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Abstract

We investigate 1-designs (regular intersecting families) and graphs of diameter 2. The optimal
configurations are either projective planes or design-like structures closely related to finite geomet-
ries. The new results presented here are corollaries of a recent improvement about uniform
hypergraphs with maximal fractional matchings. We propose several open problems.

1. Introduction

The purpose of this paper is to survey some extremal combinatorial problems
where the solution naturally leads to a linear programming problem on an inter-
secting hypergraph. There are deep connections between combinatorial designs
and different branches of algebra. Here we obtain designs as solutions of extremal
problems in hypergraph theory, and the defining relations are linear inequalities
(ie. a linear program). In this way we usually have a more relaxed structure, and
there is plenty of room for further research. We propose several problems and
conjectures.

This paper is organized as follows. In the next section we recall some definitions and
introduce notations. Then we investigate the maximum size of an r-uniform 1-design.
In Section 4 we review recent results and problems concerning fractional matchings of
intersecting hypergraphs. The second part of the paper is devoted to graphs of
diameter two. We determine e,(n, D), the minimum number of edges of a graph of
diameter 2 with n vertices and with maximum degree at most D, for infinitely many
small intervals. The proof is contained in Section 6.
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2. Definitions concerning hypergraphs

A multihypergraph H is a pair (V, &) where V is a (finite) set, the vertex set, and
& is a collection of subsets of V| the edge set. If & does not contain multiple edges
then H is called a hypergraph. For brevity we use the word ‘hypergraph’ instead
of ‘multihypergraph’ if it does not cause ambiguity. A hypergraph is an r-graph, or
an r-uniform hypergraph if all edges have r elements. The rank of H is r if max {|E|:
Ec&(H)})=r. G is a subhypergraph of H if V(G)cV(H) and £(G)c&(H). The
number of edges containing ve V' is the degree of the vertex v and it is denoted by
deg g (v), or briefly by deg(v). The maximum of deg z(v) for ve V is denoted by D(H).
If every vertex has the same degree D, then H is called D-regular, or a 1-design.

A hypergraph is t-wise s-intersecting if any t edges have at least s common elements.
Instead of t-wise 1-intersecting we simply say t-wise intersecting, instead of pairwise
s-intersecting we say s-intersecting and the case of pairwise l-intersecting is ab-
breviated to intersecting. To distinguish these two notions easily, we will write {-wise
intersecting instead of a simple . An r-graph H is r-partite if the vertex set has
a partition V(H)=X v --uX, such that | X;nE|=1 holds for all Ee&(H), | <i<r.
We use the notations | x| and [x7] for the lower and upper integer part of x,
respectively.

3. Intersecting 1-designs

An r-uniform hypergraph over r2—r + 1 vertices is called a finite projective plane of
order r—1, denoted by PG(2,r—1), if it is an S(r?—r+1,r,2) Steiner system. Such
planes are known to exist if r— 1 is a prime power or r=1, 2. Every two edges intersect
in exactly one element, so it is a regular, intersecting, r-uniform hypergraph (a
1-design). Bollobas [3] and Erdos [11] conjectured that such an intersecting family
can have at most r2—r+ 1 vertices; Lovasz [33] proved this to be so. In {21] it was
proved that the only extremal configuration is the finite plane. A new proof using
association schemes was given by Calderbank [7]. The following two intersecting
1-designs have only r 2 —r vertices.

An r-graph is called a truncated projective plane of order r—1 if it is obtained from
a PG(2,r—1) by deleting a vertex v and the r edges through v.

The 1-design G is a twisted plane if |V(G)|=|E(G)|=r*—r, it is r-uniform, every
degree is r and the edges cover all pairs. Such a hypergraph is known to exist only for
r<4 (see Fig. 1).

Theorem 3.1. Suppose that H is a regular, intersecting hypergraph of rank r. Then
either
(i) Hisa PGQ2,r—1), and then (V{(H)|=r>—r+1, or
(ii) H is a truncated projective plane, and then |V (H)|=r2—r, or
(iiiy H is a twisted plane, and then again |V (H)|=r%—r, or
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Fig. 2. Incidence matrix of a 3-uniform intersecting 1-design with 6 vertices.

(ili/a) r=3, H contains a twisted plane, & (H)= {123, 124, 345, 346, 156, 256, 135, 146,
236,245} (see Fig. 2), and again V(H)=r>—r, or
iv) |V(H)i<r?—r.

The above theorem ecasily follows from a recent result on fractional matchings of
hypergraphs. The proof is postponed to the next section. Here we mention some open
problems concerning 1-designs.

Problem 3.2. Are there twisted planes for r>4?

It is easy to see that a twisted plane is a group divisible design, every pair of vertices
is covered once except (r —r)/2 of them which form a perfect matching. As with other
symmetric designs, their existence is not clear. Considering the determinant of the
incidence matrix it follows that r or r—2 is a square. Further constraints about the
existence of twisted planes can be found in [32].
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Let h(r) :=max{|V(H)|: H is an r-uniform, intersecting 1-design}. Replacing each
edge by (r + 1)-clement sets containing it, we get h(r)<h*(r+ 1), where h* is defined as
h but multiple edges are allowed. This monotonicity is not obvious for the function
h(r). In general, let 0*H be the (multi)hypergraph defined by {KcV:|K|=k, there
exists an edge Ee&(H) with Ec K }. Theorem 3.1 and the example 8"PG(2, g) (with
r>q>r/2) give that both h*(r) and h(r) are at least g* + g+ 1 for r> g, and hence they
are both equal to r2+O(r22).

