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The Hamming-distance of two 0-1 sequences a = (a;);=1...., and B =(B)i=1...n
is the number of different coordinates._ln other terminology, the distance of two
sets A and B is the rardinality of their symmetric difference, d(A. B)=|A A B|.
(With this distance the sei-system P(X) cousisting of all subsets of the finite set X
is a metric space). ;

A Hamming-sphere with center C is a set system ¥ < P(X) such tha: for some
k:

{ScX: d(S,Crsk}cFc{ScX: d(S, O =sk+1}.
The d-neighbourhood of a set-system o< P(X) is

Iyg={Y<X: d(Y,s#)=min d(Y, A)<d}.

Acd

It was Harrer who first proved that the,c.irdinality,of I, is at least as large as
the d-neigl bourhood of some appropriate Hamming-sphere with the same cardi-
nality |¢|. ~"his theorem has important applications in information theory. Katona
[3] gives a different proof. For a generalization see Margulis [5] (Blowing-up
lemma). Here we give a new proof for Harper’s theorem in an equivalent form.

Theorem. Let o and B be set-systems on X and
d(d,®) =min{d(A, B): Acod, BeB}=d.
Then there are two Hamming-spheres sf, with center X and B, with center @ such
that |sdo| =4, |Bo| = |B| and d{sdy, By) = d (A, B).
Proof. Consider the set of pairs
{(A, A% Aesd, A¥¢ o, |A|<|A*|}
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and
{(B,B*): Be®,B*¢®,|B|>B*}.

If there are nc such pairs, then & is an X-cer:ered and B is an @-centered
Hamming-sphere, and then there is nothing to prove.
Otherwise let us choose a pair (A A*) or (3 B*) with minimal symmetric
difference |A A A¥| or |E A B*| resp. Assume this minimal pair is (Ag, AP).
Set
Ay—Af=U, AF—-A)=V, |U|< | V.
For these sets U and V we wefine the following two operations (Up and Down).

(A-U+V fUCA VNA=p A-U+Vid,

U(A)=
(A) lA otherwise.

{B—V+U if VeBUNB=B-V+U¢%RB,

9(B)= )
1y otherwise.

Tt is clear that the mapping % and @ are one-to-one and thus |U(sf)| =],
- B)| =4, further |%{A)|=|A|, |D(3)|=<|B|. Suce U(Ay)=AF, the joint ap-
cation U and @ strictly increases the quantity (3 |A|—-Y|B|). We show
U(A), D(RB)) =d (A, B). and thus the repeated pplications of U and D finally
lead to two Hamming-spheres.

“ AeU(A)NA and B e D(B)NB, then clearly d(A, B)=d. Similarly, if A'e
U A)—oA, B'c D(B)—~B,then A'=A--U+V,B'=B-V+Uandthus A'AB' =
AAB where Aedd, Bed. Therefore |A'AB'|=|A AB|=d. This settles the
cases of two old or two new sets.

If one set is new and the other is uachanged, ¢.g.

A'eU(A) - A, Be (B NB,

then A'=A-U+V where A c 4.

If Ve B and UNB =, then B has not been changed to a smaller set by the
operation @ only because B=(B—-V+U)e®. Thus A'’AB=AAB whence
d(A".B)=d(A, B)=4.

If the condition (V < B, U N B =) is not satisfied and U =@, then V& B. Further
A,= A¥, thus the minimal choice of (A, A¥) implies |V|=1. We infer

A'AB=(A+V)AB=(AAB)+V,

consequently |A'AB|=d+1.

Finally, if 1<\U|<|V| and the condition (V< B, UNB =) is not satisfied
then there are two elements u e U v e V such that at least one of the inclusions
ve V—B, ue UNB holds. Sirce

A =:]A - (U-u)+(V-0)|=|A">|A| and |AAA|<|A,4 AH,

the definition of A, implies that A €. Further A'=(A-u+v) and thus
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A'AB=(A-u+v)AB. If we delete the element u from A, then |AAB;
increases or decreases by 1 according to whether ue B or not. Further if we
adjoin the element v to (A —u) then |(A —u) A B| increases or decreases by 1
according to whether v¢ B or not. Thus in any case

|A’AB|=[(A-u+v)AB|=|AAB|=d. O

If

then the exact computatiot. of min{|l,o|:|s#|=a} has been reduced to the
following problem: Given a set-system % of (a —Y., (})) k-element sets, at least
how many (k —d)-element subsets are contained in the sets of %? This well-
known probiem is answered by the theorem of Kruskal and Katona [2, 4] which
states that if

(1) )0

where a, >a,_,>">a, =1 (the representation of |%| in this form is unique),
then

ot [ [ @ R
KY:|Y|=k-d 3Fec#F YCF}I’(k-—d)+\k~d—l)+ +(t—d)'
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