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Let £*(n) denote the maximum of k-subsets of an #-set satisfying the condition in
the title. It is proven that £~ "(n) < f*(n + 1) < (1)/(*'; ") with equalities holding
iff there exists a Steiner-system .#'(¢, 2¢t — 1, n). The bounds are approximately best
possible for k < 6 and of correct order of magnitude for k > 7, as well, even if the
corresponding Steiner-systems do not exist.

Exponential lower and upper bounds are obtained for the case if we do not put
size restrictions on the members of the family (i.e., the nonuniform case}.

1. INTRODUCTION AND THE STATEMENT OF THE RESULTS

1.1. Notations

Let X be an n-element set. For an integer £, 0 < # < n we denote by (%) the
collection of all the t-subsets of X, while 2* denotes the set having all the
different subsets of X as its elements. A family of subsets of X is just a
subset of 2%. We shall call it t-uniform if it is a subset of (¥). By a Steiner-
system ¥ =.9(t, k,n) we shall mean an ¥ < (%) such that for every
A € (%) there is exactly one B € .¥ with 4 — B. Obviously, we have
|tk n) = (")/(%). By [a](|b]) we shall denote the smallest (greatest)
integer (not) exceeding a (b), respectively. We will use the Stirling formula,
ie.,

nl ~ (nfe)" \/2zn.

1.2. The Results

THEOREM 1. Suppose F*c (%) and there are no three distinct sets
A,B,CE F* such that A — B\ C. Let f*(n) denote the maximum of | *|,
subject to these constraints. Then we have
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o< (D) 0

fu(n)<<n:1)/<2t:l)' @)

Moreover equality holds in (1) iff ™' = F(t, 2t — 1, n), and in (2) iff for
some x € X and a Steiner-system & =(t,2t—1,n—1) on X —{x} we
have F ¥ = {{x}US: S € .¥}.

The bounds given by this theorem are best possible only if the
corresponding Steiner-systems exist. As it is well known (cf. [5]) #(2, 3, n)
exists iff n>7 and n=1 or 3 (mod6). Thus in these cases f*(n)=
fi(n+1)=n(n—1)/6. The Steiner-systems ¥(3,¢+ 1,4+ 1), called
Moebius geometries (see Hanani [3]) yield for the special case g =4 some
&(3,5,4% + 1). Thus for n=4%+ 1 we have /°(n)=f%(n + )= (3)/(3).
Erdos and Hanani [1] proved the existence of # < (,§,) with [FNF'| <2
for F,F' € and |# | =(%)/(?%")—o(n’). Let us put these observations
together.

COROLLARY 1.

flmy=n frm)=n—1,
i)y =n’/6+ O(n) = f*(n)
f3(n) =n’/60 + o(n’) = f*(n).

As for t>4 almost nothing is known about the existence of
F(t,2t — 1,n), we do not have any asymptotically correct estimations of
f*(n). We could only obtain:

ProposiTioN 1. f*(n) > (;0)/ (k)™

Remark. The problems considered in this theorem belong to the so-called
Turan-type problems i.e., what is the maximum number of k-subsets of an n-
set if it contains no subsystem isomorphic to one member of a set of k-
graphs  {#7,#5,.,4,}. This maximum is usually denoted by
ext(n, {#],...,#,}). Let us define % ={{4,B,C}:|4A|=|B|=|C|=k,
A cBUC) and 2] = {{X) 00 Xi}s {Xpp 1900es Xag)s {Xpseees X 1> X541 }}- In this
terminology we proved (Theorem ! and Proposition 1) that ext(n,Z)=
O(n'™?)). The exclusion of only one member of %, however, leads to
different results, e.g., (see [2]) ext(n,#]) = (;:21) (n > ny(k)).

Until now we considered the uniform case, ie., # < (%), but what
happens if we assume only # < 2*. Let f(n) denote max |# | for # < 2%
and 4, B, C € # implies A ¢ BU C.
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THEOREM 2. 1.134" < f(n) < 1.25".

Here the upper bound follows from Theorem 1, using the Stirling formula
and the obvious estimation f(n) < Y s, f*(n). Proposition 1 would give an
exponential lower bound but a weaker one. We obtain the actual bound by
random construction.