Problem 3.3. Find sharper bounds for h(r). How large is h(7), the first unsolved
case?

We have 31<h(7)<41 by the above arguments.

We can consider the number of edges instead of the vertices of a 1-design. Let
h(n,r) :=max {|&(H)|: H is an r-uniform, intersecting 1-design on n vertices} (with no
repeated edges). Frankl [17] proved that r"~°*) < max, h(n,r) <r"e" holds for all r. The
example 8" PG(2, q) with g ~(1 —¢)r shows that h(n, r) could be as large as r"* ~9@) (for
all ¢>0). The upper bound follows from the trivial inequality h(n,r)< (%), (here
equality holds for n<2r), and from the fact n<r?—r+1.

Problem 3.4. Estimate h(n,r). Is it true that h(n,r)<r" for all r and n?

Problem 3.5. Determine the maximum cardinality of a f-wise s-intersecting regular
hypergraph on n vertices.

Let R(n, {, s) be the quantity defined in the problem above. Answering a question of
Daykin, Frankl [18] showed that R(n, f,1)>2"/22"" "t~ (a positive fraction of 2" !).
He conjectures that this lower bound is the exact value of R(n, f, 1). On the other hand
he proved R(n,£,1)<2""'b~2""* where b =(\/§— 1)/2. His results (and methods) in all
probability can be applied for f-wise s-intersecting families too.

Problem 3.6. Determine the maximum cardinality of a f-wise s-intersecting hyper-
graph on n vertices with a vertex-transitive automorphism group.

Let T(n,{,s) be the quantity defined in the problem above. Of course, T<R.
Frankl [18] proved that its order of magnitude indeed is much less, T(n,,1)=0(2")
as n tends to infinity and ¢ >4 fixed. He also conjectures that T'(n, 3, 1) is only 0(2").
He obtained in [17] that T(n,1,5)27"< exp(—c%) for some ¢>0, and in general
for t=6.

o 5_1 _nit—S)/z
(140(1))27" )’<T(n,f,1)2"'<(\/_2 )

Here the lower bound holds for all ¢ = 3. There are some improved bounds in [8].
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4. Fractional matchings of intersecting hypergraphs

A set T< V(H)is a transversal of H if TnE #§ for each edge E€& (H). The minimum
cardinality of a transversal of H is t(H), the transversal number of H. A fractional
transversal of H=(V,&) is a nonnegative function t:V—R* such that t(E):=
Y ep t(x)=1 for all EcH. The value of t is defined as

ltl= ) t(x).
xeV
The fractional transversal number, T*(H), is the infimum of |¢t| over all fractional
transversals.

A matching is a subfamily of pairwise disjoint edges, the matching number v(H) is the
maximum number of edges in a matching in H. A fractional matching of H=(V, &) is
a function w: &—R™ such that

Y w(E)<1t for all peV.

Esp
The value of w is defined as |w|=Y ;. w(E). The fractional matching number v*(H) is
the supremum of |w| over all fractional matchings of H.

The duality theorem of linear programming implies that there is an optimal
fractional transversal f, and an optimal fractional matching w with |t]=|w|=v*(H).
Observe that w(E)=1/D(H) is always a fractional matching of H. Its value is
|&(H)|/D(H); therefore, v*(H)=|&(H)|/D(H), ie.

|&(H)|

D(H)> )

(@.1)

It is easy to see that v*(PG(2,r—1))=r—1+1/r. Lovasz [33] proved that for an
intersecting r-graph H v*(H)<r—1+2/(r+ 1) and conjectured v*(H)<r—1+1/r. In
[18] this conjecture was settled, and recently it was sharpened as follows.

Theorem 4.1 (Firedi [25]). Suppose that H is an intersecting hypergraph of rank r.
Then either
() Hisa PG(2,r—1), and then v¥(H)=r—1+1/r, or
(i) &(H) contains a truncated projective plane, and then v*(H)=r—1, or
(i) H is a twisted plane, and then v*(H)=r—1, or
(iii/a) r=3, H contains a twisted plane, and then v*(H)=r—1, or
(iv) v¥(H)<r—1—-1/(r?—=r—1).

Proof of Theorem 3.1. Regularity implies |&|r>D|V|. Multiplying this with (4.1) we
get r*(H)=|V|. Then Theorem 3.1 follows from the upper bounds for the fractional
matching number in Theorem 4.1.

Conjecture 4.2. Suppose that H is an interesecting hypergraph of rank r>4 with
v¥(H)<r—1. Then v*(H)<r—1—1/(2r—3).
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For r=3 we have that max {v*(H): H is 3-uniform, intersecting with v*<2}=9/5
(see [9]). Conjecture 4.2 is probably not too difficult for r =4. Delete three nonconcur-
rent lines of a PG(2,r —1). The obtained hypergraph shows that (if it is true) the above
conjecture is the best possible.

Problem 4.3. Determine v*(r,{,s) :=sup{v*(H): H is r-uniform, -wise s-intersecting}.

It easily follows [23, p. 165] that in the above definition the supremum can

be réplaced by the maximum. This value is known for s>r—./r(t—1) [19], and in
the case s=1 if r<3t/2 [22]. Using the notation ¢'"'=g°+g° *+---4+q+1,
q"°7=1 we have [19] v*(qU** 1,1 ql)=ql"*s)/ql"*s~11 Here equality holds
for PG(t+s,q).

