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For a hypergraph # and b:5 — Rt define

vy = max Z b(A)w(A) : w a fractional matching of #
Aed
Conjecture. There is a matching M of # such that

> (A= 1+ 1/14)b(4) > ;.
Al

For uniform # and b constant this is the main theorem of [4]. Here we prove the conjecture
if # is uniform or intersecting, or b is constant.

1. Introduction, results

As usual, a hypergraph # is a pair (V(#,E(#)), where V(H) is a finite set,
the set of vertices, and E(J), the edge set, is a multiset of subsets of V(#). Where
no confusion will result we abbreviate V(#) and E(#) to V and #. Note that #
may contain the same set more than once. We say that # is k-uniform if all its
edges are of size k. The degree of a vertex v, denoted degy (v), or simply deg(v),
is {E:ve Ee#}|. ¥ is d-regular if degg(v)=d for all ve V. A subset of edges
S CH is called a subhypergraph. A subhypergraph #M C # is called a matching if
every two of its members are disjoint. We write | (#6), or just |, for the set of
matchings of #. The largest cardinality of a matching in # is the matching number
v(#). If v(#)=1, then # is called intersecting.

With each  C J we associate its characteristic vector x() € ¥, namely
(x())g s 1if E€¥ and 0 otherwise. The convex hull of the vectors {x(M): M €
| } is called the matching polytope, M P(¥).
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A fractional matching w of # is the real relaxation of a matching, that is, a
function w:# — RT such that

Zw(E) <1

E>v

holds for each v€ V. The fractional matching number of ¥ is

v (#) ;= max Z w(E) : w is a fractional matching of #
Eecit

The set of all fractional matchings forms a polytope in the positive orthant of R'%,
called the fractional matching polytope, and denoted by FMP(#). Obviously,

MP(¥) C FMP(¥#) c R®.
On the other hand,
(L.1) FMP@) C Ax MP(¥),

where A is an K x J diagonal matrix with (A)g g = |E|. This means that the
polytope obtained by blowing up the matching polytope in the direction zg by the
factor |E| contains FM P(#). See e.g. [1], [5], [6], [7] for more backround.

To reformulate (1.1), let us introduce the following weighted versions of the

matching and fractional matching numbers. For any non-negative vector b € R¥
(i.e. a non-negative function on the edges b: 7 —R™), let

v, = max Zb(E):.ME' ,
Eel

vy = max Z b(E)w(e) : w is a fractional matching of #£
Ec¥

(So v and v* correspond to b=1.) For k-uniform hypergraphs, Lovasz (see [5])
realized that the trivial inequality v* < kv never holds with equality. His conjecture
concerning v* /v was proved in [4] in the following form.

Theorem 1.1. If # is a k-uniform hypergraph, then
1
(1.2) viI) < (k—1+E> v(¥).

Moreover, if there is no finite projective plane among the subhyphergraphs of #,
and k>2, then v*(#) <(k—1)v(¥).

Our work is motivated by
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Conjecture 1.1. For any hypergraph # and b:3 — R™ there exists a matching M

such that
) (|E| —14 I—;:!) b(E) > 1}
EeM

This conjecture is equivalent to the statement
FMP(#) C A x MP(3),

where A is the # x ¥ diagonal matrix with (A)E,EZ |E|—1+1/1E|.

When X is k-uniform and b =1, Conjecture 1.1 is just Theorem 1.1. So the
conjecture generalizes Theorem 1.1 in two ways, namely by allowing nonuniform
#, and by considering weights, rather than just sizes, of matchings. In fact, we can
prove Conjecture 1.1 if either one, but not both, of these relaxations is in force, i.e.

Theorem 1.2. Any hypergraph # has a matching M with

E%L (|E| —1+ I_;JI) > V¥ ().

Note this is sharp for any disjoint union of projective planes.

Theorem 1.3. For any k-uniform hypergraph # and b:3 — Rt

1
(k—l-f—E)I/bZI/i:.

Conjecture 1.1 and Theorems 1.2-3 were announced in [5].
We also prove Conjecture 1.1 for intersecting #. In this case M P(#) is an
|#)-dimensional simplex, so the statement reduces to

Theorem 1.4. If w is a fractional matching of an intersecting hypergraph #, then

1
2" <

Theorem 1.4 depends mainly on establishing the following extremal property
of projective planes, which is thought to be of independent interest.

