A FIRST COUNTABLE, INITIALLY «w,;-COMPACT BUT
NON-COMPACT SPACE
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ABSTRACT. We force a first countable, normal, locally compact,
initially wi-compact but non-compact space X of size wy. The one-
point compactification of X is a non-first countable compactum
without any (non-trivial) converging w;-sequence.

1. INTRODUCTION

A topological space is initially k-compact if any open cover of size
< k has a finite subcover or, equivalently, any subset of size < x has
a complete accumulation point. Under CH an initially w;-compact T3
space of countable tightness is compact, this was observed by E. van
Douwen and, independently, A. Dow [4]. They both raised the natural
question whether this is actually provable in ZFC. In [2] D. Fremlin
and P. Nyikos proved this implication under PFA and in [5] this was
established in numerous other models as well.

However, in [9] M. Rabus gave a negative answer to the van Douwen—
Dow question. He generalized the method of J. Baumgartner and S.
Shelah, which had been used in [3] to force a thin very tall superatomic
Boolean algebra, and constructed by forcing a Boolean algebra B such
that the Stone space St(B) minus a suitable point is a counterexample
of size wy to the van Douwen—Dow question. In both forcings the use
of a so-called A-function plays an essential role.

In [6] we directly forced a topology 7y on w, that yields a locally
compact and normal counterexample from any A-function f, provided
that CH holds in the ground model. Moreover, it was also shown in [6]
that, with some extra work and extra set-theoretic assumptions, the

2000 Mathematics Subject Classification. 54A25,03E35.

Key words and phrases. initially wi-compact, first countable, right separated
space, forcing, A-function, normal, locally compact.

The first and the third authors were supported by the Hungarian National Foun-
dation for Scientific Research grants no. K 68262 and K 61600.

The second author was partially supported by Polish Ministry of Science and
Higher Education research grant N N201 386234 .

1



2 I. JUHASZ, P. KOSZMIDER, AND L. SOUKUP

counterexample can be made not just countably tight but even Frechet-
Urysohn. In this paper we get a further improvement by forcing a
first countable, normal, locally compact, initially w;-compact but non-
compact space X.

Actually, Alan Dow conjectured that applying the method of [§]
(that "turns” a compact space into a first countable one) to the space
of Rabus in [9] yields an w;-compact but non-compact first countable
space. How one can carry out such a construction was outlined by
the second author in the preprint [7]. However, [7] only sketches some
arguments as the language adopted there, which follows that of [9], does
not seem to allow direct combinatorial control over the space which is
forced. This explains why the second author hesitated to publish [7].

One missing element of [7] was a language similar to that of [6]
which allows working with the points of the forced space in a direct
combinatorial way. In this paper we combine the approach of [6] with
the ideas of [7] to obtain directly an w;-compact but non-compact first
countable space. Consequently, our proofs follow much more closely
the arguments of [6] than those of [9] or their analogues in [7].

As before, we again use a A-function to make our forcing CCC but we
need both CH and a A-function with some extra properties to obtain
first countability.

It is immediate from the countable compactness of X that its one-
point compactification X* is not first countable. In fact, one can show
that the character of the point at infinity * in X* is wy. As X is initially
wi-compact, this means that every (transfinite) sequence converging
from X to * must be of type cofinal with wy. Since X is first countable,
this trivially implies that there is no non-trivial converging sequence
of type wy in X*. In other words: the convergence spectrum of the
compactum X* omits w;. As far as we know, this is the first and only
(consistent) example of this sort.

2. A GENERAL CONSTRUCTION

First we introduce a general method to construct locally compact,
zero-dimensional spaces. This generalizes the method for the construc-

tion of locally compact right-separated (i.e. scattered) spaces that was
described in [6].

Definition 2.1. Let 9 be an ordinal, X be a 0-dimensional space, and
fix a clopen subbase (i.e. a subbase consisting of clopen sets) S of X
such that X € § and

(1) S e S\ {X} implies (X \S5) e S.
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Let K: 9 x & — P(¥J) be a function satisfying

(2) K(4,S) Cc K(4,X) C o,

for any § € ¥ and S € S, and set

(3) U(6,5) = ({d} x S)U(K(s,95) x X).

We shall denote by 7 the topology on 1 x X generated by the family
(4) U ={U(6,S9), @ x X)\U(6,9):6 <v,5 €S}

as a subbase. Write Xk = (¥ x X, 7).

If a is a set of ordinals and s is an arbitrary set we write

(5) [a}2®5:{<€~7€’a):C,§€a,c<£,0€s}.