Conjecture 4.4. Suppose that H is a f-wise q'*-intersecting family of rank gl**s~1}
other than the hyperplanes of PG(t+s,q). Then v*(H)<q.

The most general result here (proved in [19]), which implies the above mentioned
results, is as follows. If H is s-intersecting of rank r, then either H is a symmetric
(r,5)-design (an S,((r*—r+s5)/s,r,2) block design), and then v*=(r—1)/s+1/r, or
vES(r—1)/s+1/r—(@—s)/r(r—1)s.

Conjecture 4.5. If H is s-intersecting of rank r other than a symmetric (r, s)-design,
then v*(H)<(r—1)/s.

For r-partite hypergraphs Conjecture 4.2 holds [24]. If H is an r-partite, intersect-
ing hypergraph, then either v¥(H)<r—1—1/(r—1), or H is a truncated projective
plane of order r—1 (and then v*(H)=r—1). Deleting a line of a truncated projective
plane, we obtain an r-partite hypergraph with v*=r—1—1/(r—1).

Problem 4.6. Find max v*(H) for intersecting 7-partite hypergraphs.

For r-partite hypergraphs Conjectures 4.4 and 4.5 were proved in [26]. (Note that
a symmetric (r, s)-design, including projective spaces, is not r-partite.)

Problem 4.7. Determine v*(f,s) :=sup {v*(H): H is r-partite, f-wise s-intersecting}.

It seems interesting to determine the maximum of v* for other classes of hyper-
graphs. For example the following.

Problem 4.8. Determine u(f,s,p)=max{v*(H): H is f-wise s-intersecting, and
[V(H)|<p}.
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Denote (2, 1,p) by u(p). It is easy to see that u(g?+q+1)<q+1/(g+1), and here
equality holds if a PG(2, q) exists [1,36]. As a corollary of Theorem 4.1 we have the
following: if H is an intersecting hypergraph over g>+¢q+1 elements, then either
H contains a PG(2,q) as a subhypergraph, and then v¥*(H)=¢g+1/(q+1), or

qg—1

*HY<g+—5——.
v¥(H)<q P

4.2)
If we replace a line L of a PG(2,4) by a superset Lu {x}, where xe V(PG(2,9))— L,
then for the intersecting hypergraph obtained equality holds in (4.2). So the upper
bound in (4.2) could not be improved in general, but seems interesting to find, for
example, the value u(7).

Obviously, u(q2 +q) <q. Theorem 4.1 implies the following improvement [25]. Let
H be an intersecting hypergraph over g2+ g elements; then either H contains a trun-
cated plane, or it contains a twisted plane, or v*(H)<q—[1/3(g+1)*]. Mills [34]
determined the value of u(r) for r< 13 (also see [40] for r<7). It seems hopeful to
determine p(q2+q+1+a) if |al is small and a PG(2, q) exists.

Conjecture 4.9. u(q*+q+2)<qg+2/(2q+1), and here equality holds if a PG(2,q)
exists.

We can consider larger classes of hypergraphs. In [21] the following theorem was
proved: if the (multi)hypergraph H of rank r (where r>3) does not contain p+1
{pointwise) disjoint copies of PG{(2,r— 1), then

vEH)<v(r—1)+p/r. 4.3)

This is a slight improvement on the trivial inequality v*<t<rv. For r-partite
hypergraphs (4.3) was proved by Gyarfas [29]. Let t*(r, v)=sup {v*(H): r(H)<r, with
matching number v(H)<v}. By the above result we have that t*(r,v)=(r— 1+ 1/r)vif
and only if a PG(2,r—1) exists. Otherwise t*(r,v)<(r—1)v.

Conjecture 4.10. t*(r,v)=vr*(r, 1) for all r.

In the same way that Theorem 3.1 implies Theorem 3.1 via the inequality (4.1), all of
the above results have a consequence for the maximum degree of the corresponding
class of regular intersecting families.

The most general conjecture concerning fractional matchings can be found in [27],
and is as follows.

Conjecture 4.11. For a hypergraph H, for a fractional matching w:&(H)— R™ and for
an arbitrary function b:&(H)—-R™", one can find a matching .# c & with

Y. (1Al=1+1/|A])b(A)= ¥ w(E)b(E).

Aeé Eed
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For uniform H and b constant this is the weak version of (4.3). In [27] the
conjecture is proved if H is either uniform, or intersecting, or if b is constant.

A consequence of these results is the following inequality. For any r-uniform intersect-
ing hypergraph with (\&(H)=0

2
.
EnF|z———|&(H)|?.
Y, X IENF |2 |6(H)

Ee& Feé
Conjecture 4.11 is related to the ratio of the matching and fractional matching
polytopes. In [27] we formulate an even stronger version of it which includes
a number of other conjetures, e.g. a possible generalization of Shannon’s theorem [39]
for r-graphs proposed by Faber and Lovasz [16].