Theorem 1.5. If # is k-uniform and intersecting, and ()| E=0, then
Eci

1 k2
2 Z Z |AﬂB| 2 2 _ ’
I-%| AcH BeXH k k+1

with equality iff # is (the line set of) a projective plane with each edge multiplied
the same number of times.

There is another form of our main Conjecture 1.1, which is rather pretty
although not so amenable to linear programing, as follows. Let J be a hypergraph.
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We denote by x'(#) the edge-chromatic number of #, that is, the minimum number

of matchings of J with union . x *(¥) is a fractional relaxation of this, the
minimum of ) g(M) over all ¢ : | = R* satisfying Y q(#) > 1 for all
Mem MSE

E e#; or equivalently, X'*(}f ) is the minimum d> 0 such that the constant vector
(1/d,...,1/d) belongs to the matching polytope. We define

1

Esp
The following is equivalent to Conjecture 1.1.
Conjecture 1.6. For any hypergraph ¥, x’*(.%’ ) <QI).
Indeed, as far as we can see, the stronger conjecture that x'(#) < Q(#) may
also be true. For graphs ¥ this is just Shannon’s theorem ([8], also see in [2]}, that
X' (%)< %—A(t@), where A(%) is the maximum degree of ¥; while for intersecting #

! %

it is Theorem 1.4, since for such # x * and %’ agree. The problem of bounding
X' (#) for uniform # in terms of the edge size and maximum degree was raised by
Faber and Lovész in [3] more than 20 years ago.
To see the equivalence of Conjecture 1.6 and 1.1 we proceed as follows. Con-
jecture 1.1 asserts that for any b:# —R*, if w:# — RY satisfies 3" w(E)<1 for
Esp
all peV(#) then

EE:w(E)b( < max 3 <|E|—1+ IE|> b(E).

Eedll
Equivalently, for any b:# — Rt and w:# —R¥,

EE:w(E)b(E)S pgfaécf)Eapw(E) max EEG;M<‘E|—1+|F|> b(E)

Substituting £(F) = (|E|—1+]%[) b(E) and m(E) = )ﬁ-ﬁ%ﬁ’ we see that an

equivalent conjecture is: for any £:# — Rt and m:# —R™,

EE:K(E)m(E) < max Z (|E| |E|> JI,LnEaD))(T Z LUE)).

Esp

This is true if and only if it is true for integral m; and (by replacmg every edge E
by m(E) coples) if and only if it is true all ¥ when m=1. T hus, an equivalent
conjecture is: for all # and all £:3 —»Rt,

> uE) <) max ZE(E
E

By Farkas’ lemma, this is equivalent to 1.6. B
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2. Proof of Theorem 1.2

For a fractional matching w of # let S(w) be the set of w-saturated vertices,

S(w) : {vEV > }

E3v

Suppose # is a minimal counterexample to Theorem 1.2. Then J# is v*-critical,
that is, v*(H') <v*(¥) for all #' CH, so in particular

(2.1) if w is an optimal fractional matching of ¥, then w(E) >0 for every EcJ¥.
The key observation here is similar to that in [4]:

(2.2) There exists an optimal fractional matching w of # such that |S(w)| > |#]|.
Proof of (2.2) The linear program defining v*(#), that is,

ma,xZw(E
subject to weRH
(2.3) w(EY>0for Ecd
(2.4) Y wE)<lforveV

E3v

has an optimal solution w for which at least |#| of the inequalities (2.3), (2.4) are
equalities. Since the inequalities (2.3) are strict (by (2.1)), we have |S(w)|>|#]. §

To prove Theorem 1.2 it is enough to show that for some Ec#,

(2.5) |E|—1+ z > ow

|El FNE#@
For then, setting #'={Fe¥:FNE=0}, we have (inducting)

1 1
Ménwta)((%)gu (iFI 1+ |F|) 2 Bl -1+ +J‘$&')z§u (IFI 14 W)
> > w(F)+vrEH) > ().
FNE#Q
But for w as in (2.2),
] <IS@)| <D S w(E) = > |Elw(E
vEV Edv EeX
In particular there is some E € ¥ with w(F)>1/|F|. But for such an E we have
(2.5), since
> w(F) < w(E)+|E|(1-w(E))
FNE#9
=Bl - (IE| - Dw(E) < |E| - 1+ 1/]E]. ]
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3. Proof of Theorem 1.3

