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P(X1 = ei) =
1

2d
, i = 1, 2, . . . , 2d

�2zkv {e1, e2, ...ed}
|S� �q��{K���0��� �2rÅ�WtÍ�>�k�W�2�Wz��2p«�kzk|s� Â2���'�>�Wt��¨|Sz Zd

�2zkv
ed+j = −ej, j = 1, 2, . . . , d.¶ �'ß�zk���>�k��pS�K�@��pH�>|��·�q�2r �0�k�FÃ���pSª�Ü^{

ξ(z, n) := #{k : 0 < k ≤ n, Sk = z}, n = 1, 2, . . . ,
Ú � � � Û
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z
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# �'�
ξ(z,∞) := limn→∞ ξ(z, n)
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n
|S��vk�'ß�zk��vR�2�

ξ(n) := max
z∈Zd

ξ(z, n), n = 1, 2, . . .
Ú � � � Û

¶ ��ßkzk�&��pS�0�;�0�k�FrY�WpSp��eÃ¢|�zk� �«���2z^�0|��>|�����©
η(n) := max

0≤k≤n
ξ(Sk,∞), n = 1, 2, . . .

Ú � � £ Û
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γ(n) = γ(n; d)
�>�]�&�kt��WÜ��2Ük|�pS|s��{·�0������|Sz �>�k��ß�t0�Í�

n− 1
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1 = γ(1) ≥ γ(2) ≥ ... ≥ γ(n) ≥ ... > 0.
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 Û
	 9D< d ≥ 3

lim
n→∞

γ(n) = γ = γ(∞; d) > 0,
Ú � � á Û
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γ < γ(n) < γ +O(n1−d/2).

Ú � � ¤ ÛL=9DI]AC-����-'I�6�� _
P(ξ(0, n) = 0, ξ(0,∞) > 0) = O

(
n1−d/2

) Ú � �   Û5DA
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γ
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d ≥ 3
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 Û ξ(0,∞)
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P(ξ(0,∞) = k) = γ(1 − γ)k, k = 0, 1, 2, . . .
Ú � � ¿ Û¦Æt0v �2����zkv Ò �@{KpS�Wt �� 
 �kt��CÂW��vØ�>�k�FrY�Wp�pS�CÃ¢|Sz]�.���0t0�Wzk�8pS�CÃÄrY�Wt��>�]���·���}|S�·�2pJpS�K�@�2pJ�>|��·��©

��� d��ÅcDd�� � ÚO¦Æt0v �2����zkv Ò �@{KpS�Wt �� 
 Û
	 9D< d ≥ 3

lim
n→∞

ξ(n)

log n
= λ a.s.,

Ú � �  Û
� Q�-'<>-

λ = λd = − 1

log(1 − γ)
.

Ú � � �CÀ Û
Ðº��t����·�2t0ª�>���D�¸Ú � �  Û |S�¢��pS�0�;�0t0�k��|�r ξ(n)

|S��t0���kp�������vØÜ^{
η(n).½��CÃ)Ã����]t0������z^�§�0�W�����rÅ�W�kt¨t����0�]p��>� rY�Wt �0�k��pS�K�@��p]�2z]v;�}�����k���D�>|S�2z¸�>|��·��� rY�Wt �0|��·�kp����Í{}������¡

t0|���t>��zkvk�W� Ã��2p�ª&|Sz Zd

�
d ≥ 3

�$ÐÑ�¢zk���>���k�CÃ=��ÂW��t=�0�����ÎÒ��k���Wt0���·�§¦ �2z]v·� ��zkv�0�k�y�Æt0�W�J�W�0|s�>|��Wz
ÜJ��pS�CÃ �2t0�F�0t0�k�FrY�Wt���Wt0�q�W��zk��t>�2p��Í{K�·����0t0|S�����H��t0|S�Kvk|��Tt>�2z]vk�W�æÃ��2p�ª�|Sz Zd

�
d ≥ 3

�
¦Æt0v �W�y�2z]v Ò �@{}p��Wt �� 
 �2pS���;|Sz^ÂW�����0|S�^���0��v �>�k���kt��W�J��t��0|S�����2r

Q(k, n) := #{z : z ∈ Zd, ξ(z, n) = k},
|4��2�¨�0�k���@�2t�vk|Szk�2pS|s��{·��r �0�k���0�����2r �H�2|Sz^�>��ÂK|S��|��0��v � �]�2�'�>p�{

k
�>|S�����|�z��>�k�F�>|��·�q|Sz^�>��t�Â��2p

[1, n]
�

��� d��ÅcDd�� f ÚX¦Æt0v �W�y�2z]v Ò �@{}p��Wt �� 
 Û 	 9D< d ≥ 3
52IJ/�?@9D<�52I�_

k = 1, 2, . . .

lim
n→∞

Q(k, n)

n
= γ2(1 − γ)k−1 a.s.

Ú � � �W� Û
Ò��k|S��Ã��2�¢� �K�>��zkvk��v�|Sz � ��
 �>��;�kzk|srY�Wt0�æp��@ÃÄ�2r$pS�2t0�2�FzK�]�.ÜH��t0��©

��� d��ÅcDd�� � ÚO¹����2ª«|O� ã�� pSv]���¢�2zkv w¢u�ÂWu��0Ö � ��
 Û�� -'6 d ≥ 3 	 52IJ/�/K-�
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µ = µ(t) := γ(1 − γ)t−1,

Ú � � �e� Û
tn := [λ logn− λB log log n], B > 2.

Ú � � �C£ Û
��Q�-'I � -TQ]5�2-

lim
n→∞

max
t≤tn

∣∣∣∣∣
Q(t, n)

nγµ(t)
− 1

∣∣∣∣∣ = 0 a.s.
Ú � � ��¥ Û
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Tz
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z
�

|4��2�
Tz := min{i ≥ 1 : Si = z} Ã¢|��>���0�k�¸���Wz^ÂW��z«�0|S�Wz �>�k��� Tz = ∞ |sr �0�k��t���|���zk�

i
Ã¢|s�>�

Si = z
�

¥



# ���
T = T0

��~�z��2��zk��t>�2pO�ÅrY�2t���0�kÜ]�0���
A
��r Zd

�JpS�'�
TA

vk��zk�2�>���>�k��ß�t����q�0|S��T�>�k�¸t>�2z]vk�W� Ã��2pSª
ÂK|S��|��>�

A
��|O�Ç���

TA := min{i ≥ 1 : Si ∈ A} = minz∈A Tz

� # ���
Pz(·)

vk��zk�2�0�.�>�k�.�]t0�WÜ���Ük|Sp�|���{ �2r
�>�]�T��Â2��z^�q|�z��>�]�FÜkt>�2�Bª����0�y�]zkvk��t��0�k�F���2zkvk|��0|S�Wz�>���D���>�k�Ft0�2zkvk�2��Ã��2pSª���>�2t��0��rYt0�W�

z ∈ Zd

�¨Ðº�
vk��zk�2�>�

P(·) = P0(·)
� ¶ �'ß�zk�

γz := P(Tz = ∞).
Ú � � �eá Û

# ���
B(r)

ÜJ�T�>�]�����k�k��t0���2r$t0�2vk|��k�
r
����z^�>��t���vR�����>�k���Wt�|S�W|�z��]|O�Ç���

B(r) := {z ∈ Zd : ‖z‖ = r},
�2zkv

B := B(1)
Ã¢�k��t�� ‖ · ‖ |S���0�k��¦Æ�k��p�|Svk���2z zk�Wt0�Ø�~�z^�>t0�Kvk�k����rY�]t��>�]��t

p := Pe1(TB < T ).
Ú � � �C¤ Û~�z;Ã��Wt�vk���

p
|S� �0�k���kt��WÜ��2Ük|�pS|s��{F�>�����$�>�k��t0�2zkvk�W� Ã��2pSªÅ�W�Í�B�2tÍ�>|Sz]�TrYt0�W�

e1

ÚX�WtÆ��z«{&�2�>�]��t¨�J�W|Sz^�0�
�2r
B Û ��t0�'�>�kt�zk�T�>� B ÜJ��rY�2t0�.t��@�2�B�k|�zk�

0
ÚX|Sz]��pS�]vk|Szk�·�>�k�.���2�0�

TB < T = ∞ Û ��~n�F|S�Tz]�2�F���2t�v��>��0�]�eÃÄ�>���D�
p = 1 − 1

2d(1 − γ)
.

Ú � � �e  Û
ã �Wt¢�;�0���

A ⊂ Zd

�>�k�F�K�����k�����0|S�Wz��0|S��T�2r
A
|���vk��ßkzk��v Ü«{

Ξ(A, n) :=
∑

z∈A

ξ(z, n).
Ú � � �@¿ Û

¹��Wzk��|Svk��t��>�]�&�>t0�2zk�0pS���>������r
A
�J|4��2�

A + u = {z + u : z ∈ A} Ã¢|s�>� u ∈ Zd

��zkv�vk�'ß�zk�&�0�k�
�·���}|S�.�k���K�����]�����>|��Wz��>|��·�TÜ^{

Ξ∗(A, n) := max
u∈Zd

Ξ(A+ u, n).
Ú � � �  Û

~n��Ã��2�����k�CÃ¢zR|�z � ¤�

��� d��ÅcDd�� ` ÚO¹����2ª«|O� ã�� p�vk������w¢u�ÂWu��0Ö���wy�W����zg�2z]vÝ�}�k| � ¤�
 Û 	 9D< d ≥ 3

52IJ/T?@9D<;52I�_ 
�U}-0/ 
ÎI�1[67-
AC-'6

A ⊂ Zd

lim
n→∞

Ξ∗(A, n)

logn
=

−1

log(1 − 1/ΛA)
a.s.,

Ú � � �2À Û
� Q�-'<>- ΛA

1SA�6[Q�- �s52<ONK-BA'6�-'1sNK-'I D5 � �-.97?�6[Q�- |A| × |A| �
526O<\1VU � 1[6[Q�- �S- �

-'I�6YA
G(z − u), z,u ∈ A,

á



52IJ/
G(z) =

∞∑

i=0

P(Si = z), z ∈ Zd

1SA�6[Q�-���<>-B-'I.? }I»3'6X149DIº97?�6[Q�- � 5 �����oq�y�;���CÞ��Wt��>�K�Wp»rY�Wt��0�k���2ÜJ�eÂ2��t0�����kp��¢|s��Ã����y�]t0�CÂW��v �>�k���
È�c���� �Jh@l[¯el �Ha ® Ú4¹�����ªK|O� ã�� p�vk������wyu'ÂWu��0Ö2�Hw¢�W�0��zR�2z]vR�K�k| � ¤�
 Û

P(Ξ(A,∞) > k) =
∑

j

hj

(
λj − 1

λj

)k

, k = 0, 1, . . . ,
Ú � � �K� Û

� Q�-'<>- λj

52<B-;6YQ�-�-'1sNK-'I D5 � �-BA�97?.6YQ�-
�
526X<\1VU

GA

52IJ/
hj

52<>-�3B-'<\64521[I 3B9C-	� 3'14-'I�6YA·305 �S3  �s526�-0/ 1[I
6�-'<

�
A&97?�6YQ�-;-'1sNK-'I 2-B3'6�9D<>A
�
~�z �k�2t��0|S���]p��2t��]|���Ã��2�y�0�]�eÃ¢z |Sz � ¤�


lim
n→∞

maxz∈Zd
Ξ(z, n)

logn
=

−1

log
(
p + 1

2d

) =: κ a.s.,
Ú � � �W� Û

Ã¢�k��t0�
Ξ(z, n) := Ξ(B + z, n),

Ú � � �2£ Û|4��2���>�k�y�K�����]�����>|��Wz8�>|S����2rH�>�k�y�kzk|s�Î�0�k�k��t0������z^�0��t0��v����
z
�Æ½y�2�>�¢�>�k���§|Sz8�>�k|��§z]�2�B���0|S�Wz

z
���B��zkvk�

rY�Wt��0�k������z^�0��ty�2r �0�k���kzk|s�¢�0�k�k��t0��zk�2��rY�Wt��0�k���Wzk����p������z^�¢�0�'� {z}.ã �kt��0�k��t��·�Wt���|sr
A = {0, z} |�������Ã��D¡��J�W|Sz^�§�0�'�@�}�0�k��z·�>�k�y���Wz]���B��z«��|SzRÚ � � �2À Û �2r»Ò��k���Wt����æ¦ |S�

cA =
−1

log(1 − 1/ΛA)
=

−1

log
(
1 − γ

2−γz

) ,

Ã¢�k��t0�
γz

|����>�k�¸�kt0�WÜk�2Ük|Sp�|���{·�>�����¢�0�k�&t0�2zkvk�W� Ã��2p�ªJ�Å�Í�B�2tÍ�>|Sz]�rYt��W� Ö���t0�k�Jzk��Â2��tyÂ}|��0|s�>�
z
��~n�T���2z

ÜJ�·������z �0�����¸|SzÝ�>�k|��¸���2�0�
cA < 2λ

�$���k�CÃ¢|Szk�Ø�>���D�¸rY�Wt�p���t0�W�
n
��z«{Ý�J�W|Sz^��Ã¢|��0�ºß �}��v�vk|S�Í�B�2zk���

rYt0�2� ���·���}|S�·�2pSps{�ÂK|S��|��>��vx�H�2|Sz^�T���2zgzk�2�FÜJ�.�·���}|S�·�2pSps{�ÂK|S�0|s�>��v��¸Ò��]|S�T���k�W�W�����>�F�0��|Sz^ÂW�����>|��^���0�
�>�]��ÜJ���k�CÂK|��Wt��2r pS�K�@�2p»�2zkvØ�}�����k���D�>|S�2z �0|S�������t0�W�kz]vØrYt����«�k��z^�0p�{�ÂK|S��|��0��vØ�H�W|�z^�>���

