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F|,F,,F;e# with |FynF))=k—1, F| AF,=F,. The function f(k,n, X)) was
determined for k£ =2 by Mantel, for k=3 by Bollobas and for k =4 by Sidorenko.
Here we determine it for k=35,6 and n> ny,. Moreover, we show that the only
optimal families, ie., |#| = f(k, n, Z') arise from the unique (11, 5, 4) or (12,6, 5)
Steiner-systems by a simple operation, called blowup.  © 1989 Academic Press, Inc.

1. INTRODUCTION

Let X = {1, ..,n} be an n-element set and let # < ({) be a k-graph, that
is, a collection of distinct k-subsets of X, 2 < k < n. Following de Caen [C]
we consider the property:

(X) there are no three edges F,, F|, F;€ % with |FinF,|=k—1
and F,o F, AF,.

Note that BAC=(B— C)u (C- B) and that for k=2 (2) means that
the graph & is triangle-free. There is a related, stronger property, which
was introduced by Katona [K]:

(4) there are no three edges F,, F,, Fye & with F; AF,c F;. Note
that for k=2, 3 (2') and (4) coincide.

The simplest way to obtain a relatively large k-graph % with property
(4) (and thus with (X)) is to consider the complete equipartite k-graph.
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Let X=X,U --- U X, be a partition with [ 2 |<|X,| <[} ]for 1 <i<k and
set P=P(k,n)={Fe({):|FnX|=1,i=1,.,k}. Then

(o eney. o

with equality on the right-hand side if &k divides n.

Define fik, n, 2) (f(k, n, 4)) as max |#| where the maximum is over all
F < (¥) having property Z(4), respectively.
By an old result of Mantel [M 1],

2

£, £)=f(2n, 4)= [";J 122, n). (1.2)

Katona [K] conjectured and Bollobas [B1] proved, that for k =3,
SG3,n, 2)=f(3,n, 4)=|P(3, n)|. (1.3)

Bollobas [B] conjectured that

flk,n, 4)y=|P(k, n)| (14)

holds for all n>k>4 as well. The authors [FF2]} proved this for
2k>=n>2k. This, by an easy averaging, implies

f(k,n,A)<2k<Z>/<2:> for all n32k. (15)

Recently, Sidorenko [S] proved Bollobas conjecture for k =4. Indeed,
he proved the stronger statement

f4,n, 2)=f(4,n, 4)=|P(4, n)|.

Actually, both Bollobas and Sidorenko prove that equality holds only for
the complete equipartite k-graphs.

Sidorenko [S] provides a new proof for (1.3). For other proofs see [C]
and [FF1]. The aim of this paper is to give bounds on f(k, n, X).

THEOREM 1.1.

6

f5.n )<

n® with equality holding if and only if 11|n.  (1.6)
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THEOREM 1.2.

(6,n,2) s—ll— ns with equality holding if and only if 12|n. (1.7)
12°

For general k£ we prove

THEOREM 1.3. For all k =7 one has

(1 +0 (%)) n*/k! <12(> e PVEk=D < fk, n,X)y<n*/k! e (k; 1); (1.8)

moreover, for (X)|n the term O(1/n) can be omitted.

Comparing (1.5) and (1.8) shows that, in general, f(k n, 4) is much
smaller than f(k, n, 2), answering a question of de Caen [C]. Actually,
for n>n, we shall determine f(5,n, X) and f(6,n, %) exactly (see
Theorem 7.1).

For a k-graph % let ex(n, ¥) denote max|# |, where the maximum is
over all # < () which contain no subgraph isomorphic to %. Define
G ={{1,2, ..k}, {1,2, ., k=L k+1}, {k,k+1,.,2k—1}}.

For k=2, % is simply a triangle. For k=3, we proved in [FF2] that for
n> 3000, (3, n, L')=ex(n, %) holds. Here we prove

THEOREM 1.4. For all fixed k and n — o,

flk, n, X)<ex(n, gk)<<1+0<%)>f(k, n,2) (1.9)

holds.
Actually, Theorem 1.4 will follow from a more general result,
Theorem 8.4.

