat different question whose solution also requires a grid.
The theorem in the last section has also been proved independently by Noga Alon.

2. Distinct distances among points on a sphere

Moser [15] conjectured that there exists a constant ¢ such that, given any set of
n points on the unit sphere S in Euclidean 3-space, no distance can occur among
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them more than cn times. This has been disproved by Erdds et al. [6]. However, it
seems plausible that the following weaker version of Moser’s conjecture is still true.
There is a positive constant ¢’ such that any set of n points on §* determines at least
¢'n distinct distances. Our next theorem shows that the same result cannot hold in
higher dimensions.

Let S97! denote the unit sphere in Euclidean d-space. For any finite subset
P<S% 1 let g(P) be the number of distinct distances determined by P, ie., the
number of those reals 2> 0 for which one can find two elements p,, p,€P at a distance
o from each other.

Theorem 2.1. Let d=4. Then there exists a constant ¢, with the property that, for any
n>2, one can find an n-element point set P = S*~! determining
n
4157 Toan if d=4,
oglogn
gpy<y BOR
cgn®=2 if d>4

distinct distances.

Proof. Let d>4, n=m""2/d, and consider the set L of all lattice points (x,, ..., X,),
with integer coordinates 0 < x; <m. The number of distinct distances determined by
L is at most dm?, because there are at most that many numbers of the form
(Zf= 1 (x;—x})*)}2. In particular, there is a sphere around the origin which contains at
least | L|/dm*=m""?/d=n elements of L. Letting P denote the set of these points,

d- d-
g(P)<dm2 = d4d=2y,20 2)’

which proves the theorem for d>4.

If d=4, then we have to use a little more delicate number-theoretic argument.
A well known theorem of Fermat and Lagrange states that any natural number k can
be expressed as the sum of four squares, i.e.,

2, .2
k=x?4+x34+x2+x3,

where every x; is an integer. Jacobi obtained a far-reaching generalization of this result
(see, e.g., [13]). He proved that there exists a constant ¢ >0 such that the number of
different solutions of Eq. (1) is at least co(k), where

a(k)=3 d,

d/k

1.e., the sum of all positive divisors of k. On the other hand, it is well known that there
is a constant ¢'>0 such that o(k)=c’kloglogk for infinitely many integers k.

Let k be such an integer, and set m= r\/ﬁ—l . Then there are at least
co(k)=cc'kloglog k> c"m? loglog m points of L on the sphere of radius ﬁ around



192 P. Erdés et al.

the origin. Let P denote the set of these lattice points, | P|=n=[ ¢"m*loglogm] . Now
we obtain, as before, that

n
g(P)<dm?<cy ——
loglogn
for a suitable ¢, >0.

Note that, strictly speaking, we have proved only that our theorem is true for
infinitely many values n, but our argument easily extends to the general case. [

3. Distinct distances among points in the plane in general position

We say that a set P of n points in the plane is in general position, if no 3 points are on
a line and no 4 on a circle. Obviously, this implies that g(P), the number of distinct
distances determined by P, is at least (n— 1)/3. Erdds [4] posed the following question:
Is it true that
. g(P
lim min M= 00, (3)
new|Pl=n H
where the min is taken over all n-element point sets in the plane in general position?
This problem is still open. On the other hand, a construction of Erdds et al. [6] shows

that

min g(P) < cn'o83/os2,
1P| =n

Our next theorem improves this upper bound to be O(n' *¢) for any &> 0.

Theorem 3.1. There exists a constant ¢ such that, for any natural number n, one can find
an n-element point set P in the plane in general position such that the number of distinct
distances determined by P,

g(P)Snzc,/logn.

Proof. Assume for the sake of simplicity that n=| 24“~?/d |for some natural number
d>4. Consider the set L of all lattice points (x,,...,x,) with integer coordinates
0< x;<m, where m=2“ Then we can show in exactly the same way as in the proof of
Theorem 2.1 that there is a sphere in R? around the origin, which contains at least
|L|/dm?=m""2/d=n elements of L. Let Q denote the set of these points.

Let Q—Q={p; —p2: p1,p2£0}, i, the set of all vectors determined by Q. Similarly,
Q+Q={p,+ps: p1,p2€0Q}, the Minkowski sum of Q with itself. Observe that every
element of @ —Q is a vector (x,, ..., x;) with integer coordinates —m < x; <m; hence,

'Q__ Ql <(2m)d=2(d+ 1)d<n24d$n28,/logn.
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Fix a 2-dimensional plane IT in R¢ and, for any peQ, let p’ denote the orthogonal
projection of p into I1. Evidently, we can choose IT so as to satisfy the following two
conditions:

(i) py=p2 if and only if p; =p,;

(ii) the point set P={p’: peQ} < II is in general position.