5. Graphs of diameter 2 with a given maximum degree

The graph G has diameter two if the distance between any two vertices is at most
two. Let e, (n, D) denote the minimum number of edges in a (simple) graph of diameter
2 with n vertices and maximum degree at most D. ErdSs and Rényi [14] proposed the
problem of determining e, (n, D). An excellent survey can be found in Bollobas’ book
[4, Ch. 4]. The smallest graph of diameter 2 is the star, it has n—1 edges and its
maximum degree is n— 1. In [14] it was proved that for any other graph (i.e. for any
graph of diameter 2 with D(G)<n—1) we have |§(G)|=2n—5. For example, a graph
obtained from the five cycle Cs by replacing a vertex by an independent set of size
n—4 has 2n—5 edges and maximum degree n— 3. Erdés et al. [15] determined the
exact value of e,(n, D) for D >n/2. Some of their statements, especially those without
proofs, were corrected by Vrto and Znam [41]. The following construction shows that

e;(n,D)=2n—4 forin—1<D<n->5.

For simplicity we define G only in the case n/3 is an integer. Let V(G)={x;,x,,x3}uU
ViuV,uV; be a disjoint union of these four sets with |V;|=(n/3)—1. Let E;:=
{x1,x2,%x3}\{x;}. To obtain &(G), join all vertices of V; to both vertices of E; and
finally join x, to x, and x;. Then D(G)=2n/3.

Bollobas [2] proved that

1 1 /1\%8
—n<e2(n,cn)<<—+<—> )n,
c ¢ \c

ie., nc™!isin fact the correct order of magnitude of e, (n, cn). The construction giving
(g+1)n+O(1) edges for (g+1)/(q*+q+1)<c<1/q (and n>ny(c)) is as follows. Let
Ac V(G) be a (g®+q+ 1)-element set, and let & consist of the g2+g+1 lines of
a finite projective plane of order g on the set A. We divide the remaining vertices of
G into g% +¢q+ 1 approximately equal classes and we join each vertex of a class to all
vertices belonging to a corresponding line Le.#. Finally, the set A will span a com-
plete subgraph in G. Pach and Suranyi [36] proved that, indeed, in this range (c is
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fixed n>ng(c)) if there exists a finite plane of order g, then e, (n, cn)=(g+ 1)n+ O(1).
They also proved [35] that there exists a sequence 1=c;>c,>--- tending to zero
such that for c¢{c,}

a(c) = lim e,(n,cn)/n

exists for every 0 <c < 1. Moreover, the function a(c) is linear in the intervals (c;,¢;_ )
but may jump at the exceptional points ¢;. With this terminology the above-men-
tioned results imply that

2 for 1>c¢>2/3,
3—c for 2/3>c¢>3/5,
a(c)=¢ 5—4c¢ for 3/5>¢>5/9,
4—2¢ for 5/9>c>1/2,
3 for 1/2>¢>3/7.

The last case was proved in [36]. This was improved by Znam [43] as follows. For
(3/7)n<D<n/2—./21n we have e,(n, D)=3n—12.

To obtain a(c) Pach and Suranyi [35] developed the following method. For any
hypergraph H with §(H)={E,,E,, ..., E,} and positive real ¢ define a(H, c) as the
minimum of ¥ |E;|y;, where each y; is a nonnegative weight under the following
restrictions:

(1) the sum of weights of the edges through every point is at most ¢, and

(2) the total sum of the weights is equal to 1.

Then a(c) ;= infa(H, c) over all intersecting hypergraphs. The determination of a(c)
(theoretically) is a finite process for any given ¢, as in the above infimum we can
consider only intersecting hypergraphs with at most 3/c2 gdges and vertices, i.e.

a(c)=min{a(H,c): H intersecting, | V|,|&|<3/c?}. (5.1

An intersecting hypergraph H is called a(c)-extremal if a(H,c)=a(c). Reformulating
the earlier results we have that for (g +1)/(q%+q+ 1)< c < 1/q, the only a(c)-extremal
hypergraph is a PG(2,q) (if it exists). The only a(c)-extremal hypergraphs for
3/7<c<1 are shown in Fig. 3.

If G is an extremal graph (i.e. |£(G)|=e,(n, cn) with D(G) < cn), n sufficiently large,
n>ne(c), and ¢ not an exceptional value, then there exists an a(c)-extremal hyper-
graph H={E,...,E,.} with V(H)c V(G) of size m,

|V(H)|=o0(n) (5.2)

and a partition V7, ..., V,, of the remaining vertices V(G)\ V (H) such that for all i and
xeE;, yeV; the edge {x,y} is in £(G). So the determination of e,(n, cn) is more or less
equivalent to the search for a(c)-extremal hypergraphs.

It is obvious that an a(c)-extremal H is v-critical. (This means that it has no multiple
edges, and substituting any edge Ec& by a smaller nonempty edge E’ = E the obtained
family (§\{E})U{E'} is not intersecting anymore.) Other properties are given in
Section 6.
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Fig. 3. The a(c)-extremal minimal designs for ¢>3/7.

Apparently, the a(c)-extermal designs are finite projective planes, or small intersect-
ing structures obtained from these planes, at least for ¢>3/7. Now we are ready to
state our main result of this paper, which makes precise the previous impression at
least in infinitely many short intervals.

Theorem 5.1. Suppsoe that there exists a finite projective plane PG(2,q), and let
(\g)<c<(1/g)+1/(2q*+2q°). Then a(c)=[q*(g—1]1—[a/(g—1)]c, and an a(c)-
extremal design is an extended punctured plane of order g, EPP(q).

