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ABSTRACT

A finite partially ordered set (poset) P = (X, P) is called an interval or-
der if there is a 1 — 1 function which assigns to each element z € X a closed
interval [az,bs] of the real line R so that z < y in P if and only if by < ay
in R. For a poset (X, P), height(X, P) is the maximum number of points in
a chain, while dim(X, P) is the dimension of (X, P), the minimum number of
linear orders on X whose intersection is the partial order P. In 1972, 1. Ra-
binovitch proved that the function f(n) = max{dim(X, P) : height(X,P) <
n, P is an interval order} is defined and satisfies f(n) < [n+1]. In this paper,
we show that f(n) =lglgn+ (1/2+ o(1))(lglglgn). The proof techniques in-
clude establishing links between the dimension of interval orders, the chromatic

number of shift graphs, and the classical problem of counting the number of
antichains in the subset lattice.

1. Introduction

We consider a partially ordered set P (also called a poset or ordered set)
as a pair (X, P) where X is a set (always finite in this paper) and P is a
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reflexive, antisymmetric and transitive binary relation on X. The dimension
of a poset P = (X, P), denoted by dim(P) or dim(X, P), is the least ¢ so
that the partial order P is the intersection of ¢ linear orders on X. We refer
the reader to the monograph [14] and the survey articles [6], [11], {12] for
additional material on dimension theory for posets.

The height of a poset P = (X, P), denoted by height(X, P), is the
largest n so that (X, P) contains a chain of n points. A poset of height 1
is an antichain and has dimension at most 2. A poset of height 2 can have
arbitrarily large dimension. Examples are given in [7].

There is an important class of posets for which the dimension is bounded
in terms of height. A poset P = (X, P) is an interval order if there is a
1 — 1 function assigning to each element z € X a closed’ interval [a,,b,]
of the real line R so that * < y in P if and only if b, < a, in R. The
following well-known theorem of P. Fishburn [4] gives a forbidden subposet
characterization of interval orders.

Theorem 1.1. (P. Fishburn). A poset P = (X, P) is an interval order
if and only if X does not contain four points xi,Z2,y1,y2 with x1 < z2,
Y1 < Yo, 1 £ Y2, and y; £ x2 in P. M

In 1972, 1. Rabinovitch [9] proved that the function f(n) =
max{dim(X, P) : (X, P) is an interval order and height (X,P) < n} is
well defined and satisfies f(n) < [n+ 1]. A logarithmic upper bound on
f(n) was proved by Bogart, Rabinovitch and Trotter in [1]. The primary
goal of this paper will be to prove a surprisingly tight asymptotic formula
for f(n). Hereafter, all logarithms are base 2.

Theorem 1.2. The maximum dimension f(n) of an interval order of height
n satisfies:

fn)=Ilglgn+ (% + 0(1)) Iglglgn. =

In the next section of the paper, we establish combinatorial connections
between the dimension of an interval order, the chromatic number of shift
graphs, and the number of antichains in the lattice of subsets of a finite
set. In order to exploit these connections, we will also extend the concept
of shift graphs to hypergraphs.

! The essential property is that each £ € X be represented by a connected subset
of R. In this paper, we follow the most widely used convention and require that the
connected set be a nondegenerate closed interval.
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2. Shift graphs and antichains in subset lattices

In this paper, we use [n] to denote the finite set {1,2,...,n}. For a set X
and a nonnegative integer m, (i ) denotes the set of all m-element subsets
of X. Whenever S = {z,22,...,2;:} is a set of integers, we assume that
the elements of S have been labelled so that z; < z; whenever ¢ < j.

For integers n,k with n > k 4 1, Erdés and Hajnal [2] (see also [5])
defined the shift graph G(n, k) as a graph whose vertex set is () and whose
edge set consists of all pairs of the form {{z1,z2,...,z¢ }, {Z2, %3, ..., Tpy1 }}
where S = {z1,%2,..., 2441} € (k[z]l) The shift graph G(n, 1) is a complete
graph on n vertices, and of course its chromatic number is n. It is an easy
exercise to show that x(G(n,2)) = [Ign]. For larger k, Erdés and Hajnal
[2] gave the following asymptotic formula.