CoNJECTURE 1.5.  For all fixed k and n> ny(k),

flk,n, 2)=¢ex(n,%,) (1.10)
holds.

Remark 1.6 (on Turan theory). The number ex(n, %) is often called the
Turan number of 4. Similarly, we can define ex(n, G), where G is a class of
k-graphs (the so-called forbidden subgraphs). These numbers were widely
investigated, we can refer to [B2] and [ES1] in the case of graphs (k =2),
and to [B3] and [FF3] for k= 3.
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From an averaging argument of Katona, Nemetz, and Simonovits
[KNS] it follows that ex(n, G)/(}) is monotone decreasing as a function of
n. Therefore,

7(G)= lim ex(n, G) / (Z)

n— oo

exists for every class of k-graphs G. If G has a k-partite member then a
theorem of Erdos [E] says that there exists a 6 = 6(G) > 0 such that

ex(n, G) = 0(n*?).

Hence n(G)=0. Otherwise, the example of a complete equipartite k-graphs
shows that n(G)>k!/k*. The value of n(%) is unknown for k >3 for all
non-k-partite % except the above-mentioned four cases (ie., n(%,) for
k=3,4,5,6).

2. THE LAGRANGE FUNCTION OF HYPERGRAPHS

Let us fix some notation. For # <(¥) and Ac X define #(A4)=
{F-A:AcFe%}. For A={y} we write also #(y) instead of Z#({y}).
Define also 0% = {He(,*,): HcFe# holds for some Fe #}, 0F is
called the shadow of &.

The main tool of the proof of Theorems 1.1-1.3-as in Sidorenko [S]—is
the Lagrange function of hypergraphs.

With every k-graph & < (§) we associate a homogeneous polynomial in
n variables, the Lagrange polynomial A(#, x,, .., x,). We shall write
AZ, x) for short:

MFE,x)= ) [] x

Fe# ieF
The Lagrange function A(F) is defined then by

MF)=max{M(F,x):x;+ --- +x,=1, x;,20}.

It has proved very useful in [FR1] for the disproof of a longstanding
conjecture of Erdos. Further applications of the Lagrange function are in
[FR2].

Setting x,=--- =x,=1/n one obtains the simple but important
inequality:

|F| < n*A(F). 2.1)
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Let us mention that for graphs A(#, x) was already used by Motzkin
and Straus [MS] to give a new proof of Turan’s theorem [T].

The Lagrange function can be given a combinatorial interpretation as
follows (cf. [FR1]):

For a k-graph ¥ <()) and pairwise disjoint subsets {X,:yeY},
|X,| =n,, define the blowup ¥=%@ {n,: ye Y} of ¥ by

?={He<ukxy>: {y:Hr\Xy;éQ}eg}.

Note that the definition implies that for every He % one has |H NnX,|<1
and setting x = (x,: ye Y) with x,=n/n,

|9| = n*A(%, x) holds, where n= ) n,.

zeY

Thus

M%) =1lim sup|Z| n—*, where the supremum is over » and all
blowups of 4 with n vertices. (2.2)

Let us recall the following result which combines parts of Theorems 2.1
and 2.3 of [FR1].

LeMMA 2.1.  For every non-empty k-graph & < (¥) there exists a non-
empty subset Y c X and an evaluation x,= y; 20, y, + --- + y, =1 such that
the following hold.

(i) y;,>0ifand only if ie Y.
(i) AUZF,y)=AF).
(i) A(F)=A(Y) holds for = {Fe F:Fc Y}.
(iv) For every i, je Y there exists Ge 9 with {i,j} = G.
(v) (0/0x)M%,y)=kA(¥) for all i€ Y.

The following crucial observation is due to Sidorenko [S].