If we fix r =n — k only then by taking complements the problem can be
stated in the following way. What is the maximum cardinality g(r) of an r-
uniform family if it does not contain 3 sets 4,B,C with ANBcC.
Applying Theorem 2 one can easily prove g(r)> 1.18", and trivially
g(r) < 2". Kleitman et al. {6] have shown that g(r) < (1.87 + o(1)), i.e., g(r)
is exponentially smaller than 2",

2. THE PROOFS

2.1. Some Preparations

Observe that if we adjoin a fixed element outside of the ground set to all
the members of .#2~' we get an .#* on n+ 1 points. Thus f2'~'(n)
S¥(n + 1). Hence it is sufficient to prove (2), along with the uniqueness. Let
us denote .# ** by just # and for Tc X #(T)=(FE #: T F}

(i) IfTUT =F€E.F, then either | F(T)|=1or | F(T")=1.

Indeed, otherwise we can take F,,F} different from F with
TcF,, T cF,, and consequently, F — F, U F{.

If |#F(T)=1, TcFE#, we say T is a private subset of F. For
F,F' € # obviously F—F' is always a private subset of F. Now a 2¢-
element set can be partitioned into 2 t-sets in 3(?) different ways. Thus we
have:

(i) If FE€ .7, then it has at least 3(¥') private t-subsets.

(Let us remark that (ii) already gives |# | < (")/(*;!) which is only slightly
weaker than (2).)

Suppose TcFe#, |T|=t If for some xEF—T we have
[ F(TU {x})| > 1, then in view of (i) F— T — {x} is a private subset of F
and consequently for y € F the t-set (F— T — {x})\U {»} is not contained in
any member of . We say that these sets are free sets associated with
the pair (F,T). The collection of all such free sets will be denoted by
H#(F,T), ie, F(F,TN={AcX: |[A|=t, ANT=@, |[ANF|=t-1,
| F(F — A)| > 1}. Of course, we have:

(iii) |/ (F T)=|X—F|l{x:xEF~T,|F(TU {x}) > 1}.

Next we shall prove:
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() If |[F@|>n—0ft, then Yrceqp| A FD2Mm—20)X
¢|FA(D) — (n—1)).

In fact in view of (iii)

Y ZED=@m-2) Y Hxix€F—-T,|F(TU{x})> 1}

FeF(T) FeF(T

=(n-2t |{F: TU {x} c F}|
xXeX—-T
| F(TULxD ] > 1

>-20) (15T~ (- 0)

xex—-T

=(n =200 |F (D) — (n—1)).

(v) ForAcX,|A|=twe have {(F,T):A€ < (F, T} <(t+ 1)

Indeed for A € &/ (F, T) there exists a y € 4 such that 4 — { y} is a private
subset of F, thus the number of possibilities for F is at most £. On the other
hand T F — 4, |T| =¢, thus for T there are only ("%')=1t+ 1 possibilities.
From now on assume:

(vi) There are no F|,F,E F with F{\UF,=X.

In fact, otherwise # = {F,,F,}, and (2) follows, also in the case
n< 2t + 1. For n=2t + r < 3t we can improve (v).

Let A belong to &/ (F,T). Then |F(F—A) >1, thus we can find
F+F €F, F—AcF. Now (vi) yields |F—F'|<r—1. Suppose
yEA-—(F—F'). Then A — {y} cannot be contained in a member F” # F
of #, since F c F' U F” would follow. Thus the number of sets F, € F such
that 4 € &7/ (F,, T,) is at most 1 + |F — F'| K 1 +r— 1 =r. We infer, taking
into account (v):

(i) {(F, TrAe L (F, DL+ 1)min(, n— 22).

In fact, we have proved that for fixed A

HF':A € (F', T)}| <min(t, n— 2t)

holds. Moreover, for fixed 4 and T;
(viil) [{F': A € &/ (F', T)}| < min{t, n — 2¢,|F(T)|} trivially follows.

2.2. The Proof of (2)

For every pair (F, T), Tc F € .#, |T| =t we define a nonnegative weight
function on the ¢-subsets of X (i.e., w : (§)— R). For convenience we set
to=min(t, n — 2t).

(a) If |#(T) =1, then w ,(4)=1 for A =T and 0, otherwise.
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(b) If 1 <|F(T) < (n—1)/t, then wy r(4)=1t/(n—1t) for A=T and
0. otherwise.