We must show for k-uniform # that

(3.1) > W(Eyw(E) <k—-1+1/k,
Ee¥
whenever
(3.2) w 15 a fractional matching of ¥
and b:# — Rt satisfies
(3.3) S bE)<1 foralldel ().
Eel

Suppose # is a minimal counterexample. Then for any optimal pair, b, w (that
is, b, w maximizing Y b(E)w(F) subject to (3.2), (3.3)) we have

(3.4) b(E),w(E) >0 forall E €.
Moreover, as in (2.2) we may choose, for any particular b, an optimal w for which
(3.5) |S(w)] = |#]
(where as before S(w)={veV: Y w(E)=1}).
E3

v
Fix b, w optimal satisfying (3.2), (3.3) and let | o be the set of b-saturated
matchings:

| g={el ) oE) =1}
Eedl
By linear programming duality, applied to the program

max Z b(E)w(FE)
Ee¥
subject to
B(E)>0 for E €,

Y obE)<1 fordbel ,
Eei#

there exists a:| —R* such that

(3.6) > a)>w(E) forall E€X,
Eelem

(3.7) ST al) = Y o(B)w(E).

MeM Eei



ON THE FRACTIONAL MATCHING POLYTOPE OF A HYPERGRAPH 173

By complementary slackness (using (3.4)) equality holds in (3.6) for each F € #,
and supp(a) CH .
Fix E€J. Since each 4 ey contains a set meeting F,

(3.8) Yoo < D D e = > wF)

MeMg FmE;éWLaIf FNE+#)
<w(E)+ k(1 —w(E))=k— (k- Lw(E).

We now finish as in the proof of Theorem 1.2. It follows from (3.5) that there
exists E with w(F)>1/k. Inserting such an E in (3.8) we have (summarizing):

Y WEwWE)= Y al)< Y w(F)

Ee¥ MeDg FNE#(
<k—(k—Dw(E)<k—-1+1/k. [ |

As in Theorem 1.1 we have the following sharpening.

Theorem 3.1. If # is a k-uniform hypergraph, k > 3, and there is no projective
plane among the subhypergraphs of #, then for any b:# —RT

(k = D) > v (H)

Proof. First, one can prove the following form of (2.2).

(3.9). For any particular b, there exists an optimal fractional matching w such that
the characteristic vectors of the edges E € # with w(E) >0 restricted to S(w) are
linearly independent. |

For the proof of Theorem 3.1 follow the preceding proof as far as the inequality
(3.8). To finish from this point it suffices to show the existence of an edge F € #
with w(E)>1/(k—1).

Suppose instead that for every F,w(F)<1/(k—1) holds. Then for every v &

S(w) we have deg( )>k. This implies that # is k-regular that |S(w)|=|#|. Thus
by (3.9), there is only one optimal fractional matching, namely w(E)=1/k.

Since every edge is intersected by at most k2—k others, and ¥ does not contain
k% —k+1 pairwise intersecting edges (they would form a projective plane), Brooks’
theorem (see [2]) implies that # can be decomposed into k2 — k matching, 4;, 1<
i<k®—k, Thus

k2—lc

1
> b(BEyw(E) = - > b(E) Z > H(E

Ec¥ Ee¥ i=1 EeM;

??'Ib—‘
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4. Proof of Theorem 1.4

In this section we reduce Theorem 1.4 to Theorem 1.5, which we use in the
form

(4.1). If ¥ is k-uniform and intersecting, and [\ E =40, then for any z:# —R*

EeX
with Y z(E)=1,
k2

(4.2) > > EnFle(E)z(F) > R

EcH FeX

(This follows from Theorem 1.5 by rational approximation and clearing of
denominators in (4.2).)
By linear programming duality Theorem 1.4 is equivalent to

Theorem 1.4'. For any intersecting # there exists t:V —R™ such that
( Z t(v >——2"'T|+I for all E€ X,

Zt

veV

Proof of Theorem 1.4’. We show that an appropriate ¢t may be obtained as follows.
Let k=min{|B|:Be#}, H),={BeH :|B|=k}.