FacT 2.2. Suppose that # < (¥) has property (X) and % is defined by
Lemma 2.1. Then

|G G'| <k—2 holds for all distinct, G, G'€ 9. (2.3)

Proof. If |GNG'|=k—1, then G, G’ and a set G"€¥, containing
GAG'—which exists in view of (iv)—violate (2). |
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For illustrating the use of these tools, let us reproduce the proof of
Sidorenko [S] showing

MF)=k ¥, 2<k <4, for every non-empty k-graph F with
property (X). (2.4)

Since A({1,2, .., k})=k ¥ it is sufficient to show the upper bound part
of (2.4). Suppose that &# has property (2). Choose, in view of Lemma 2.1
and Fact 2.2, ¥ « # satisfying (iii), (iv), (v), and (2.3).

Note that (2.3) implies that for i# j the polynomials (8/0x;) A(%, x)
and (0/0x;)A(%,x) have no common term. Suppose for simplicity
Y={1,2,..,m} and recall the elementary inequality o/y,, .., V)<
(myn~' valid for y; >0, y,+ --- + y,, =1, where o, is the /th elementary
symmetric polynomial.

Summing (v) over ieY yields mkME)<o,_ (¥is 0 V) SG™))
m~ %=1 that is,

L)< (m—1) - (m—k+2)/m*~ k! (2.5)

Remark 2.3. Let us note that if equality holds in (2.5) then equality
must hold in the preceding inequality as well. In particular, every (k —1)-
subset of Y is contained in at least (and consequently exactly) one member
of 4.

For k=2, 3 the right-hand side is monotone decreasing as a function of
m for m> k. Since for m=k the right-hand side is k%, (2.4) follows.

For k=4 and m> 6 the right-hand side is again monotone decreasing
and its value for m=6 is

5 1
54/634'=g5<F
For m=4 its value is 4 %, while the case m=35 is impossible, as (2.3)
implies |¢| < 1. Thus (2.4) is proved. ||

Note that (2.4) together with (2.1) implies f(n, 4) = f(k, )= (n/k)* for
k|lnand 2<k<4.

To prove the upper bound in Theorem 1.3 we shall simply use the
inequality (2.5). However, for Theorems 1.1 and 1.2 we have to refine this
argument.

To close this section we shall prove a simple proposition. Let # < () be
k-graph, Y an m-element set disjoint to X. Define

%={HG<XUY): HnXe%, | Hn YI:I}.
k+1
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PrROPOSITION 24. (i) || =|F|m;
(ii) if # has property (A) then so does #, too.
The proof is by inspection and it is left to the reader as well as that of the
following.

COROLLARY 2.5. Suppose that (1.4) holds for some k, k=3. Then it
holds for k— 1 as well.

3. Lower BOUNDS AND THE PROOF OF THEOREM 1.3
Let | Y| = m. Recall that a family 2 < (}) is called a (m, k, k — 1)-packing
or, briefly, a packing if
[RNR|<k-2 for all distinct R, R' e 4. (3.1)

It is easy to verify that every blowup of a packing has property (X) (cf.
the definition of blowups in the preceding section).
Clearly, for every packing £,

|@|<<k’fl>/k holds.

In case of equality, Z is called a perfect packing or a (m, k, k — 1)-Steiner
system.

It is known (cf, e.g., [BJL, NJ) that unique (m, k, kK — 1)-Steiner systems
exist for m=12, k=6 and m=11, k=5. Let #,, and %,, be such perfect
packings. Note that |#,,| = 66, |#,,| = 132.

This implies

A Ryy) = MRy, (4, 11)) = 66/11° = 6/11%, (3.2)

MR) 2 MRy, (35 o 15)) = 132/126 = 11/12° (3.3)

For arbitrary integers > 1 considering the blowups #,,® (¢, ..., ¢) and
R, R (L, ..., t) shows

F(111,5, ) > 6615,
£(121, 6, X) > 13245,

proving the lower bound parts of Theorems 1.1 and 1.2,
Let us recall the following well-known result. (See, e.g., [GS]).
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PROPOSITION 3.1. For every m>k there exists a packing Rc<(]),

| Y= {1, .., m} satisfying
m
|R| = (k)/m. (34)

Proof. For every 0<b<m the family #®={Re(}) ¥, pi=bh
(mod m)} is a packing and X|2®)| = (7). Thus for some 0 < b <m,

|A®) 2(7:)/m holds. |

Letting m=(%) and using that for O0<x<1! one has 1—x>
exp(—x — 3x?), we obtain for k=7,