The proof makes use of Theorem 4.1 and it is postponed to the next section.
A punctured plane of order ¢, denoted by PP(g), is obtained from a PG(2, q) by deleting
a vertex x and the g+ 1 edges through x, and adding a new edge E, =L\ {p}, where
peLe&(PG(2,q)). (See Fig. 4 for g=3.) The g-clement edge E, is called the special
edge of PP(q). The extended punctured plane EPP(q) is obtained from a PP(q) by
adding new edges of size at most g + 1 so that they must not contain each other, but, of
course, keep the intersection property. It follows (see after (6.11)) that the only two
ways to do this extension are as follows. All new edges will be containd in the original
V(PP(q)) and have g+1 elements. Let us denote the traces of the deleted lines of
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(gc —1)/(g—1) (1 1 1 - - « « ... \
1-e)/(¢t-¢pt - -1 - -1 . - 1 - -
(1-o/@-g |1 - - - 1 - -1 - -1
1-¢o)/(¢*-¢)}t - - - -1 - . 1 - -1
A-9/@-¢9- 1 -1 - - - 1 -1
(1_0)/(q2_q) .1 - -1 <1 - - - 1
-9/ - |- 1 - - -1 -1 -1
-af@=-g | - 11 - - -1 - - -1
-/~ - -1 -1 - - - 11 - =
A-ofi=a\- - 1 - - 11 - - 1./

%Wi—s;fs

a(c):——gc

Fig. 4. The a(c)-extremal minimal design obtained from PG(2,q) (here g=3).

PG(2,q) on V(PP(q)) by Lo,L,,...,L,. Then, EPP(q) is obtained either by joining
some edges of the form

Lyuix}, (5.3)

where xeL, is fixed and 1<i<g, or by joining some edges of the same form with
L, fixed and x allowed to vary.

To compute the value a(EPP(g),¢), define the weight function y: &(EPP(q))—»>R™
as follows. Let y(Eq) =(gc—1)/(g—1), y(E) :=(1—c)/q(g—1) for all other edges of
PP(q) and O for the edges from §(EPP(q))\&(PP(q)). We obtain that a(EPP(qg),c) is
at most g2/(g—1)—cq/(g—1). On the other hand, a solution, ¢: V(PP(q))u{*}>R",
of the dual linear program defined by t( %) :=¢q?%/(g—1), t(x) :=1/(g—1) for xeE,, and
t(x) =0 for xe V\ E, shows that a(EPP(g),c) is indeed equal to the claimed value
(in the range 1/g<c<1). (t(*) is the variable corresponding to the constraint
Y—y(E)<-1)

Returning to the original problem about graphs of diameter 2, we sharpen the basic
theorem of [36] as follows. We can replace the upper bounds in (5.2) by an absolute
constant depending only on i (¢;—; > ¢ > ;). As a consequence of this we get a sharper
bound for e,(n, D).

Theorem 5.2. There exists a sequence 1 =cqy>c > - (tending to 0), and constants M ;,
such that for ccn—M;>D>c;_,n+ M, we have

le2(n, D)—alc)ni < M;
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Proof. (Sketch.) It is rather technical, and copies an argument dealing with a
similar problem in [20], so we give only a sketch. First we prove that a(c) is linear
in the segment (c;,c;~;), so it has the Lipschitz property. Using this and an
argument similar to Lemma 15 in [20], we sharpen the main lemma (Lemma 2.4)
from [36]. Applying this to the sets X, Y,Z, U, defined in the course of the proof
in [36] we show that the size of each of them is bounded. The main difference
from [36] is that we separate the degrees larger than O(1/c) instead of splitting
at O(loglogn). We repeatedly have to use the trivial inequality e,(n,cn)
La(@n+0(1/c?). O

Build a graph G of diameter 2 using the core EPP(q) as follows. Suppose that
n=2q2+2q and n—(Q2q>—q)>D>=(n/q)+q—2. Let E, be the special edge of
PP(q), Eo :={x,...,x,}. Denote the edges of PP(q) through x; by E(;_1)4+1,---, Eig.
Let V(EPP(G)):=LowL,u - UL,, where the g-element L, is the trace of a deleted
line of the PG(2,q), which the punctured plane derived from, Lo=E,. By (5.3),
EPP(q) can have at most ¢ additional edges of the form L,u{x}; denote them
by Egiq,....Epe (0<k<q). Let V(G) be an n-element set containing
V(PP(G)) such that the remaining vertices partition into 14+g%+k sets Vo, V75, ...
with  cardinalities |Vy|=|(¢gD—n+q)/(q—1)|, and Y {|V|: x;€E;j>0}
=D—|Vy|—q for x;eE,. (This quantity equals [(n—D—q?)/(g—1)7].) Also
suppose that the sets ¥; are nonempty for j<q?. Finally, suppose that

Y IVi<D—gq

xeEj

holds for every xe V(PP(q)). (For the points of E, equality hold.) There are several
ways to partite V(@) in this way, for example, whenever all the | V;|’s are almost equal
for 1<j<q? and V;=0 for j>q*2

Define the edge set of G as follows. Put a complete graph for each (g + 1)-element set
of the form L;u{x;} (1<i<gq). Join each xeE; to each yeV; for all j. Denote the class
of graphs obtained in this way by %,(n, D). Then each graph Ge%,(n, D) of this type
has maximum degree D, has diameter 2 and

2

2(q+5 D—
@) =d g p LU+ o yad=nl (54)
g—1 g—1 2 q—1

Here {x} stands for the fractional part of xeR, ie. {x} =x—|x |.