½q���0�kt>��pSp�{�|s� Ã=�W�kp�v.ÜJ��|Sz^�0��t0�����0|Szk�q�0�T|Sz^Â2�����0|S�^�D�>�=�0�k��Þ��W|�z^�$ÜJ�����@ÂK|S�2t$�2r��0�k��p��}���2p^�>|S��=�2zkv Õ �2t�K�����]�����>|��Wzx�>|��·�;�2r=��Ã��Ø�0�'�>�¸|Szg�W��z]��t>��p4�·���CÃ��'ÂW��t¸�>�]|S��|S����ÂW��t�{Ývk|�����kp����kt��W�J�W�0|s�>|S�2z�� ã t0�W��>�]���Ã=�R���H����|���pÆ�@�2������Ã��·vk|S�����k���0��vÑ|Sz � £�
 Ã=��·��z«�0|S�Wzg�k��t0�8�>�k�8rY�Wp�pS�CÃ¢|Szk���2zk�2��¹��Wzk�0|�vk��tF�0�k�Þ��W|�z«��ÜJ�����@ÂK|S�Wt��2rÎpS�K�@��p��0|S��¸��r§���H�2|Sz^�T��zkv��>�k�¸�}�����k�k���>|��WzR�>|��·���2rÆ�0�k�.�kzk|s�q���k�k��t0�;����z^�>��t���v
�����0�k���H�W|�z^�@�

¶ ��ßkzk���0�k���0�'� B �Wz �>�]���]p��2zk�����
B := {(x, y) : y ≥ x ≥ 0; −y log y + x log(2dx) + (y − x) log((y − x)/p) ≤ 1}, Ú � � ��¥ Û

¤



Ã¢�k��t0�
p
Ã�����vk�'ß�zk��vR|SzºÚ � � �@¤ Û �2zkvØ|��0��Â��2pS�k�F|�z��>��t��·����r γ |S���W|sÂW��z Ü^{ºÚ � � �e  Û �

��� d��ÅcDd�� ² Ú4¹�� �2ª«|4� ã�� p�vk���T�2zkvÝwyu'ÂWu��0Ö�� £�
 Û � -'6 d ≥ 4
� 	 9D<-05K3BQ ε > 0 � 1[6[Q��J<>92ZB5^Z�1 � 1[6X_��6[Q�-'<B-;-�UW1SA'6[A¸52I

n0 = n0(ε)
A �3BQØ6YQ]526§1 ?

n ≥ n0

6[Q�-'I
• ÚY| Û (ξ(z, n),Ξ(z, n)) ∈ ((1 + ε) logn)B, ∀z ∈ Zd

• ÚY|S| Û rY�Wt¢�2z^{ (k, `) ∈ ((1 − ε) logn)B ∩ Z2

�0�k��t��¸� �]|����0���;t0�2zkvk�W�
z ∈ Z2

rY�2t�Ã¢�k|S�B�
(ξ(z, n),Ξ(z, n)) = (k, `+ 1).

��� d��ÅcDd�� � Ú4¹�����ªK|O� ã�� p�vk���q�2zkvgw¢u�Â2u��0Ö�� £�
 Û � -'6 d ≥ 3
� 	 9D<8-05K3BQ ε > 0 � 1[6[Q��J<>92ZB5^Z�1 � 1[6O_��6[Q�-'<B-;-�UW1SA'6[A¸52I

n0 = n0(ε)
A �3BQØ6YQ]526§1 ?

n ≥ n0

6[Q�-'I
• ÚY| Û (ξ(Sj+ei,∞),Ξ(Sj+ei,∞)) ∈ ((1+ε) logn)B, ∀j = 1, 2, . . . , n, ∀i = 1, 2, . . . , 2d

• ÚY|S| Û rY�Wt§�2z^{ (k, `) ∈ ((1− ε) logn)B∩Z2

�2zkv8rY�Wt§�2t�Ük|��0t>�2tÍ{
i ∈ {1, 2, . . . , 2d} �0�k��t���� �]|����0��;t>��zkvk�W� |�z^�>���2��t

j = j(k, `) ≤ n
rY�2t�Ã¢�k|S�B�

(ξ(Sj + ei,∞),Ξ(Sj + ei,∞)) = (k, `+ 1).

~n��rY�2pSpS�CÃ¢��rYt0�2� �>�k���0�&t������kp��0�y�0������|�r$�0�k�&p��}���2p»�0|S�����rÎ��J�W|�z«��|S�¢��pS�W�����0�
λ logn

�Å�>�]��z �0�k�
pS�K�@��p��0|S����T�2r=�@���B�Ý��r�|s�>�Tzk��|S�W�«ÜJ�Wt0�F���k�W�kp�vxÜH�8����{K�·�}�>�2�0|S�@��pSp�{Ø���K�k�2p$�>�

λ(1 − γ) logn
Ã¢�k|��B�

|S�=���0t0|S�'�>ps{·p��������>���2z
λ logn

�Æ~�z � ¥�
 Ã=�F|Sz^ÂW�����>|��^���0��v�Ã¢�k�'�>�k��t��0|S�|SpS�2tÎt0���0�kps�>���2t��q�>t��k�T|�z��&Ã¢|Svk��tzk��|S�W�«ÜJ�Wt0�k�K�Kv��}|O�Ç���$Ã¢�k�'�>�k��t��>�k�Fp��}���2p��>|S����=�2r��J�W|Sz^�>���Wz��.����t��>�2|Sz����k�k��t0������z«�0��t���vØ���¢�&�]�@�@Â«{
�J�W|Sz^�¢�2t����2��{K��]�>�2�0|S���2pSps{·v]���>��t0�|Szk��v��Æoq�y�8�H�2�0|��0|�Â2���2zk��Ã=��t¢Ã=���]t0�CÂW��v
��� d��ÅcDd�� � Ú4¹�� �2ª«|4� ã�� pSv]������zkv wyu'ÂWu��0Ö�� ¥ 
 Û � -'6 d ≥ 5

52IJ/
kn = (1− δn)λ logn

� � -'6 rn > 052IJ/
δn > 0

Z'-�AC- �S-B3'6�-0/�A �3BQ6YQ]526
δn

1SAyI»9DI���1[I»3'<>-05DA'1[IKN 	 rn

1SA¢I»9DI��Í/K-B3'<>-05DA'1[IKN 	 52IJ/§?@9D<�52I�_ c > 0
r[cn]/rn < C � 1[6YQ�AC9 �

-
C > 0

52IJ/y?@9D<

βn := r2d−4
n

log log n

logn

Ú � � �Wá Û
lim

n→∞
βn = 0, lim

n→∞
δnr

2d−4
n = 0.

Ú � � �2¤ Û,.-�
ÎI»-T6YQ�-�<�52IJ/K9
�
AC-'6�97?	��9D1[I�6YA

An = {z ∈ Zd : ξ(z, n) ≥ kn}.
Ú � � �W  Û

��Q�-'I � -TQ]5�2-
lim

n→∞
max
z∈An

max
u∈S(rn)

∣∣∣∣∣
ξ(z + u, n)

muλ logn
− 1

∣∣∣∣∣ = 0 a.s.,
Ú � � ��¿ Û

 



� Q�-'<>-

S(r) := {u ∈ Zd : ‖u‖ ≤ r} and mu := E(ξ(u,∞) | T <∞) =
(1 − γu)2

1 − γ
.

��� d��ÅcDd�� � ÚO¹����2ª«|O� ã�� pSvk���q�2z]v�w¢u�ÂWu��0Ö � ¥�
 Û � -'6 d ≥ 3
52IJ/

kn = (1 − δn)λ logn
� � -'6 rn > 052IJ/

δn > 0
Z'-�AC- �S-B3'6�-0/�A �3BQ6YQ]526

δn
1SAyI»9DI���1[I»3'<>-05DA'1[IKN 	 rn

1SA¢I»9DI��Í/K-B3'<>-05DA'1[IKN 	 52IJ/§?@9D<�52I�_ c > 0
r[cn]/rn < C

?@9D<FAC9
�
-
C > 0

52IJ/¢?@9D<

βn := r2d−4
n

log log n

logn

Ú � � �  Û
lim

n→∞
βn = 0, lim

n→∞
δnr

2d−4
n = 0.

Ú � � £WÀ Û,.-�
ÎI»-T6YQ�-�<�52IJ/K9
�
AC-'6�97?�1[IJ/2143B-BA

Bn = {j ≤ n : ξ(Sj,∞) ≥ kn}.
Ú � � £]� Û

��Q�-'I � -TQ]5�2-
lim

n→∞
max
j∈Bn

max
u∈S(rn)

∣∣∣∣∣
ξ(Sj + u,∞)

muλ logn
− 1

∣∣∣∣∣ = 0 a.s.
Ú � � £W� Û

� � ��� � �����¸����� � �����$��� �$�¸� ��
&� (*���'+ 
&� ����� �'�����
¹��Wzk��|Svk��t����0|��·�kp��.�2�Í{K�·����0t0|S�¸t>�2z]vk�W� Ã��2p�ª �Wzx�0�k�;pS|�zk� {Sn}∞n=0

�Í�B�2tÍ�>|Sz]� ���T�>�]�;�Wt0|��W|Sz��J|4��2�
S0 := 0

�
Sn :=

∑n
k=1Xk

�
n = 1, 2, . . .

�KÃ¢�k��t0�
Xk, k = 1, 2, . . .

�2t��¢|4�|4�v��$t0�2zkvk�W�#Â��2t�|��2Ü]pS���¨Ã¢|s�>�
vk|����>t�|SÜk�}�>|S�2z

P(X1 = 1) = p and P(X1 = −1) = q (= 1 − p).
Ú £ � � ÛÐÔ|��0�k�W�]�¢t����Í�>t0|����0|Szk�;�W��zk��t0�2pS|s��{�Ã=�FÃ¢|SpSp»�0�k�k�J�W�����0�kt0�2�k�W�k�W�}�y�0�k�����2�J��t��0�����

p > q and introduce h :=
q

p
.

oq�8|��8|��.Ã���pSpV¡�ª«zk�CÃ¢z��Î�>�k|��t0�2zkvk�2��Ã���pSªÑ|��.�>t0�2zk�0|���z^�@�=|4��2� Ã¢|s�>�)�kt0�2Ü��2Ük|�pS|���{º�Wzk��Ã=� ���@ÂW�
limn→∞ Sn = ∞ �ºÒ��k��t0� |S�.���K�]�W��pS|s�>��t0���>�]t0���2z��0�k�B�)�>t0�2zk�0|���z^�;t0�2zkvk�W�	Ã���pSªÅ� �K�W�·��Ü��2�0|��
t0���0�kps�>�=�2t0�¢�W|sÂW��z�|Sz ã ��p�pS��t � �CÀ�
 � � �W��
 � ä �2t0v��2z � �e��
 �]�K�k|��0Ö���t � �eá�
 �K�'�>�����K�0�W��¢�2r»�0�k������Ã¢|�pSpkÜJ���2|�ÂW��z|Sz��0�k��zk� �K�y�0�����>|��Wz��

# ��� Z = Z1

�k|O�Ç���¨�>�k���������2r$|�z^�>���2��t0�¢�Wz��0�k��pS|Sz]�2�$Ðº��vk��ß�z]���0�k��pS�K�@�2pJ�>|S��TÜ^{
ξ(z, n) := #{k : 0 < k ≤ n, Sk = z}, z ∈ Z, n = 1, 2, . . . ,

Ú £ � � Û
¿



ξ(z,∞) := lim
n→∞

ξ(z, n), ξ(n) := max
z∈Z

ξ(z, n), η(n) := max
0≤j≤n

ξ(Sj,∞),

�2zkv��0�k���}�����k���D�>|S�2z �0|S��T�2r$������
A ⊂ Z Ü^{

Ξ(A, n) := #{k : 0 < k ≤ n, Sk ∈ A} =
∑

z∈A

ξ(z, n), n = 1, 2, . . .

¹��Wzk����t0z]|Szk��pS|��·|s���>�k���Wt0���·�$rY�2t$�>�k��p��}���2p«�>|S��2�D�>�k�¢��z��2pS�2�W�k���2rÅÒ��]���Wt����#o |��¨�0|��·�kp��2��|��$Ã¢|�pSp
ÜJ���W|sÂW��z��2� ã �2��� � |Sz��}���'�>|S�2z ¥ �$~n����������Î�>�����§zk�&�2z��2p��W�W�k����r�Ò��k���2t0��� � �@�2z·ÜH�¢rY�W�kz]v·|�z�0�k�
pS|s�>��t>���0�kt0���]�>�k�2�k�W� �0�k��rY�WpSp��eÃ¢|�zk�;t0���0�kps�y�@�2z ÜH���kt0�CÂ2��vRrYt��W�"Ú ¥ � �W� Û ¡qÚ ¥ � �C£ Û Þ��]���q�2��Ò��]���Wt����Ù�
�2ÜJ�CÂW���2r»¦Æt0v �W�Î��zkv8Ò$�@{KpS�Wt��$~n�ÆÃ¢|�pSp]ÜJ�¢�2p��0�F�T�>t�|�ÂK|���p}���Wzk�0���«�k��zk���q�2rJÒ��k���Wt0��� £ � £ �2zkv8Ò��k���2t0���
£ � ¥ �
��� d��ÅcDd�� ������� 	 9D<F6[Q�-FA'1 �

� �S-�5DA'_
� �

-'6O<\143�<�52IJ/K9
� � 5 ���

lim
n→∞

ξ(n)

log n
= lim

n→∞

η(n)

logn
=

−1

log(2q)
=: λ0 a.s.