[ 3

n m_i>ep Z +
1<i<k—1 M 1<ici—1 (kY (k(k—1))
2
=eflf(2k—l)/(2k(k~l))>e—l—l/(k—l)‘

Consequently, choosing £ from Proposition 3.1, and m= (%), k=7, for
arbitrary integers ¢ > 1, we obtain

f((g) 1 k, 2) Z|RAR(L, ... 1) > ((lzc) t)k/kg (;‘) ol +1tk—1),

proving the lower bound part of Theorem 1.3
On the other hand, examining inequality (2.5) we find

k-2
(m—1)- - -(m—k+2)m* L<m ' [] e-m=e (2 Vmm,
i=1

Differentiating we find that the maximum of the right-hand side is 1/e(*3"),
attained for m = (¥ '), which yields the upper bound:

M%) < 1/e <k; 1) k!.

This together with (2.1) gives the upper bound in Theorem 1.3.

4. SOME BOUNDS ON THE LAGRANGE FUNCTION

In this section we address the following problem. Given n, k and m,
1<m<(}), determine or estimate A(n, k, m)=max{A(F). F <=(}),
(F|=m).
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Recall the definition of the reverse lexicographic order on (¥):

F<F' iff max F— F'<max F’'—F.

CoNJECTURE 4.1.  A(n, k, m) is attained for the family consisting of the
smallest m sets in the reverse lexicographic order.

If this conjecture was proved, then most of our later computations would
become superfluous and the proofs of Theorems 1.1 and 1.2 much simpler.
Since it is still a conjecture, we shall use the following, much weaker result.

LeMMA 4.2, Suppose that 0 <s<(?_2) and m=(})—s. Then

i(n,k,m)gmax{ ¥ (f)(’;{:’;)xzyki

O0<i<k

— sxk: x,y>0,kx+(n—k)y=l}. (4.1)

Proof. Suppose that A(n, k, m)=A(F, (x,, .., x,,)). We may assume by
symmetry that x, < --- € x,, holds.
Then x,;x,- .-+ -x, is smallest among all () products of k terms which
implies
MF) L Y Xy - X

19

—SXp o Xg. (4.2)

I<ip<--- <ir<n

Thus it will be sufficient to show that the right-hand side of (4.2) is not
greater than that of (4.1).

To this effect let us maximize the right-hand side of (4.2). We claim that
then necessarily x, = --- =x, and x,, ;= --- =x, hold—which will prove
(4.1).

Indeed, if for some k <i< j<n, x,<x; holds then replacing both x, and
x; by (x;+ x;)/2, the right-hand side of (4.2) increases by

X:— X 2
( ' j) Z n Xys a contradiction.
2 Ge(x;iiij}) veG

Similarly, if x, <x; holds for some 1<i<j<k and we replace both x,
and x; by (x;+ x;)/2 then the RHS of (4.2) increases by

¥ \2
(u) ( Y ITx-s ]I x“).
2 Ge(ijiéj}) veG lsusk

BFEL)
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However, by monotonicity of the x,, each product in the sum is at least
as large as the other product on the extreme right, the number of terms in
the sum is (7-2)>s, thus the change is non-negative. More exactly, it is
positive unless s = (7 -3) and all x, with the possible exception of x, and x;
are equal.

That is, either we get a contradiction straight away or we get one by
considering say x; and x;, for j' # j,i. The proof of (4.1) is complete. |

Now Lemma 4.2 can be used to derive upper bounds for A(n, k, m) for
fixed values of n, k, and m.

ProrosITION 4.3.  The following three inequalities hold:

6

A8, 4, (5~ (3) <00151 <8-5- 1, (43)
6
9,4, (3)—(3)<00175<9-5. 7, (44)
6
(10,4, ()~ (5)) <00196 <105 - —. (4.5)

Proof. Since all these inequalities come by straightforward application
of (4.1), we shall only prove (4.5). All the calculations summarized in
Table I. In view of (4.1) it is sufficient to prove that the maximum of the
RHS of (4.1)—call it p(x, y)—is less than 0.0195... for 4x + 6y =1, x, y >0.