Theorem 5.3. Suppose that there exists a finite plane PG(2,q). There exists a
constant M, such that if ng~'+M,<D<n(qg"*'+(2q*+2¢°)"')—M, and the
graph G with n vertices and maximum degree at most D has diameter 2, then
the right-hand side of (5.4) is a lower bound for |&(G)|. Moreover, equality holds only
for the members of 9,(n, D).
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Problem 5.4. Describe the a(c)-extremal hypergraphs.

The range ‘close’ to a PG(2,q) looks especially promising, for example, when
(g+1)/(q*+q+1)—e(g@)<c<(g+1)/(qg*+q+1). To fill the first gap (between 3/7 and
1/3) Znam has the following conjecture.

Conjecture 5.5 (Znam [42]).

5—4c for 3>c>15,
§—11c for &5>c>4%,

2 3
g(0)= 6—6¢c for £>c>g3,
L_%¢ for $>c>4,
11 5
5—3¢ for 35>c>1x,
3—3c¢ for F>c>3,

Theorem 5.1 established the range 1/3+1/216>¢> 1/3. If Conjecture 4.2 is true,
then our proof works without any change for the range (1/q) +(1/5¢°)>c¢> 1/q as well.

5.1. Further problems concerning graphs of diameter 2

Problem 5.6. Determine e,(n, D, d), where this denotes the minimum number of edges
in a (simple) graph of diameter 2 with rn vertices, maximum degree at most D and
minimum degree at least d.

The investigation of e,(n,n—1,d), i.c. when only a lower restriction is put on the
valencies, was started by Bondy and Murty [6]. Their result was generalized by
Bollobas and Harary [5], who showed that e,(n,n—1,d)=[(n—1)(d+1)/2] for
d<./n/3. Pach and Suranyi [36] extended most of the above results for e,(n, cn, d),
where ¢ and d are fixed.

Concerning minimum degrees the following result is due to Duffus and Hanson
[10]: If G'is a maximal triangle-free graph on n vertices with minimum degree 3, then
|E(G) =3n—15. (Note that such a graph has diameter two.) They investigated the
following more general problem.

Problem 5.7. Determine E(n, k,5), the minimum number of edges of a maximal
K,-free graph on n vertices with minimum degree J.

Hajnal (see [38]) proposed the following problem.

Problem 5.8. At least how many edges must a maximal triangle-free graph have if the
maximal degree of vertices is at most D for some D<n—1?
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Denote the minimal number of edges of a maximal triangle-free graph with
maximal valency at most D by F(n, D). Clearly, G is a maximal triangie-free graph if
and only if it is triangle-free and has diameter 2. Hence e,(n, D)< F(n, D). For D>n/2,
the complete bipartite graph K, ,— , provides an example of a maximal triangle-free
graph with maximal valency <D. However, there are maximal triangle-free graphs
with much less edges.

Let (n—2)2<D<n—3 and let V=V,0V,U{x;}UV,U{x5} be a partition of a set
V of cardinality n into parts of size |V;|=|V,|=n—2—D and | V,|=2D—(n—2). Let
the graph G(Cs) have the following set of edges. x5 is connected to each vertex in
V,uVy; x5 is connected to each vertex in V,UV,; finally, each ze ¥, is connected to
each weV,. Then G(C5) is a maximal triangle-free graph with maximal valency D and
2n—5+(n—3—D)? edges.

Another example for a triangle-free graph of diameter 2 can be obtained from the
Petersen graph. Let Vy={x;,x,,...,X;0} be the vertex set of the Petersen graph
Psuch that x,, x,, x3,x, are pairwise nonadjacent. Note that the Petersen graph itself
is a maximal triangle-free graph with 3 x 10— 15 edges. Let n> 10 be given. Let V,, ¥,
V3, V4 be pairwise disjoint sets, also disjoint from V5, of size | V;|=| (n—6+(i—1))/4 |.
Then Zfz Vil=n—6. For 1<i<4, replace x; by the independent set V; in P,
connecting the vertices in V] to the original neighbours of x; in P. The resulting graph
G(P) has n vertices, 3n—15 edges, and maximal valency is D=n/2—0(1). The
vertex-duplication procedure described above maintains the maximal triangle-free
property so G(P) is maximal triangle-free.

In [28] it was proved that for n>22**

2n—35 for D=n-2,
F(n,Dy={2n—5+(n—3—-D)> for n—-3—/n—10<D<n—3,
In—15 for (n—2)2<D<n—3—./n—10.

The main tool of the proof is the result of Duffus and Hanson [10] mentioned
above, and a theorem analogous to the results of Pach and Suranyi. A general
example is the following.

Let PG(2,q) be a projective plane on W;={x,,...,Xz24,+1} with line set
{Li,....L4244+1}. We can suppose that the lines containing x,..,., are L; for
g2 +1<i<q*+q+1. Let Wo={y,,...,y,24,} be a set disjoint from W,. First, we
define a set system H and a graph G on the 2(g2 +q) vertices V= {x;,y;: 1<i<q?+q}.
H consists of ¢° sets of size 2¢; namely, let H;=L,u{y;: x;eL;} (1<i<q?}. G is
a (q—1)-regular bipartite graph defined as follows. The sets W\ {x,2.,+,} and
W, are independent in G. x; and y; are connected if and only if i#j and {x;,x;} <L,
for some g2 +1<k<q?+qg+1. Based on H and G, we can build a maximal triangle-
free graph G(n). Let n>3q2+2q. For 1 <i<q?, we choose sets V; disjoint from each
other and from ¥ such that |V|=| (n—2(q*+q)+(i—1))/q?| for all i. Then the sets
V; are nonempty and |V]| +Zfi |Vil=n. We define G%n) on the vertex set
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VUViu---UV,2. x, yeV are adjacent in G¥(n) if and only if they are adjacent in G. The
set Vju---UV,: is independent in G*(n). Finally, xe ¥ and yeV; are connected if and
only if xeH;.