Theorem 2.1. (Erdés and Hajnal) For fixed k > 3, x(G(n,k)) = (1 +
o(1))1glg...lgn, where the logarithm function is iterated k — 1 times. m

In this paper, we are concerned primarily with the family {G(n,3) :
n > 4}. These graphs are also called double shift graphs. For double shift
graphs, we can provide a more accurate estimate on the chromatic number
than is provided by (2.1). For an integer ¢ > 1, let 2! denote the poset
consisting of all subsets of [t] partially ordered by inclusion. The poset 2¢
is a distributive lattice having dimension ¢, height ¢ + 1 and width (Lg | )

The following result is part of the folklore of this subject, but to the
best of our knowledge, no one has published a proof. We do so now because
it directly motivates arguments which follow.

Theorem 2.2. For each integer n > 4, the chromatic number of the double
shift graph G(n,3) is the least t for which there are at least n antichains in
2%, the lattice of all subsets of [t].

Proof. Suppose first that x(G(n,3)) = t. We show that 2! has at least
n antichains. Let 1 : ([Z]) — [t] be a good coloring of G(n,3). For
each A = {i1, iy} € (I7), let S4 = {a € [t] : there exists i5 € [n]
with i3 > i and ¢({i1,42,43}) = a}. For each i; € [n], let C;, = {S,4 :
there exists i, € [n] with i > 4; and A = {i;,i,}}. Partial order each C,,
by inclusion, and let M;, be the set of maximal elements. Note that M,
is an antichain in the lattice 2¢.
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Next, we show that the n antichains in {M,, : i, € [n]} are distinct.
Suppose to the contrary that A = {i1,i,} € ([;]) and M;, = M,,. Then
S4 € C;y, so there is some Sg € M, with §4 C Sg. Since M;, = M,,,
we know Sp € M;, C C;,, so there is an integer i3 € [n| with i, < i3 and
SB = Sc, where C = {ig,ig}.

Now suppose ¥({i1,%2,i3}) = @. Then a € S4 C Sg = Sc. So there
exists i4 € [n] with 44 > i3 such that ¢¥({is,43,94}) = a. This contradicts
the assumption that 1 is a good coloring of G(n,3). We conclude that 2
has at least n antichains.

Now suppose that 2! contains at least m antichains. We show that
x(G(n,3)) <t. Let M;, M,,..., M, be antichains in 2* labelled so that
if 1 <14; <y < n, then there exists a set S € M;, so that S QZ T, for every
T € M;, (such a labelling is easily seen to exist).

For each A = {i1,i2} € ([;]), choose a set Sy € M,, so that Sy ¢ T for
every T € M,,. Then let {1,543} € ('), A= {i1,45} and B = {i5,43}.
Observe that Sg ¢ Sa so we may define a function ¥ : (') — [t] by taking
¥({ii,i2,13}) as an element from Sp — S4.

We claim that ¢ is a good coloring of G(n,3). To see this, let
{i1,42,43,34} € (), A = {41,i2}, B = {i2,43}, and C = {i3,42}. Then
Y({i1,12,193}) € Sp — Sa and Y({iz,i3,%4}) € Sc — SB, s0 Y({i1,i2,43}) #
w({iz,i3,74}). W

The problem of counting the number of antichains in 2! is a classical
one and is often called Dedekind’s problem. Asymptotic solutions are given
in 7] and [8]. For our purposes, we need only the fact that these estimates
assert that the total number of antichains in 2! is approximately the number
of subsets of the largest antichain.

