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Representation numbers

Let for n € Ny (x = (x1, x2, x3))

r(n):=#{x€Z®: x¥ +x3 +x3 =n}.
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Representation numbers

Let for n € Ny (x = (x1, x2, x3))

r(n):=#{x€Z®: x¥ +x3 +x3 =n}.

Example n =9

(£3)% = (£2)% + (£2)° + (£1)* =9
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Representation numbers

Let for n € Ny (x = (x1, x2, x3))

r(n):=#{x€Z®: x¥ +x3 +x3 =n}.

Example n =9

(£3)% = (£2)% + (£2)° + (£1)* =9

=r(9)=6+3-22=30
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Representation numbers

Generating function

Yorman= Y gt = (Y g

n>0 ni,na,n3€ZL nez
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Representation numbers

Generating function

3
Z r(n)qn — Z qn%-i-n%—i-ng — (Z qn2>

n>0 ni,na,n3€ZL nez

=1+46qg+12¢% +8¢> + 6q* +24¢° + 244¢° + 124°
+30¢° + 0 (¢'?)

Kathrin Bringmann Class numbers and representations by quadratic forms



Representation numbers

Generating function

3
Z r(n)qn — Z qn%-i-n%—i-ng — (Z qn2>

n>0 ni,na,n3€ZL nez

=1+46qg+12¢% +8¢> + 6q* +24¢° + 244¢° + 124°
+30¢° + 0 (¢'?)

Confirms that r(9) = 30.
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Representation numbers

Generating function

3
Z r(n)qn — Z qn%-i-n%—i-ng — (Z qn2>

n>0 ni,na,n3€ZL nez

=1+46qg+12¢% +8¢> + 6q* +24¢° + 244¢° + 124°
+30¢° + 0 (¢'?)

Confirms that r(9) = 30.

Goal Use symmetry properties.
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Modularity

f : H — C holomorphic is modular of weight k& Z if for all
(2§) €SL2(2)

f<aT—|—b

p— d) = (c7 +d)*f(7)
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Modularity

f : H — C holomorphic is modular of weight k& Z if for all
(2§) €SL2(2)

weight
b 1
aT + k
f = f
<C7‘+d> (er +d)"f(7)
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Modularity

f : H — C holomorphic is modular of weight k& Z if for all
(2§) €SL2(2)

weight
b 1
aT + k
f = f
<CT+d> (er +d)"f(7)

plus growth condition
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Modularity

f : H — C holomorphic is modular of weight k& Z if for all
(2§) €SL2(2)

weight
b 1
aT + k
f = f
<CT+d> (er +d)"f(7)

plus growth condition

Generalization include multiplier and half-integral weight
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Examples

Fourier expansion (q := €2™'7, 7 € H)

f(r) = c(n)g"

nez
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Fourier expansion (q := €2™'7, 7 € H)

f(r) = c(n)g"

nez

Examples
1. Dedekind n-function

n(r) = qu [J(1-q"
n>1

Modularity:

Br+1)=eBn(r), (—1) — V=i(n).

T
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2. Theta function

o(r) := Z q”

nez

© is modular of weight & for [9(4) := {(25) € SLo(Z) : 4| c}.
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2. Theta function

o(r) := Z q”

nez

© is modular of weight & for [9(4) := {(25) € SLo(Z) : 4| c}.

Thus
> r(n)q" = ©%(r)

n>0

is a modular form of weight %

Kathrin Bringmann Class numbers and representations by quadratic forms



Valence formula

Valence formula

f # 0 modular of weight k for I satisfies

ZM+ S ordg(f):[SLg(Z):l‘]l—/;.

TelM\H wr 0€M\(QU{ioo})
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|dentity of Gauss

Have
12H(4n) if n=1,2 (mod4),

H(n) = 24H(n) ifn=3 (mod8),
r(%) if 4 n,

Z
0 otherwise,
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|dentity of Gauss

Have
12H(4n) if n=1,2 (mod4),
H(n) = 24H(n) ?f n=3 (mod8),
r (%) if 4 n,
0 otherwise,
with

H(n) := #{SL2(Z)-equivalence classes of integral binary quadratic
forms of discriminant n weighted by % times the order

of their automorphism group}.