Ú £ � £ Û
ÐÑ��vk�&z]�2��ª«zk�CÃ �2zk�2pS�W�2�k���§�2rÎÚ � � �2À Û �2zkvxÚ � � �}� Û �«Ük�}��|Sz����t��>�2|Sz·���2t��0|S���kp��2tÆ���2�0�����>�]�qvk|����>t�|s¡Ük�]�0|S�Wz ���2z ÜJ��� �}�kt0���0����v�|�zR�;�0|��·�]pS�TrY�Wt�� �Î~�z �>�k��zk� �}���0�����0|S�Wz Ã����W|sÂW���8Â2��t��0|S�2zR�2r��>�k��Þ��W|�z«�

vk|����>t�|SÜk�}�>|S�2zx�2r
ξ(z,∞)

�2zkv
ξ(0,∞)

�2zkvg�>�k�vk|S�Í�>t�|SÜk�]�0|S�Wzx��r
Ξ({0, z},∞)

ÚO�Æt��W�H�2�0|��0|S�Wz ¥ � � Û �ã �kt��0�k��t��·�2t0�2�WÃ=�y�kt0���0��z^�§�>�k�$Þ��W|�z^�Îvk|S�Í�>t0|�Ük�]�0|S�Wz;�2r
ξ(0,∞)

�2zkv
Ξ(0,∞)

ÚX�Ît��W�J�W�0|s�>|S�2z ¥ � � Û � # ���
Ξ∗(A, n) := max

a∈Z
Ξ(A+ a, n).

ã t0�W��Ú ¥ � �C¿ Û |SzÝ�}�����0|S�Wz ¥ �»�0|S�|SpS�2t0ps{��0���>�k�;�kt��}��rÎ�2rqÚ � � �2À Û Â}|S�gÚ � � �}� Û |Sz � ¤�
 ��Ã��.Ã¢|�pSp��0�k�CÃ�>�]��rY�2pSpS�CÃ¢|�zk�.t0���0�kps�@�
��� d��ÅcDd�� ������� 	 9D< z > 0

1[I�6�-4NK-'<

lim
n→∞

Ξ∗({0, z}, n)

log n
=

−1

log
(

2q+hz/2

1+hz/2

) a.s.
Ú £ � ¥ Û

¹��Wzk����t0z]|Szk�Ò��k���2t0���Ù¹q��v]��ß�zk�
Q̃(k, n) := #{z ∈ Z : ξ(z, n) = k}.

Ðº���k�CÂ2��rYt��W� �Æ|s�0��� �C£�
 �0�����
��� d��ÅcDd�� 	 ÚO�Æ|s�0��� �C£�
 Û 	 9D< k = 1, 2, . . .

lim
n→∞

Q̃(k, n)

n
= (1 − 2q)2(2q)k−1 a.s.





Ò��k�·�2z��2p��W�W�k�.��r�Ò��k���Wt0��� ¶ ��|4��2�;�]zk|�rY�Wt�� pS�CÃ �2r=p��2t��W�.z«�k�.ÜJ��t���rY�2t
Q̃(k, n)

t0�����2|�zk���2z
�W�J��zØ�kt0�2ÜkpS��� �

½�� �}�$Ã���rY�2t0�.�kpS���>�Î��Ã=�T�>�k���Wt0���·��Ã¢�k|S�B�;���Wt0t����0�J�Wzkv.�0�TÒ��k���Wt0���·� ã �2zkv à rY�Wt��>�k���0t>�2z]�0|S��z^�
Ã��2pSª·�WzØ�0�k��pS|�zk�2�

# ���
B := {−1, 1} ���>�k�·�Wzk�vk|S���zk��|S�Wzk�2p¨�kzk|s���0�k�k��t0���2t0�W�]zkvº�0�k�·�2t0|S�2|Sz�� ä �k���¸pS|�ª2�8|Szg�>�]��k|��W�k��t�v]|S���zk��|S�Wz���p»�0|s�>���D�>|S�2z�Ã��FÃ¢|Sp�p»vk��zk�2�0�

Ξ(z, n) := Ξ(B + z, n) = Ξ({z − 1, z + 1}, n) = ξ(z − 1, n) + ξ(z + 1, n),

|4��2�¨�0�k���}�����k�k���>|��Wz��>|S��T�2r��>�]���]zk|��¢���k�k��t��¸����z^�>��t0��v����
z ∈ Z �~�z^�>t0�Kvk�k���

g(x, y) := x log x− y log y + (y − x) log(y − x) − x log(2p) − y log q
Ú £ � á Û

�2zkv vk�'ß�zk���>�k������� D Ü^{
D := {(x, y) : y ≥ x ≥ 0; g(x, y) ≤ 1}. Ú £ � ¤ Û

��� d��ÅcDd�� ������� 	 9D<Ø-05K3BQ ε > 0 � 1[6[Q �J<>92ZB5^Z�1 � 1[6O_ � 6[Q�-'<B- -�UW1SA'6YA 52I n0 = n0(ε)
A Å3BQ 6YQ]526�1 ?

n ≥ n0

6[Q�-'I
ÚX| Û (ξ(z, n),Ξ(z, n)) ∈ ((1 + ε) logn)D, ∀z ∈ ZÚX|�| Û ?@9D<�52I�_ (k, `) ∈ ((1 − ε) logn)D ∩ Z2

6YQ�-'<>-.-�UW1SA'6[A&5�<�52IJ/K9
� z ∈ Z ?@9D< � QK143BQ

(ξ(z, n),Ξ(z, n)) = (k + 1, `+ 2).

��� d��ÅcDd�� ����� � 	 9D<Ø-05K3BQ ε > 0 � 1[6[Q �J<>92ZB5^Z�1 � 1[6O_ � 6[Q�-'<B- -�UW1SA'6YA 52I n0 = n0(ε)
A Å3BQ 6YQ]526�1 ?

n ≥ n0

6[Q�-'I
ÚX| Û (ξ(Sj,∞),Ξ(Sj,∞)) ∈ ((1 + ε) logn)D, ∀j = 1, 2, . . . , nÚX|�| Û ?@9D<�52I�_ (k, `) ∈ ((1 − ε) logn)D ∩ Z2

6YQ�-'<>-.-�UW1SA'6[A&5�<�52IJ/K9
�
1[I�6�-4NK-'<

j = j(k, `) ≤ n?@9D< � QK143BQ
(ξ(Sj,∞),Ξ(Sj,∞)) = (k + 1, `+ 2).

ã t0�W�æÒ��k���Wt���� £ � £ �>�k�FrY�Wp�pS�CÃ¢|Sz]�.���Wz]�0���«�k��zk���¸|S�����2�0|�p�{��2Ü]�B�2|�zk��v»�
f �Åc��J´X´X±]c�� ��������1[6YQ �J<>92ZB5^Z�1 � 1[6X_ �·?@9D< 5 � � ��9CABA'1XZ��S-�AC-���Å-'I»3B-�97?�1[I�67-4NK-'<>A {zn}

6YQ�-�AC-'6;97?Ø5 � �
��9CABA'1XZ��S- � 1

�
1[6 ��9D1[I�6[A.97?

(
ξ(zn, n)

logn
,
Ξ(zn, n)

logn

)
, n→ ∞

1SA.-���]5 ��679 D �

�CÀ



ã |Szk�2pSps{W�«Ã������>���>�T�0�k�FrY�WpSp��eÃ¢|�zk�;�2zk�2pS�W�2�k�����2r Ò��k���Wt0���·�y� �2zkvØ~B©
��� d��ÅcDd�� �������&,&-�
ÎI»-F6[Q�-�<052IJ/K9

�
AC-'6¢97?�1[IJ/2143B-BA

An := {u ∈ Z : ξ(u, n) ≥ (1 − δn)λ0 logn}. Ú £ �   Û
� -'6 α = log(1/h),

52IJ/;AC- �S-B3'6
c > 0

A �3BQØ6[Q]526
αc < 1. � ?

lim
n→∞

δn(log n)αc = 0,

6[Q�-'I � -FQ]5�2-
lim

n→∞
max
u∈An

max
|z|≤c log log n

∣∣∣∣∣
ξ(u+ z, n)

mzλ0 logn
− 1

∣∣∣∣∣ = 0 a.s.,
Ú £ � ¿ Û

� Q�-'<>-
mz :=

{
h|z|

2q
if z 6= 0,

1 if z = 0.

Ú £ �  Û
��� d��ÅcDd�� �������&,&-�
ÎI»-F6[Q�-�<052IJ/K9

�
AC-'6¢97?�1[IJ/2143B-BA

Bn := {j ≤ n : ξ(Sj,∞) ≥ (1 − δn)λ0 logn}. Ú £ � �@À Û
� -'6 α = log(1/h),

52IJ/AC- �S-B3'6
c > 0

A Å3BQØ6[Q]526
αc < 1. � ?

lim
n→∞

δn(log n)αc = 0,

6[Q�-'I � -FQ]5�2-
lim

n→∞
max
j∈Bn

max
|z|≤c log log n

∣∣∣∣∣
ξ(Sj + z,∞)

mzλ0 log n
− 1

∣∣∣∣∣ = 0 a.s.,
Ú £ � �2� Û

� Q�-'<>- mz

1SA&/K-�
ÎI»-0/1[I Ú £ �  Û �
f �Åc��J´X´X±]c�� ����� � -'6 A ⊂ Z Z'-�5 
�U}-0/8AC-'6 �ÚX| Û�� ? un ∈ An 	 n = 1, 2, . . . 	 6[Q�-'I

lim
n→∞

Ξ(A+ un, n)

logn
= lim

n→∞

∑
x∈A ξ(x+ un, n)

logn
= λ0

∑

x∈A

mx a.s.

ÚX|�| Û�� ? jn ∈ Bn 	 n = 1, 2, . . . 	 6YQ�-'I

lim
n→∞

Ξ(A+ Sjn,∞)

logn
= lim

n→∞

∑
x∈A ξ(x+ Sjn,∞)

logn
= λ0

∑

x∈A

mx a.s.

�W�



� � � ���'��� ��� ����� �2���=��� ��� � � �¢��%��\���

²�±��2¯ � � ã �2t��>�k���kt��WÜ��2Ü]|SpS|s��{���r$zk�8t����>�]t0z Ã������@ÂW��ÚX�'r7� ã ��pSp���t	� �CÀ�
 Û
P(Si 6= 0, i = 1, 2, . . .) = 1 − 2q = p− q =: γ0

# ���
Tz := min{i ≥ 1 : Si = z}, T0 =: T, z ∈ Z,�>�]�&ß�t0�Í�T�k|s�0�0|Szk��>|S����2r
z
� ¶ ��zk�2�>�&Ü«{

γ0(n)
�0�k�&�kt��WÜ��2Ü]|SpS|s��{��>���D�T|Sz �>�k��ß�t0�Í�

n − 1
�Í�>���k�

Snvk�K���¢zk�2�¢t����0�kt0z �>�;�>�]���2t0|S�2|Sz��¨Ò��]��z.Þ��k���ypS|�ª2�F|�zÑÚ � � ¥ Û �]Ã=�����@ÂW�
1 = γ0(1) ≥ γ0(2) ≥ ... ≥ γ0(n) ≥ ... > γ0 > 0.

Ú ¥ � � Û
²�±��2¯ ��� ã �2t

T
�k�>�k�Fß�t����yt0�'�>�kt�zØ�0|S��q�>�

0
Ã=�¸���@Â2��ÚY��r7� ã ��p�pS��t � �CÀ�
 Û

P(T = 2n) =

(
2n

n

)
1

2n− 1
(pq)n ∼ (4pq)n

2
√
πn3/2

, n→ ∞,
Ú ¥ � � Û

rYt0�2�æÃ¢�k|��B� �Wz]�����2zØ�@�2��|Sp�{·�WÜ]�>�2|Sz��0�����

γ0(n) − γ0 = P(n ≤ T <∞) = O

(
(4pq)n/2

n3/2

)
, n→ ∞.

Ú ¥ � £ Û
É�d��Ñ±kcej�� Ò��k|S��|����>�k���2z���pS�W�W�]�F�2r$Ò��]���Wt���� o&�

~n�y�@�2zØÜH�F������z rY�ktÍ�>�k��t0��Wt0�T�0�����

P(T = 2n, S1 = 1) = P(T = 2n, S1 = −1) =
1

2

(
2n

n

)
1

2n− 1
(pq)n =

1

2
P(T = 2n),

Ú ¥ � ¥ Û
rYt0�2�æÃ¢�k|��B� �Wz]�����2�0|�p�{��WÜ]�B��|Szk�

P(T <∞, S1 = 1) = P(T <∞, S1 = −1) =
1

2
P(T <∞) = q,

Ú ¥ � á Û
�2zkv

P(n ≤ T <∞, S1 = 1) = P(n ≤ T <∞, S1 = −1) =
1

2
P(n ≤ T <∞).

Ú ¥ � ¤ Û
½��CÃ |�z^�>t0�Kvk�k���

q(n) := P(T < n, S1 = 1) = P(T <∞, S1 = 1) − P(n ≤ T <∞, S1 = 1)

�e�



= P(T < n, S1 = −1) = P(T <∞, S1 = −1) − P(n ≤ T <∞, S1 = −1).
Ú ¥ �   ÛÒ��k��zØÃ=�¸�k�CÂ2�

0 < q − q(n) = O

(
(4pq)n/2

n3/2

)
, n→ ∞ Ú ¥ � ¿ Û

�2��Ã=��pSpO�
wy���@�2p�p»�>�]��z]�2�B���0|S�Wz

h = q/p(< 1).²�±��2¯ ��� ÚX�0�����2��k� ã ��pSp���t	� �CÀ�
 Û ã �Wt z ∈ Z Ã=�����@ÂW�

P(Tz <∞) =





h−z if z < 0,
2q if z = 0,
1 if z > 0.

Ú ¥ �  Û
²�±��2¯ � � ÚX�0�����2��k�=�}�k|��0Ö���t � �eá�
 �������W� �CÀ Û ã �Wt��0�k� à t�����z rY�kzk�'�>|��Wz G(z)

Ã=���k�CÂ2��rY�2t
z ∈ Z ©

G(z) =
∞∑

i=0

P(Si = z) =

{
1

p−q
h−z if z ≤ 0,

1
p−q

if z > 0.