Corollary 2.3. The chromatic number of the shift graph G(n, 3) satisfies:
1
x(G(n,3)) =lglgn+ (—2— +o(1)> lglglgn. n

Further applications of shift graphs in the theory of chromatic numbers
can be found in [3].
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3. Interval orders and shift graphs

For an integer n > 4, let I, = (I,, P,) denote the poset whose elements
are the nondegenerate closed intervals with integer endpoints from [n] with
[i1,%2] < [j1,72] in P, if and only if i, < j;. Clearly, each I, is an interval
order, and we call the posets in the family {I, : n > 4} canonical interval
orders.

Theorem 3.1. Letn > 4, let I, = (I,,, P,) be the canonical interval order
and let G(n,3) be the double shift graph. Then dim(I,,) > x(G(n, 3)).

Proof. Suppose that dim(I,,) = ¢. Choose linear extensions L,, L, ..., L,
of P, whose intersection is P,. Now define a coloring % : ([Z]) — [t] as
follows. For each {i;,is,i3} € ([g]), choose a € [t] so that [i1,12] > [iz, 3]
in L,, and set 9({i1,42,i3}) = a. If {i1,42,43,i4} € ([z]), there is no
a € [t] for which ¥({¢1,42,%3}) = a = ¥({is,43,%4}), since this would
require [i1,%2] > [ia,43] > [i3,44] in L,. However [i1,i2] < [i3,%4] in P,
requires [i1,%s] < [i3,14] in L,. We conclude that ¢ is a good coloring of
the shift graph G(n,3), so dim(I,,) > x(G(n,3)). =

4. Some dimension theoretic preliminaries

For a poset P = (X, P), we write z||y in P and say x is incomparable to
yin P when x £ y and y £ z in P. Then let inc(X,P) = {(z,y) €
X x X :zllyin P}. A subset {(z;,y:) : 1 < i < k} C inc(X, P) is called
an alternating cycle (of length k) if z;,; <y, fori =1,2,...,k —1 and
x1 < yk. An alternating cycle {(z;,y;) : 1 <i < k}is strict if z; <y, if and
onlyif j=i+1foralli=1,2,...,k—1, and z; < y; if and only if j = 1.
In Figures 1a and 1b below, {(z;,y;) : 1 < i < 4} is an alternating cycle of
length 4. The cycle is strict in 1b but not in 1a.

The following elementary lemma is due to Trotter and Moore [16].

Lemma 4.1. Let (X,P) be a poset and let S C inc(X,P). Then the
following statements are equivalent:

(1) There is a linear extension L of P with x > y in L for every (z,y) € S.
(2) S does not contain any alternating cycles.

(3) S does not contain any strict alternating cycles. ®
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Y Xy,

Figure 1a. Figure 1b.

Let P = (X, P) be a poset. An incomparable pair (z,y) is called a
critical pair if (1) z < z in P implies 2z < y in P for all z € X and
(2) y < win P implies < w in P for all w € X. It is easy to see
that if R = {L;, Ls,..., L;} is a family of linear extensions of P, then
P=L NLyyN...NL; if and only if for every critical pair (z,y), there is
some a € [t] such that z > y in L,. Let crit(X, P) = crit(P) denote the set
of all critical pairs in the poset P = (X, P).

For a poset P = (X, P), define a hypergraph Hp as follows. The
vertex set of M, is crit(P), the set of all critical pairs. The edge set of
‘Hp consists of those subsets of crit(P) which form strict alternating cycles.
For emphasis, we state the following result as a lemma, although it follows
immediately from the definition of the hypergraph Hp.

Lemma 4.2. Let Hp be the hypergraph of critical pairs associated with a
poset P = (X, P). Then x(Hp) = dim(P). m

The following lemma gives us a key property of edges in Hp when P is
an interval order.

