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Abstract

Fiiredi, Zoltan, Indecomposable regular graphs and hypergraphs, Discrete Mathematics 101
(1992) 59-64.

Let G be a d-regular simple graph with n vertices. Here it is proved that for d >Vn-1, G
contains a proper regular spanning subhypergraph. The same statement is proved for
multigraphs with d > (n — 1)/3. These bounds are best possible if d is odd. The main tool of the
proof is a consequence of Tutte’s f-factor theorem on the existence of 2-factors, due to
Taskinov. Finally, disproving a conjecture of Alon and Berman, an indecomposable d-regular
3-uniform hypergraph is constructed with d =292,

1. Introduction, results

A hypergraph H is a pair H= (V(H), é(H)), where V is a finite set, the set of
vertices or points, and &, the edge set, is a collection of subsets of V. Note that &
may contain the same set more than once, the multiplicity of E € & is denoted by
my(E). If we want to emphasize that H contains (or might contain) multiple
edges, then we call it multihypergraph. If H does not contain multiple edges (i.e.
m(E) =1 for all E € &), then it is called a simple hypergraph. A hypergraph is a
k-graph, or k-uniform hypergraph if all edges have k elements. The 2-graphs are
called graphs. A pseudograph is a (multi)graph with loops. The edge B € €(G) is
a bridge of the (pseudo)graph G if there is a partition of the vertex set
V(G) =V, UV, such that B is the only edge between V; and V,. We denote by
G | A the induced subhypergraph on A. The degree of a vertex v is degy(v) =
Y {m(E):veEe€¥€}. His d-regular if degy(v)=d for all vertices veV. Fis a
subhypergraph of H if V(F)cV(H) and ¥4(F)c ¥(H). F is a spanning
subhypergraph of H if | 4(F) = €(H). H is indecomposable if it contains no
proper non—empty regular spanning subhypergraph.
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In this paper we consider the maximum possible degree of regularity of regular
indecomposable hypergraphs. More precisely, define for n=k =1, D(n, k) as
the maximum possible d such that there exists a d-regular indecomposable
k-uniform hypergraph on n vertices. Moreover, Dgimpie(n, k) = max{d: there
exists a d-regular indecomposable simple k-graph}, D(n) = max{d: there exists a
d-regular indecomposable hypergraph on n vertices}, where it is understood that
D(n) = is a possibility. Huckemann and Jurkat (cf. [5]) are the first to prove
that D(n) (and hence D(n, k)) is finite for all n. The problem of estimating D(n)
is considered by a number of people, since it has applications in Game Theory.
Huckemann, Jurkat and Shapley proved that D(n)<(n +1)"*Y? for all n =1
(cf. [5]). Alon and Berman [1] gave new proofs and the following bound

n
D(n, k s( )k"/z.
(n, k) K

They conjectured, that in fact D(n, k) <n“®, where c(k) depends only on k. In
Section 4 we will give counterexamples, proving the following.

Proposition 1.1. D(n, 3)=2""92 for qll n = 3.

Concerning the case k =2, (simple graphs, multigraphs, and pseudographs)
one of our tools is Petersen’s classical result (cf. [8]). It says that for even d, every
d-regular pseudograph contains a 2-regular spanning subgraph, i.e. a 2-factor. In
the case d odd, we are going to use the following theorem of Taskinov [11], which
easily follows from Tutte’s f-factor theorem (cf. [8, Thm. 10.2.20, p. 403]): If a
d-regular pseudograph does not contain a 2-factor, then it has at least d bridges.

Using the above tools it follows easily (see [1]), that

n—1 for even n;

Dseuo s ={
peudo(1; 2) 2 for odd n.

A cycle of length n is an optimal example for odd n. For even n, the graph
obtained from a star with n — 1 edges by adding (n — 2)/2 loops at each endvertex
is (n —1)-regular and indecomposable. Here, verifying two conjectures of
Gronau [6-7] the following is proved.

Proposition 1.2. Let d denote the largest odd integer not exceeding (n — 1)/3,

d forevenn, n#6,8;

b 2)=]
(,2) 2 for odd n and for n =6, 8.

Proposition 1.3. Let d denote the largest odd integer not exceeding \/'n—1, n = 3.
Then

d for even n, n=4 or n=16;

Diimpie(, 2) = {2 for odd n and for all 5<n<15.
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The finiteness of D(n, 2) is one of the first problems of Graph Theory. It was
investigated in the classical paper of Petersen [10] in 1891, and he proved an
almost exact upper bound n/3 + 1. Indeed, the construction yielding the lower
bound (n/3) — 2 is due to Petersen and Sylvester (see the recent review of Mulder
[9]). One of our aims here is to show how easily the above mentioned results
follow from the tools developed since then.