Ú ¥ � �CÀ Û
�Îd � �Ñ± � ��� � 	 9D< n ≥ 1 	 |j| ≤ n � -TQ]5�2-

P(Sn = j) ≤ C1 exp(−C2n+ C3j),

� Q�-'<>-�6[Q�-;3B9DI]A'6n52I�6[A Ci > 0 	 i = 1, 2, 3 	 /K- ��-'IJ/�9DI � _ 9DI p.
È�c�� ��� � ¹�p��@�2t�p�{

P(Sn = j)
vk| �H��t��TrYt0�W�

0
�Wz]p�{ |�r

j
��zkv

n
���@ÂW�;�>�]�;�>�2��.���2t�|���{2�.�}��Ã=�.Ã¢|Sp�p

�0�]�k�H�2�0���>�����¢|�z��>�k���kt��}�2r7�

P(Sn = j) =

(
n

n+j
2

)
p

n+j
2 q

n−j
2 ≤

(
n

[n/2]

)
(pq)n/2

(
p

q

)j/2

≤ C1(4pq)
n/2

(
p

q

)j/2

= C1 exp(−C2n + C3j),

Ã¢�k��t0�
C2 = −1

2
log(4pq), C3 =

1

2
log

p

q
.

2 ã �Wt��>�k��vk|����0t0|SÜ]�]�>|��Wz��2r��>�k��p��}���2p»�>|��·��Ã������@ÂW�

�C£



²�±��2¯ ��� ÚX��r7� ¶ Ã��2��� �  �
 Û
P(ξ(0,∞) = k) = (2q)k(1 − 2q), k = 0, 1, 2, . . .

Ú ¥ � �W� Û
ã �Wt

z > 0
|Sz^�>���W��t

P(ξ(z,∞) = k) = (2q)k−1(1 − 2q), k = 1, 2, . . .
Ú ¥ � �e� Û

�2zkv
P(ξ(−z,∞) = k) =

{
1 − hz if k = 0,
hz(2q)k−1(1 − 2q) if k = 1, 2, . . .

Ú ¥ � �C£ Û
ã �Wt��>�k��Þ��W|�z^��vk|S�Í�>t�|SÜk�]�0|S�Wz���r

ξ(z,∞)
�2zkv

ξ(0,∞)
Ã������@ÂW�

È�c���� �Jh@l[¯el �Ha � ����� 	 9D< z > 0 	 k ≥ 0
1[I�67-4NK-'<>A � -FQ]5�2-

E
(
evξ(z,∞), ξ(0,∞) = k

)
= (1 − 2q)(2q)kϕk(v)ψ(v),

Ú ¥ � ��¥ Û
E
(
evξ(−z,∞), ξ(0,∞) = k

)
= (1 − 2q)(2q)kϕk(v),

Ú ¥ � �eá Û?@9D<
v < − log

(
1 − 1 − 2q

1 − hz

)
,

� Q�-'<>-
ϕ(v) :=

1 − 4q2−hz

2q(1−2q)
(ev − 1)

1 − 2q−hz

(1−2q)
(ev − 1)

,
Ú ¥ � �C¤ Û

ψ(v) :=
ev

1 − 2q−hz

(1−2q)
(ev − 1)

.
Ú ¥ � �e  Û

�Ý9D<B-B9 2-'< 	

P(Ξ({0, z},∞) = k) =
1 − 2q

2hz/2




(

2q + hz/2

1 + hz/2

)k

−
(

2q − hz/2

1 − hz/2

)k


 ,
Ú ¥ � �C¿ Û

k = 1, 2, . . .

P(Ξ({0,−z},∞) = k) =
1 − 2q

2



(

2q + hz/2

1 + hz/2

)k

+

(
2q − hz/2

1 − hz/2

)k

 ,

Ú ¥ � �  Û
k = 0, 1, 2, . . .

�@¥



È�c�� ��� � # ���y�k�¢t0���@�2p�p»�>�k���^���.ÜkpS��t�t0�]|SzºÚX�'r7� ã ��pSp���t	� �CÀ�
 �Wt ä �2t0v��2z � �e��
 Û ©¨rY�Wt 0 ≤ a < b < c

Pb(Ta < Tc) = 1 − 1 − hb−a

1 − hc−a
.

Ú ¥ � �2À Û
# ���

z > 0
ÜH���2z |�z«�0���W��t��ÆÒ��k��zRÜ^{ÝÚ ¥ � ��À Û

sz := P(Tz < T ) = pP1(Tz < T ) = p
1 − h

1 − hz
=: Pz.

�Tz��>�k���2�0�k��t¢���2z]v��

s−z = P(T−z < T ) = Pz(T < Tz) = q
hz−1 − hz

1 − hz
= hzPz.

�}|��·|�p��2t�p�{W�«�8�0|��·�]pS�q���2pS���kp��D�>|S�2z��0�k�CÃ¢�
qz := P(T < Tz) = Pz(Tz < T ) = 1 − Pz =: Qz, and q−z = P(T < T−z) = qz.

# ���
Z(A)

ÜJ���>�]�Tz«�k�.ÜJ��t���r�ÂK|S�0|s�>�=|Sz·�0�k�q�����
A ⊂ Z |Sz·�0�k��ßkt0����� �}���kt��0|��Wz��@Ã��@{rYt0�W�

0
�$~�z

���2tÍ�>|����kpS�2t��KrY�Wt��>�k���Wz]�F�H�W|�z^�¢�0��� {z}
Z({z}) = ξ(z, T ).

½����>�T�>�k���
T = ∞ |S���J�W���0|SÜ]pS�2�

²�±��2¯ ��� ÚO���2t��WzØ�2zkvØw¢�kª«�k|Sz � ��
 Û ã �Wt z > 0
|Sz^�0���W��t

P(Z({z}) = j, T <∞) = P(Z({−z}) = j, T <∞) =

{
Qz if j = 0,
hzP 2

zQ
j−1
z if j = 1, 2, . . .Ú ¥ � �}� Û

P(Z({z}) = j, T = ∞) = (1 − 2q)PzQ
j−1
z , j = 1, 2, . . .

Ú ¥ � �2� Û
P(Z({−z}) = 0, T = ∞) = (1 − 2q).

Ú ¥ � �2£ Û~n�y�@�2zØÜH�F������z rY�ktÍ�>�k��t0��Wt0�T�0�����
E(ξ(z, T ), T <∞) = E(Z({z}), T <∞) = E(Z({−z}), T <∞) = hz,

�k��zk���
E(ξ(z, T )|T <∞) = E(Z({z})|T <∞) = E(Z({−z})|T <∞) = mz,Ã¢�k��t0�

mz

|���vk��ß�z]��vRÜ^{ºÚ £ �  Û �
�eá



½��CÃ Ú ¥ � �@¥ Û �@��z ÜJ���@�2p����kpS���>��v�rYt0�W� Ú ¥ � �}� Û �2z]v Ú ¥ � �2� Û Ü^{ �k�0|�zk�;�>���D�

E
(
evξ(z,∞), ξ(0,∞) = k

)
=
(
E(evZ({z}), T <∞)

)k
E(evZ({z}), T = ∞).

~n�¢|S�¢���2��{��0�8�0�����>�k���

E(evZ({z}), T <∞) = Qz +
hzP 2

z e
v

1 −Qzev
= 2qϕ(v),

�2zkv
E(evZ({z}), T = ∞) = (1 − 2q)

evPz

1 −Qzev
= (1 − 2q)ψ(v).

Ò�����2�0���>�]�����W��k�]�B�D�>|S�2z�Ã���t0������t0ª·�0�����

hzP 2
Z −Q2

z =
hz − 4q2

1 − hz.
�}|��·|�p��2t�p�{.Ã=�¸�2���¸Ú ¥ � �eá Û rYt0�W� Ú ¥ � �}� Û �2z]v Ú ¥ � ��£ Û �ã t0�W� Ú ¥ � �@¥ Û ¡qÚ ¥ � �Cá Û �k���kÜk�Í�>|��0�]�>|�zk� w = ev

���Wzk�����2zØßkzkv

E(wξ(0,∞)+ξ(z,∞)) =
(1 − 2q)Pzw

1 − 2Qzw + (Q2
z − hzP 2

z )w2
,

Ú ¥ � ��¥ Û
�2zkv

E(wξ(0,∞)+ξ(−z,∞)) =
(1 − 2q)(1 −Qzw)

1 − 2Qzw + (Q2
z − hzP 2

z )w2
,

Ú ¥ � �Wá Û
���2zk�0���K�]��z^�>ps{ØÚ ¥ � �C¿ Û �2zkv Ú ¥ � �  Û �@�2z8ÜJ���WÜ]�>�2|Szk��v;Ü^{.� �}����zkvk|Sz]���0�k��t0|��W�^��¡n���2zkv.��|Svk��|�z^�>�T�J�CÃ���t0��2r
w
�
2Ò��k��zk� �}�8t������kp��;���Wzk����t0z]�8�0�k��Þ��W|�z^�.vk|����>t�|SÜk�}�>|S�2zÑ�2r¢�>�]��pS�K�@�2pÎ�>|��·��2r¢�>�]���Wt0|��W|SzÑ�2zkv �0�k�

�K�����]�����>|��Wz��>|��·�T��r �0�k���kzk|��¢���k�k��t0�
B
�

È�c���� �Jh@l[¯el �Ha � ����� 	 9D< K = 0, 1, . . . , L = K + 1, K + 2, . . . � -FQ]5�2-

P(Ξ(0,∞) = L, ξ(0,∞) = K) =

(
L− 1

K

)
(2p)KqL−1p(1 − 2q) =: p(L,K).

Ú ¥ � �2¤ Û
P(Ξ(0, n) = L, ξ(0, n) = K) ≤ p(L,K),

Ú ¥ � �2  Û
P(Ξ(0,∞) = L) = (q + 2pq)L−1p(1 − 2q), L = 1, 2, . . .

Ú ¥ � �2¿ Û
�C¤



�Ý9D<B-B9 2-'< 	 ?@9D<�6[Q�-;9C3B3  �]526X149DI�6X1 �
-.97?�6[Q�-FAC-'6

A0 := {−1, 0, 1} � -FQ]5�2-

P(Ξ(A0,∞) = `) = p(1 − 2q)
(
q

2

)`−1 (1 + β)` − (1 − β)`

2β
, ` = 1, 2, . . . ,

Ú ¥ � �  Û
� Q�-'<>-

β =

√

1 +
8p

q
.

È�c�� ��� � Ò��k�x�kt��WÜ��2Ük|�pS|s��{��>�������>�k�RÃ��2p�ª �W�K���·�>�
B

�2zkv t����0�kt0z]���>�
0
|S����vk|S���>��p�{W�=|S�

2pq.���CÃ=��Â2��t���ÜJ��rY�Wt��gt0���0�kt0z]|Szk�k���>�k�gÃ���pSª ���2zÄ�·�2ª��Ý�2zk�º�2tØ��Wt��x�W�]��Ã��2t0vÄ� �}���kt��0|��Wzk���æ~nr&�0�k�
Ã��2pSªØ���>�2t��0�F�W�]��Ã��2t0vxrYt0�2�

B
�»|��Tt����0�kt0zk�TÃ¢|s�>�x�kt��WÜ���Ük|Sp�|���{

q,
|Szkv]���J��zkvk��z^�>p�{ Ã¢�k���0�k��tF|s�T�Í�B�2tÍ�>�

rYt0�2�
1
�Wt −1.

o�p��>�2�W���0�k��t�Ã���zk����v
K

�>t0|��k�¸rYt��W�"Ö���t0�R�0�
B
�2z]v�Ü��2�Bªx�>�

0
�2zkv

L − K − 1�W�]��Ã��2t�v·� �]���kt0��|S�Wz]���Î¦¨ÂW��t�{�0�k�B���2t0t0�2zk�W���·��z^�@�^|Sz]vk���J��zkv]��z^�>ps{8�2rH�0�k�¢�Wt0v]��tÎ�2rH�}�����kt�t0��z]�������}�k�2�
�kt��WÜ��2Ük|�pS|s��{

(2pq)KqL−K−1.
Ò��]��z«�k�.ÜJ��t��2r�Ã��@{}�¸�k�CÃ*Ã��·�@�2zº�Wt0v]��t��>�k�·�W�]��Ã��2t0v � �}���kt��0|S�2zk�

�2zkv��0�k�F|Sz^Ã��2t0v �Wzk���¢|S� (L−1
K

)
.
o�r[�0��t��>�]�

K
¡n�>� t����>�]t0z��>�8Ö���t0�;�>�]��Ã��2p�ª��.�k�Í�¢�W�.�>�

1
ÚY�0�W��T�2r

�>�]���W�}��Ã��2t�v�� �]���kt0��|S�Wz·�·|��W�^�Î���2�k�J��z����Î�>�k|��Æ�>|S�� Û ��zkv·�0�k��z�>��|Sz]ß�z]|���{.Ã¢�k|��B�������=�kt��WÜ��2Ü]|SpS|s��{
p(1 − 2q)

�]�kt0�CÂK|Szk��W�kt�ßkt0���y�Í�B���0�����z^�@�§½��CÃ*Ú ¥ � �W  Û rY�Wp�pS�CÃ¢��rYt��W� Ú ¥ � ��¤ Û �2zkvÑÚ ¥ � ¿ Û �ÐÔ|��0�Ñ�Ø�0|S�|SpS�2tF�2t��W�k���z^���Wzk�·�@�2zº�0�k�CÃ*�>�k���&|sr=Ã=���Í�B�2tÍ�¸�0�k�·Ã��2p�ªg��� −1
� �>�]��zÑrY�Wt

K =
1, 2, . . . , L = K,K + 1, . . .

p−1(L,K) := P−1(Ξ(0,∞) = L, ξ(0,∞) = K) =

(
L

K

)
(2p)K−1qL−1p2(1 − 2q)