Kathrin Bringmann Class numbers and representations by quadratic forms



|dentity of Gauss

Have
12H(4n) if n=1,2 (mod4),
H(n) = 24H(n) ?f n=3 (mod8),
r(%) if 4 n,
0 otherwise,
with

H(n) := #{SL2(Z)-equivalence classes of integral binary quadratic
forms of discriminant n weighted by % times the order

of their automorphism group}.

Question Why is the generating function of the right-hand side a
modular form?
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Compute class numbers

Gives efficient ways to compute class numbers!
Recall

> r(n)q" = 1+6q+12¢°+8q°+6q" +24¢°+24¢°+12¢°+ 0 (¢°)
neZ
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Compute class numbers

Gives efficient ways to compute class numbers!
Recall

> r(n)q" = 1+6q+12¢°+8q°+6q" +24¢°+24¢°+12¢°+ 0 (¢°)
neZ

Gives

H®) = 55r(1) = 35,
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Compute class numbers

Gives efficient ways to compute class numbers!
Recall

> r(n)q" = 1+6q+12¢°+8¢>+6¢" +24¢°+24¢°+12¢°+ O (¢°)
neZ

Gives
H(4) = r(l)
H(3) = r(3)

o.)\r—ll—l
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Compute class numbers

Gives efficient ways to compute class numbers!
Recall

> r(n)q" = 1+6q+12¢°+8q°+6q" +24¢°+24¢°+12¢°+ 0 (¢°)

nez

Gives
H(®) = (1) = &
H) = 5 r(3) %
H(8): (2)=1.
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1. Representation numbers and modular
forms

2. Class numbers and mock modular forms
3. Generalizations

4. T-core partitions
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Harmonic Maass forms

Definition
F : H — C real-analytic is a weight k harmonic
Maass form if it is modular of weight k and
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Harmonic Maass forms

Definition
F : H — C real-analytic is a weight k harmonic
Maass form if it is modular of weight k and

Ay(F) =0

with (7 =71 + i)

A PPN i (24 2.
k=T or2 " 912 2\on " 'on
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Harmonic Maass forms

Definition
F : H — C real-analytic is a weight k harmonic
Maass form if it is modular of weight k and

Ay(F) =0

with (7 =71 + i)

A PPN i (24 2.
k=T or2 " 912 2\on " 'on

plus growth condition

J. Funke
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Examples

P> weight 2 Eisenstein series

Bx(r) = Ex(r) — —

T
quasimodular
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P> weight 2 Eisenstein series

Bx(r) = Ex(r) — —

T2

uasimodular
where q

Ex(T):=1-24) o(n)q"

n>1

Kathrin Bringmann Class numbers and representations by quadratic forms



P> weight 2 Eisenstein series

Bx(r) = Ex(r) — —

T2

uasimodular
where q

Ex(T):=1-24) o(n)q"

n>1

SN d

d|n
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» Class number generating function

shadow
H(T) )
R i e(w)
H(T) — H(n)qn+ dW
2 8vor )= (itr 1 w3
n=0,3 (mod4)  5ck modular
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Natural splitting

F harmonic Maass form
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Natural splitting

F harmonic Maass form

F o= Ft 4+ F

holomorphic non-holomorphic
part part
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Natural splitting

JF harmonic Maass form

F o= F 4+ F
holomorphic non-holomorphic
part part

with

Frm= Y (o),

n>>—oo

F (1) = Z ¢ (n)l(k —1;4x|n|m)q".

n>1
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Natural splitting

JF harmonic Maass form

F o= F 4+ F
holomorphic non-holomorphic
part part

with

Frm= Y (o),

n>>—oo

F (1) = Z ¢ (n)l(k —1;4x|n|m)q".
n>1 n

incomplete gamma
function
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Ramanujan’s last letter

"] am extremely sorry for not
writing you a single letter up to
now. | recently discovered very
interesting functions which | call
“Mock” ¥-functions. Unlike the

“False” v¥-functions they enter
into mathematics as beautifully

as the theta functions. | am
sending you with this letter some

examples.”

S. Ramanujan
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Mock theta functions

These mock theta functions are 22 peculiar g-series.
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Mock theta functions

These mock theta functions are 22 peculiar g-series.