2. An indecomposable regular multigraph

We will prove Propositions 1.2 and 1.3 in a slightly more general form. In this
section we give a construction yielding the lower bound. As the case d even is
trivial from Petersen’s theorem in both Propositions, we suppose that d =3 is
odd.

For 1sm=d, let 4,(d) denote the class of multigraphs with maximum edge
multiplicity at most m, and degree sequence d, . . . , d, d — 1. That is, each graph
in 4,,(d) is almost d-regular, all degrees are d except one vertex has degree d — 1.
Set R,.(d) =: min{|V(G)|: G € 9,.(d)}, the minimum cardinality of the vertex set
of such an almost regular multigraph, and set R,,(d)=:{G € 4,(d): |V(G)|=
R,.(d)}, the set of graphs with minimum number of vertices. E.g. for m >d/2,
#.,(d) has only one member, a triangle with edge multiplicities (d —1)/2,
(d—1)/2 and (d + 1)/2. R,(d) consists of only one graph, too, a simple graph on
d + 2 vertices obtained from the complete graph by deleting from its edge set a
path of length 2 and (d — 1)/2 disjoint edges. We have

R (d)=1+2 [%] . @2.1)

To prove (2.1) one can use the following theorem of Chungphaisan (cf. [2, p.
121]). There exists a multigraph with degree sequence d, =d,>>---=d, =0 with
no loops and maximum edge multiplicity at most m if and only if ¥ d; is even and
the following inequality holds for each 1<t=<n.

2 d;<smt(t — 1)+ i min{mt, d;}. (2.2)

i=t+1

Consider a graph G € 4,,(d) with n vertices. As d is odd and d > 1 we have that n
is odd and n > 1. Apply (2.2) with t =n. We get

(n—Vd=m(n—-1)n—-2)+min{m(n ~1),d —1}.

Here the right-hand side is at most m(n —1)?, so we get d<m(n—1), i.e.

(n —1)/2=d/(2m). Here (n — 1)/2 is an integer, so we get (n — 1)/2= [d/(2m)],

the correct lower bound for n. Finally, it is similarly easy to obtain from (2.2),

that for all odd n=2[d/(2m)] + 1 there exists a graph G € %,,(d) with n vertices.
We will need the following simple property of the minimal graphs.

G € R,,(d) does not contain any bridge. (2.3)



Suppose, on the contrary, that the edge {x, y} is a bridge with parts x e V,, y €
V,. Then x is connected to at least (deg(x) — 1)/m additional vertices of V,, hence
l'a' —_ 1 -
+1+|

Here the right-hand side is larger than 1+2[d/(2m)], for (d, m) # (3, 1). This
contradicts (2.1). Finally, the case d =3, m =1 is trivial.

Let V be an n-element set, n even, with n =1+ dR,,(d). Consider a partition
of Vinto d + 1 parts,

V=V,UuV,U---UV,,

such that |Vy|=1, and |V;| =R,,(d) is an odd integer for all 1<si=<d. Choose
v, eV, i.e. Vo= {vy}. Let G; € 4,(d) be a graph with vertex set V; such that all
degrees are d but degg(v;) =d — 1. Finally, join v, to each v,.

Proposition 2.1. The obtained d-regular graph, G, is indecomposable.

Proof. Suppose, on the contrary, that &(G) is decomposable into an a-regular
and a b- regular part. As g +b=d is odd, either a or b is even. Hence, by
Petersen’s theorem, the corresponding component contains a 2-factor F. Say,
{vg, v;} € 8(F). Then, the degrees of F|V, are all 2, i.e. even, except

deggy,(v,) = 1, which is impossible. [J

3. The minimal indecomposable graph

Theorem 3.1. Let d =3 be an odd integer and let G be a d-regular multigraph
without a 2-factor. Suppose that the maximum edge multiplicity is at most m. Then,
IV(G)|=1+d+2d[d/(2m)].

Proof. We may suppose that |V(G)| is minimal, so it is connected. Taskinov’s
theorem supplies at least d bridges. Delete d of them, and consider the obtained
d + 1 connected components with vertex sets V,, V;, . V,. The set of d deleted

£ 41 o' rlagcong
1 L u Ull L1addLy,

oac Jt PR | OB YAl seanv: Quiessenoa

Uuugca in denoted u_y 2. VWE IMay Suppose that some o
say V,, does not contain any 2-factor.