Ú ¥ � £2À Û
ÚYÃ¢�]|S�B�Øvk�}���¢zk�2�¢|Sz]��pS�]vk�T�>�k�FÂ2��t�{�ßkt0���¢ÂK|S��|��y��� −1 Û ��}|S�|SpS�2t0ps{;rY�Wt

K = 1, 2, . . . , L = K,K + 1, . . .

p1(L,K) := P1(Ξ(0,∞) = L, ξ(0,∞) = K) =

(
L

K

)
(2p)K−1qLp(1 − 2q)

Ú ¥ � £]� Û
ÚYÃ¢�]|S�B�Øvk�}���¢zk�2�¢|Sz]��pS�]vk�T�>�k�FÂ2��t�{�ßkt0���¢ÂK|S��|��y���

1 Û ����zkvØrY�2t L = 0, 1, . . .

p1(L, 0) := P1(Ξ(0,∞) = L, ξ(0,∞) = 0) = qL(1 − 2q).
Ú ¥ � £W� Û

ã |Szk�2pSps{W�«Ã����W���¸Ú ¥ � �  Û rYt0�2�

E(wΞ(A0,∞)) = E(w(Ξ(0,∞)+ξ(0,∞))) =
p(1 − 2q)w

1 − qw − 2pqw2

Ã¢�k|��B�ØrY�Wp�pS�CÃ¢��rYt��W�
E(evZ(B), T <∞) =

2pqev

1 − qev

�e 



�2zkv
E(evZ(B), T = ∞) = p(1 − 2q)

ev

1 − qev
,

�0|��·|�p��2t�p�{�2��Ã=���W�2�¸Ú ¥ � �C¿ Û |Sz �Æt0�W�J�W��|��>|��Wz ¥ � � � 2ÐÑ��Ã¢|Sp�p�zk����v��0�W��&Ük�2�0|��¸�WÜ]�0��tÍÂ����>|��Wzk���2ÜH�2�]���0�k�&t���Â2��t0����v�Ã��2pSªÅ�y�={ �>�]�&t0�'ÂW��t0�0��vg�����>� �2r
(S0, S1, . . . , Sj)

Ã=�.��@�2zR�0�k�.���D�>�
(0, Sj−1 − Sj, Sj−2 − Sj, . . . , S0 − Sj) =: (S∗

0 , S
∗
1 , . . . , S

∗
j )
�

�2��k�
X∗

i = Sj−i − Sj−i+1

rY�Wt
1 ≤ i ≤ j.

Ò��k��zº�2r����W�kt��0�
X∗

i , 1 ≤ i ≤ j
�2t��|O�Ç|O�Çv»�t0�2zkvk�2�

Â��2t0|S�2Ükp�����Ã¢|s�>�
P(X∗

1 = 1) = q and P (X∗
1 = −1) = p = 1 − q, p > q.

Ú ¥ � £W£ Û
~nr�zk����vk��v��>�k|��=���2z�ÜJ�q� �}�0��zkv]��v��>�&�2z�|�z]ß�zk|s�>�¢�����0�

(S∗
0 , S

∗
1 , . . . , S

∗
n, . . .)

�K|4��2� {S∗
n}∞n=0

|S�=��Ã��2pSª
���>�2t��0|Szk�¸���=�>�k���Wt0|��W|Sz

S∗
0 = 0

�«Ã¢|��0�
S∗

n =
∑n

k=1X
∗
k

�
n = 1, 2, . . .

�«Ã¢�k��t��
X∗

k ,
�2t���v]��ß�zk��v �2ÜJ�eÂ2�

rY�Wt
k ≤ j

�2zkv)rY�Wt
k > j

�0�k��{ ��t0�Ø�2z �2t0Ük|s�>t0�2t�{Ñ�0���«�k��zk���R�2rq|O�Ç|O�Çv»� t0�2zkvk�2��Â��2t0|S�2ÜkpS���ØÚO�2p��0�
|Sz]vk���J��zkv]��z^�qrYt��W� �>�]�¸�kt���ÂK|S�2�k�q�Wz]��� Û Ã¢|��0� �0�k�&��ÜH�CÂW��vk|����>t�|SÜk�}�>|S�2z���Ò��k��zRÃ=�¸��pS�@��t0p�{����@ÂW�¸rY�2t�2p�p

z²�±��2¯�� �
P(ξ∗(−z,∞) = k) = P(ξ(z,∞) = k).

Ú ¥ � £2¥ Û¹��Wzk�����«�k��z^�0p�{W���kzkvk��t��>�]�R���2zkvk|��0|S�Wz]���2r��Æt��W�H�2�0|��0|S�Wz ¥ � � Ã��R���@ÂW��rY�Wt
z = 1, 2, . . .

�
k =

0, 1, 2, . . .
�2zkv

v < − logQz

E
(
evξ∗(−z,∞), ξ∗(0,∞) = k

)
= (2q)k(1 − 2q)ϕk(v)ψ(v),

Ú ¥ � £Wá Û
E
(
evξ∗(z,∞), ξ∗(0,∞) = k

)
= (2q)k(1 − 2q)ϕk(v).

Ú ¥ � £W¤ Û
� � � 
8
¸� 
���� � ��
�� �¢� � � �

�Îd � �Ñ± ����� � � -'6
θ = − log

2q + hz/2

1 + hz/2
.

��Q�-'<>-.-�UW1SA'6
u0 > 0 	 c1 > 0 	 c2 > 0

A �3BQ 6[Q]526J?@9D<¸5 � �
u ≥ u0 	 n ≥ u2 � -FQ]5�2-

c1e
−θu ≤ P(Ξ({0, z}, n) ≥ u) ≤ P(Ξ({0, z},∞) ≥ u) ≤ c2e

−θu.
Ú á � � Û

È�c�� ��� � Ò��k���0�����Wzkv |Szk���«���2pS|s��{�|�zÝÚ á � � Û |S�¢�WÜ^ÂK|S�2�k������zkv ��|Szk���FrYt0�W� Ú ¥ � �C¿ Û Ã=�¸���2z �0���
P(Ξ({0, z},∞) ≥ u) ∼ ce−θu, u→ ∞,

�C¿



Ã¢|��0�����W�·�y���2zk���>�2z^�
c
�KÃ=�q���@Â2�F�2pS���¸�0�k�y�0�k|St�v�|�zk���«���2p�|���{;|�zxÚ á � � Û �¨Ò��&���k�CÃ �>�k�yß�t0�Í��|Sz]���«���2p�|���{

|SzºÚ á � � Û �]Ã=��zk�2�>�F�0�����
P(Ξ({0, z},∞) ≥ u) ≤ P(Ξ({0, z}, n) ≥ u) + P(∪∞

k=n+1{Sk = 0}) + P(∪∞
k=n+1{Sk = z}).

�={ # ���·�·� ¥ � � rY�2t
j = 0, z

P(∪∞
k=n+1{Sk = j}) ≤ C1e

−Cn,

Ã¢|��0� �0�W��
C > 0, C1 > 0

�ÆÒ��K�]���ÅÜ^{ºÚ ¥ � �C¿ Û Ã=�����@ÂW�

P(Ξ({0, z}, n) ≥ u) ≥ P(Ξ({0, z},∞) ≥ u) − 2C1e
−Cn ≥ ce−θu − 2C1e

−Cu2 ≥ C2e
−θu

rY�Wt�pS�2t0�W�q��zk�W�]�W�
u
Ã¢|��0�Ø���W��

C2 > 0
�
2½��CÃ Ã=���>�]t0z·�0�¸�0�k���]t0�K�2r��2r»Ò��k���Wt���� £ � � � ã |�t0�Í�§Ã=�T�kt��CÂW�T��z��k�k�J��t§ÜJ�W�kzkv�|�z�Ú £ � ¥ Û �Î�K|Szk���

z∑

a=−∞

ξ(a,∞) <∞ and
∞∑

a=n+1

ξ(a, n) = 0

�2p��·�W�Í���0�]t0��ps{W��|s���0� ��������0�8�0�k�CÃ �0�k�F�k�k�J��tyÜH�2�kzkv�Ã¢|��0�
Ξ∗({0, z}, n)

t0���]p��2����vØÜ«{
Ξ̃∗({0, z}, n) := max

0≤a≤n
Ξ({a, a+ z}, n).

�}|�zk���
P(Ξ({a, a+ z}, n) > u) ≤ P(Ξ({0, z}, n) > u− 1)

rY�Wt
a = 1, 2, . . . ,

Ã=�T���@ÂW�qÜ«{ # ������
á � � rY�Wt�p��2t��W�T��zk�W�k�W�

n

P

(
Ξ̃∗({0, z}, n) ≥ 1 + ε

θ
log n

)
≤ (n+ 1)P

(
Ξ({0, z}, n) ≥ 1 + ε

θ
log n− 1

)

≤ (n+ 1)P
(
Ξ({0, z},∞) ≥ 1 + ε

θ
log n− 1

)
≤ c

nε
.

oq�]�kp�{K|Sz]�T�>�k|��$rY�Wt$�0�k�¢�0�kÜk�����«�k��zk���
nk = k2/ε

�^�k��|Szk�����Wt���pV¡Í¹��2z^�>��pSp�|Kp�������q�2zkv;�>�k����Wzk���>�Wzk|��'¡
|���{��2r

Ξ∗({0, z}) � ε ÜJ��|�zk��2t0Ük|s�>t0�2t�{2�}Ã=�¸�WÜ}�B�2|�z

lim sup
n→∞

Ξ̃∗({0, z}, n)

log n
≤ −1

log
(

2q+hz/2

1+hz/2

) a.s.

|S��kps{}|�zk�¸�0�k���k�k�J��t¢ÜJ�W�kzkvØ|SzºÚ £ � ¥ Û �

� 



½��CÃ Ã=�¸���k�CÃ �>�k��pS�CÃ=��t¢ÜJ�W�kzkv |SzºÚ £ � ¥ Û � # ��� k(n) = [log n]3
�
Nn = [n/k(n)]

�
ti,n = ik(n)

�
i = 0, 1, . . . , Nn − 1

�¨Ðº�����@ÂW�
Ξ∗({0, z}, n) ≥ max

0≤i≤Nn−1
Zi,

Ã¢�k��t0�
Zi := Ξ({Sti,n , Sti,n + z}, ti+1,n) − Ξ({Sti,n , Sti,n + z}, ti,n).

Zi, i = 0, 1, . . .Nn − 1
�2t��.|4�|4�v��Ft>��zkvk�W�ÙÂ2��t0|���ÜkpS�����»v]|S���0t0|�Ük�]�>��vx�2�

Ξ({0, z}, k(n))
������Ã��8�W�'�

Ü^{ # ������ á � �

P

(
Ξ∗({0, z}, n) ≤ 1 − ε

θ
logn

)
≤ P

(
max

0≤i≤Nn−1
Zi ≤

1 − ε

θ
logn

)

≤
(
1 − P

(
Ξ({0, z}, k(n)) ≥ 1 − ε

θ
log n

))Nn

≤
(
1 − c1e

−(1−ε) log n
)Nn ≤ e−c1nε/k(n).

Ò��k��pS�CÃ=��t¢ÜJ�W�kzkvØ|SzÝÚ £ � ¥ Û rY�WpSp��eÃ¢��Ü^{ �=�Wt0��ps¡Í¹���z«�0��p�pS|»p�������}� 2

� � � 
8
¸� 
���� � ��
�� �¢� � � � � ��� � � � �

ã t0�W� Ú ¥ � �2¤ Û Ú ¥ � £WÀ Û ��Ú ¥ � £]� Û ��zkv��«�>|St�pS|�zk�&rY�Wt��.�kp���Ã������Wz]��pS�]vk�F�>�k�FrY�Wp�pS�CÃ¢|Szk�¸pS|��·|s��t���p��D�>|S�2zk���
�Îd � �Ñ± ����� � 	 9D< y ≥ x ≥ 0 � -TQ]5�2-

lim
n→∞

log p([y log n] + 1, [x logn])

logn
= lim

n→∞

log p1([y log n], [x log n])

log n

= lim
n→∞

log p−1([y logn] + 1, [x logn] + 1)

log n
= −g(x, y), Ú ¤ � � Û

� Q�-'<>- g(x, y) 1SA&/K-�
ÎI»-0/�Z�_ Ú £ � á Û �
¹��Wzk�����«�k��z^�0p�{W���>�]�;�kt0�WÜk�2Ük|Sp�|���{

P(Ξ(0,∞) = [y log n] + 1, ξ(0,∞) = [x log n])
|S�T�2r§�Wt�vk��t

1/n
�k|sr

(x, y)
�>���0|S�Íß������>�]��Ük�2�0|������«�����>|��Wz

g(x, y) = 1, y ≥ x ≥ 0.
Ú ¤ � � ÛÒ��k��rY�WpSp��eÃ¢|�zk�&p�������.v]���0��t0|�ÜH���¢�0�k������|Sz��kt��W�H��t��0|S������r �0�k��ÜH�W�]zkv��2tÍ{��2r��>�k���0�'� D.

�2À



�Îd � �Ñ± �������
ÚX| Û 	 9D<T6[Q�- �

5@UW1
�


�
D5 � Å-;97?

x, y 	 A�526O1SAY?\_D1[IKN Ú ¤ � � Û�	 � -TQ]5�2-

xmax =
−1

log(2q)
= λ0,

Ú ¤ � £ Û
ymax =

−1

log(q(1 + 2p))
=: κ0.