If the maximum is attained for x=x, y=y, then necessarily

6(0/0x) p(xo, yo)=4(0/0y) p(xo, yo) holds.
That is,

240y3 + 120y3xo — 288y,x3 — 744x3 =0

Dividing by 24y} and setting 7 = x,/y, we obtain
104+ 5¢— 127 =317 =0
This equation has only one root for > 0, namely ¢ =0.64325221....

The corresponding values of x and y are:

y=1/(6+4t)=0.1166451...,
x=1ty=0.0750322....

Substituting into p(x, y) we find that its value is 0.0195... <0.0196, as
desired. ||
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TABLE 1
Inequality
(4j) 4.3) (44) (4.5) (4.6) 4.7
n 8 9 10 13 14
k 4 4 4 5 5
(<3 15 21 28 153 28
k -kY ., .
plx, y)=—sx*+ ¥ ( )(" ) xiyk=
- i k—i
o<i<k
pilx, y)= —14x*+16x%y + 36x%2+ 16xy° + »
Pa(x, y)= —20x*+20x% + 60x%?+ 40xy’+ Syt
ps(x, y)= —27x*+24x%+ 90x%2+ 80xy’+ 15y*
Pelx, ¥)= —152x5 + 40x*y + 280x3y? + 560x2p> + 350xy* + 56y°
pix, )= —27x°+45x% + 360x>y? + 840x2y° + 630xy* + 126p°
-~ dplx, y) , dp(x, y)
0= (”—k)T—kT—%(X, ¥)
gs(x, p)= —T2x*— 24x%y+  24xyp?+  12)°
qa(x, y)= —480x>— 180x%y+ 120xp°+ 120y°
gs(x, y)= —744x>— 288x%y+ 120xp°+ 240y°
go(x, y)= —6280x* — 1520x3y — 1680x2y2 + 1960xy> + 1400y*
q+(x, y)= —1440x* — 1980x3y — 2880x%y? + 2520xy> + 2520y*
t = x/y. The following equations obtained from ¢(x, y)
0= 33— 2+ 1+05
0= —8°— 32+ 2+ 2
0= -312-122+ 51+ 10
0= —157t%— 381> — 421> + 491 + 35
0= —8r*—117-16:2+141+14
The only root
O<t<1 0.625518... 0.636037... 0.643252... 0.692740... 0.905696...
1
y=— 0.15379... 0.13255... 0.116645... 0.08723... 0.07391...
n—k+kt
X 0.09619... 0.08430... 0.075032... 0.06042... 0.06694...
max p(x, y) 0.01503... 0.01746... 0.019524... 0.003259... 0.003678...

582a/52/1-10
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By exactly the same kind of computations we obtain

ProPoSITION 44.

11

A(13,5,(9) ~ 153) <0.00326 < 13-6 - 7=, (4.6)
11
A(14,5, (%) —28) <0.00368 <146 - . (4.7)

The next lemma relates these bounds to the originial problem.

LeEMMA 4.5. Suppose that % is as in Lemma2.l and it satisfies (2.3).
Then

m-k-M%)Y<i(m, k—1, k|%)) holds. (4.8)

Proof. Consider the sum over i of the equation (v) from Lemma 2.1;
this yields

Yo Il yi=m-k-A(%).

Hed9 iemH
Since y,20, > y,=1, the left-hand side is by definition at most
A(m, k—1, k|%)), proving (4.8). 1

5. THE PROOF OF THEOREM 1.1

In view of (2.1), Lemma 2.1, and Fact 2.2 it is sufficient to show that
AM(%)<6-11 % holds for every 5-graph ¥ satisfying (2.3).

From (2.5) this inequality follows unless ||) ¥|=m =8, 9, or 10.

If |Y|=8, then #={Y—-G:Ge%} is a (8,3, 2)packing; that is,
|Hn H'| <1 for all distinct H, H' e #. This immediately implies that every
element of Y is contained in at most three sets in J, yielding
|%|=|#)<8-3/3=8.