() If|#F(1) > (n—1)/t, then

wi.pn(d) = 1/|F(T), ford =T,
= 1/(t+ 1)t if 4 € &/ (F', T) for some F’,
=0, otherwise.

Let us estimate the sum of the weights in the case (c), for brevity we set
| #(T)| = d, min(t,, d) = d,, and use (viii) and (iv).

1

Y A) = — A: s (F'
HX W(F,T)( ) d + (t + 1)[0 A e F/EQ(T) ( k] T)i (
ae(y)

| 1 1

>+ = Y @)
2T AT dy p Sy

1 (-@i—(n—n) 1 di—(n-1)

~d to(t+ 1)d, Zd ' (t+ Dd,
Lt (=)A= —dy(t+ 1) | ¢
= G+ D dodn—1) s

Using (ii) we infer for any fixed F€ %

~ 1 /2t 1 /2t t
> Y W(F,T)(A)>7( )1+7( )‘_

TcF Ae(){) t t/n—t
2t —1 n
= _— 3
)i ®)
On the other hand for any fixed 4 € (%) we prove
2 W ()< L 4)
(F,T)

Indeed, if |#(4)| > 1, then w ,(4) is positive only for T=4 and even
then it is at most 1/|#(4)|; if | #(4)| =0, then it follows from (vii).
Now using the inequalities (3) and (4) we infer

2t—1\ n S
=< S (S wen)

Fe# TcF
IT|=t

= 3 <Z Z W(F.T)(A))g(n>’

_X Fe¥ TcF t
4¢(%) (TI=t



NO SET IS COVERED BY TWO OTHERS 163

EZR- (":1)/(21:1) QED.

2.3. The Case of Equality

If | # = (";1)/(*"), then we must have equality for every F € .# in (3),
thus F has excactly 3(%*) private r-subsets and another 3(%) for which
1< FMI< -0t

We must have equality in (4) as well yielding that there are no free r-sets
A, ie., with | #F(4)]=0; more exactly | #(4)| is either 1 or (n—1¢)/t (in
particular (n — t)/t is an integer, i.e., ¢| n). Let us set

e=lae (7 Jman=1].  c=lae (7)ran="

Then |e}=3()|#]=("7") and jr| = (}) — e = (7).

Now we show:
(ix) For F,F' € % we have |[FNF'| Kt

Indeed, otherwise |F —F’|<t— 1 and F— F’ is a private subset of F if
we choose A4 such that |[4|=1t, F—F <A &F, then A4 is a free t-subset, a
contradiction. Thus for T'€ 7 the sets F — T for F € #(T) partition X — T.
Let us take some fixed B € (,*,) and set

D={xeX—-B:(BU{x})E 1}, |D|=d,
¢;=|{FE€ F:F>B,|FND|=i}, 0<igr+ 1L
We have
—t
S o= Y |[FAD|=Y |FBU {x}) =d’—1—t—. (5)

A
0<igt+1 BcFe# xeb

Also we have

N oq+l1-i)= Y |[FN(X-B-D)
0gigt+1 BcFe~F

= Y |[FBUD=n—t+1—-d (6

xXeX—-B-D

As for every x, y € D, we have | #F (BU {x, y})l = 1, we deduce

Se(y)= 3 (%)= s reummni=(5) @

i=0 BcFe¥ x,yeD



164 ERDOS, FRANKL, AND F{JREDI

If we subtract the double of (7) from (5) muitiplied by ¢ we obtain

Nooqit+1=—=dn—t+1—d. (8)

e
0<igr41

If d#0 and d#n—t+ 1, then, using ¢; =0 for i > d, a comparison of (6)
and (8) yields de(t+ 1 —i)=ic,(t+ 1 —1i) for 0 i t+ 1, consequently
cft+1—d)y=n—t+1—d and ¢, 21, ¢y=c¢,=-=c¢,_,=0. Now if
d>2 from (7) we deduce c,=1 which leads to the contradiction
n—t+1—-d=t+1-d,ie, n=2t Thus we have proved:

(x) |tB)=0o0rlorn—1+1.

Now we shall need the following special instance of the Kruskal-Katona
theorem (see [4, 7]).