Ú ¤ � ¥ Û
ÚX|�| Û�� ? x = xmax = −1

log(2q)
	 6[Q�-'I y = −1

p log(2q)

� � ? y = ymax = κ0 	
6[Q�-'I

x = (2κ0p)/(2p + 1)
� � ?

x = 0 	 6[Q�-'I y = −1/ log q
�

ÚX|�|S| Û 	 9D<�N21 2-'I x 	 6[Q�-8-���k526X149DI Ú ¤ � � Û Q]5DA9DI»-FAC9�� K6X149DIÝ1[I y ?@9D< 0 ≤ x < −1/ log(2pq)
52IJ/�?@9D<

x = λ0 	
52IJ/6 � 9;AC9�� K6O149DI]AF1[I y ?@9D< −1/ log(2pq) ≤ x < λ0

�

È�c�� ��� � ÚX| Û ã |St����=���Wzk��|Svk��t x ������rY�kzk���0|S�Wz·�2r y �0���>|���r[{K|Sz]��Ú ¤ � � Û �$Ðº��������ª8�>�]�q�·���}|S�.�k�Ø�WÃ¢�k��t0��>�]��v]��t0|sÂ����>|sÂW�
x′(y) = 0

� ¶ |��»��t0��z^�0|����0|Szk�ØÚ ¤ � � Û �2zkvØ�k�]�0�0|Szk� x′ = 0
���8�0|��·�]pS�T���2pS���kp����0|S�Wz�pS�@��vk�

�>�
− log y + log(y − x) − log q = 0,|4��2�

y = x/p.~n�y�@�2z ÜH���0����zR�0�����¢�>�]|S�y|S���>�k��Â��2pS�]����r
y
Ã¢�k��z

x
�>�2ª2���q|s�>�¢��� �]|��.�k�Ø���K�kÜk���0|��0�]�>|�zk�;�>�k|���|�z«�0�

Ú ¤ � � Û �]Ã=���2���
xmax =

−1

log(2q)
,

ÂW��t0|sr[{}|�zk� Ú ¤ � £ Û �½�� �}�§���Wzk�0|�vk��t
y
�2�Î�TrY�kzk���0|S�2z��r

x
�2zkv8�·���}|S�|SÖ��

y
���kÜKÞ����'�=�0�·Ú ¤ � � Û � oq�^��|Sz��Wv]| �H��t0��z^�>|��D�>|Sz]�Ú ¤ � � Û Ã¢|s�>� t0���0�J���'���0� x �2zkv �k�]���>|�zk� y′ = 0

�]Ã=�¸�W�'�
− log(y − x) + log x− log(2p) = 0

rYt0�2�æÃ¢�k|��B�
x = (2py)/(1 + 2p)

�§�}�kÜk�Í�>|s�>�]�0|Szk�8|SzºÚ ¤ � � Û Ã����W�'� ymax = κ0

�
Ò��k|S�=���W��kp����>���=�0�k�q�kt��}��r��2r # ����·� ¤ � � ÚY| Û �2zkv��0�k��ßkt0������Ã��.�Í�B���0�����z^�>��|Sz # ���·�·� ¤ � � ÚY|S| Û �o �0|��·�]pS�T���2pS���kp����0|S�Wz��0�k�CÃ¢���0�����¢|sr

x = 0
�>�]��z

y = −1/ log q
�

½��CÃ Ã=�¸�>�]t0z �0��0�k�&�]t0�K�2r¨�2r # ������ ¤ � � ÚX|�|S| Û � ã �2ty�2|�ÂW��z 0 ≤ x ≤ λ0

���Wzk��|Svk��t
g(x, y)

���q�
rY�kzk�'�>|��Wz �2r

y
�$Ðº�����@ÂW�

∂g

∂y
= log

y − x

qy

�}�



�2zkvx�0�k|S�F|��F���«���2p¨�0�ØÖ���t�� |sr
y = x/p

�;~n��|��F�@�2�Í{��>� �����8�>�����
g
�>�2ª2���&���|Szk|��.�k� �k��t���2zkvg|S�

vk����t0���2�0|�zk�|�r
y < x/p

�2zkvØ|Szk��t0�@���0|Sz]�;|�r
y > x/p

�=� �Wt����CÂW��t��
∂2g

∂y2
=

1

y − x
− 1

y
> 0,

�k��zk���
g
|������Wz^ÂW� � rYt0�W� ÜH��pS�CÃ��¨ÐÑ�����@Â2��rY�Wt

0 < x < λ0,
�>�k�����>�k|��¢�·|�zk|S�.�]��|��

g

(
x,
x

p

)
= x log(1/(2q)) =

x

λ0
< 1,

�2zkv
g(x, x) = −x log(2pq)





< 1 if x < −1/ log(2pq),
= 1 if x = −1/ log(2pq),
> 1 if x > −1/ log(2pq).Ò��k|����0�]�eÃ¢�=�>���������«�����0|S�WzxÚ ¤ � � Û ���2���Wz]�q�0�2pS�]�0|S�Wz|�r 0 ≤ x < −1/ log(2pq)

��zkv���Ã=�;�0�Wp��]�>|��Wzk�§|�r
−1/ log(2pq) ≤ x < λ0

�
ã �Wt

x = λ0

�k|s�¢�@�2zØÜJ��������zØ�0�����
y = λ0/p

|����>�k���Wzkps{����WpS�]�0|S�Wz���r
g(x, y) = 1

�
Ò��k���kt0�K�2r��2r # ���·�·� ¤ � � |������W��kp����>���

2È�c�� ��� � � ��� d��Jced�� �������0l�� � �FÜ^ÂK|S�2�k�0ps{W�ÎrY�Wt
z = 1, 2, . . .

Ã��Ø���@ÂW� rY�Wt
K = 1, 2, . . . , L =

K + 1, K + 2, . . .

P(Ξ(z,∞) = L, ξ(z,∞) = K) = P−1(Ξ(0,∞) = L− 1, ξ(0,∞) = K)

�2zkv�rY�Wt
K = 0, 1, . . . , L = K + 1, K + 2, . . .

P(Ξ(−z,∞) = L, ξ(−z,∞) = K) ≤ P1(Ξ(0,∞) = L− 1, ξ(0,∞) = K).

����zk���;rY�Wt
(k, `) /∈ ((1 + ε) logn)D �2zkv

z ∈ Z ���2� g(cx, cy) = cg(x, y)
rY�2tT�2z^{

c > 0
�»Ã��

���@ÂW��Ü^{ÝÚ ¥ � �2¤ Û�� Ú ¥ � £}� Û �2zkv # ������ ¤ � �

P(ξ(z,∞) = k,Ξ(z,∞) = `) ≤ c

n1+ε
.

Ú ¤ � á Û
¹��Wzk�����«�k��z«�0p�{2�JÜ^{ ã �2�'� á ��Ú ¥ � �2¿ Û ��Ú ¤ � á Û Ã������@ÂW�

P(ξ(Sj,∞), Ξ(Sj,∞)) 6∈ ((1 + ε) logn)D)

≤
∑

(k,`)6∈((1+ε) log n)D
k≤(1+ε)λ0 log n
`≤(1+ε)κ0 log n

P(ξ(Sj,∞) = k,Ξ(Sj,∞) = `)

�W�



+
∑

k>(1+ε)λ0 log n

P(ξ(Sj,∞) = k) +
∑

`>(1+ε)κ0 log n

P(Ξ(Sj,∞) = `)

≤ c log2 n

n1+ε
+

∑

k>(1+ε)λ0 log n

c(2q)k +
∑

`>(1+ε)κ0 log n

c(q + 2pq)` ≤ c

n1+ε/2
.

Ã¢�k��t0�.|�z �>�]�;�2ÜJ�eÂ2�&���W�·�]�]�B���0|S�Wz
c
|��q��z��kzk|��·�J�Wt��>�2z^�y���Wzk�Í�B�2z^���qÐÑ�¸���Wz^�0|Sz«�k�.vk��zk�2�0|Szk�·�0�k�B�

���2zk���>�2z^�>�yÜ«{��0�k���>�2���pS�����>��t
c
�k�>�]��Â��2p��k�F�2r$Ã¢�]|S�B�R�|S�2�«�¢�B�k�2zk�W��rYt0�W� pS|Sz]�T�>�8pS|�zk�2���}��p����'�>|Sz]�

nr = r4/ε,
Ã������@Â2�

P(∪j≤nr+1{(ξ(Sj,∞),Ξ(Sj,∞)) 6∈ ((1 + ε) lognr)D}) ≤ c

n
ε/2
r

=
c

r2
.

Ú ¤ � ¤ Û
Ò��k|S�����W�.Ü]|Szk��v�Ã¢|��>���0�k�����Wt���pV¡Í¹��2z^�>��pSp�|Jp���������0�k�CÃ¢���0������Ã¢|s�>���kt��WÜ��2Ük|�pS|s��{ � rY�Wt��2p�pHpS�2t0�W�

r
�2z]v

j ≤ nr+1

(ξ(Sj,∞),Ξ(Sj,∞)) ∈ ((1 + ε) lognr)D.~n��rY�Wp�pS�CÃ¢���>���D��Ã¢|��>� �kt��WÜ��2Ü]|SpS|s��{ � �0�k��t���� �}|S���0�y�2z
n0

���k�B� �0�����¢|sr
n ≥ n0

�>�]��z
(ξ(Sj,∞),Ξ(Sj,∞)) ∈ ((1 + ε) logn)D

rY�Wt¢�2p�p
j ≤ n

�
Ò��k|S�¢�kt��CÂW���&ÚX| Û �2r Ò��k���Wt���� £ � ¥ �

2

È�c�� ��� � � ��� d��Jced�� ��� � �0l�� � Ò��k�¸�]t0�K�2r$|����0|��·|�p��2tÎ�>�;�>�k���¢�2r Ò��k���Wt���� � � � ÚY| Û |�z � £�
 �¶ ��ßkzk���0�k�FrY�WpSp��CÃ¢|Szk�.�'ÂW��z«�0��rY�Wt
j ≤ n

©
B(j, n) := {(ξ(Sj, n),Ξ(Sj, n)) /∈ ((1 + ε) logn)D}, Ú ¤ �   Û
B∗(j, n) := {(ξ(Sj, j),Ξ(Sj, j)) /∈ ((1 + ε) logn)D}, Ú ¤ � ¿ Û
C(j, n) := {Sm 6= Sj, m = j + 1, . . . , n }, Ú ¤ �  Û
D(j, n) := {Ξ(Sj,∞) > Ξ(Sj, n)}. Ú ¤ � �CÀ Û

¹��Wzk��|Svk��t0|Sz]�T�>�k��t���Â2��t0����t0�2zkvk�2� Ã��2pSª����>�2t��0|Szk��rYt0�W�
Sj

�2|4��2�
S ′

r = Sj−r−Sj

�
r = 0, 1, . . . , j

�
Ã=�&t0������t0ª

ξ(Sj, j) = ξ′(0, j)
�Å|�r

Sj = 0
�
ξ(Sj, j) = ξ′(0, j) + 1

�J|�r
Sj 6= 0

�
Ξ(Sj, j) = Ξ′(0, j),Ã¢�k��t0�

Ξ′
|S���>�]���K�����k�����0|S�Wz��0|S��T�2r��>�k���kzk|s�¢�0�k�]��t0���2r��>�k��t0�2zkvk�W�æÃ��2p�ª

S ′
�

ã t0�W�#�0�k|S�§Ã��T���2z�rY�Wp�pS�CÃ��0�k�q�]t0�K�2r��2r�Ò��k���Wt0��� � � � ÚY| Û |Sz � £�
 �}�k�0|�zk��Ú ¥ � �2  Û �2z]vgÚ ¤ � � Û |Szk�Í�>���2v�2r�Ú � � �C¿ Û ��zkvºÚ £ � � Û |Sz � £�
 �2z]vR�2�]�kp�{K|Sz]�;Ò��k���Wt���� £ � ¥ ÚY| Û |�zk���0�@�2vØ�2r Ò��k���Wt���� � � � ÚY| Û |�z � £�
 � 2È�c�� ��� � � ��� d��Jced�� h ��� � �0lXl���±�a�b �������0lXl�� � Ðº��Ã¢|�pSpH�>�@{��>���D�
Si

|���zk��Ã |�r
max

0≤m<i
Sm < Si.

Ú ¤ � �W� Û
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�Îd � �Ñ± ������� � -'6 νn
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�
Z'-'<.97?FI»- � ��9D1[I�6YA  �Ý6796X1 �

-�I � ��Q�-'I
lim

n→∞

νn

n
= 1 − 2q a.s.

È�c�� ��� © # �'�
Zi :=

{
1 if Si is new
0 otherwise.Ò��k��z

νn =
∑n

i=1 Zi

�

E(ν2
n) = E




n∑

j=1

n∑

i=1

ZjZi


 = E




n∑

j=1

Zj


+ 2E




n∑

j=1

j−1∑

i=1

ZjZi




≤ n+ 2
n∑

j=1

j−1∑

i=1

P(Zi = 1)P(Zj−i = 1).

¹��Wzk��|Svk��t0|Sz]��0�k�¸t���Â2��t0���&t0�2zkvk�W�æÃ��2p�ª�rYt0�W�
Si

�0�
S0 = 0

��Ã=�¸�����¸�0�����¢�>�]���'ÂW��z«� {Zi = 1}|S�=���«�k|sÂ2��pS��z^���0�.�>�k�q��ÂW��z^�y�0�����=�>�k|���t0�'ÂW��t��0��v t0�2zkvk�W� Ã��2pSª���>�2t��0|Szk�&rYt��W�
0
vk�K����zk����t0�'�>�kt�z��>�

0
|Sz��0|S��

i.
Ðº��t0�����2t�ª·�0������rY�Wt��0�k��t0��Â2��t��0��vØÃ���pSª��0�k�F�kt0�2Ü��2Ük|�pS|���{·�2r ���0���k�k|�zk�;�>�;�>�]��t�|S�W�^��|��

q
��zkvg���>���k�k|�zk���>� pS�'r[�T|��

p.
¼y�0|�zk�ÝÚ ¥ � £ Û ��zkvg�WÜk�0��t�ÂK|Sz]���>������|s�Tt����·�2|Szk���>t0�]�.rY�Wtq�>�]�;t0��Â2��t��0��vt>��zkvk�W��Ã��2p�ª��2��Ã=��pSpO�]Ã=���2���

P(Zi = 1) = γ0 +O((4pq)i/2) = 1 − 2q +O((4pq)i/2).