This implies for m=9: |9|<9-8/(9—5)=18, and thus for m=10:
19| <10-18/(10—5)=36.

Using (4.8) and the above upper bounds for |#4| and |0%|=5|¥%|, we
obtain for m =38, 9, 10 the following inequalities:

8-5-A(F)<A(8, 4,40) < A8, 4, () — (9)),
9-5-4%)<4(9,4,90)< (9,4, () - (),
10-5-A(%) < A(10, 4, 180) < A(10, 4, (*%) — (3)).



TURAN-THEORY AND WITT-DESIGNS 141

Now A(%)<6-11"* follows from inequalities (4.3), (4.4), and (4.5),
respectively, proving (1.6).
In case of equality, 6 -n°/11% is an integer, proving 11|n. ||

Remark 5.1. From the above proof and Remark 2.3 it is clear that
AM%)=6-11"* holds only if ¥ is a perfect (11, 5, 4)-packing. Since there is
only one such packing, then ¥ is necessarily the unique (11, 5, 4)-Steiner
system Z,,.

6. THE PROOF OF THEOREM 1.2

Again, as in the proof of Theorem 1.1, it is sufficient to show that
AM(%)< 111272 holds for every 6-graph ¥, satisfying (2.3).

This inequality follows from (2.5) unless ||J%=m=13 or 14
Moreover, the inequality is strict, unless m=12 and ¥ is a perfect
(12, 6, 5)-packing, that is, ¥ = #,, the unique (12, 6, 5) Steiner system.

Now we bound |¥| separately in the cases m =13, 14:

(@) |YI=|U¥% =13 For Ae(}) the family %(4)={G—A4:
Ac Ge%} consists of pairwise disjoint 2-element subsets of the 9-element

set Y— A. Thus ||J 4(A4)| <8; that is, there exists B, Ac B Y, |B|=5
such that B is not contained in any Ge %.

In other words, considering the family &= (1)—0%, every Ae(}) is
contained in at least one of its members.

Consequently, for all De () one has |2(D)| > (})/(3)]=19. This, in
turn, implies

|Bl=Y |BD)/G)=19-(5)(3)=1482.

pe(3)

Thus | 4| > 149 holds. From this one derives 6|%| = |0%| < ('?)— 149, ie,,
1% <L((%) —149)/6 ] = 189.
Finally, this implies

6|%| <6-189 = ('3)— 153. (6.1)

(b) |Y|=|U%| =14. For De(}) the family %(D) is a (11, 3,2)-

packing. Thus [4(D)| <L(})/(3)]=18. Consequently, |%| <[ (%)-18/(%)]
=327. We shall only use the weaker inequality

6/%] <1974 = (1) — 28. (6.2)



142 P. FRANKL AND Z. FUREDI

Now, as in the case of Theorem 1.1,.the inequalities (6.1), (6.2), together
with (4.8), imply

13-6- (%) < A(13, 5, (') — 153), (63)
14.6- A(%) < A(14, 5, (') — 28). (64)

Thus A(%) < 11-1277 follows from the inequalities (4.6) and (4.7), respec-
tively. ||

7. ExacT BOUNDS FOR LARGE VALUES OF »

THEOREM 7.1. Suppose that k=5 or 6 and ¥, is the unique S(k + 6, k,
k—1). Let & c(§) have property (X); then for appropriate values of
iy Ay Byt oo F e g=n, n>n0(k)a |'9t|<|'%®(nl” nk+6)|
holds.

Moreover, in case of equality,

‘7'-=¢92®(nl, ey nk+6).

Proof. Let # < (¥) be a k-graph with property (2), x, ye X and sup-
pose that {x, y} & F for all Fe #. Define #(x)={F—{x}:xeFe F},
the link of x.

Sidorenko [S] defines the operator T, , by

T, (F)={FeF:y¢Fu{Gu{y}:GeF(x)},

and notes that if # has property (X) then so does T, (#) as well. It may
be worthwhile to mention that Sidorenko’s operator is a direct
generalization of Zykov’s symmetrization operator; see [Si].