Furthermore, in view of the fact that p, —p, =p;—ps implies d(p},p5)=d(p3,pi)
we have

g(P)<|Q — Q| <n28V1oen,

as required. Dropping the assumption that n is of some special form affects only the
constant factor in the exponent. [

Distinct distances in the 3-dimensional space. If we project the above example @ to
a 3-dimensional subspace in general position, then the obtained set P, has n points,
g(P)<nexp(8./logn), no three on a line, and no more than exp(logn/loglogn) on
a plane. Starting with this construction, and selecting elements randomly, indepen-
dently, and with uniform distribution, we obtain the following. There exists a C>0

such that for all n and t <./logn, one can find an n-element point set Py(n,t) = R3,
with no three on a line, no ¢t on a plane and g(Ps(n,t))<n! <",

There are other obvious extensions to higher dimensions, and for other indepen-
dence properties (e.g., no four on a circle), but we were unable to prove the following.

Conjecture. There exists a ¢, >0 such that, for every £>0, there exists an n-element
point set P = R3, with no three on a line, no ¢, on a plane, and g(P)=0(n!*?).

Distinct vectors in the plane. Given a set P of n points in the plane, let
g*(P)=|P—P]|, ie. the number of vectors determined by P. Clearly, g*(P)=g(P). In
fact, we have proved above a slightly stronger result than Theorem 3.1. We have
shown the existence of an n-element point set in the plane in general position with
g*(P)<n2"\/@.

However, replacing g by g*, the validity of (3) follows from some deep results in
additive set theory.

Theorem 3.2. For any C >0, there exists an integer no =no(C) such that every n-element
point set P in the plane in general position determines at least Cn vectors, provided that
nz Hg.

Proof. Assume that g*(P)=|P — P|< Cn for some P. Then, by a result of Ruzsa [19],
we have | P+ P|< C'n, with a suitable constant C’ depending only on C. A well-known
result of Freiman [10—12] states that, for any C’, there exists a constant C” with the
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property that any n-element set P in the plane with | P+ P|< C’n can be covered by the
projection of a grid of dimension C’ and size C”n. That is,

| o e P T L [V I
1= \WWot+ Uy THUy T THe Ul 1 T

N

.
Kij

for suitable vectors v;6R? and natural numbers k; satisfying Hic; 1k, <C'n.
Suppose, without loss of generality, that k, >n'“". Obviously, we can fix some
values n,, ..., A¢ so that

U0+nlvl+r—lzvz+"'“I"ﬁC'UC'EP

for at least n/(ky---k¢ )=k, /C"2nYC /C” different integers n,. However, the corre-
sponding points of P are all on a line, contradicting our assumption that P is in
general position. [J

4, Distinct angles determined by a point set

Let P be a set of points in a disk of radius n so that the minimum distance between
them is at least 1. If all elements of P are on a ling, then every triple determines angle
0 or m. Clearly, |P|>2n+1 implies that some other angles must also occur. Qur
following result shows that, if | P|/n— oo, then the set of angles determined by triples of
P is everywhere dense in [0, 27].

Theorem 3.3. For any ¢>0, there exists C = C(g) with the following property. Let P be
any set of at least Cn points in a disk of radius n such that no two points are closer than 1.
Then, for any 0 <a < 2m, we can find three elements of P so that the angle determined by
them differs from o by at most e.

Proof. Suppose that, for some 0<a<2n, no triple of P determines an angle which
differs from « by at most e.

Set k=[2m/(¢/2)7, and let v}, vi, ..., v¥ be vectors of length 1/2 such that vi* ' can be
obtained from v} by counterclockwise rotation through angle 2n/k. Further, let v} be
a vector of length 1/2 orthogonal to v}. Consider the square grids

Al={ny vl + 005 ny,neZ}, 1<i<k.

Joining two vertices of A’ by a straight-line segment if their distance is 1/2, we obtain
a decomposition of the plane into squares (cells). Suppose, without loss of generality,
that no point of P is on the boundary of any cell of A° (1 <i<k). A cell of A’ is called
nontrivial if it contains an element of P. (Obviously, no cell can contain more than one
point of P.)