Example
q"
f(q) = Z RPRY)

nZO (_q’ q)n
with

n—1

(3:q)n =[] (1 —aq™)
m=0
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Dyson’s challenge for the future

"The mock theta-functions give
us tantalizing hints of a grand
synthesis still to be discovered.
Somehow it should be possible to
build them into a coherent
group-theoretical structure,
analogous to the structure of
modular forms which Hecke built
around the old theta functions of
Jacobi. This remains a challenge
for the future...”

F. Dyson

Kathrin Bringmann Class numbers and representations by quadratic forms



Mock modularity of f(q)

Theorem (Zwegers)
The function f(q) is a mock modular form.

azs i)

S. Zwegers
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1. Representation numbers and modular
forms

2. Class numbers and mock modular forms
3. Generalizations

4. T-core partitions
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Generalization

Let for a, h € N3

ra,h,N(n)
=#{x €Z®: a1x + a4 +a3x§ = n, x; = h; (mod N)}.
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Generalization

Let for a, h € N3

ra,h,N(n)
=#{x €Z®: a1x + a4 +a3x§ = n, x; = h; (mod N)}.

Motivation Question of Petersson
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Generalization

Let for a, h € N3

ra,h,N(n)
=#{x €Z®: a1x + a4 +a3x§ = n, x; = h; (mod N)}.

Motivation Question of Petersson

Example We have for n =2 (mod8)

r,nn(n) = H(4n).
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Main Theorem

Let

3
Qa(x) := Z ajsz
j=1
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Main Theorem

Let

3
Qa(x) := Z ajsz
j=1

C :={a : Q, has class number one},
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Let

3
Qa(x) := Z ajsz
j=1

C :={a : Q, has class number one},

Sa certain set of (h, N) (explicit),
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Let

3
Qa(x) := Z ajsz
j=1

C :={a : Q, has class number one},
Sa certain set of (h, N) (explicit),

dan n explicit constant only depending on n (mod N).
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Class number relations

Theorem
ForeachaeC, (hyN)€ S;, neN

rahn(n) = dann(n)ra(n).
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Class number relations

Theorem
ForeachaeC, (hyN)€ S;, neN

rahn(n) = dann(n)ra(n).

Corollary
We have many relations to class numbers.
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Class number relations

Theorem
ForeachaeC, (hyN)€ S;, neN

rahn(n) = dann(n)ra(n).

Corollary
We have many relations to class numbers.

Gives an efficient way to compute class numbers!
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Modularity

Have

Oann(T HQ?;, N ZNQJT)—ZI’a "

n>0

Kathrin Bringmann Class numbers and representations by quadratic forms



Modularity

Have

Oann(T HQ?;, N ZNQJT)—ZI’a "

n>0

where

2‘37\)

19/77/\/(7) = Z qz

m=h (mod N)
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Modularity

Have
Oann(T HQ?;, N ZNQJT)—ZI’a "
n>0
where ,
19/77/\/(7) = Z q2nN.
m=h (mod N)
Let
O, = ea,l,l-
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|dea of proof

Step 1: Take generating functions

ea,h,N = Z da,h,N(m)ea}SM,ma
m (mod N)
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|dea of proof

Step 1: Take generating functions

ea,h,N = Z da,h,N(m)ea}SM,ma
m (mod N)

where for f(7) =), c(n)q",

F|Smm(T) = Z c(n)q".

n=m (mod M)
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|dea of proof

Step 2:  Show modularity
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|dea of proof

Step 2:  Show modularity

A key lemma
Let for NNM e N

FNM = ro(N) M Fl(M)
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|dea of proof

Step 2:  Show modularity

A key lemma
Let for NNM e N

FNM = ro(N) M Fl(M)

Let ¢ :=lcm(a1, ap, a3), d := ajazas.
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|dea of proof

Step 2:  Show modularity

A key lemma
Let for NNM e N

FNM = ro(N) M Fl(M)

Let ¢ :=lcm(a1, ap, a3), d := ajazas.

Lemma
O, n N is modular of weight 3 on T yp2 y with character ().
h, ght 5 4¢N2, N ;
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|dea of proof

Step 2:  Show modularity

A key lemma
Let for NNM e N

FNM = ro(N) M Fl(M)

Let ¢ :=lcm(a1, ap, a3), d := ajazas.

