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Let r, t be positive integers, ¥ a set-system of rank r (i.e., |F|=<r for every Fe %). If
|F|>(t", then there exist Fy, F,,..., F,, €% and points p,,...,p,., forming a ‘star’, i.e.,
p,€F, but p,e F, for i#].

1. Introduction and results

1.1. Hypergraphs withour a large star

Let % be a hypergraph (i.e., a finite set-system, @ € ¥ is allowed). The rank of
% is r if maxy.s |H|=r. The hypergraph ¥ is an r-graph (an r-uniform hyper-
graph) if each member of % has exactly r elements. The complete hypergraph
consisting of all the [-element (all the at most [-element) subsets of an n-element
set is denoted by K} (K%)).

A set-system {A,, ..., A,}is strongly representable if every A; has an own point
(its strong representative), i.e., there exist a, ..., a, such that g; € A;\ (U;: 4)),
1=<i=1t (The other name of a strongly representable system is t-star.)

Frankl and Pach [8] proved that if an r-graph & does not contain a 3-star as
subsystem then |%|<[r?/4]+r+1. (The extremal % can be obtained from the
complement of the Turan graph on r+2 points.) They conjecture that an r-graph
without a t-star can have at most T(r+t—1, t, t—1) members, where T(n, k, I) is
the Turan number, i.e., max{|#|: # < K}, K¥¢ #}. This conjecture seems to be
hopeless now because there is almost nothing known on the Turdn numbers if
| = 3. The following result, concerning hypergraphs of rank r instead of r-uniform
ones, settles the problem apart from a constant factor.

Theorem 1. Let % be a set-system of rank r without a (t+ 1)-star. Then |F|< (7).

Remark. Since T(n, t+1, t)>37) (see [10]), for the maximal number m = m(r, t)
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of edges in an r-uniform hypergraph without a (t+ 1)-star we have 3("})<m=

(-
1.2. Extremal families

There is a great number of extremal families (except for the trivial cases when
r=1or t=1). Thatis, if r, t > 1, there exist a lot of non-isomorphic set—systéms F
of rank r without a (t+1)-star and having ("}') members. Now we give two
examples. The notation (¥) stands for the set-system consisting of all the i-
element subsets of X.

Example 1. Let X={x;,..., % -1}, Xi ={x1,...,x}, Xo=0. Set F, = (X4-) and
F=F,U---U%. Then F is a set-system of rank r without a (¢t+ 1)-star, and
|F|=C7.

Example 2. Let t=2, Y={y,,...,y} and X as in Example 1 0sisr+t—-2).
Set x.
gi‘i={F:F={yl,...,yi}UJ,JE( ,-}-'_2)}

and F=J %,;; where i,j=0 and i+j<r.

These examples can be found in [9] concerning a related problem. We could
not describe all the extremal families, even for ¢ =2, but the following holds.

Theorem 2. If & is a set-system of rank r without a (t+1)-star, and |F|= (T,
then |F(i)|= (7" where F(i)={Fe F:|F|=i} 0<i=<r).

Another property of extremal families will be given later in Lemma 2.

1.3. Traces of finite sets

Let & and # ={H,, ..., H,} be two set-systems. We write F— & (% implies
&) if there exist F,, ..., F,, € % and a set Y such that the set-system {F,NY: 1<
i <m} is isomorphic to H: otherwise $-4 #. E.g., Theorem 1 can be formulated
as follows. If % has rank r and |%|>("7") then F—>K{*.

One of the first results of this type was given by Sauer [11] who proved that if
F KL \F|I>@+H+- -+ (%), then F—> KL, One could think that F— K4
even if ¥ is smaller. However, for t = 2 Frankl (unpublished) and Anstee [1], and
later Fiiredi [9] showed the existence of set-systems

F..cK~, with |F,,|= ((')’) bt (';) and %,, - K.

Corollary 1 ([9], for t=2[1]). f F< K%, |F|=@)+- -+ () and FHK'*!, then
|F )| =(17") whenever 0<i<n—t+1.
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For further results see Bollobas [4], Bondy [5], Frankl [7]. Instead of Theorem
1, we prove the following slightly stronger result. -

Theorem 3. Let F be a set-system of rank r and |%F|>("1"). Then F— K2}, (That
is, there exist Fo, Fy, ..., F,.,eF and aset Y ={y, ..., y.1} Such that YN F,=0
and YNF ={y} if Isi<st+1)

We mention that, for K}*'-extremal families, one cannot expect a statement
t+1

similar to Theorem 2 because e.g. K!*' is K -extremal.