Lemma 4.3. Let P = (X, P) be an interval order and let S = {(z;,y;) :
1 < i < k} be a strict alternating cycle of incomparable pairs. If ; < yx,
thenz;yy =y, fort=1,2,...,k—1.
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Proof. Suppose z,.; < y; for some ¢ with 1 < i < k — 1. Then the four
points i, Yk, Zi+1,Yy; violate Fishburn’s characterization (1.1) of interval
orders. m

Now let P = (X, P) be an interval order as evidenced by the map which
assigns to each z € X a nondegenerate closed interval [a.,b;] of R so that
z < y in P if and only if b, < a, in R. Set crit”™(P) = {(z,y) € crit(P) :
a; < ay < b, < b, in R} and dim”(P) = least positive integer ¢ for which
there exist t linear extensions Li, L,, ..., L; of P so that:

(x) for every (z,y) € crit” (P), there is some j € [t] such that x > y in L,.

Lemma 4.4. IfP = (X, P) is an interval order, then dim” (P) < dim(P) <
2 + dim" (P).

Proof. The inequality dim"(P) < dim(P) is trivial. We now show
dim(P) < 2 + dim"(P). Let dim"(P) = ¢ and let L, L,,...,L; be lin-
ear extensions of P satisfying property (*). Then define linear extensions
L,y and L; > by:

. . ) a: <ay, or
(1) z<yin Ly lf{a,,zay and z >y in L,
b, < by, or

(2) z<yin Ly if{bz=byandx>yinLt

It follows easily that P = Li N LaN---N Lo, so that dim(P) < t+2. m

In view of the preceding lemma, we will be concerned only with estimat-
ing dim” (P) in the remainder of this paper. For example, Theorem (3.1)
actually asserts that dim"(I,) > x(G(n, 3)).

When P = (X, P) is an interval order, we let Hp denote the subhy-
pergraph of Hp induced by crit” (P). Observe that dim” (P) = x(Hp). For
the canonical interval order I,, we abbreviate Hj, to ‘H, and H; to H,,.

Lemma 4.5. Let n > 4. Then a subset E C crit (I,) is an edge in 'H;,
if and only if there is some integer k > 2 and subsets {a;,as,...,0541 },
{b1,ba, ..., g1 } € (k[:t]l) such that:

1l a;<b;fori=1,2,..., k+1,

2. 0 <by <apy1 <by and

3. E= {([a,—,bi], [ai+1, bi+1]) 01 S i S k?}
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Proof. Suppose first that {a1,as,...,ak1} and {b1,ba,...,bey1 } are sub-
sets from (k[i]l) and E = {({a;, b;], [@i41,bi11]) : 1 <3 < k} C crit’ (I1,,).
Fori=1,2,..., k, set ; = [a;,b;] and y; = [a;41,b;41]- Then z;.; = y;
in P, fori =1,2,..., k. Also, z; = [a1,b1] < [ak41,bk41] = Yk, 50 E is
alternating cycle. Clearly, F is a strict alternating cycle.

Conversely, let E = {(z;,y;) : 1 <1 < k} be a strict alternating cycle of
critical pairs each belonging to crit” (I,,). By Lemma (4.3), we may assume
Tiyy =y, fori=1,2,..., k. Fori=1,2,..., k, set z; = [a;, b;]; also, set
Yk = [@ks1,br41]. Since (z;,y:) € crit”(I,,), we know a; < a;41 < b; < bigy
for i = 1,2,..., k, 80 {a1,a2,..., a1}, {bs,ba, ..., bea } € ([7)). Since
zi,y; € I,, we know a; < b; for ¢ = 1,2,..., k 4+ 1. Therefore, z, = y; is
impossible. It follows that z; < yx and thus b; < ax,;. Since E is strict,
we conclude that ar, < b; < axyy <b,. B

5. The augmented hypergraph

Let n > 4. We define the augmented hypergraph M.’ as follows. The vertex
set of H," is the same as the vertex set of H,,. Also, every edge of H, is
an edge in ‘H,,. However H,  contains some additional edges not present
in M.

Let k > 2 and let {a1,az,...,ar41}, {b1, b2, ..., brs1 } € (7). We call
this pair of sets admissible if:

(1) a; <b;fori=1,2,..., k+1 and
(2) ar < b1 < axqr < by.