����zk���

E(ν2
n) ≤ n + 2

n∑

j=1

j−1∑

i=1

(
1 − 2q +O(4pq)i/2

) (
(1 − 2q) +O(4pq)(j−i)/2

)

= n(n− 1)(1 − 2q)2 +O(n).oq�
E(νn) = n(1 − 2q) +O(1)

�}Ã������@ÂW�
V ar(νn) = O(n).

�={Ø¹��]��Ü^{K�0�k�'Â � �T|�zk���«���2p�|���{·Ã����W�'�y�0�����

P |νn − n(1 − 2q)| > εn) ≤ O
(

1

n

)
.

¹��Wzk��|Svk��t0|�zk�&�>�]�F�0�kÜk�����«�k��zk���
nk = k2

�2z]v��k�0|�zk�.�>�k�T���Wt0��ps¡7¹��2z^�>��p�pS|JpS���·�·�¸��zkv �·�Wz]�2�>�Wz]|S��|s��{
�2r
νn

�kÃ����WÜ}�B�2|�z �0�k��pS���·�·�]�
2

��¥



Ò �&�0�k�CÃÄÒ��k���Wt���� £ � ¥ ÚX|�| Û �«p���� {an}
�2z]v {bn}

Ú
an log n� bn � n Û ÜJ����Ã=�;�0���K�]��zk�����¢�>�.ÜJ��B�k�W����z p����0��t�� ¶ ��ß�z]�

θ1 = min{i > bn : Si is new},
θm = min{i > θm−1 + bn : Si is new}, m = 2, 3, . . .�2zkvØpS�'�

ν ′n
ÜJ�F�>�k��z«�k�.ÜJ��ty�2r

θm

�J�W|Sz^�>�¢�k� �>�;�0|S��
n− bn

�=�TÜ«ÂK|��W�k�0ps{
ν ′n(bn + 1) ≥ νn

�k�k��z]���
ν ′n ≥ νn/(bn +1)

��zkv·|s�ÆrY�WpSp��CÃ¢�¨rYt0�W� # ���·�·� ¤ � £ �0�����ÎrY�Wt
c < 1−2q

�WÃ=�y���@ÂW�¢Ã¢|��>��kt��WÜ��2Ük|�pS|s��{
� �>���D�

ν ′n > un := cn/(bn + 1)
� �}�����}��rY�Wt�ßkzk|��0��p�{�����z«{

n
�

wy���@�2p�p»�>�k���
B = {−1, 1} vk��zk�2�0�����>�k���kz]|��¢�0�]�k��t��&�2t��W�kzkv 0

� # ���
ρi

0 = 0, ρi
h = min{j > ρi

h−1 : Sθi+j ∈ Sθi
+B}, h = 1, 2, . . . ,

|4��2�
ρi

h, h = 1, 2, . . .
�2t0�T�0�k�F�>|��·����Ã¢�k��z �>�k��t0�2zkvk�W�æÃ��2p�ª·ÂK|S��|��0���>�k���kzk|s�¢�0�k�]��t0�¸�2t��W�kzkv

Sθi

�
ã �Wt¢�.ß �}��vR�k�2|St���r$|�z«�0���W��t0�

(k, `)
vk��ßkzk���0�k�FrY�WpSp��CÃ¢|Szk�.�'ÂW��z«�0��©

Ai := Ai(k, `) = {ξ(Sθi
+ 1, θi + ρi

`+1) = k + 1,Ξ(Sθi
+ 1, θi + ρi

`+1) = `+ 2,

ρi
h − ρi

h−1 < an, h = 1, . . . , `+ 1, Sj 6∈ Sθi
+B, j = θi + ρi

`+1 + 1, . . . , θi + bn},
Bi := Bi(k, `) = {Sj 6∈ Sθi

+B, j > θi + bn},
Cn := Cn(k, `) = A1B1 + A1A2B2 + A1 A2A3B3 + . . .+ A1 . . . Aun−1AunBun ,Ã¢�k��t0�

A
vk��zk���>���¢�>�]�����W��kpS���·��z«���2r

A
�

Ò��k��zØÃ������@Â2�
P(Ai) = P(A1)

�2zkv
P(AiBi) = P(A1B1)

�
i = 2, 3, . . .

�2zkv

P(Cn) = P(A1B1)
un−1∑

j=0

(1 − P(A1))
j =

P(A1B1)

P(A1)
(1 − (1 − P(A1))

un),

P(Cn) ≤ 1 − P(A1B1)

P(A1)
+ e−unP(A1).

A1B1

|S���>�k���'ÂW��z«�Æ�0�����$���B��t��>|�zk��rYt��W� �>�k��zk��Ã �J�W|Sz^�
Sθ1

�2�0�k��t0�2zkvk�W� Ã��2pSªFÂK|S��|��0�
Sθ1 +1

� �]�2�'�>ps{
k + 1

�0|S������ÅÃ¢�]|SpS��|s��ÂK|S��|��0�y�0�k�¸�]zk|����0�k�]��t0�.�2t0�W�]zkv �0�k|S�y�H�2|Sz^�q� �]�2���0p�{
` + 2

�>|��·���.ÚY|Szk��pS�kvk|�zk�
�>�]�T|Szk|s�>|S�2pkÂK|S�0|s���D�

Sθ1 Û �2zkv���pSpÅ�>�k�q�0|S���|�z^�>��tÍÂ��2pS�=ÜH�'��Ã�����z ���Wz]�0�����]�>|sÂW�TÂK|S��|��0���2t��TpS���0���0���2z an

�
�}|�zk�����>�k��t0�'�>�kt�z �0��0�k�¸���k�k��t0�¸ÂK|S�|s�>�¢����z«�0��ty�B�2ª����q�2zkp�{ � ���0���k���JÃ=�&���@Â2�¸�>����2z«�0t0�Wp��Wz]p�{��0�k�t0�'�>�kt�zk��rYt0�W� �W�]�>��|Svk���§�}|S�|SpS�2t0ps{.�>�RÚ ¥ � £WÀ Û �]�2zk���@�2zØ�0���

P(A1B1) =

(
`+ 1

k + 1

)
(q(an))`−k(2pq)kp2 (1 − 2q) ,

=

(
`+ 1

k + 1

)
(q +O((4pq)an))`−k(2pq)kp2 (1 − 2q)

�Wá



�2zkv
P(A1) =

(
`+ 1

k + 1

)
(2pq)k(q +O((4pq)an))`−kp2

(
1 − 2q +O((4pq)bn−`an)

)
,

Ã¢�k��t0�
q(n)

|����W|�Â2��zØ|SzÝÚ ¥ �   Û �¼���|Szk�
an log n� bn � n

P(A1B1)

P(A1)
= 1 +O

(
(4pq)c1bn/2

)
,

rY�Wt����W�·�
c1 > 0

vk���J��z]vk|Szk��Wzkps{��Wz
p,
�k��zk���

P(Cn) ≤ e−c1bn + e−cnP(A1)/bn .

ã �Wtyß �]��v
ε > 0

|Sz^�0t0�Kvk�k�����>�k�&zk�2�B�D�>|S�2z Gn = ((1 − ε) logn)D ∩ Z2

�F¹��k�K�W��|Szk�
bn = nδ/2

�
an = nδ/4

�]Ã=�¸���2z �]t0�CÂW���k�0|�zk�·�K�>|�t0p�|Szk�&rY�2t0�.�kpS�¸�>�k���¢rY�Wt
(k, `) ∈ Gn

P(A1) ≥
1

n1−δ

rY�Wt����W�·�
δ > 0

�=�}|�zk���T�0�k���@�2t�vk|Sz���pS|���{·�2r Gn

|S�
O(log2 n)

�kÃ����@��zØÂ2��t0|sr[{��>�k���
∑

n

∑

(k,`)∈Gn

P(Cn) <∞.

�={x�=�Wt0��ps¡Í¹���z«�0��p�pS|�pS���·�·�]�ÅÃ¢|��0���kt0�2Ü��2Ük|�pS|���{ � � ∩(k,`)∈GnCn(k, `)
�}�����kt��qrY�WtF��pSp�Ük�]�Fß�z]|��>��p�{

�·�2z^{
n
�ÎÒ��k|��¢���W��kpS�'�>�����>�k���kt��}�2r �2r��>�k���Í�B���0�����z^�>�¸ÚX|�| Û ��r$ÜJ�2�>� Ò��k���Wt0���·� £ � £ �2zkv £ � ¥ � 2

� � � 
8
¸� 
���� � ��
�� �¢� � � � � ��� � � � �

Ðº�;���B��t��TÃ¢|s�>���>�]�;�kt0�K�2r§�2r§Ò��k���2t0��� £ � ¤ Ã¢�k|S�B�g|S�q�0|S�|SpS�2t��>���>�]�.�kt0�K�2r§�2r§Ò��k���Wt0��� ~B���}��Ã=�
vk�8zk�2�¢�2|�ÂW���2p�pH�0�k��vk���>�2|Sp����Æw¢�����2pSp»�0�k��zk�2�>���>|��Wzk���2r��>�k�T�0�k���2t0���Ø�Å�Æt0�W�J�W��|��>|��Wz ¥ � � �2zkv ã �2��� ¤ �

ã �Wt
mz

���W|�Â2��z |SzºÚ £ �  Û �]Ã=�¸�k�CÂ2�
mz = E(ξ(z, T )| T <∞).

Ú   � � Û
�Îd � �Ñ± � ��� � 	 9D< log(1 − 2q(1 − 2q)) < v < log(1 + 2q(1 − 2q)) � -FQ]5�2-

ϕ(v) = exp(mz(v +O(v2)), v → 0,
Ú   � � Û

� Q�-'<>-�� 1SA KI�1 ?@9D<
�
1[I
z,
52IJ/

ψ(v) <
1 + |ev − 1|
1 − |ev−1|

1−2q

.
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È�c�� ��� � Ò��k�&�kt0�K�2r¨��r¨�>�k|���p�������;|���Ü����0��vR�Wz��Æt0�2�H�W��|��0|S�Wz ¥ � � �2z]v��W�K�����2pS�Wz]��0�k�&�0�2�·��pS|�zk����2� # ������ � � £ |Sz � ¥�
 �
2# ���

kn := (1 − δn)λ0 log n ∼ λ0 logn, rn := c log log n,
�2z]v

I(r) := [−r, r]. ã �ktÍ�>�k��t0��Wt0���pS�'�
n` = [e`]

�
ξ(z) = ξ(z,∞)

�2z]v vk�'ß�zk���>�k���'ÂW��z^�0�

Aj =

{
ξ(Sj) ≥ kn`

, max
x∈I(rn`+1

)

(
ξ(Sj + x)

mxkn`

− 1

)
≥ ε

}
.

Ò��k��z
P




n`+1⋃

j=0

Aj



 ≤
n`+1∑

j=0

P(Aj) ≤
n`+1∑

j=0

∑

x∈I(rn`+1
)

P(A
(x)
j ),

Ã¢�k��t0�
A

(x)
j = {ξ(Sj) ≥ kn`

, ξ(Sj + x) ≥ (1 + ε)mxkn`
} .¹��Wzk��|Svk��t��0�k�8t>�2z]vk�W� Ã��2pSªR�WÜ]�B��|Szk��vÝÜ^{gt���ÂW��t0��|Szk� �>�k�8�Wt�|S�W|�z��2p�Ã��2p�ªx���

Sj

��|4��2�;pS�'�
S ′

i :=
Sj−i − Sj

�
i = 0, 1, . . . , j

�2z]vx� �K�>��zkvÑ|s�q�>� |�z]ß�zk|s�>�&�0|S��2����zkvÝ�2pS�����>�k�.rY�WtÍÃ���t0vgt>�2z]vk�W� Ã��2p�ª
S ′′

i := Sj+i − Sj

�
i = 0, 1, 2, . . .

Ò��k��z {S ′
0, S

′
1, . . .}

��zkv {S ′′
0 , S

′′
1 , . . .}

�2t0��|Sz]vk���J��zkv]��z^�Tt0�2zkvk�W�
Ã��2pSª«�y�2zkv �0�·�2t����0�k��|�t�t0���0�J�����0|�Â2�¸p��}���2pH�0|S����

ξ′
��zkv

ξ′′
���Ø�Wt0���eÂ2��t��

ξ(Sj) = ξ′′(0) + ξ(Sj, j) ≤ ξ′′(0) + ξ′(0) + 1,

ξ(Sj + x) = ξ′′(x) + ξ(Sj + x, j) ≤ ξ′′(x) + ξ′(x).����t0�
ξ′
�2zkv

ξ′′
�2t0�;|�zkvk���J��z]vk��z^�¸�2zkv

ξ′
�k�2�T�>�k�;�0�2��;vk|S�Í�>t0|�Ük�]�0|S�Wzx���

ξ∗
ÚX����� ã �2���   Û �2zkv ξ′′���2���0�k���>�2��Fvk|S�Í�>t�|SÜk�]�0|S�Wz ���

ξ
�

����zk���
P(A

(x)
j ) ≤ P(ξ′′(0) + ξ′(0) ≥ kn`

− 1, ξ′′(x) + ξ′(x) ≥ (1 + ε)mxkn`
)

=
∑

P(ξ′′(0) = k1, ξ
′(0) = k2, ξ

′′(x) + ξ′(x) ≥ (1 + ε)mxkn`
),Ã¢�k��t0���>�]���0�k��·���>|��WzÑ�W�K���¸rY�Wt {(k1, k2) : k1 + k2 ≥ kn`

− 1} �g¼��0|�zk��� �]�J�Wzk��z^�>|���p��R�2t�ª2�CÂ|Sz]���«���2p�|���{W�H�Æt0�W�J�W��|��>|��Wz ¥ � � � ã �2���   �»�>�]�.|Szkv]���J��zkvk��zk���;��r
ξ′′

��zkv
ξ′
�2zkvx��p������z^�B��t�{Ø�@�2p����kp��k���

Ã=���2���
P(A

(x)
j ) ≤

∑
E
(
ev(ξ′′(x)+ξ′(x)), ξ′′(0) = k1, ξ

′(0) = k2

)
e−v(1+ε)mxkn`

=
∑

(ϕ(v))k1+k2(1 − 2q)2(2q)k1+k2ψ(v)e−v(1+ε)mxkn`

= (1 − 2q)2ψ(v)e−v(1+ε)mxkn`

∑
(2qϕ(v))k1+k2

= (1 − 2q)2ψ(v)e−v(1+ε)mxkn` (2qϕ(v))kn`

×
(

kn`

2qϕ(v)(1 − 2qϕ(v))
+

1

(1 − 2qϕ(v))2

)
.