1.4, More examples for t =2

Let C, denote the cycle of length k (i.e., a 2-uniform connected hypergraph
with k points and k edges). Anstee [1] proved that if ¥ is K3-extremal on n
points, then %-5C, (whenever k=3) and |F(i)|]=n—-i+1, 1<i=<n. (Then
|%|=1+n+(35).) On the other hand, he proved that if - C, for any k =3, then
% can be completed to a K3-extremal family (see [2]). From these results we
obtain:

Example 3. Let % be a K%—extrenﬂ family on an n-element set X (n=r+1). Set
Y=Fn)U-- -UF(n—r) where F(i)={X\F: Fe %, |F|=i}. Then ¥ has rank r,
$=(3, $+Ki.

These examples show that the number of K3-extremal families is not smaller
than the number of trees on r vertices, that is, at least exponential in r.

2. Proof of Theorem 3

The following result of Frankl [6] is an improvement of a theorem of Bollobas
[3]. (For other developments and applications see [12] and [13].)

Theorem 4 (Frankl [6]). Let A, ..., A,, be at most r-element, B4, . .., B,, at most
t-element sets with A; N B; ={. Suppose that A, \B;#{ for i>]. Then m=<(7".

For a set-system ¥ and a set X define ¥#|x={HNX: He ¥} and #\X=
{H\X: He %}. The set B is called transversal of ¥ if BN H# @ holds for every
He¥, H#@. Set 7(¥)=min{|B|: B is transversal of }. Finally, let t(¥)=
max{t: there exist H,, ..., H,€ ¥ strongly representable subsystem}.

The following lemma can be found in [8] as well.

Lemma 1. For every set-system %, 7(%)<t(F). Therefore 7(F\X)<t(¥) and
T(Flx) < o(F).
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Proof. Let B be a minimal transversal of &%, then |B|=1(%). For every beB
there exists an F, € & such that F, "B ={b}. Therefore t(¥)=|B|. O

Corollary 2. If /K and Fe %, then 1(F\F)<t.
Proof. Indeed, 1(F\F)=t(F\F<t(F)=<t O

Now we are ready to prove Theorem 3. Let # be a set-system of rank r and
F- K2} Using Corollary 2, for every Fe ¥ choose a B(F) such that B(F)NF =
@, |B(F)|<t and B(F)NF'# @ whenever F'e % and F'¢ F.

Without loss of generality we can suppose that % ={F,, ..., F,.} and |F;|<|F}| if
i <j. In this case Theorem 4 can be applied for {F,, B(F,)}, implying m<("}"). O

3. Proof of Theorem 2

Lemma 2. Let & be a set-system of rank r such that F-5 K<, |F|= (7", and let
Fe %, |F|<r. Then there exist exactly t different sets F' € % for which F< F' and
|F'|=|F|+1.

Proof. Clearly, the number of such sets F' is at most t. We prove that if Fe &,
|F|<r, then FU{x}e % holds for every x € B(F), where B(F) is as defined in the
proof of Theorem 3.

~ Suppose that this is not true for F; € %. We can assume |F,|<|F}| for every j>i.
Let F'=F,U{x}¢ % for some xeB(F;). Lemma 1 guarantees the existence of
B(F'), a transversal of #\F', |B(F')|<t. Now B(F)NE+#¢ if j>i, Fe%,
because |F|=|F'|. Let F' =% U{F"}. Now the sets F,...,F, F",F,,,...,F,
and B(F,),...,B(F), B(F"), B(F.,),...,B(F,) satisfy the assumptions of
Theorem 4, therefore |F|<|%'|<("}"), contradicting the maximality of % O

Corollary 3. Let F be a set-system of rank r, ¥ K2, If B(F) is not uniquely
determined for some Fe %, |F|<r, then |F|<(7").

Proof. If B(F) and B'(F) are two different t-element transversals of & \ F, then
the number of sets F'e &, Fc F', |[F'|=|F|+1, is at least |B(F)UB'(F)|>t. O

To prove Theorem 2, we proceed by induction on r and t. The statement is
trivially true when r=1 or t=1.

If #-A K< and & is maximal then @ € &. It follows from Lemma 2 that {x}c %
for some point x. (There are exactly ¢ such points.) Set

Fi={F\{x}:xeFe %}, %,={Fe%:x¢F}.
Then &, has rank r—1 and (%,) <t, therefore |%,|<(""\""). Also, %, has rank
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rand t(F)<t—1,s0 |F,|<(7'1"). Since |F | +|F,| = (), F, is (r— 1, t)-extremal
and %, is (r, t —1)-extremal. Consequently, the inductive hypothesis can be used
for %, and %, therefore

IF ()| = 1F,(— )|+ |Fo0)] = (i S P () B S B
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