We then take as edges in M,  all sets of critical pairs E =
{(lai, bi], [@i41,bi+1]) : 1 <4 < k} arising from an admissible pairs of sets.
Note that the essential change in the definition of the edges in H; " from
the characterization in (4.5) is in the weakening of the condition b; < a4
to by < agy1. Clearly, x(H;) < x(H. ), so in what follows, we will derive
an upper bound on x(H,").

At this point, the reader may question why we have introduced the
augmented hypergraph. The answer will come in Section 6 when we extend
the estimate on the dimension of a canonical order to an estimate on the
dimension of a general interval order.

The next result is the principal theorem of this paper.
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Theorem 5.1. Let n > 4 and let 'H,  be the augmented hypergraph. Ift
is an integer witht > 2, s = (1,) and n < 2%, then x(H; ) <t+ 1.

Proof. Let A, A,,..., A, be the subsets of [t] with |A4;| = [¢/2] for
J=12,...,5 Set g =2°and let fi, fa,..., f, be the set of all functions
from [s] to {0,1}. Without loss of generality, we assume that these functions
have been labelled in lexicographic order, i.e., for each {i;,i2} € ([g]), if 5
is the least integer in [s] for which f;, (§) # fi,(j), then fi,(j) = 0 and
fi.(7) =1. ‘

As a consequence of this labelling, note that the following property is

satisfied.
Lexicographic Property. If S C [g] with |S| > 2 and j is the least integer
in [s] for which the elements of {f;(j) : ¢ € S} are not all identical, then
there is a unique element 49 € S such that for all 2 € S, fi(j) = 0 if and
only if ¢ < 4.

We will now define a good coloring ¢ of the augmented hypergraph
‘H,’ using the colors in [t + 1]. Let v be a vertex in H, . Choose integers
a1, b1, az, by from [n] so that a; < a; < b, < by, and v = ([a1, 1], [az, b2]).
Let S, = {a1,b} U {a2,b2} denote the set of endpoints of the two intervals
in v. Then S, is either a 3-element or 4-element subset of [n]. Let j be
the least integer in [s] for which the elements of {f;(j) : ¢ € S, } are not all
identical. We call j the distinguishing column of v and write j = dc(v). This
terminology arises from considering the entries of {f;(j) : ¢ € [q], 7 € [s]} as
a g X s matrix of zeros and ones.

It is an immediate consequence of the lexicographic property that we
may classify the vertex v as balanced, zero-dominant or one-dominant by
the following scheme:

1. v is balanced if j = dc(v),
fa, (3) = fa, (j) =0 and
for () = fo, () =1
2. v is zero-dominant if j = dec(v),
Jo () = fur) = o () =0 and
fo,(j) =1 and
3. v is one-dominant if j = de(v),
fo, () =0 and
Ja )= Fo. () = N () = 1.

N
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If v is zero-dominant and j = dc(v) define T, = {i € S, : f;(j) = 0}.
Then let j° denote the least integer in [s] for which the elements in {f;(j') :
i € T,} are not all identical. We call j' the tie-breaking column of v and
write j° = tb(v). Of course, dc(v) < tb(v).

Dually, if v is one-dominant and j = dc(v), define T, = {i € S, :
fi(j) = 1}. Then let j' denote the least integer in [s] for which the elements
in {fi(4) : © € T,} are not all identical. As before, j' is the tie-breaking
column of v and we write ;' = tb(v). Again, observe that dc(v) < tb(v).

If v is balanced, set ¢¥(v) =t + 1. If v is zero-dominant, j = dc(v) and
j = tb(v), choose ¥(v) as an element from A; — A;/. If v is one-dominant,
Jj = dc(v) and j° = tb(v), choose 1(v) as an element from A; — A;.