Lemma
O, n N is modular of weight 3 on T yp2 y with character ().
h, ght 5 4¢N2, N ;

ea}SMm has Welght% on r|cm(4€7/\/l27I\/H\I(i))J\/]7 with NX the

conductor of character x.
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ldea of proof cont.

Step 3:  Use valence formula.
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ldea of proof cont.

Step 3:  Use valence formula.

Lemma
For M | N

[SL2(Z) : Tn,m] = NH<1+ )SO(M)-

pIN
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ldea of proof cont.

Step 3:  Use valence formula.

Lemma
For M | N

1
[SLao(Z) : Tyl = N ] (1 + p) ¢ (M).
pIN 1
Euler’s Phi-Funktion
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ldea of proof cont.

Step 3:  Use valence formula.

Lemma
For M | N

[SLao(Z) : Tyl = N ] (1 + [1)) @ (M).

pIN 1

Euler’s Phi-Funktion

Problem: Bounds too big in some cases, new ideas required.
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Example

1
f(1,1,1),(o,0,1),3(”) = 65,151 (mod3)f(1,1,1)(”)
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Example

1
f(1,1,1),(o,0,1),3(”) = 65,751 (mod3)f(1,1,1)(”)

Generating functions

1
O(1,1,1),00,1,1)3 = 6@(1,1,1)}53,1
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Example cont.

Modularity
left-hand side: modular on 'y 3,

right-hand side: rIcm(4, 3%,3).8°
—

4.32

Kathrin Bringmann Class numbers and representations by quadratic forms



Example cont.

Modularity

left-hand side: modular on 'y 3,

right-hand side: rlcm(4, 3273)’3.
4.32

Valence formula

1
#coefficients = 8 [SL2(Z) : Ty323]

1 1 1
=4.32(1+2)(1+2)2=1
g3 (143) (1+3)2-18
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Idea of proof : Class number identities

Step 1  Corresponding linear combination of class numbers is
modular.
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Idea of proof : Class number identities

Step 1  Corresponding linear combination of class numbers is
modular.

Define for f : H — C

f| V(7)== f(d7).
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Idea of proof : Class number identities

Key lemma

Lemma
For (1,03 € N with gcd(41,¢2) =1 and {5 square-free

Herey = H|(Une, — C2Up Vi)

is a modular form of weight 3 on [o(4(, [1,e, P) with character
()
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Idea of proof : Class number identities

Proof (of key lemma).

1. Show modularity of

7/'[\41752 = ﬁ‘(UgIQ — 52 Ugl Vg2).
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Idea of proof : Class number identities

Proof (of key lemma).

1. Show modularity of
7/'[\41752 = ﬁ‘(UgIQ — 52 Ugl ng).
where for f(7) =", ¢, (n)q",

FlUa(T) =) ¢z (dn)q".

n
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Idea of proof : Class number identities

Proof (of key lemma).

1. Show modularity of
7/'[\41752 = ﬁ‘(UgIQ — 52 Ugl ng).
where for f(7) =", ¢, (n)q",

FlUa(T) =) ¢z (dn)q".

n

2. Show that the corresponding non-holomorphic parts
cancel. ]
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Idea of proof : Class number identities

Proof (of key lemma).

1. Show modularity of
7/'[\41752 = ﬁ‘(UgIQ — 52 Ugl ng).
where for f(7) =", ¢, (n)q",

flUg(T) = Zc%z(dn)q”.

n

2. Show that the corresponding non-holomorphic parts
cancel. ]

Step 2 Valence formula.
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rua,1)(n) = 12 (H(4n) — 2H(n))
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rua,1)(n) = 12 (H(4n) — 2H(n))

Generating functions

O(11) = 12 (H|Us — 2H) £ 12 (H|Us — 21| V) | Us
= 127‘[172|U2
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rua,1)(n) = 12 (H(4n) — 2H(n))

Generating functions

Oy =12 (H]Us ~ 20) "7 12 1] U; - 20|2)
= 127'[1,2|U2
©(1,1,1) is @ modular form of weight 3 on o(4),

H1,2 is a modular form of weight % on p(8), Uz keeps that
property
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Valence formula

#coefficients = é[SLz(Z) :To(8)] = %4 - %

Check 1 coefficient!
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Valence formula

#coefficients = é[SLz(Z) :To(8)] = %4 —
Check 1 coefficient!