Suppose first that there exists pe N{E: Fe€Jf}. Let E1\{p},...,E;\{p} be a
maximal matching in the family {E\{p}: F€J;}. If |>k+1, then |F|>k+1 for
p@ FeJ, and we may define ¢ as follows.

E‘gtkm forv=p
t(v) = Fk:"zl:ﬁ for v € F1 \ {p}
for v ¢ Ey.
If I<k+1, then let

P rv=p
t(v) = Wiﬁ for v e (ByU- UEl) \ {p}
forvg (E1U---UEp).

Suppose now that NH =0. We construct ¢ using another function f. Suppose
f: ¥, — RT satisfies 3 f(B) = 1/k. Define t=ts:V —R" by t(v)= 3 f(B).
B3w
Then for Aei,

> tv)= > |AnBIf(B)

vEA Bedt,

dtw)=k Y f(B)=1

eV BeX,,

Now
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gives (b); and for |A| >k, (a) holds automatically since v(#)=1 implies

1 A
Z |AﬂB]f Z f —E WQ‘—'Lﬂ—l—

Bei;, Bel¥t,,

It is sufficient to show

(4.3). If # is an intersecting k-uniform hypergraph with (| E =0, then there
Ee#
exists f:# — Rt such that

(a) For all Ae# one has Y |ANB|f(B )>_2'Tﬁ7
B
(b) X f(B)<
Be#

Proof of (4.3) Consider the quadratic programming problem

minimize Y. > |AN Blz(A)z(B)
AeH BeH

(4.4) subject to z:H — RT
S z(A) =1

AeX

Let z be an optimal solution to (4.4) and suppose there are A, A’ € # such
that

(4.5) > |ANB|z(B)> Y |A'NBljz(B) and x(A)>0
Be# Be#

Define y € (RT)¥ by

y(A) =z(4) —¢
y(A) =z(A) +¢
y(By=z(B) ifB#AA.

Then an easy calculation gives

> > IBNCI(x(B)z(C) - y(B)y(C))
BeJ CeH
=2¢ Y (JANB| - |A'N B|)z(B) - O(e?) > 0
Bei¥

for small enough positive €, contrary to our choice of z. We conclude that (4.5)
does not occur, that is, there is a number s such that

= ifz(A 0
e S] 5o 20
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By (4.1)
2
s= 3 25 =3 3 140 Bla(4)z(B) > ﬁ—ikﬁ

Ae¥ A€ BeH

Now set f(A)=z(A)/k for AcH.
Then (b) of Theorem 1.4’ is automatic, and we have just shown (a), since for

any AeH,

ST IANBISB) = ¢ 3 AN Bla(B) 2 7 >
Be¥ Be#

5. Proof of Theorem 1.5.

A pair A, B of families of subsets of V is said to be cross-intersecting if ANB#
§ for all Acd, BeB. The key to Theorem 1.5 is the following simple observation.

Lemma 5.1. If 4, B are cross-intersecting then

> > janA > > IBnB| > 1B

Aced A’ed BeB B'eR

Proof. Define vectors a,beRY by

a(v) =degy(v);=[{A e :ve A},
b(v) = degg(v) :== |{B € B:v € B}|.

Then, with (a,b) the usual inner product on RY,

S Y 14n41 S S BB = alPIbl? > (a,b)?

Acd A'ed Be®B B'ef
2
=[> S janBi| > PB?
A€d BeR
(the second inequality holding because «, B are cross-intersecting). |

Now let # be as in Theorem 1.5, say with |#|=m, and suppose

k2m2 Z Z
(5.1) > |ENF.
B—k+1 Ec¥ Fe¥

In case of k=2 the hypergraph J should be a triangle, # ={F1, Eq,FE3} with
edge multiplicities 1, pa, ps, and an easy calculation shows that (5.1) implies p; =
fio = i3, and thus equality holds. From now on we suppose that k> 3.
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Fix veV and set
A={AeH :ve A}
B=d\A
= 1] = degy(v).
Apply Lemma 5.1 to 4\ {p} and 5.

(5.2) SN (AnA-1) > > BB 2 |4PB? = d¥(m - d)?.