Given any peP, 1 <i<k, let r’(p) denote the ray starting from p and pointing in the
direction of vi. We shall say that p is of type i if ri(p) intersects at most 10/¢ nontrivial
cells of A°. Obviously, p can have more than one type.
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Choose any two (not necessarily distinct) indices i and j so that the angle between
vi and 0! differs from « by at most /2. We claim that any peP is either of type i or of
type j. Suppose the contrary. Then, letting p’, p/e P be chosen from the last nontrivial
cells of A’ and A’ which are crossed by r'( p) and r/(p), respectively, we would obtain by
an easy calculation that

la— ¥ p'ppll<e,

a contradiction.

Clearly, the total number of points in P having type i is at most 2n(10/¢) (because A’
consists of 2n ‘rows’ of cells, and in each ‘row’ there are at most 10/e such points). On
the other hand, every point of P has at least k/2 different types (because there are no
two consecutive elements missing from the set of types of pe P in the circular sequence
i+t(j—i),t=0,1,2,...). Thus,

k 10
‘P|-<k2nis
2 €

and | P|<(40/g)n. Hence, the theorem is true with C(g)=40/e. [

References

[1] F.R.K. Chung, E. Szemerédi and W.T. Trotter, The number of different distances determined by
n points in the Euclidean plane, Discrete Comput. Geom. 7 (1992) 1-11.
[2] K. Clarkson, H. Edelsbrunner, L.J. Guibas, M. Sharir and E. Welzl, Combinatorial complexity
bounds for arrangements of curves and surfaces, Discrete Comput. Geom. 5 (1990) 99-160.
[3] P. Erdos, On sets of distances of n points, Amer. Math. Monthly 53 (1946) 248-250.
[4] P. Erdds, On some metric and combinatorial geometric problems, Discrete Math. 60 (1986) 147-153.
[5] P.Erdds, P.M. Gruber and J. Hammer, Lattice points, Pitman Monographs and Surveys in Pure and
Applied Mathematics, Vol. 39 (Longman, New York, 1989).
[6] P. Erdos, D. Hickerson and J. Pach, A problem of Leo Moser about repeated distances on the sphere,
Amer. Math. Monthly 96 (1989) 569-575.
[7] G. Fejes-Toth, New results in theory of packing and covering, in: Convexity and its Applications
(Birkhduser, Basel, 1989) 318-359.
[8] L. Fejes-Toth, Densest packings of lenses (in Hungarian), Mat. Lapok 22 (1971) 209-213.
[9] L. Fejes-Téth, On the densest packing of convex discs, Mathematika 30 (1983) 1-3.
[10] G.A. Freiman, Foundations of a Structural Theory of Set Addition (in Russian). Kazan Gos. Ped.
Inst., Kazan, 1966.
[11] G.A. Freiman, Foundations of a Structural Theory of Set Addition. Translation of Mathematical
Monographs 37 (Amer. Math. Soc. Providence, RI, 1973).
[12] G.A. Freiman, What is the structure of K if K+ K is small, in: Lecture Notes in Mathematics,
Vol. 1240 (Springer, Berlin 1987) 109-134.
[13] G.H. Hardy and E.M. Wright, An Introduction to the Theory of Numbers, 4th Ed. (Clarendon Press,
Oxford, 1960).
[14] W.-Y. Hsiang, On the density of sphere packing in E3, I, preprint, University California, Berkeley.
[15] L. Moser, Poorly formulated unsolved problems of combinatorial geometry, mimeographed. See also
in: Lecture Notes in Mathematics, Vol. 490 (Springer, Berlin, 1975) 233-240.
[16] W. Moser and J. Pach, 100 Research Problems in Discrete Geometry, mimeographed McGill
University, Montreal, 1986.



196 P. Erdés et al.

[17] J. Pach and M. Sharir, Repeated angles in the plane and related problems, J. Combin. Theory Ser. A.
59 (1992) 12-22.

[18] C.A. Rogers, The closest packing of convex two-dimensional domains, Acta Math. 86 (1951) 309-321.
Corrigendum, ibid. 104 (1960) 305-306.

[19] I.Z. Ruzsa, On the cardinality of 4+ A4 and A—A, in: Coll. Math. Soc. J. Bolyai, Vol. 18,
Combinatorics (North-Holland, Akadémiai Kiad6 1979), 933-938.

[20] J. Spencer, E. Szemerédi and W.T. Trotter, Unit distances in the Euclidean plane, in: Graph Theory
and Combinatorics (Academic Press, London, 1984) 239-308.

[217 A. Thue, Om nogle geometrisk-taltheoretiske Theoremer, Forhandlingerne ved de Skandinaviske
Naturforskeres 14 (1892) 352-353.

[22] A. Thue, Uber die dichteste Zusammenstellung von kongruenten Kreisen in der Ebene, Skr. Vidensk-
Selsk, Christiania 1 (1910) 3-9.