Note that in T, (&) the link of x and y is the same, namely, & (x).

Continuing to apply the operator T, , for all uncovered pairs x, y with
|F(x)| =% (y)| leads to a new family # c(¥) such that whenever
H(x)# H(y) there exists some He# with {x, y} < H, moreover,
|#1] = |F]|.

Define an equivalence relation x ~ y on X by x~ y if #(x)=H#(y).

Let X,,.., X, be the equivalence classes with [X,|=n,. Define the
k-graph 4 < ({™}) by Ge ¥4 if and only if

G={iiHnX;#} forsome HeH.
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It follows that # =%®(n,, .., n,). Define now y,=n/n. Then y>0,
" yi=1 Sety=(y, .., ym) Note that for x € X; one has

0
|Jf(x)|=a—yi(€9,y)n"“l. (7.1)

Suppose now that || is maximal.
Since T, (# —{He #:{x, y} = H}) has property (2) and its size is
||+ |F (x)] — |F (¥) = [F(x, p)l, we infer

FEI-IFWI<IFE <] ) (12)

Combining (7.1) and (7.2) gives for every 1 <i<m

0 2

Mm%, 7.
10,0 < (3 )+ 5 3 10 (13)
Since # has property (2), 4 is a packing, implying

Z —,1({9 y)=A(0%, y) < A(m, k — 1, k|%]). (74)

Suppose now that k=5 or 6 and ¥ is not isomorphic to %,. Then
Propositions 4.3 and 4.4 and the inequality A(m, k— 1, (,” ) < (™) m' %,
together with Remark 2.3, imply that for some &> 0,

Mm, k—1,k|%))<m -k - (M)~ ¢) holds. (7.5)

Combining inequalities (7.1), (7.3), and (7.5) gives

m 0
k|#|= ) ni— A%, y)
,Z:l 0y,

n—2 n 0 o1
<n(5)tm T i)

<n(}23)+kntish -0

ie., |#| <n*(A(F)—¢/2) holds for n> ny(k), contradicting the maximality
of |#|.

In the remaining case 4 = %, ; that is, # is a blowup of %, as desired.
To complete the proof of the uniqueness of the optimal families we must
show that if #=%®(n,,..,n,), |F|=|#| and # =T, (F) then
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F =%,Q(nl, .., n.). However, this is rather easy. Since # has property
(2) one has [AnX] <1 for all Ae%(y) and 1<i<m. Thus for each
Ae F(y) there is an i=i(A) with Ae F(z) for all ze X,. If i=i(A) is the
same for all Ae#(y) and ze X, then F(y)cF(z) follows, ie,
F £ Q(n, .., ny).

If i and i" are distinct values attained by i(4), then property (2') implies
An(X; v X, )= for all Ae #(y), and F(y)—which corresponds to the
blowup of a (m—2, k— 1, k—2)-packing—turns out to be much smaller
than & (x) and thus |F| < |5}, a contradiction. ||

Remark 7.2. Clearly, the same proof works for k =4 as well and gives
that for n>n, every optimal 4-graph with property (X) is a complete
equipartite 4-graph. However, to obtain the same result for all n requires a
little more care. Also, the same proof would work for other values of & if
we have the necessary bounds for the Lagrange function. In particular, it
works, it for some k there exists a S(m,, k, k— 1), where m, is the unique
integer for which the right-hand side of (2.5) is maximized. However,
nothing is known about the existence of Steiner systems for k —1=726.

8. UNFOLDABLE k-GRAPHS

For a k-graph # define its minimal (k— 1)-degree, &, (%) by
Or_|(F)=min{|F(H)|: HedF }. In words, §,_,(F)=b if and only if
every (k—1)-set which is contained in some member of & is contained in
at least # members of #.

The following simple lemma is essential for the proof of Theorem 1.4.

LEMMA 8.1.  For every k-graph & — () and every positive integer b there
exists Sy F such that

(1) Ox_(HK)=b
(i) |F-FI<(b-1)( "))

Proof. Define 'V =%. We define recursively the families #©, i>1.
Suppose that %) was defined.