It remains only to show that ¢ is a good coloring of M, . To the
contrary, suppose there exists an element « € [t + 1] and an edge E in ‘H,’
such that ¢¥(v) = a for all v € E. Choose an integer k > 2 and an admissible
pair of sets {a1,a9,...,ap41}, {01,002, ..., bpy1} € (k[-?—]l) such that:

(1)a; <b; fori=1,2,..., k+1,

(2) ar < by < agqr < bo,

(3) E = {v; : 1 <1i <k} where v; = ([a;, b;], [@i+1,biq1]) for i =1,2,...  k
and

(4) Y(v;) =afori=1,2,..., k.

Fori=1,2,..., k, let j; = dc(v;). If 7 € [k] and v; is not balanced, let
Ji = tb(v;).

Case 1. a=t+1.

In this case, each v; is balanced. Now suppose ¢ € [k — 1]. Then
faiss (Ji) =0 and fi,,, (7)) = 1, which implies that j;4, < j;.

If jivr < Jjs, then fo, (Jix1) = fo,p, (Jirr). Since jin = de(vigr), we
also have faw-x (ji+1) = 0. Thus fas+1 (ji—l—l) = fai+2 (ji+1) = fbi+l (ji+1) =
0. This implies that v;4; is zero dominant and that ¥ (viy1) # a. The
contradiction shows j;,,1 = j;. By induction, j; = j; fori=1,2,..., k.

Set S =S5,,US,,U...US,, . Then j; is the least integer in [s] for which
the elements of {f:(71) : © € S} are not all identical. However, ax < by <
Ar+1 S b2> fa;C (.]1) = 0, fbl (]1) = 17 fak+1 (.71) = 0 and fb2 (.71) = 1. This is
a violation of the lexicographic property.

Case 2. « € [t] and v; is zero-dominant.

In this case, fo,(j1) = 0 and f3,(j1) = 1, so 72 < j1. If jo < ji1, then

far (32) = fo, (J2) = fa,(J2) = fb,(j2) = 0, s0 vy is also zero-dominant.
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Furthermore, it is easy to see that j; = j; = tb(vy). Thus a = ¥(v;) €
Aj —Aj and o= 9(vy) € Aj, — Aj;, = Aj, — A;,. Clearly, this is impossible.
Thus 7, = j;.

Since f,, (j1) = 0and f,, (j1) = 1, we know that v, is not zero-dominant.
Since a = (v2) € [t], vz is not balanced. Now suppose v is one-dominant.
Then ¢(vs) € Ajy, — Aj, = Ajy — Aj, and (v;) € 4, — Ajr. Again, this is
impossible.

Case 3. a € [t] and v; is one-dominant.

If j» < ji, then fo,(j2) = fo,(j2) = 0, so v, is zero-dominant and
P(vy) € Aj,—Aj . Sincea; < a3z < by, {ag,a3,b,} C T, and faz () = fo, ()
for every j < ji, it follows that j, > j;. However, f,, (j) = [, (7) for every
J < j, now implies that j; = j;. Thus ¥(v,) € Ajr—A; = Ay —Aj,, which
is impossible. We conclude that j, > j;.

Now j, = j; is impossible since f,,(j;) = 1, so it remains only to
consider the case where j, > j7;. Observe that j, < Ji- If 2 < 77, then v, is
zero-dominant and j; = j;. This implies that 9 (v,) € Ay —Aj; = Ay — A,
while 9(vz) € A;, — Aj,, which is impossible. Thus j, = j;.

Since fy, (j2) = 1 and v is not balanced, we know that vy 18 also one-
dominant. Then ¥(v;) € A;; — A;, = Aj, — A;, and 9(vs) € Ay — A
The contradiction completes the proof of the claim and the theorem. m

Jz -

Corollary 5.2. The dimension of the canonical interval order I, satisfies
dim(I,) =lglgn + (% + 0(1)) lglglgn. m

Although it does not take too much additional work to obtain our
principal result, the reader should note that Theorem (1.2) does not follow
immediately from (5.2). The reason is that there are interval orders of
bounded height which are not contained in small canonical interval orders.