Piecing together

1
f(1,1,1),(o,0,1),3(”) = 65n51 (mod3)f(1,1,1)(”)
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Valence formula

#coefficients = é[SLz(Z) :To(8)] = %4 —
Check 1 coefficient!

Piecing together

1
f(1,1,1),(o,0,1),3(”) = 65n51 (mod3)f(1,1,1)(”)

= 20p=1 (mod3)(H(4n) - 2H(n))
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1. Representation numbers and modular
forms

2. Class numbers and mock modular forms
3. Generalizations

4. 7-core partitions
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Partitions

A partition of n € Ny is a non-increasing sequence of positive
integers whose sum is n. Denote

p(n) := # of partitions of n.
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A partition of n € Ny is a non-increasing sequence of positive
integers whose sum is n. Denote

p(n) := # of partitions of n.
Example

n=4 p(4) =5
4 341, 242, 24141 1+14+1+1
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Generating function
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Generating function

Euler

Pa) =3 p(me" = [[ — = 2

= sil—am )

a modular form of weight —%.
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Ferrers-Young diagram

Let ny + no + ...+ ng be a partition of n.

Ferrers-Young diagram

° ny nodes
e o o o n> nodes
o o n; nodes

Kathrin Bringmann Class numbers and representations by quadratic forms



Example

The partition 3 + 3 + 2 4 1 has Ferrers-Young diagram
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Hook numbers

HG,0) =nj+nmy—j—€+1
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Hook numbers

HG,0)=nj+n —j—(+1

#+of nodes in column ¢
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Example

forms

Kathrin Bringmann Class

nbers and representations by quadrati



H(1,1)=3+4-1-14+1=6
H(1,2)=3+3-1-2+1=4
H(1,3)=3+2-1-34+1=2
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H(1,1)=34+4-1-1+1=6  H(2,1)=3+4-2-1+1=5
H(1,2)=3+3-1-2+1=4  H(2,2)=3+3-2-2+1=3
H(1,3)=342-1-3+1=2  H(2,3)=3+2-2-3+1=1
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H(1,1)=34+4-1-1+1=6  H(2,1)=3+4-2-1+1=5
H(1,2)=3+3-1-2+1=4  H(2,2)=3+3-2-2+1=3
H(1,3)=342-1-3+1=2  H(2,3)=3+2-2-3+1=1

H(3,1)=2+4-3-1+1=3

H(3,2)=2+3-3-2+1=1
H(3,3)=24+2-3-3+1=-1
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H(1,1)=34+4-1-1+1=6  H(2,1)=3+4-2-1+1=5
H(1,2)=3+3-1-2+1=4  H(2,2)=3+3-2-2+1=3
H(1,3)=342-1-3+1=2  H(2,3)=3+2-2-3+1=1

H(3,1)=24+4-3-1+1=3  H(41)=1+4-4-1+1=1
H(3,2)=2+3-3-2+1=1  H(42)=1+3-4-2+1=-1
H(3,3)=2+2-3-3+1=-1 H(43)=1+2-4-3+1=-3
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t-core of n if tt H(j, £) Vj, ¢

ct(n) := F£t-core partitions of n
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t-cores

t-core of n if tt H(j, £) Vj, ¢

ct(n) := F£t-core partitions of n

Example
34+ 3+2+1is a 7-core partition of 9.
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Importance

Arise in:
» Combinatorics
e.g. combinatorial proof of Ramanujan congruences
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Importance

Arise in:

» Combinatorics
e.g. combinatorial proof of Ramanujan congruences

> representation theory
e.g. Nakayama's conjecture
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Importance

Arise in:

» Combinatorics
e.g. combinatorial proof of Ramanujan congruences

> representation theory
e.g. Nakayama's conjecture
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Generating function

Generating function

Y alma”=1] (1-9") _ q% n(er)t

n>0 n>1

A modular form of weight 3(t> — 1).
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Generating function

Generating function

Y alma”=1] (1-9") _ q% n(er)t

n>0 n>1

A modular form of weight 3(t> — 1).

