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Abstract. A space is called d-separable if it has a dense subset
representable as the union of countably many discrete subsets. We
answer several problems raised by V. V. Tkachuk by showing that
(1) Xd(X) is d-separable for every T1 space X;
(2) if X is compact Hausdorff then Xω is d-separable;
(3) there is a 0-dimensional T2 space X such that Xω2 is d-

separable but Xω1 (and hence Xω) is not;
(4) there is a 0-dimensional T2 space X such that Cp(X) is not

d-separable.
The proof of (2) uses the following new result: If X is compact
Hausdorff then its square X2 has a discrete subspace of cardinality
d(X).

A space is called d-separable if it has a dense subset representable as
the union of countably many discrete subsets. Thus d-separable spaces
form a common generalization of separable and metrizable spaces. A.
V. Arhangelskii was the first to study d-separable spaces in [1], where
he proved for instance that any product of d-separable spaces is again
d-separable. In [9], V. V. Tkachuk considered conditions under which a
function space of the form Cp(X) is d-separable and also raised a num-
ber of problems concerning the d-separability of both finite and infinite
powers of certain spaces. He again raised some of these problems in
his lecture presented at the 2006 Prague Topology Conference. In this
note we give solutions to basically all his problems concerning infinite
powers and to one concerning Cp(X).

Let us start by fixing some notation. As usual, see e. g. [3], we
denote the density of a space X by d(X). Also following [3] we use
ŝ(X) to denote the smallest cardinal λ such that X has no discrete
subspace of size λ. Thus ŝ(X) > κ means that X does have a discrete
subspace of cardinality κ. With this we are now in a position to present
our first result.
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Theorem 1. Let κ be an infinite cardinal and X be a T1 space satis-
fying ŝ(Xκ) > d(X). Then the power Xκ is d-separable.

Proof. If X itself is discrete then all powers of X are obviously d-
separable, hence in what follows we assume that X is not discrete.
Consequently, we may pick an accumulation point of X that we fix
from now on and denote it by 0. By definition, we may then find a
dense subset S of X with 0 /∈ S and |S| = d(X) = δ. For any non-
empty finite set of indices a ∈ [κ]<ω we have then |Sa| = δ as well,
hence we may fix a one-one indexing Sa = {sa

ξ : ξ < δ}.
Let us next fix an increasing sequence 〈In : n < ω〉 of subsets of κ

such that
⋃

n<ω In = κ and |κ\In| = κ for each n < ω. It follows from
our assumptions then that for every n < ω there is a discrete subspace
Dn of the “partial” power Xκ\In such that |Dn| = δ. Thus we may also
fix a one-one indexing of Dn of the form

Dn = {yn
ξ : ξ < δ}.

The discreteness of Dn means that for each ξ < δ there is an open set
Un

ξ in Xκ\In such that Un
ξ ∩Dn = {yn

ξ }.
Now fix n ∈ ω and pick a non-empty finite subset a of In. For each

ordinal ξ < δ we define a point xn, a
ξ ∈ Xκ as follows:

xn, a
ξ (α) =





sa
ξ(α) if α ∈ a,

0 if α ∈ In\a,
yn

ξ (α) if α ∈ κ\In.

Having done this, for any n < ω and 1 ≤ k < ω we define a subset
En, k ⊂ Xκ by putting

En, k = {xn, a
ξ : a ∈ [In]k and ξ < δ}.

Now, for n and a as above and for ξ < δ, let W n, a
ξ be the (obviously

open) subset of Xκ consisting of those points x ∈ Xκ that satisfy
both x(α) 6= 0 for all α ∈ a and x ¹ (κ\In) ∈ Un

ξ . Clearly, we have
xn, a

ξ ∈ W n, a
ξ and we claim that

W n, a
ξ ∩ En, k = {xn, a

ξ }
whenever a ∈ [In]k. Indeed, if b ∈ [In]k and a 6= b then |a| = |b| = k
implies that a\b 6= ∅, hence for any α ∈ a\b and for any η < δ we have
xn, b

η (α) = 0 showing that xn, b
η /∈ W n, a

ξ . Moreover, for any ordinal η < δ
with η 6= ξ we have

xn, a
η ¹ (κ\In) = yn

η /∈ Un
ξ ,
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hence again xn, a
η /∈ W n, a

ξ . Thus we have shown that each set En, k is
discrete, while their union is trivially dense in Xκ. Consequently, Xκ

is indeed d-separable. ¤
Let us note now that if X is any T1 space containing at least two

points then the power Xκ includes the Cantor cube 2κ that is known
to contain a discrete subspace of size κ. So if we apply this trivial
observation to κ = d(X), then we obtain immediately from theorem
1 the following corollary which answers problem 4.10 of [9]. This was
asking if for every (Tychonov) space X there is a cardinal κ such that
Xκ is d-separable.

Corollary 2. For every T1 space X the power Xd(X) is d-separable.

Next we show that if X is compact Hausdorff then even Xω is d-
separable, answering the second half of problem 4.2 from [9]. This will
follow from the following result that we think is of independent interest.