If V; is adjacent to all bridges of 9, then all the other } XAC
one of them. Hence G|V, e ‘!i,,,(d), implying |Vi|=R (d) Altogether |V =
Vol + X, |Vi| =1+ dR,,.(d), as stated.

Suppose now that for some ¢, 1=<t¢<d, B,, Bs, ..., B, are the bridges of &
adjacent to V,,. These bridges define a partition of the vertex set V =V,U U; U

- U, such that the only edge between U; and V\U; is B,. Erase all vertices of G
outside V, and |_;<;=, B;, and replace each G | U; by a graph from ®,,(d), such
that B, is adjacent to the vertex of degree 4 — 1.
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The obtained new d-recular multio
1€ odtamed new J4-regular muilig

cardinality of its vertex set V(G) is smaller than |V|, by (2.3),
contradiction. [
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It is easy to see, that the extremal graph in Theorem 3.1 is isomorphic to the
example given in Proposition 2.1.

4. The case of 3-uniform hypergraphs

Here we prove Proposition 1.1. We define a 3-uniform 3 x 2*-regular indecom-
posable (multi)hypergraph H over 2k + 5 vertices (k =0, k #2 (mod 3)). Let

V(H) = {xl’ X2, oo o s Xpt15 Y15 Y2r - - -5 Yi+15 215 225 23}-

Set A; = {xi, ¥i, Xis1}, Bi={xi, Yi, Yisa}, for 1sisk, C={xis1, Yer1, 5} (/=
1,2,3), D ={z,, z,, z3}. Define (H) as follows.

%(H) = {Ai’ Bi) Cl; Cz, C3, D: 1 Slgk},
with multiplicities m(A;) =m(B;)= 2k —(=1)2%7 m(C) =321+ (~1)b),

m(D) =37 x 2¥ — (= 1)*).

It is easy to see that H is indeed indecomposable. In any d-regular
subhypergraph F the multiplicities of the three edges C; should be the same,
denote this by f(C;). The multiplicity of each A; equals that of B;, f(A;) =f(B,).
Then the regularity (at the points x4, .. ., X, and z,) gives k +2 independent
linear equations. We get f(A,)=d/2, f(Ay)=d/4, f(A;)=3/8)d--- and in
general

d_ (&
3% % M (E)
As m(C;) is odd, and for k # 2 (mod 3), it is not divisible by 3 we have (from the
above equation with E = C;) that d is divisible by 3 X 2%, a contradiction.

For n =2k +5, k=2 (mod 3), we can use the above construction again, but
with multiplicities m(E)/3.

Forevenn, n=2k+6, k=1, let

FIEY =
J\=)

V(F) = {x17 X2y oo o5 Xkt1s yl’ }’2, LRI} yk+1’ W, Wy, Wy, W3}.
Set E={xr1, Yes1, W}, F={w, wi, wo, ws\(w;}(j =1, 2, 3}, G= {w, w,, w3}
Define 4(F) as follows.

’¥a o A n Fall AR ~ B - B DA T I T Y
&F)={A,B,E R, 5, FE,G:1<isk},

with multiplicities m(A,) = m(B,) =2 — (~1)2*", m(E) =2*""+ (-1)*- m(E) =
12F — (—1)%), m(G) = 4(7 x 2X + 2 x (—1)%). Then, F is a 3 x 2*-regular, inde-
composable 3-graph for £ #0 (mod 3). In the case k =0 (mod 3) we can use the

g A

same construction with mumpucmes myL.)/s, agam [
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rove fha lim inf,_(D(n, !

s close to \/E

Remark 4.1. The above constructions are related to an example from [3], where
a 3-uniform hypergraph is given with a fractional matching number with arbitrarily
large denominator.

Remark 4.2. Another related result was proved by Engel [4]. First a definition.
An S,(c, k, t) design is decomposable if there is a partition of the blocks into a
S.(v, k, t) and a Sg(v, k, ¢) designs with o + 8= A, «, § = 1. In [4] it was proved
that for any given v, k and ¢ there exists a D(v, k, t) such that every design with

A>D(y, k. 1) is decomp
| = W, X, 1) 18 decomp

Of course, D(v, k, 1) = D(v, k). On the other hand, D(v, k, t)< D((?), (})).

Remark 4.3. For k =3, the true order of Dgn,(n, k) is certainly much less than
M=\ Qinpn thars ic ne £ fantar thanram far hunargranhe thic nrahlam ramaing
\k_l}. WJILIVGC LIICIL 1D 11V j 1aviul LiivuiIviLL 11Ul llyP\/lslalJllD, i lJlUUlUlll iviiialien
open
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