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0. The least quadratic nonresidue . .

Let p > 2 be a prime. Linnik considered in 1942 the least

quadratic non-residue problem — to evaluate the smallest

size of n, for which (%") = —1.

Under GRH, Ankeny showed n, < (logp)?.

What's new

Unconditionally, n, < p% log p

& subscribe to feed Home About Career advice On writing Books Applets
, . g . .
by POlya_VangradOV S lnequallty' The least quadratic nonresidue, and the square
ﬂ Usman Nizzmi on Applets  FOOt barrier

Anonymous on 247B, expository, math.NT Burgess inequality, least guadratic nonresidue, Polya-
MNotes 3: Vinogradov inequality, square root barrier

Probabilistic heuristics (presuming that each non-sguare integer has a 50-50
chance of being a quadratic residue) suggests that 7, should have size O(lug -p}
, and indeed Vinogradov conjectured that 1, = O.(p°) for any £ > (). Using the
Polya-Vinogradov inequality, one can get the bound Ny = O(\/ﬁlog 'Ji’)) (and can
improve it to 11, = O(\/‘ﬁ) using smoothed sums); combining this with a sieve
theory argument (exploiting the multiplicative nature of quadratic residues) one

can boost this to n, = (_)(pz\ﬁ 103’2 }))' Inserting Burgess's amplification trick
10
. e ) .
one can boost this to n, = Os('ﬂ T, )for any £ = (). Apart from refinements

to the = factor, this bound has stood for five decades as the “world record” for
this problem, which is a testament to the difficulty in breaching the square root

' barrier.
. . 0. The least quadratic nonresidue




&

— ‘
; 2
1.1 Set-up . .

Let Sk (V) := the space of holo. cusp forms of weight k, level V.
and {7}, },>1 be the family of all Hecke operators.

The space S (V) contains a special set of Hecke eigenforms, called
the primitive forms, which are the common eigenfunctions of all

T,’s and whose Fourier coefficents a(n) = \¢(n)n*~1/2 where

Tof =Xf(n)f.

Write H; (N) = {all primitive forms of weight k for I'o(N)}.

Then Si(N EB Span{ f(dz) d‘M, feH, (M)}
M|N

. 1. The problem and known results
=y
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1.2 Problem - The first negative Hecke eigenvaﬁue ¥ . :

For f € H.(N), let Af(n) be its nth Hecke eigenvalue.

Then As(n) is a real multiplicative function.

Question:

What’s the smallest size of n in terms of £ and /N such that
Ar(n) < 0?7 Write n_ for the first n that A¢(n) < 0.

Want to get n_ < kN’ with ? and ? as small as possible.

. 1. The problem and known results
M=y



1.3 Known results on the first negative Hecke e%genﬂal. :

Let f € H;(N), Af(n_) = 1st negative Hecke eigenvalue.

log N
: 27
Kohnen & Sengupta (2006): n_ < kN (logk) eXp(C\/log log BN)'

L\DIJ—l

Iwaniec, Kohnen & Sengupta (2007): n_ < (kzN )2.

Note: k%N is the (analytic) 9
conductor of L(s, f). n- < (k N)

_A
60

D=

— L
20

D=

Kowalski, L., Soundarargjan & Wu (2010): n_ < (kQN )

Matomaki (2012): n_ < (k2N)%_%.

. 1. The problem and known results
M=y
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2. Our interest and New result > .
Question: Study the same problem for Hecke-Maass

primitive forms

Qu (2010): n_ K (|% + 2'1/‘2]\[)%_(S for some unspecified o > 0.

This 0 > 0 comes from the subconvexity bound of Michel
& Venkatesh for L(s, f) uniformly for all aspects. Its value
is very small.

Goal: Adapt the method for holomorphic forms to Maass
forms.