Theorem 3. If X is any compact T2 space then X2 contains a discrete
subspace of size d(X), that is ŝ(X2) > d(X).

Proof. Let us assume first that for every non-empty open subspace
G ⊂ X we also have w(G) ≥ d(X) = δ. We then define by transfinite
induction on α < δ distinct points xα, yα ∈ X together with their
disjoint open neighbourhoods Uα, Vα as follows.

Suppose that α < δ, moreover xβ ∈ Uβ and yβ ∈ Vβ have already
been defined for all β < α. Then α < δ = d(X) implies that there exists
a non-empty open set Gα ⊂ X such that neither xβ nor yβ belongs to
Gα for β < α. Let us choose then a non-empty open set Hα such that
Hα ⊂ Gα and consider the topology τα on Hα generated by the traces
of the open sets Uβ, Vβ for all β < α. Since

w(Hα, τα) < δ ≤ w(Hα) ≤ w(Hα),

the topology τα is strictly coarser than the compact Hausdorff subspace
topology of Hα inherited from X, hence τα is not Hausdorff. We pick
the two points xα, yα ∈ Hα so that they witness the failure of the
Hausdorffness of τα. Note that, in particular, this will imply

〈xα, yα〉 /∈ Uβ × Vβ

for all β < α. We may then choose their disjoint open (in X) neigh-
bourhoods Uα, Vα inside Gα. This will clearly imply that we shall
also have 〈xα, yα〉 /∈ Uγ × Vγ whenever α < γ < δ. Thus, indeed,
{〈xα, yα〉 : α < δ} is a discrete subspace of X2.

Now, assume that X is an arbitrary compact Hausdorff space and call
an open set G ⊂ X good if we have d(H) = d(G) for every non-empty
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open H ⊂ G. Clearly, every non-empty open set has a non-empty good
open subset, hence if G is a maximal disjoint family of good open sets
in X then

⋃G is dense in X. Consequently we have∑
{d(G) : G ∈ G} ≥ d(X).

But for every G ∈ G its square G2 has a discrete subspace DG with
|DG| = d(G). Indeed, if H is open with ∅ 6= H ⊂ G then for every
non-empty open U ⊂ H we have w(U) ≥ d(U) = d(H) = d(H), so the

first part of our proof applies to H, that is H
2

(and therefore G2) has
a discrete subspace of size d(H) = d(U). It immediately follows that
D =

⋃{DG : G ∈ G} is discrete in X2, moreover

|D| =
∑

{d(G) : G ∈ G} ≥ d(X),

completing our proof.
¤

Any compact L-space, more precisely: a non-separable hereditarily
Lindelof compact space (e. g. a Suslin line), demonstrates, alas only
consistently, that in theorem 3 the square X2 cannot be replaced by
X itself. On the other hand, we should recall here Shapirovskii’s cel-
ebrated result from [7], see also 3.13 of [3], which states that d(X) ≤
s(X)+ holds for any compact T2 space X. This leads us to the following
natural question.

Problem 4. Is there a ZFC example of a compact T2 space X that
does not contain a discrete subspace of cardinality d(X)?

Since X2 embeds as a subspace into Xω, theorems 1 and 3 immedi-
ately imply the following.

Corollary 5. If X is any compact T2 space then Xω is d-separable.

Of course, to get corollary 5 it would suffice to know ŝ(Xω) > d(X).
Our next result shows, however, that if we know that some finite power
of X has a discrete subspace of size d(X) then we may actually obtain
a stronger conclusion. To formulate this result we again fix a point
0 ∈ X and introduce the notation

σ(Xω) =
{
x ∈ Xω : {i < ω : x(i) 6= 0} is finite

}
.

Clearly, σ(Xω) is dense in Xω, hence the d-separability of the former
implies that of the latter.

Theorem 6. Let X be a space such that, for some k < ω, the power
Xk has a discrete subspace of cardinality d(X). Then σ(Xω) (and hence
Xω) is d-separable.
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Proof. Let us put again d(X) = δ and fix a dense set S ⊂ X with
|S| = δ. By assumption, there is a discrete subspace D ⊂ Xk with a
one-one indexing D = {dξ : ξ < δ}. Also, for each natural number n ≥ 1
we have |Sn| = δ, so we may fix a one-one indexing Sn = {sn

ξ : ξ < δ}.
Now, for any 1 ≤ n < ω and ξ < δ we define a point xn

ξ ∈ σ(Xω)
with the following stipulations:

xn
ξ (i) =





sn
ξ (i) if i < n,

dξ(i− n) if n ≤ i < n + k,
0 if n + k ≤ i < ω.