Known facts:
» For t € {2,3}, ct(n) = 0 for almost all n € N.
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Generating function

Generating function

Y alma”=1] (1-9") _ q% n(er)t

n>0 n>1

A modular form of weight 3(t> — 1).

Known facts:
» For t € {2,3}, ct(n) = 0 for almost all n € N.
» For t >4, ct(n) >0 forall n e N.
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Generating function

Relation to class numbers (Ono-Sze)
For 8n + 5 square-free

1
ca(n) = 5H(32n + 20).
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Self-conjugate t-cores

Self-conjugate t-cores: t-cores that are symmetric when switching
rows and columns in the Ferrers-young diagram.
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Self-conjugate t-cores

Self-conjugate t-cores: t-cores that are symmetric when switching
rows and columns in the Ferrers-young diagram.

sc¢(n) := # of self-conjugate t-cores of n
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Self-conjugate t-cores

Self-conjugate t-cores: t-cores that are symmetric when switching
rows and columns in the Ferrers-young diagram.

sc¢(n) := # of self-conjugate t-cores of n

Example

343+ 2+ 1is not self-conjugate.
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Result of Ono/ Raji

Theorem (Ono-Raji)
IfneN, n#5 (mod7), n odd, then

TH(28n+56) ifn=1 (mod4),
sc7(n) =< AH(7n+14) ifn=3 (mod4),

0 otherwise.
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Extending the result of Ono/ Raji

Let H7(D) denote the number of 7-primitive quadratic forms (for
[a, b, c], 7 1 ged(a, b, ¢)) with discriminant —D and the same
weighting as H(D).

Kathrin Bringmann Class numbers and representations by quadratic forms



Extending the result of Ono/ Raji

Let H7(D) denote the number of 7-primitive quadratic forms (for
[a, b, c], 7 1 ged(a, b, ¢)) with discriminant —D and the same
weighting as H(D).

Lemma
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Generalization

Let

28n+56 if n=0,1 (mod4),

D,:=<7n+14 ifn=3 (mod4),
D%—Q if n=2 (mod4),
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Generalization

Let

28n+56 if n=0,1 (mod4),

D,:=<7n+14 ifn=3 (mod4),
D%—Q if n=2 (mod4),
: if n=0,1 (mod4),
o 1 if n=3 (mod8),
n yg;rez_z ifn=2 (mod 4) s
0 otherwise,
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Generalization

Let
28n+56 if n=0,1 (mod4),
D,:={7n+14 ifn=3 (mod4),
D%—Q if n=2 (mod4),
: if n=0,1 (mod4),
Lo 1 if n=3 (mod8),
m Vo if n=2 (mod4),
0 otherwise,
where ¢ € N is maximal s.t. n=—2 (mod2%).
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Generalization

Theorem (B.-Kane)

We have for n € N
sc7(n) = vpH7(Dp).
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Generalization

Theorem (B.-Kane)

We have for n € N
sc7(n) = vpH7(Dp).

Remark
Includes result by Ono/ Raji since H(D,) = Hz(D,) for
n# -2 (mod7).
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Generalization

Key theorem

Theorem (B.-Kane)

For every n € N, we have

4n+8

scr(n) = % (H(28n 1 56) — H ( ) _2H(Tn+ 14)

(257,
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Consequences

Corollary
For n € N with n 4+ 2 square-free

D,—1 (D, .
, SPt (=) m if n#£ -2 (mod7),

= — — Dn Dy _Dp
Sc?(”) Dn 72 <7+ <772>> ;'2:11 ( rr712 > m ifn=-2 (m0d7)

Kathrin Bringmann Class numbers and representations by quadratic forms



Consequences

Corollary
For n € N with n+ 2 square-free, £,r € Ny, f € N with
ged(f,14) =1
—D, f
sy <(n—|— 2)22¢F272r — 2> = 7"scz(n) Z u(d) < 7 ) o1 (d) .

1<d|f
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Open questions

1. Find all class number identities.
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Open questions

1. Find all class number identities.

2. Find bijective proofs for the t-core identities (work in progress
with Males).
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Thank you for your attention