L
10 |

][

L., Ng, Tang, Wang (submitted) : n_ < (‘% — iv|2N)

5
. 2. Our interest and new result
M=y



3.1 Overview
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Give an upper bound for Z A¢(n)

n<x

-

Matomalki
(2012
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Derive a lower bound for Z A¢(n) subject to A¢(n) >0

n<x

3. Review the methods
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3.1 Overview (cont’d B
oon .
Upper bound:
S A S eIt e
T 2mi Re s— L
n<x D)
Known: L(s, f) <. (|s|*k*N)""¢ with 0 <np <1 on Res = :
Convexity bound : n = i
Subconvexity bound : N = % — 0
GRH : n =20
Consequence: Z Ar(n ) <o 1/2(k2N)’f7+s

n<x

. 3. Review the methods
=y



3.2 Kohnen & Sengupta’s method
Let x <n_. So A¢(n) >0 for n < .

Z Ap(n)?log”(x/n)

g( > )\f(n)logz(:t/n)) ( > Ap(n)?log?( x/n))l/z

(n,N)=1
(n,N)=1 (n,N)=1

3 1
Use L(s,sym?f) < |s|475(kN)27° on Res = §

&

1 1
Z Ar(n)?log?(z/n) = Cp.nz + O((EN)21e22)
n<x v

(n,N)=1
(kN)~*

1 1 3 1
(kN) € 1+€ (]fN)E_'_ELUE < xz(kZN)g—l-e

. 3. Review the methods
=y
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3.3 Iwaniec, Kohnen & Sengupta’s method | Y . .
Let 2 <n_. Use A¢(p)° = X¢(p?) + 1.

> )\f(’n)zé( D )‘f(]?)) _% POERVIORE D SRRV

n<e p<\/aT3 p<y/a/5 p<\/o/3
(n,N)=1 ptN ptIN ptN
2
>>( > )\f(p)) - ) L
p<A/x/3 p<+/z/3
ptN ptN

For p < vz /3, A¢(p) > 1.

€T
Hence — <X

log” x

. 3. Review the methods
=y

DO —

(K*N)"™ = < (K2N)¥rte.
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3.3’ Iwaniec, Kohnen & Sengupta’s method |l .
Suppose A¢(n) >0 for 1 <n <y. Write z = y'*° where 0 < § <

> Ap(n log—:( >+ D> ):S+(J:)+S_(a:)

n<x n<xz, (n,N)=1 n<z, (n,N)=1
(n,N)=1 Ag(n)>0 Ayg(n)<O

1
4

ST(@)= Y Ap(p*m)log —

p-m
p*m<x, A (p?)<0,
(p,m)=(mp,N)=1

Z Ar(m) Z a+110g$/m

m<y0 pe<xz/m "
(m,N)=1
)\f X 1
Hence S~ (x) > —2 1+ 0
- Z; m logy( " (logy))
(m N)=1

3. Review the methods
N



4.3 Iwaniec, Kohnen & Sengupta’s method |l (c.ont’!) . .

By positivity, for any Y > ¢,
x

Sta)= ), Asln)log -

n<z, (n,N)=1

X f(n)>0
x/m
> D, Am) Y A(O)log =
m<y® {<ax/m squarefree
(m,N)=1 p|l =y <p<Y,ptN

[Note Ar(p)? = Ap(p?) + 1]

1
— )\f(p) > 1 for p < y2

Set Y < /7. Use Z 1:w(10g:v) x Lo 2 N x )

— log z /) log z logz  log? 2
plmn=p>z
x T T !
= 1> — @, o> =
; “og 2 10gY+ (1og2:c) (> 7)

o pln = z<p<Y
4. Review the methods
M=y
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3.3’ Iwaniec, Kohnen & Sengupta’s method Il (gontwl) . .
Consequently,

S+(x)2(%—2> 3 )‘qulm) ’ (1+O( ! ))

log y log y

m<y
(m,N)=1

1
When — >4, S(z)=S"(z)+ S (z) >

70 logx

X

1
Hence < 22 (K*N)"TE if 6= L < &

log T 29 28

Recall A¢(n) >0 for 1 <n <y and x = y'*.
20
= gy < (k*N)1+67°,

. 3. Review the methods
M=y



4.4 Kowalski, L., Soundararajan & Wu’s method *

Suppose Af(n) >0 for 1 <n <uy. [)\f(p) > N I

i i
P VY Y

Write £ = y* where 1 < u <

][V

Consider S”(z) = > "Ag(n)

n<x
(n,N)=1

1
Upper bound: S° (r) < 33§+€(k2N)77+8.

Lower bound: Construct multiplicative h, (n) with h,(p*) =0, v > 2

(-2 ifp>uy,
hy(p):=4q 0 it Jy<p<y,
1 if p < .\/y.