6. General interval orders

In this section, we give the proof of Theorem (1.2): The maximum dimen-

sion f(n) of an interval order of height n satisfies f(n) = lg lgn + (% +
0(1)) lglglgn.
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Proof. It suffices to show that if n > 2, then x(G(2n + 1,3)) < f(n) <
2 + x(H;.,). The inequality f(n) > x(G(2n + 1,3)) follows from the
fact that the height of the canonical interval order Ip,y; is n and that
dim(Izns1) > x(G(2n + 1,3)). It remains only to show that f(n) <
2+ x(Hoh0)-

Without loss of generality, we may assume the points of X are nonde-
generate closed intervals of the real line and that no point on the line is the
endpoint of more than one interval from X. Since height(X, P) = n, we
may choose a decomposition X = A; U Ay U...U A, where each A is a
maximal antichain. It follows that for each ¢ € [n], the intersection of the
intervals belonging to A; is a nondegenerate closed interval of the real line,
so we may choose a nondegenerate closed interval J; from the interior of this
interval. Observe that the intervals J, Ja, ..., J, are disjoint. Without loss
of generality, we may assume that the antichains in the partition have been
labelled so that J; < J, < --- < J,. Also observe that since the antichains
in the decomposition are maximal, if an interval from X intersects some J;,
then it contains J; and it belongs to A;.

For each x € X, set

=i+l ifJ;<zbut Jiy £

and
b — n+l ifz&J,

Then set F(z) = [a,b.]. The integers a, and b, indicate which gaps
between the intervals Ji, Jz, ..., J, contain (respectively) the left and right
endpoints of z. The function F is a mapping of (X, P) to the canonical
interval order I,,;. Although F is not in general an embedding, it does
satisfy some key properties.

Claim 1. Foreachz € X, 1<a, <b, <n+1.

Proof. It is immediate from the definitions that 1 < a, < b, <n+1. The
inequality a, < b, follows from the observation that each x € X belongs to
some antichain A; and thus J, is contained in the interior of z. This implies
0, <iand b, >i+1. m

Claim 2. If x <y in P. then 0, < .
Proof. This claim follows imumnediately from the observation that the left
cud point of y is greater than the right end point of x. =
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Claim 3. If F(z) < F(y) in P41, then z <y in P.

Proof. If F(z) < F(y) in P41, then b, < a,. If b = a, — 1, then
z<Jy, = Jo,-1 <y. b, <a,—1,thenz < Jp, < Jo-1 <y In either
caser <yin P. m

Set N = {(z,y) € crit(P) : a, < a, and b, < by}. Observe that
if (x,y) € N, then ([a;,b.], [ay,b,]) € crit” (I,41) and therefore a vertex
in H;",;. Now let x(H;,,) = t and let ¢ be a good coloring of the
vertices of M, ,, using the integers from [t] as colors. For each a € [t],

let So = {(z,y) € N : ¥(([az, bz], [ay,by])) = .

Claim 4. There is no « € [t] for which S, contains a strict alternating
cycle.

Proof. Suppose to the contrary that o € [t] and that {(z;,y;): 1 <i < k}

is a strict alternating cycle contained in S,,. If ;41 =y, fori =1,2,... k-1
and z; = Y, then a,, < ay, = Gz, < Ay, = Ay < -+ < Ay, = Qg <
ay, = Gz, which is false. We may therefore assume z, < yx and ;41 = y;

fore=1,2,...,k—1.

In this case, we know a,, < Gy, = Az, < Ay, = gy < 7+ < Ay, =
Az, < Gy, and by, < by, = by, < by, = by <0 < by, = by, < by,

If b, <ay_, =as, then F(z;) < F(yg-1) in Ppyy. Thus ;3 < yp-
in P which is false. We conclude a,, , = a,, < b;,. A similar argument
shows a,, <b,, = b,,. Finally, observe that z; < yx requires b, < a,,.
However, this implies that v is monochromatic on an edge in the augmented
hypergraph H; ;. The contradiction completes the proof of the claim. m

Now for each « € [t], let L, be a linear extension of P with z > y in
L, for every (z,y) € S,. Then define two linear orders L,,; and L,;, on
X as follows.