(xi) Suppose for some integers m,g, m > g > 1 we have a family ¥ of
g-sets with |Z'| = (§). Then {Hc GE ¥ [H|= g — 1} > (™) with equality
holding iff |Uges Gl =m.

Using (xi) we show next:
(xii) There exist an x, € X such that 1= (T € (¥):x, € T}.
Applying (xi) to ¢ we infer

){BE(ti(l): &(B) >1”>('f’::) 9)
As [e(B)| + |©(B)|=n—t+ 1, in view of (x) we deduce
Jpe (Z0): <[> (20)

Xy o no\ (n—=1\_ n—l(w)
ot A B o o

Using these two inequalities we infer

n—1
t(t——l )=|{(B,T).BcT€r,|B|=t—1}|

= X (B

ze(, %)
< ('t':ll)l+ (?:;)(n—url):t(’;:ll).

Thus we must have equality in (10) and consequently in (9), too. Now (xi)
yields the existence of x, € X such that (... E =X — {x,} which implies
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(xii). Thus x, € F for every FE #. Set # = {F— {x,}: FEF}. Now
o (509, 175] = (1=1)/(L)) and in view of (ix) for Fy, Fy € %7 we
have |F,N F}| <t— 1, thus # is an (n — 1,2t — 1, #) Steiner system.

Q.E.D.

2.4. The Proof of Proposition 1

We will actually describe an algorithm to find a family with so many sets.
We start with #, =0, % = (%). If .#,, % are defined, then let F be an
arbitrary member of 7 and set

X

[k
k 2

P = FO L G =5 € ):lGﬂFI>—]§-

Of course we have #, N, ,=@.
k n— [k/2]
A
=50 < (g ) (" 2l ) v

We go on with this procedure until we reach an m such that £ = @. Then
by (11) we have

Fal=m> )/({kl/(n )(" fk%ﬂ)= ([k';z])/( [k]/<21>2'

By the definition of %, for F,F' € %, we have |[FNF'| < [k/2] thus
Fc F'\UF" is impossible. Q.E.D.
2.5. The Proof of Theorem 2

Let us choose independently and with probability 2m/(%) each of the k-
subsets of X, the value of m will be fixed later. Let . denote the obtained
random hypergraph. Obviously, the expectation of the number of edges in
is E(|.¥]) = 2m. We will need the expression for the number of ordered pairs
of k-sets B, C such that for a given k-set 4 the relation 4 < BU C holds:

0(?()( (:)(Z:I;) Oé?(x (.-:)('::.I;)
2 GRS

(k *m—k+x k\> /n—k+x
() (T e () (07)
ocxkk \X k x<k \ X k

Thus for m < 1/2/2(7)/\/nmax, ., (X)*(""¥**) we have R(n,k)4m?/
(7)* < 4, yielding that the probability for a given edge A € % to be covered

R(n, k)

i
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by BUC. B, C€.¥ is less than 4. Hence the expected number of edges to
remain in % after the omission of the covered edges is greater than
2m — 32m = m, and in that hypergraph the conditions are already satisfied.

So we have shown the existence of a desired hypergraph with at least
1/2/2(%)/\/n max, , (5)’("~5%*) edges. All we need is a lower bound on
this expression. The ratio of the term to be maximized, for consecutive values
of x, is (k—x+ 1)2(n — k + x)/(n — 2k + x)x*. This function is monotone
decreasing in x, thus the maximum is taken at the value where this ratio is
about 1. We get a quadratic equation in x; the solution of which is
(0 < x<k)

Xmax ~ 3(3k — 2n + \/5k> — 8kn + 4n*).

Setting k = 0.26n we obtain x,, = 0.1413 -.. n. Putting this value back into
the expression for m and applying the Stirling formula we see that m can be
as large as (1.1348)". Q.E.D.

Added in proof. The first and third authors observed that the characteristic vectors of the
members of the set-system # in Theorem 2 yield a point set .#° of cardinality at least 1.13" in
R” such that all angles determined by the triples of . are less than 7/2. This disproves the
old conjecture |.9| < 2n — 1. Moreover one can give 1.001" points in R”" all the angles of
which are less than 61° (and greater than 58°). These and other related results can be found in

(8].
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