4. Review the methods
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3.4 Kowalski, L., Soundararajan & Wu’s method (coﬂt’t. ;

For any y > 0 and € > 0,

Z hy(n) = Cn - y"(p(2u) — 210gu){1 4+ O(IOgQ ?J)}

(n,N)=1 1
uniformly for 1 < u < % and y > N3 where C'y = prN(l —p=2)~1 qb(]é\f)

and p(u) is the Dickman function — the unique continuous solution of
the difference-differential equation

up'(u) + plu—1)=0(u>1), plu)y=1 0<u<l).
Let x be the solution to p(2x) = 2logx. We have rk > .
Then p(2u) — 2logu >0 YV u < K.

. 3. Review the methods
M=y
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3.4 Kowalski, L., Soundararajan & Wu’s methog (COﬁt". a

Claim: Sb ) > Z h ) when u < k.

nly
(n,N)=1

Proof: Define g,(n) so that A\ = g, * h, for squarefree n.

Thus g,(p) = Af(p) — hy,(p), so g,(p) > 0 V prime p.

Then S°(z) = Y ’gy(d) Y hy() > > "hy(0)

d<yu (<yv/d (<yu

3. Review the methods
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3.4 Kowalski, L., Soundararajan & Wu’s method (COﬂt". ”

Take u = %Jr < K, then

U

Yy
logy, N

< Sb(yu) < y§+£(k2N)n—l—s

2 A7y L +
=y << (K°N)u ™"

Remark:  Use A\¢(p)? = As(p°) + 1 to yield A¢(p) > 1 for p < \/v.

Deligne’s bound |\ ¢ (p)\ < 2playsa crucial role in the positivity
of g, and hence in Sb ) > z h, (

nyt
(n,N)=1

. 3. Review the methods
M=y
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3.5 Matomaki’s method . 4

Let m € N.

. _1 1
If A\p(p?) > 0 where 1 < j <m and ym+1 <p < ym, then

A#(p) > 2cos mil.

Write A¢(p) = 2cosf with 6 € [0, 7]. Then,

< 7\ — sin((j—l—l)é’) 0 < m
O—Af(p) sin 0 = —m+1

1

—1 J——
Thus Af(p) > 2cos 25 for ym+l <p<ym,ptN.

)\f(P) > 2 cos Mil cee 2 cos mﬁ_l Ce 0
i | | — 3

3. Review the methods




3.5 Matomaki’s method (cont’d)

N

&
/ Let M > 2. Define the multiplicative function h,(n) by \

(-2 it p >y,

_1 1
hy(p) 1= 2eos iy YT <p<ym, L <m < M,
| 208 3757 if p<yM,

\and hy(p”) =0,v >2and hy(p) =0 V p|N /

Let k >0, N € N. dconstant C;, > 0, uniformly for
z > exp(Cy logw(N) 4 3)"*2),

N
; ) = %x(logw)“_l(l +0(1))
(n,ﬁ):l

where I'(-) Gamma function and Iy , = (TN)R 11 (1 - %)ﬁ(l + g) > (loglog N)™".

. 3. Review the methods
=y
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3.5 Matomaki’s method (cont’d) = . .

Let X0 = 2cos 3757 - (Co(logw(N) + 3)xet4) < g and
u € |1, %] .
b y X 0 1 u
oy ( (o (u) + opr(1 log y)X° ™"y
n; () ( ))F(Xo)( )X
(n,N)=1

where Cy = Cy(M) suitably large constant, o,/(u) is a continuous function.

In particular for M = 100, we have
u | = 11 5 9 .