Aed Aled BeBB'c®
Set a=(m~—d)~2 3. Y |BNB|. Then
BeBB'eB
(5.3) l1<a<k.
(Notice that the hypothesis () A=0 gives d<m.) In terms of a, (5.2) becomes
AcH
D> (AN A = 1) > d¥/a,
Aed A’ed

or, equivalently,

(5.4) o3 jan4Al > (1 + %) d?

Acd A’ed
It follows that

Yo SIENFI Y Y jand+ Y Y |BNB'| +2d(m ~ d) |

EcH FeX Acd A'ed Be®B B'eR

> <1 + i—) d? + a(m — d)2 + 2d(m — d)

(5.5) i{(a —a+1)d - 2(a® — a)md + a®m?).

2—'0.

iy where it

For given m, a the rlght hand side of (5.5) is minimized at d=

takes the value "QT_H. Combining this with (5.1) gives

(5.6) >3 ) IENFI> 5
k +1 Eedt Feit @?-a+1
For the function g{z);= Pfxi_-ﬁ one has
>g(k) if Ey<z<k

9(@)$ = g(k) ifce {kf—lk}
< g(k} otherwise.
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Thus by (5.3) and (5.6),
a€ < - i } u {k}.

But if a=Fk the B consists of copies of some fixed edge B and we may sharpen (5.4)
via

o0 AnA - =13 Y 1|+ k-2d>d¥k+ (k- 2)d

Acd a'ed Acd Aed
[ANAT>1 fAQATI>1

In particular, for k > 3, this gives strict inequality in (5.4) and in the second
inequality of (5.6), which is impossible since the left and the right hand sides of
(5.6) are equal.

It follows that 1<a< Ef—l Inserting this in (5.4) and letting v €V vary yields
the basic inequality

(5.7) Y SN IEnF > (2 - %) (deg(v))? forallv e V.

E>v F3v

Summing on v gives

(5.8) SN EnFE=Y Y > EnF> (2_ -) > (deg(v))*.

EeH FeHt vEV E3v Fov veV

Furthermore,
(5.9) =23 N [EnF|=-2) (deg(v))®.

EcH FeX vEV
(5.10) NN 1=m?

EeX FeX
Summing (5.8)-(5.10) gives
1
2 2 2

(5.11) SN Y (EnF|-1)?>m? - T > (deg(v))

EeH Fe¥X veEV
Thus, noting that
(5.12) [ENF|—1>(ENF|-1)%/(k-1),

we have

> (deg(v))? =Y MY (EnF|-1)

veV EcH FeH

>3 STENFI -1k -1) > <m2 -2 Z(deg(v>>2) J(k 1),

EcH Fe¥X veEV
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and a little rearranging gives the inequality of Theorem 1.5:

2m2
(5.13) S Y EnF| = Y (deg(v))? > -];2_’“__};:

EcX Fe# veV

Suppose now that equality holds in (5.13). This requires that equality always
hold in (5.12), in other words that

(5.14) |[ENF|e{1,k} forall E,FecX.

Now for veV let Ay,...,Ap be the distinct sets on v which appear as edges of #,
(note that p<k), and let u; be the multiplicity of A;. Since (5.7) must hold with
equality we have

P

S (AnA =1 = (k- 1) > 62 2 B (deg(v))?
Adv A'dv =1 p
L (deg(0)? = 3 S (14N 4 1),

A3v A'Dv

Thus p =k and all u; are equal to some fixed p, which (by connectedness of #,
say) does not depend on v. That is, # consists of y copies of some k-regular, k-
uniform 1-intersecting hypergraph #, and such a hypergraph is easily seen to be
a projective plane. ]

Remark 5.1 The following example shows, that one cannot easily sharpen Theorem
1.5 for hypergraphs with no projective planes.

Let T = {vg,v1,...,v;} and let # consists of ¢ copies of {vy,...,v} together
with (k—1)¢ edges containing {vg,v1}, 1 <i<k, all edges being disjoint apart from
the intersections forced by these specifications. Then |#|=1t(k? -k +1), and we

have
Z > IEnF|= k+1+o(kt)

EeH Fe#
which can be arbitrarily close to the minimum ratio as t— oo.
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