This example implies that the upper bound in the following inequality for D > Sﬁ
(the lower bound is trivial).

2 2
n n
——n<F(nD)<—+2n.
2D ( ) D
Hence, the order of the magnitude of the function F(n,cn) is linear in n for a fixed c.
The theorem analogous to the results of Pach and Suranyi states that there exists
a sequence 1=c;>c,>--- tending to zero such that for c¢{c,}

Alc) = lim F(n,en+ B(c))/n

exists for every O<c< 1. Here B(c) is a constant depending only on c.

To obtain A(c) in [28] the following method was developed. Certain hyper-
graph—graph pairs are intimately related to maximal triangle-free graphs. Let
H=(V,E(H)) be hypergraph and G=(V, &) be a graph on some set V. The pair H,G is
a core if it satisfies the following properties:

(1) H is intersecting,

(2) G is triangle-free,

(3) for all ee& and HeE(H), e H,

(4) for all xeV and HeE(H), x¢ H, there exists ye H such that {x,y}e&;

(5) for all x, yeV, if {x,y} & H for any He E(H) then either {x, y} €& or there exists
zeV with {x,z}eé& and {z,y}eé.

Finally, the function A(c) is defined as A(c)=inf{a(H,c)} where the infimum is
taken over all hypergraphs H which occur in a core with an appropriate graph G and
cz1/v*(H).

Problem 5.9. Describe the A(c)-extremal hypergraphs.

We do not have such a general result for infinitely many intervals as for e,(n, cn).
Although it seems certain that the minimal size of an A(c)-extremal hypergraph H is
relatively small (we can prove |&(H)| < 5/c?), we have only the following bound for

| V(H)|<B(c).

For ¢>0, we define a function B(c) the following way. If ¢>1 then B(c):=1. For
O0<ckl, let

BO(C) ::2(2/02)+(2/c)+1’

k
Bii:(0) = D2/ + 2+ 143 Bi(e)

B(c):= Bl (2/c2)+2/0) | (c).
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Conjecture 5.10. For (g+1)/(g*>+q+1)<c<1/q we have A(c)=q+2 if a PG(2,q)
exists.

A construction can be given as follows. Define a core on a set V=V, UV, of
cardinality 2(q*+q+1). Let Eq, ..., E;24 4+ be the line set of the projective plane on
aset Vy,|Vil=q?+q+1 Let Vo={xy,...,X4214+,). We define E(H)={E;u{x;}:
1<i<q?+q+1}. The graph G is bipartite with classes V; and V;; we connect x; to all
points in V;\ E;. It is clear that the pair (H,G) is a core. Also, the weight function
y(H;):=1/(q*+q+1) gives a feasible solution of the required linear program and
Y y(H) Hi=q+2.

Problem 5.11. Determine the minimum D =D,(n) such that there exists a triangle-
free graph of diameter 2 over n vertices and maximum degree D.

This problem was proposed by Erdds and Fajtlowicz [12]. They pointed out that

the random method gives only D z(n)<0(\/1;10g n). This upper bound was lowered
by an example due to Hanson and Seyffarth [30] showing that for some circular
graphs Dz(n)<(2+o(1))\/;z. Other circular graphs were found by Hanson and
Strayer [31]. The example G%3qZ+2q) of the previous section indicates that their
upper bound in fact can be improved to Dz(n)<(2/\/§ +o(1))\/; (for all n).

Further generalizations were investigated by Erdés and Pach [13], who considered
graphs with property I, ie. graphs in which every independent set of size k has
a common neighbour.

6. Proof of Theorem 5.1

Let ¢ be fixed and let H be an a(c)-extremal hypergraph with optimal weight
function y:&—R* (this means that ¥ y(E)| E|=a(c)). Suppose that H has minimal
number of edges (among the a(c)-extremal designs contained in & (H)). Call a vertex
x saturated if ¥ {y(E): xeEe&} =c. The set of saturated vertices is S. Of course |S] is
not larger than a(c)/c. Suppose that y has maximal number of saturated vertices
(among the optimal weights of H saturated at S). Then

|€(H)<|S|+1<|ale)/c ] +1. (6.1)

This follows from the fact that a(H,c¢) is a solution of a linear program with |&|
variables and | V(H)| constraints corresponding to the vertices with one additional
constraint ¥ y(E)=1. The complementary slackness theorem of linear programming
implies that the minimal number of nonzero variables in an optimal solution is not
more than the maximal number of constraints fulfilled with equality. Applying this to
our case, the minimality of &(H) implies that all edges have nonzero weights, and
hence their number is not more than |S|+ 1.
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The function y/c is a fractional matching of H; hence

v¥(H)=Y y(E)/c=1/c. (6.2)

As |E|=v* for all edges, we obtain
|E|=1/c. (6.3)

From now on, we suppose that ¢ =(1/g)+ 6 with 0<d<1/(2g*+24>), and H is an
a(c)-extremal design. The existence of a punctured plane, PP(qg), gives

2
7 __4 . (6.4)

g—1 q—1

a(H,c)<

So we have to give a proof only for the lower bound for a(c). Let H be an a(c)-extremal
subfamily of H with minimal number of edges, and let y be an optimal weight function
with maximal number of saturated vertices. Then (6.1) can be applied, and, of course,
(6.2) and (6.3), too. We get

|61<q*+4q, (6.5)
|&\=q for all E€é. (6.6)

Split &(H) into three parts, & =&,0&,, V&5, 1, where the index indicates edge
sizes, &, :={Ee&: |E|=x}. Then (6.4) gives a(c)<q+ 1, implying &, #0. Consider any
edge Eqeé&. We obtain

clEol> ) <Z y(E)>=Z|EoﬂE|y(E)

xeEo \E3x

=Y Y(E)+ Y. (JENEo|— 1) y(E)
E E

21+ (|Eol =) y(E,).