9 4 7 3
o1o0(w) | > 0.0924 0.0718 0.0445 0.008

2n
Set s = 4. Then y* < (RN)THy~/2+%, Thus y < (KN) ¥+

3. Review the methods
N
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4.1 Start-up

Let ¢ be a primitive maass cusp form of elgenvalue = + 12 and level N

Write A\,(n) for its nth Hecke eigenvalue.

Question: What is the size of n_ in terms of v and N if

Ap(n_) is the first negative Hecke eigenvalue?

Suppose A\y(n) >0 for 1 <n <y. Write v = y* where 1 <u <

Consider S°(z) = Zb)\¢(n)

n<x
(n,N)=1

1
Upper bound:  S”(z) < z2T¢(|v|>?N)"Te.  (Assume [v| > 1)

][V

Take z = v,
r < (V|2 N)?1te,

. 4, Our work
M=y

Iwaniec, Kohnen & Sengupta’s method I applies:
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4.2 Lower bound - Adapting Matomaki’s method . 5

(1) Auxihiary function for lower bound estimation:

Let M > 2. Define the multiplicative function w,(n) by

(Pelp)lifp>y, 1
wy(p) = 4 YT <p<yml<m <M,
| 208 5747 if p<yM,

and wy(p”) =0, v > 2 and w,(p) =0 V p|N

ug 1s the first zero
Then gy (p) = Ap(p) — wy(p) = 0, and Ay = wy, * gy. [of > wy(n). J

n<yl
(n,N)=1

Consequently S”( ’(y ) > Z bwy when u < ug.

nyd
(n,N)=1

. 4, Our work
M=y
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4.2 Lower bound - Adapting Matomaki’s method (cant’. .
(1) Connect Z "w, (n) to Z "Ry (1)

n<yY n<yt
(n,N)=1 (n,N)=1
b b
E: wy(n) = E wy(n) — E p)| Ef wy (1
n<yU nyy y<p<yl <y
(n,N)=1 P(n)<y (p,N)=1 "
(n, N) 1
b
= Y w2 Y e X ) Yyl
nyW y<p<y" y<p=<vy
@zA%=1 (p,N)=1 ngy (p,N)=1 ”<y
(e, N) 1 (n, N) 1
b
- hy(n) — E |)‘q5 |_2 § huy (
n<yd y<p<y"
(n,z_\ry)=1 (p,N)=1 n<y
(n, N) 1
59

4, Our work
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4.2 Lower bound - Adapting Matomaki’s method (CU“t. a

@ Sx= Y (0] -2) Z oy (

y<p<y¥ n<yl/p
(p,N)=1 (n,N)=1

Write So = S2.1 + S22. Set log Z = o(1)(log y)(XO_l/S)/(XO+7/8).

i) Sho< > Pgp \Z )

y%/Z<p<yt n<y%/p
(p,N):l (TL,N):I
w(n)
y/Z<p<yt n<Zz
(p,N)=1

. (log Z)xo+7/8 Ao (p)8\ /8 " _
=Y ((IOg;u)7/8 ( Z ol?) ) = o(1)y" (logy)X°~*

y/Z<plyt
(’p,N):l

4, Our work
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4.2 Lower bound - Adapting Matomaki’s method (C’"t. a

M)~ Sop < Y (AP —2), Z hy (

y<p<y'“/Z n<y¥/p
(p,N)=1 (n,N)=1

= (1+ 0(1))HN X0 y“(log y)X0~ 1 Z (A (p)] — 2)+UM (u B logp)

log y

Note: » Z "hy(n) = (O’M(

5. Our work
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4.2 Lower bound - Adapting Matomaki’s method (C’"t. a

(v) Bounding ¥,

Ao (p)]| — 2 1
3 (1A (p)] )+0M(u_ ogp)
y<p<y"/Z p logy
(p,N)=1
Ao(p)] — 2)3\ F logpy\ 3 1)
g( T (1A () )+> ( 3 JM(U_logp)v_)
g b y<p<y“ oY’ P

L(s,sym’¢), 1 < j < 4, is automorphic.
L(s,sym’¢ x sym’¢) has the standard properties.