a; < Gy, OT
a

(1) z<yin Ly if{ :=ay,and z >y in L,

. .0 ) by < by, or
(2) = <yin Ly lf{bmzby and z > y in L,



310 Z. FUREDI, P. HAJNAL, V. RODL, W. T. TROTTER

It follows easily that P = Ly NLyN---N Ly so that dim(X, P) < t42.
We conclude that dim(X, P) < x(H, ;) +2. =

7. Edge patterns and matrix representations

The arguments presented in this paper suggest a broad class of combina-
torial problems for graphs and hypergraphs with edges defined by a pre-
scribed set of patterns. In the preceding two sections, we considered a
vertex v of the augmented hypergraph H." as a critical pair of the form
([az, bz}, [ay, by]) With a, < a, < b, < b,. As noted in the proof of (5.1), the
set S, = {az,b:} U {ay,b,} is either a 3-element or 4-element subset of [n].
Furthermore, the map v — S, is easily seen to be a bijection between the
vertex set of H,  and ([g]) U ([Z]). For this reason, we could just as easily
consider the vertices in H" to be subsets of [n].

Here is a general setting for coloring problems of a similar nature. Let
P = {A1,A,,...,A,} be a family of sets. We call P an edge pattern of
size. m if UP is an m-element set. When P is an edge pattern of size
m, UP = {2,,%;,...,%»} and n > m, we define a hypergraph H,(P)

as follows. The vertices of M, (P) are the sets in {(flﬂ) |A| € ’P}. For

each subset B = {b;,bs,...,b,,} € ([:1]), we have an edge Eg(P) in the
hypergraph H,.(P) defined by B,, = {b; : ; € A;} for each j € [r], and
Ep(P) ={Ba, :j €[r]}.

If F = {Pa.: a € A} is a family of patterns, then we define M, (F) as
the hypergraph whose vertex set (respectively, edge set) is the union of the

vertex sets (respectively, edge sets) of the hypergraphs in {H,(P,) : a €
A} .

Example 7.1. Let P = {{1,2,...,k},{2,3,...,k + 1}}. Then the hyper-
graph H, (P) is the Erdos-Hajnal shift graph G(n, k) defined in Section 2.

Reflecting on the proof presented in section 5, the essential difficulty
is determining the chromatic number of the hypergraph H(P) where P
is the edge pattern {{1,2,3,5}, {2,4,5,6}}. In developing a feel for the
chromatic number of hypergraphs specified in edge patterns, we have also
found it convenient to represent the pattern in matrix form.



INTERVAL ORDERS AND SHIFT GRAPHS 311

Formally, with an edge pattern P = {4, 4,,..., A,} of size m, we
associate an r X m matrix M whose ij entry is-1 if and only if j € A,. For
example, the following 0-1 matrix represents the edge pattern of the double

shift graph G(n,3).
1110
0111

The matrix representation of the edge pattern P = {{1,2,3,5},

{2,4,5,6}} is
1 11010
010111

We have found these matrix representations useful for the research asso-
ciated with the manuscript. Moreover, we believe that it should be possible:
to formulate a general theory of the chromatic number of hypergraphs de-
fined in this manner.

8. Concluding remarks

There are several interesting open problems involving the dimension of
interval orders. Here are three of them.

Question 8.1. Is it true that for every n > 4, there exists some integer
t = t, so that if (X, P) is any interval order with dim(X, P) > t, then
(X, P) contains a subposet (Y, Q) isomorphic to the canonical interval order
L, = (I, P)?

A poset P = (X, P) is t-irreducible if dim(P) = t, but every proper
subposet of P has dimension less than ¢.

Question 8.2. For each ¢ > 3, how many non-isomorphic t-irreducible
interval orders are there?

Question 8.3. Given an interval order P = (X, P), is it NP-complete to
determine the dimension of P?

Other problems and conjectures for posets are given in [13], [14] and [15].
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