The comparison of the extreme sides of this inequality gives

qul5>y(E) for Eeé&,, (6.7)
1 g+l
9 55 0(E) for Eeé, .. (6.8)
q q

Denote the sum of y(E) over &, by Y, for example, Y, =Y {y(E): E€&,}. We have
Y,+Y, .1+ Y., =1 Equation (6.4) implies that

g+ 0> alH, Y, + @+ ) Yyt +G+D Vo
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We obtain
Y, >4 s4+v 9
q/(_]_—_l + >g+1> (6)
K,H>1+q—f—la—zy,,. (6.10)

The proof of Theorem 5.2 consists of two parts. First, we consider the case when the
fractional matching number satisfies the following condition.

@) V*E<qr1)>a-1/(g*+q-1).

Then Theorem 4.1 implies that &,,, is either a projective plane or it contains
a twisted plane or a truncated plane. The transversal number of a projective plane is
g+1, 1(PG(2,9))=q+ 1. Even more, if T is a g+ 1-element transversal then

Te&(PG(2,q)). (6.11)

So the &, cannot contain both a PG(2,q) and a g-element set. The transversal
number of a g+ 1-uniform twisted plane is g+ 1 (see, e.g. [25, p. 259]), so the above
argument implies that the only possibility is that & ¢, contains a truncated plane.

Denote this truncated plane by P, i.e. §(P)=é&. Let V(P)=L,;u---UL,,;, Where
L, 1s the trace of a deleted line of the PG(2, g), the P obtained from. Then (6.11) implies
that the sets L; are the only g-element transversals of P. Only one of them, say L, can
be a member of &(H). Hence, a PP(q) :=PU{L,} is a subfamily of H. It follows from
{6.7) and (6.9) that the weight of L, is exactly dq/(g— 1), and then the weights of all
large edges are 0, implying & -, + ; =0. Equality holds in (6.9), and therefore in (6.4) too.
This implies that a(H, ¢)=a(PP(g),c). Then, the minimality of the edge set of H im-
plies PU{L,}=H.

Considering H, we claim that it is an EPP(q). First, it is easy to see that L, is the
only g-element member of &(H). It follows that j(L,)=3Jq/(q— 1) in any a(c)-optimal
weight function j over &(H). Then, the weights of all large edges are 0, implying
& 5 q+1(H)=0. B

As PP(q) is a subfamily of H, every additional edge Fe&(H)\&(H) is a transversal
of PP(g). Moreover, F has exactly g+ 1 elements. Then, for q> 3, we finish the proof
by using the following sharpening of (6.11), due to Pelikan [37]. If T is a transversal of
PG(gq,2) and it does not contain any line, then for g >3 its size | T'| > g + 2. This implies,
as F does not contain an edge of PP(q), that it has the form L;u{x) (i> 1), as desired.
The case g =2 can be finished easily by hand. Secondly, we consider the case when the
fractional matching number satisfies the following condition.

1

(i) v*(o@gqﬂ)stlﬂm_—l-

As the function y/c is a fractional matching of H¢, ., we get that

1
Y+ K1+1<c"*(H<q+1)<c<q_q_2¢qT1>'
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Comparing this with (6.10), we obtain

q 1 1
Y. 2l4 2 6-|-+6){g————
‘ +q—1 <q+ )(q q2+q—1>

= ! P ! _L>
“a@ira-0 O\ gtrg—1 q-1)

The right-hand side of (i) is less than 1/c (for 6 <1/(q*+q>—q*—q)), so (6.2) implies
that & ,.,=0. Then (6.5) gives

(6.12)

|Egl +164411=IEH) =165 4411<q% +g 1. (6.13)

Now apply (6.7) and (6.8) to get a lower bound for [&,| and |&,+ ], respectively.

Y, Y,

|6 ol +16 i1 |=2— +1 q+ql+1-
541y ,at!
qg—1 ¢ q

Apply, the lower bound from (6.10) to Y,.,. We get

1+—1 52y,
f q—1
l"goq|+|gq+1|> + 1 q+1
st L sat!
q—1 q q
3
q*+ a_s
g—1 1 2
= +7, - |
1+6q(g+1) q 1 q+1
§—— —S+5——
g—1 ¢ q

Here the coefficient of Y, is positive (for 0<d<(q—1)/(¢*+q)). We can apply the
lower bound of (6.12) for Y,. The lower bound obtained for |£,|+|&,;+,| contradicts
(6.13) if 5 <1/(2q*+2q3). This completes the proof for the case (ii). O

Note added in proof. Erdés and Holzman [44] recently solved Problem 5.9 for
2/S<c<1/2, and thus disproved Conjecture 5.10 in case g=2.
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