. 4, Our work
M=y
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4.2 Lower bound - Adapting Matomaki’s method (C’"t. a

Ao (p)| — 2)8 1
(v) Connect Z (A4 () )3 to Z Asym4 pxsymie (D) —
y<p<y p y<p<yt p
(p,N)=1 ptIN
R
)\¢5(p)2R — Z aRaj)\sme(R—j)qb(p) )\sym27‘¢5(p) — )\sym’"qbXsym’"cb(p)
=0

— )\symT_lqbXSymT’_lqb (p)

T
sym' m, ® sym' 7, = @ sym?/ Tp
j=0

We have no good control on the conductors of L(s,sym"¢)
and L(s,sym”"¢ x sym”¢) for large 7.

. 4, Our work
M=y
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4.2 Lower bound - Adapting Matomaki’s method (CU“t. a

Note (z —2)% < 2° — 62° +37+%

4

As(P)" = 620 (p)" = D bajAsymi=s gxsymi=io(P)
7=0

where b470 = 1, 6491 = 0, b4,2 = —11, b4’3 — —16, b4,4 = 10.

s eI =28 g @B Y

y<p<yY P y<p=y* o
(p,N)=1 PN

. 4, Our work
M=y
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4.2 Lower bound — Adapting Matomaki’s method (cant’. .

. AS m SVIN
w) Relate 3 Demtoxenmtol®) oo o oy symtg)
y<13ﬂ_<vyu p

5

. logp
Rankin’s trick: < log y Z )\Sym4<b><sym4¢(p) p1+5

A

Y 1, 1
< lOgy {5 -+ B) 10g stm4¢XSym4¢ + O(l)}

Remark we shall take y = (|v|?N)’. Want log @ < |7 |log(|v|*N).

. 4, Our work
M=y
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4.2 Lower bound — Adapting Matomaki’s method (cant’. .

(vi)) Evaluate [?| in log Q < |? [log(|v|*N): 71 = 108

Bushnell & Henmart: Let ¢, ¢~ be the conductors of L(s, ), L(s,n’).

q ¢, d = degL(s, )
(qﬂ_’ Qﬂ") ) d’ = degL(S,ﬂJ)

108

The conductor ¢, of L(s,m x ') is <
Hence Qgymtpxsymip < qum4¢ < ([v|*N)

L(s,¢ x ¢) = ((s)L(s,sym°¢)
L(s,sym°¢ x sym®@) = ((s)L(s,sym>@)L(s,sym"¢)

Qsym?2 ¢ < (‘V‘QN)3 Qsym4 ¢ < q;lym%b < (|V‘2N)12

. 4, Our work
M=y
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4.2 Lower bound - Adapting Matomaki'’s method (cant’. &

(vii) Round up :

By (v)-(vn) :
A —2)8
S PP =2)% 131, 4 138108 w
<p<yl P
%p,N_)Zl

With (v) :

3 ([Ap(p)| — 2)+0M (u _ k’gp) < (131u + 138log u)*®

y<p<y4/Z P logy
= u dt %
= 9 (/ (1 — 1) o=1) _)
1 !

Recall () : T

Sy < (14 0(1))(131u + 138log u) s (flu(u _ #)3 (-1 %) s

IT U —
X Ty (log y)X .

4, Our work
. M=y
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4.2 Lower bound — Adapting Matomaki’s method (cant’. .
With ()-G1) :  S°(y*) > Z bhy(n) — S,

n<y
(n,N)=1

IT _
> (onr(u) — ** % ) 28y (logy) ™!

— 11 5] 9 4
u ‘ - 9 1 7 3
o100 (u ‘ > 0.0924 0.0718 0.0445 0.008

1 u =
rsok = (131w + 138logu)® x ([ (u — )7 (xo=1) db)s

Take u = %+, then o10p(u) — *** > 2.5 x 1073,

y (logy)X°~t < §°(y*) < y2 e (|v|>N)"te

8
=y < ([v[*N)5 ~°

]\

Hence n_ < (|v|°N)

. 4, Our work
M=y



Thant  you