If 6,_(F)=b then set F=F and stop. Otherwise take AV e dF
with |#FO(4")| <b—1 and define F9*V = {Fe FO: 4OF},

Note that |FV-FU+Dgp—1 and F Vg oF . Thus this
procedure will end in at most (, ") steps, proving the lemma. |

DEFINITION 82 Suppose that »# is a k-graph (J # =Y and yeY is a
vertex of degree one, ie., #({y})={K} for some (k—1)-set K. Choose
some y'eY—K Then the hypergraph #'=(#—{Ku{y}}v
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{Ku{y'}} is called an elementary folded copy of #. The operation ¢
defined by @(#)=#" is called an elementary folding.

Now the k-graph ' is called a folded copy of J#, if it can be obtained
from # by a series of elementary foldings.

LEMMA 8.3. Let 3 be a k-graph. Suppose that the k-graph F satisfies
8, (F)>m—k, where m= |\ #|. Moreover, # contains a folded copy of
H. Then F contains a copy of # as well.

Proof. By the definitions it is sufficient to prove the statement if
contains an elementary folded copy #’ of #, ie, # <%. Since
U#'N=|U#—1=m—1and |F(K)|>m—k=(m—1)—(k—1), there
is some Fe # with Fn({J #’)=K.

Now the k-graph #"=(#'—{HuU {y'}})U{F} is a copy of #
inZ. |

The folding defines a partial ordering over k-graphs. More exactly, let
g <, if # is a folded copy of 4. If G is a family of k-graphs denote the
subfamily of its minimal members with respect to the relation <,by G° In
other words, G° is the set of the unfolded members of G.

THEOREM 84. Let G be a family of k-graphs and let m=
max{|{) 4|: 9 € G}. Denote the subfamily of unfolded members of G by G°.
Then

ex(n, G)<ex(n, G°)<ex(n, G)+ (m—k)(," )

Proof. Since G°< G, the lower bound is obvious. To prove the upper
bound, consider an extremal k-graph % < (¥) which contains no copy of a
member of G° and satisfies ex(n, G°) = |#|. Choose & < F by Lemma 8.1
applied with b=m—k + 1. Then Lemma 8.3 implies that % is G-free. Thus
we obtain ex(n, G®) = |F| < |FK|+ (m—k)(," ). |}

Recall that n(G) denotes lim, _, _ ex(n, G)/(}). Let ¢ be a k-graph and
suppose that x, ye {J ¢ but {x, y} is not contained in any G € %. Then the
family 4’ =9 - {G: yeGe%}u{G—{y}u{x}: yeGe %} is called an
elementary compressed copy of 4. (Notice that |%'| <|¥9|.) We say & is a
compressed copy of ¥, if it can be obtained from ¥ by a series of elemen-
tary compressions. Finally, the family of k-graphs G is called closed under
compression if ¥ € G, and # is a compressed copy of 4 then # e G.

PROPOSITION 8.5. Let G be a family of k-graphs closed under com-
pression. Then

(G) (Z) <ex(n, G)< n(G)Z—l;.
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Proof. The lower bound is obvious (cf. [KNS]). Let # be a G-free
family over n elements satisfying |# | =ex(n, G). Consider the blowup of
F, FR(,t,..,t). We obtain another G-free family over nt elemens with
cardinality |#| t*. Hence

ex(n, G)t"<ex(nt, G)
nt nt\
G )

If t > o0 we obtain the desired upper bound. |

(8.1)

Proof of Theorem 1.4. 1t follows from Theorem 8.4. We have to note
only, that if # ={H,, H,, H;} is a k-graph with |H, nH,|=k-1,
H, AH, < H, then necessarily # is a folded copy of 4.

Denote the class of k-hypergraphs {4, B, C} for which 4 4B< C by 4,,
and for which 4 4B<C and |[AnB|=k—1 by X,. (Then 2°={%}.)
These clases are closed under compression, so we can apply to 2, and 4,
both Theorem 8.4 and Proposition 8.5. |
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