Ú   � ¥ Û
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�TÜk�0��t�ÂW���0�����Î��Â2��z8�>�k�2�k�W�.�>�]���·�W���z^�Æ�2��zk��t>���0|Szk�TrY�kz]���>|��Wzk�¨|�z8�Æt0�W�J�W�0|s�>|��Wz ¥ � � �2zkv ã �2�'�  �2t����0pS|��W�^�>ps{¸v]| �H��t0��z^�¨rY�WtÆ�J�W�0|s�>|�Â2���2zkv;z]���^���0|�Â2��Â2��pS�k���Æ�2r
x
�^|SzØÚ   � ¥ Û Ã��¢�W�'�Æ�>�k���0�2�·��� �}�kt0���0�0|��WzÃ¢�k|�pS�qÃ=�Wt0ª«|�zk�Ã¢|s�>�

ξ′ + ξ′′
�

�={ÝÚ   � � Û �]Ã=�¸�2Ü]�B�2|�z�rY�Wt¢�2p�p j ≥ 0

P(A
(x)
j ) ≤ (1 − 2q)2ψ(v)

(
kn`

2qϕ(v)(1 − 2qϕ(v))
+

1

(1 − 2qϕ(v))2

)

× e−mxvkn`
(ε+O(v))(2q)kn` .

¹��k�K�W�0�
v0 > 0

�0�·�2pSpH��zk�W�]�W� ���k�B� �0�����

ε+O(v0) > 0, ev0 < 1 + 2q(1 − 2q),
1

2
< ϕ(v0) <

1

2q
.

¼���|Szk�
x ∈ I(rn`+1

)
�]Ã=�¸�W�'�

mxkn`
=
h|x|

2q
(1 − δn`

)λ0 logn` ≥
hrn`+1

2q
(1 − δn`

)λ0 logn`.

~�z��>�k�Î�0���«�k��p
C1, C2, . . .

vk��zk�2�>�Î�J�W�0|s�>|sÂW�Î���Wz]���B��z«�0��Ã¢�]�W�0�ÎÂ��2pS�k�����2t0�Î�kzk|��·�J�WtÍ�B�2z^��|�z��2�kt��kt0�K�2rY���
�={��0�k���2ÜH�CÂ2�¸���0�0�]�·�]�0|S�Wz]�

P(A
(x)
j ) ≤ C2kn`

e−mxv0kn`
(ε+O(v0))(2q)kn`

≤ C2kn`
exp (−(1 − δn`

) logn` (C3h
rn`+1 + 1)) .

����zk���
n`+1∑

j=0

∑

x∈I(rn`+1
)

P(A
(x)
j ) ≤ C4n`+1rn`+1

kn`
exp (−(1 − δn`

) logn` (C3h
rn`+1 + 1))

≤ C5
n`+1

n`
kn`

rn`+1
exp (−C6h

rn`+1 log n` + δn`
logn`)

= C5
n`+1

n`
kn`

rn`+1
exp

(
−hrn` log n`

(
C6h

rn`+1
−rn` − δn`

hrn`

))

≤ C5
n`+1

n`
kn`

rn`+1
exp (−C7h

rn` logn`)

≤ C8(logn`) log logn` exp(−C7(logn`)
1−αc),

Ã¢�k��t0��|Sz��>�]��pS�2������Ã=�pS|Sz]����Ã=�¸�k����v �>�k�����Wzkvk|s�>|S�2zk���2r��>�k��Ò��k���Wt0��� �§¹��Wz]�0���«�k��z^�>p�{2�

P(
n`+1⋃

j=0

Aj) ≤
n`+1∑

j=0

∑

x∈I(rn`+1
)

P(A
(x)
j ) ≤ C8` log ` exp(−C7`

1−αc)

�2¿



rY�Wt�pS�2t0�2�T��zk�2�k�W�
`
�}Ã¢�k|S�B�Ø|S�����k����2Ü]pS�T|�z

`
Ã¢�k��z

αc < 1
�Î�§{����Wt���pV¡Í¹��2z^�>��pSp�|Hp�������¸rY�2t�p��2t��W�

`
|sr
ξ(Sj) ≥ kn`

�k�0�k��z
ξ(Sj + x) ≤ (1 + ε)mxkn`

rY�2t¢�2pSp
x ∈ I(rn`+1

)
�

# ���yzk�CÃ
n` ≤ n < n`+1

�2zkv
x ∈ I(rn`+1

)
�
ξ(Sj) ≥ kn, j ≤ n

|S��kpS|����
ξ(Sj) ≥ kn`

��|O�Ç���
ξ(Sj + x) ≤ (1 + ε)mxkn`

≤ (1 + ε)mxkn.
Ú   � á Û

Ò��k�ypS�CÃ���tÎÜH�W�]zkv·|��Æ�0|��·|�p��2t���Ã¢|��0�·��pS|��W�^�Æ�·�Kvk|sß��@���0|S�Wz]��� ���CÃ��'ÂW��t=Ã=��vk��zk�2�Î�]t0������z^��|s�@� Ò��k�
|Sz^�0��t0�����0��vØt0�@��vk��t¢�0�]�W�kpSvØpS�K�Wª·�����>�]�����Wt0t������H�Wz]vk|Szk��kt��}�2r��2r Ò��k���Wt0��� � � � |�z � ¥ 
 �

2

Ò��k���kt��}��rH��rÅÒ��k���Wt���� £ � á �2�W�2|Sz.�2�}���¨�0|��·|�p��2t�p�{T�0�T�>�k���]t0�K�2rJ�2rJÒ��k���Wt���� �¸�Wo��¨�>�k���·�2|�z.|Szk�2t0�'¡
vk|���z^�¢|S���0�k�FrY�WpSp��eÃ¢|�zk�&p�������}�KÃ¢�k|��B� |����0�W���Ã¢�k���¢vk| �H��t���z^�¢rYt0�W���>�k�

d
¡nvk|S���z]�0|S�2z��2pJ�0|��0�����0|S�Wz��

Ã=���2|�ÂW���;���2�·�kp����0�F�kt0�K�2r7�
�Îd � �Ñ± � ����� � -'6 0 < α < 1 	 j ≤ n−nα 	 |x| ≤ c logn � 1[6YQ�52I�_ c > 0

� ��Q�-'I � 1[6[Q �J<B92ZB5^Z�1 � 1[6X_
�·6[Q�-'<>-;-�UW1SA'6YA&52I

n0(ω)
A �3BQ 6YQ]526J?@9D<

n ≥ n0
� -TQ]5�2-

ξ(Sj + x, n) = ξ(Sj + x,∞).

È�c�� ��� � # ���
An =

⋃

j≤n−nα

⋃

`≥n

⋃

|x|≤c log n

{S` − Sj = x}.

�={��2�kt # ������ ¥ � �
P(S` − Sj = x) = P(S`−j = x) ≤ C1 exp(−C2(`− j) + C3x).

Ú   � ¤ Û
¹��Wzk�����«�k��z^�0p�{W�

P(An) ≤ C1

∑

j≤n−nα

∑

`≥n

∑

|x|≤c log n

exp(−C2`+ C2j + C3x)

≤ C exp(−C2n+ C2(n− nα) + C3c logn) = C4n
C5 exp(−C2n

α).�}|Sz]���F�>�k|���|S�����k�·�·�2Ükp��2�KÃ������@ÂW���>�k��p�������]�
2Ò ���]t0�CÂW�xÒ��k���Wt0��� £ � á �¢�WÜk����tÍÂW�x�>���D��|����0� ��������>� ���Wzk�0|�vk��t��H�W|�z^�>��ÂK|S��|��0��v ÜJ��rY�Wt��R�>|��·�

n − nα
��Ú

0 < α < 1 Û ���0|Sz]���|Szg�>�k�8�>|��·�;|�z«�0��tÍÂ2��p (n − nα, n)
�>�k��·���}|S�·�2p$p��}���2p$�>|��·�;|���pS�����

�>�k�2z
α(1 + ε)λ0 log n

�k�]��zk�����0�k|S���H�W|�z^���@�2z]zk�2�¢ÜJ�T|Sz An

�§¹��Wzk�0���«�k��z^�>ps{W�ÅÒ��k���Wt0��� £ � á rY�WpSp��eÃ¢�rYt0�2� Ò��k���Wt0��� £ � ¤ �2z]v # ����·�   � � �
2
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� � 
¸� ����% �����  � �¢� ��� +·�
ã |�t0�����WÜk�0��t�Â2�¸�>�k�����>�k�FrY�Wp�pS�CÃ¢|Sz]�.�H�2|Sz^�>�¢�2t��F�Wz �>�k�����]t�ÂW�

g(x, y) = 1.

(
0,

1

log(1/q)

)
,

(
− 1

log(2pq)
,− 1

log(2pq)

)
,

(
2κ0p

2p+ 1
, κ0

)
,

(
λ0,

λ0

p

)
.

Ú ¿ � � Û
¹��Wzk�����«�k��z^�0p�{W�Å�>�]��t0���2t����H�W|�z^�>�

xn

�0�]�B� �>�k���

ξ(xn, n) = 1 and Ξ(xn, n) ∼ log n

log(1/q)Ã¢�k|��B� |�z rX�����¢��@�2zk���0�����

Ξ(xn, n) = ξ(xn + 1, n) ∼ logn

log(1/q)
.

�TzØ�0�k���2�>�k��t����2zkv»��|�r�rY�Wt¢�;�H�W|�z^�
xn

�

Ξ(xn, n) > (1 + ε)
log n

log(1/q)
,

�>�]��z Ã������@ÂW�
ξ(xn, n) > c logn

Ã¢|s�>� �0�W��
c > 0.~nr

ξ(xn, n) ∼ λ0 log n
�>�k��zÝrY�2tT�>�k�8�kzk|s���0�k�]��t0�����z^�>��t���v��D�

xn

���>���D��|S�T�>�Ø�>�@{�rY�2tF|��>�T��Ã=�
zk��|S�W�«ÜJ�Wt0��Ã=�¸�k�CÂ2�

Ξ(xn, n) ∼ λ0

p
log n.

�}|�zk���
m−1 = m1,

|s� rY�Wp�pS�CÃ¢��rYt0�W� ¹��Wt��WpSpS�2t�{ £ � � �>����� �>�k�§��Ã��qzk��|��W�«ÜH�Wt��$�2r��0�k��z]�@�2t�p�{���� �]|�����pSp�{ÂK|S��|��>��v �H�W|�z^�>�����@ÂW�¸�2�Í{}��]�0�2�>|��@�2p�p�{���«���2p�p��}���2p»�0|S��2�
�TzØ�0�k���2�>�k��t����2zkv»��|�r��>�k���K�����]�����>|��Wz��>|��·�q|S�y�2��{K��]�>���>|S���2pSps{�����}|����2pO�

Ξ(xn, n) ∼ κ0 logn then ξ(xn, n) ∼ 2p

2p+ 1
κ0 log n.

ÐÔ|��0�Ø���W��F� �K�>t0����2pS���kp����0|S�Wz��Wzk���@�2z ß�zkv �>�]���·���}|S�·�2pÅÃ���|S�W�^�y�2r��>�k���kz]|��¢Ü��2p�p4©

w(xn, n) := ξ(xn, n) + Ξ(xn, n), w(n) := max
xn∈Z

(ξ(xn, n) + Ξ(xn, n)).

Ðº���2���
lim

n→∞

w(n)

logn
=

2 β

log
((

2q
β+1

)β+1
(p(β − 1))β−1

) =:
2 β

C
, a.s.
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Ã¢�k��t0�
β
|S���0�k�����Wz]���B��z«�yvk�'ß�zk��vR|SzºÚ ¥ � �  Û �¨~�z �>�]|S���@���0��Ã������@ÂW�

ξ(xn, n) ∼ β − 1

C
log n, and Ξ(xn, n) ∼ β + 1

C
log n.

oq���&ß�z��2pH���Wzk��pS�k��|S�Wz�|�r��2z^{���r��>�k�T�0�kt0��� �«���2z^�>|s�>|S�����2r
ξ(xn, n), Ξ(xn, n), w(xn, n),

|S������{K�·�K¡
�>���>|S���2pSps{;�·���}|S�·�2p4�«|����kzk| �K�]��p�{·vk�'�>��t��·|�zk���=�>�k�F����{K�·�}�>�2�0|S�qÂ��2p��k������r��>�k�F�2�0�k��t=��Ã����«���2z^�>|s�>|������
�2z |Sz^�0��t0�����0|Szk�8�k�k��zk�W���zk�2zØÃ¢�k|��B�ØÃ=���kt0�CÂW��v rY�Wt

d > 4
|�z �0�k����{K��·�'�>t0|��qÃ��2pSª����2�0���

� ���D���$�¢� ���¢�
� ��
 ���2t0�2z��§�º�Æ�2z]v)wy�kª«�k|�z��Îo&� # ��© ¶ |S���0t0|�Ük�]�>|��WzÑ��ry�0�k��z«�k�.ÜJ��t;�2r¢ÂK|S��|��0�.�2r���t>�2z]vk�W� Ã��2p�ªJ�
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d
¡�vk|��·��zk�0|��Wz��2p¨��|S��kpS�8t0�2zkvk�W�
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