It is straight-forward to check that each Dn = {xn
ξ : ξ < δ} ⊂ σ(Xω)

is discrete, moreover
⋃

n<ω Dn is dense in σ(Xω).
¤

Actually, before we get too excited, let us point out that the d-
separability of Xω implies that some finite power of X has a discrete
subspace of cardinality d(X), in “most” cases, namely if cf(d(X)) > ω.
Indeed, first of all, in this case there is a discrete D ⊂ Xω with |D| =
d(Xω) = d(X). Secondly, for each point x ∈ D there is a finite set of
co-ordinates ax ∈ [ω]<ω that supports a neighbourhood Ux of x such
that D ∩ Ux = {x}. But by cf(|D|) > ω then there is some a ∈ [ω]<ω

with |{x ∈ D : ax = a}| = |D| = d(X), and we are clearly done.
Let us mention though that the d-separability of the power Xω does

not imply that of some finite power of X. In fact, the Čech–Stone
remainder ω∗ demonstrates this because its ωth power is d-separable
by theorem 6 but no finite power of ω∗ is d-separable, as it was pointed
out in [9, 3.16 (b)].

Next we give a negative solution to one more problem of Tkachuk
concerning the d-separability of powers. Problem 4.9 from [9] asks if
the d-separability of some infinite power Xκ implies the d-separability
of the countable power Xω. We recall that a strong L-space is a non-
separable regular space all finite powers of which are hereditarily Lin-
delöf.

Theorem 7. Let X be a strong L-space with d(X) = ω1. Then Xω1

is d-separable but Xω is not. Moreover, there is a ZFC example of a
0-dimensional T2 space Y such that Y ω2 is d-separable but Y ω1 (and
hence Y ω) is not.

Proof. It is immediate from corollary 2 that Xω1 is d-separable. Also,
since all finite powers of X are hereditarily Lindelöf so is Xω, hence

s(Xω) = ω < ω1 = d(Xω)
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implies that Xω cannot be d-separable.
To see the second statement, we use Shelah’s celebrated coloring

theorem from [8], which says that Col(λ+, 2) holds for every uncount-
able regular cardinal λ, together with theorem [4, 1.11 (i)] saying that
Col(λ+, 2) implies the existence of a 0-dimensional T2 space Y that
is a strong Lλ space. The latter means that hL(Y n) ≤ λ for all fi-
nite n but d(Y ) > λ. Without loss of generality, we may assume that
d(Y ) = λ+. Thus from from corollary 2 we conclude that the power

Y λ+
is d-separable.

On the other hand, a simple counting argument as above yields that

s(Y λ) ≤ hL(Y λ) ≤ λ < λ+ = d(Y ) = d(Y λ),

hence Y λ obviously cannot be d-separable. In particular, if λ = ω1

then we obtain our claim. ¤

Finally, our next result answers the first part of problem 4.1 from
[9] that asks for a ZFC example of a (Tychonov) space X such that
Cp(X) is not d-separable. (The second part asks the same for compact
spaces.)

Theorem 8. If Col(κ, 2) holds for some successor cardinal κ = λ+

then the Cantor cube of weight κ, D(2)κ, has a dense subspace X such
that Cp(X) is not d-separable. Moreover, if X is a compact strong Sλ

space of weight λ+ then Cp(X) is not d-separable.

Proof. It was shown in [5, 6.4] (and mentioned in [4, 1.11]) that Col(κ, 2)
implies the existence of a strong κ-HFDw subspace Y = {yα : α < κ}
of D(2)κ with the additional property that yα(β) = 0 for β < α < κ.
It is also well-known (see e. g. [3, 5.4]) that D(2)κ has a dense subspace
Z of cardinality λ. Let us now set X = Y ∪ Z.

As Y is a strong κ-HFDw, we have s(Y n) ≤ hd(Y n) ≤ λ for each fi-
nite n and it is easy to see that then we also have s(Xn) ≤ hd(Xn) ≤ λ
whenever n < ω. It was also pointed out in [5, 6.5] that every (rela-
tively) open subset G of Y (and hence of X) satisfies either |G| ≤ λ or
|Y \G| ≤ λ (resp. |X\G| ≤ λ). This in turn obviously implies that no
family U of open subsets of Y (resp. X) with |U| < κ can separate its
points, hence we have

iw(X) = iw(Y ) = κ > λ.

But then by [9, 3.6] neither Cp(X) nor Cp(Y ) is d-separable. As we
have noted above, Col(ω2, 2) is provable in ZFC, so in particular we
may conclude that the Cantor cube of weight ω2 has a dense subspace
X such that Cp(X) is not d-separable.
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To see the second statement of our theorem, consider a compact
strong Sλ space X. This means that for each natural number n we have
s(Xn) ≤ hd(Xn) ≤ λ but hL(X) > λ. It is well-known that we may
assume without any loss of generality that w(X) = λ+ holds as well.
But now the compactness of X immediately implies iw(X) = w(X),
hence again by [9, 3.6] the function space Cp(X) is not d-separable.

¤
It is an intriguing open question if the existence of a cardinal λ for

which there is a compact strong Sλ space is provable in ZFC. Note that
by theorem 3 there is no compact strong Lλ space for any cardinal λ.
On the other hand, the existence of compact strong S (i. e. Sω) spaces
was shown to follow from CH by K. Kunen, see e. g. [2, 2.4] and [6,
7.1].
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