Theorem 2.2. (1) Assume that ¥, X, S and K are as in definition
2.1 above. Then the space X = (¥ x X, 7k) is 0-dimensional and
Hausdorff and the subspace {a} x X is homeomorphic to X for each
a < 1.

(2) Assume, in addition, that X is compact and

(K1) if SNS" =0 then K(4,S) NK(4,5") =0,

(K2) if X =US' for some S' € [S] = then

K(5, X) = U{K(5,8) : S € S},

(K3) there is a function i with dom(i) = [19]2 ® S such that for each
(0,8',S) € [19}2 ® S we have
(i1) i(6,8",S) € [6]™ and
(12) K(0, X) « K(¢",S) Cc U{K(v, X) : v €i(0,8,5)},
where
, K6, X)NK(,S) ifo ¢ K(,S),
(6)  K(0,X)*K(", 5) :{ K((a,X))\Kga/,sg @}Ca i KE&’,S;

Then all members of Uk are compact, hence Xk is locally compact.

Proof. (1). Xk is 0-dimensional because it is generated by a clopen
subbase. To see that Xk is Hausdorff, assume that (0, z) # (§',2') €
U x X, 0 <4 Ifd < then U(6,X) C (04 1) x X separates these
points. If § = § then there is S € S with z € S and 2/ ¢ S, but then
U(6,S) separates (0, z) and (0, 2'). The trivial proof that {a} x X is
homeomorphic to X is left to the reader.

(2). We write U(d) = U(6,X) for 6 < ¢ and U[F| = U{U(a) : « € F'}
for F' C 9. We shall prove, by induction on ¢, that U(d) is compact;
this clearly implies that every U(d,.5) is also compact. We note that
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(K1) and (K2) together imply U(d, X\S) = U(§)\U(6,S) whenever
S e S\{X}.

Assume now that U(«) is compact for each o < d. To see that then
U(6) is also compact, by Alexander’s subbase lemma, it suffices to show
that any cover of U(d) by members of Uy has a finite subcover.

So let

U@) c | J{uizienu| J{u; 4 € J},
where U; = U(0;,5;) for i € I and U; = (¥ x X) \ U(9;, ;) for j € J.

Case 1: §; < for some j € J.
Then we have

U@G)\U; =U(6)\ (9 x X)\U(5,S;)) CU(0;,5;) CU(®;),

hence U(0) \ U; is compact because U(d;) is by the inductive assump-
tion.

Case 2: ({0} x X)NU; # 0 for some j € J with 6; > 0.
Then ({0} x X) C U; and 6 ¢ K(9,,5;), so by (K3)
K(9, X) NK(d;,5;) = K(0, X) « K(6;, ;) C K[i(0,0;,5;)].
Consequently, we have
UG)\U; = U) N U5, 5) < ULi(5,6,,.5,)
and U[i(9, 6;,5;)] is compact by the inductive assumption.
Case 3: ({0} x X)NU; # 0 for some i € I with §; # 0.
In this case § < §; and ¢ € K(9;, 5;), hence by (K3)
K(8, X) \ K(6;,5;) = K(8, X) « K(8;,5;) € K[i(6,6;,5;)]-
Thus
U(6)\U; =U(0) \U(0:,5:) C Ui(6, ;, ;)]
and U][i(6,6;,5;)] is compact by the inductive assumption.

Now, in all the three cases it is clear that {Uy : k € [ U J} contains
a finite subcover of U(9).

Case 4: If ({0} x X) N Uy # 0 then 0, =9 for each k € I U J.

Since X is compact there are finite sets I’ € [I] ““and J' € [J] =
such that 0, = d for each k € I’ U J’, moreover

X =U{S;:iel'TUU{X\S;:je ]},
and then, by (K2),
K(6,X) =U{K(0,5;) : i € 'TUU{K(5, X \'S;): j € J'}.
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But these equalities clearly imply
U)CcU{U;:ie 'Y UU{U; - j e J}.
O

To describe a natural base of the space Xk, we fix some more nota-
tion. For 0 <9, &' € [S} ““and F € [(5} < we shall write

B(6,S8',F) =n{U(6,5): S € S’} \ U[F].
For a point z € X we set S(z) = {S € §: x € S}, moreover we put
(7) B(,x) = {B(3,S', F):8 € [S(x)]™, F € [6]™}.

Lemma 2.3. Assume that 9, X, S and K are as in part (2) of the
previous theorem 2.2. Then for each § < ¥ and x € X the family
B(d,z) forms a neighbourhood base of the point (§,x) in Xk.

Proof. Since B(6,x) consists of compact neighbourhoods of the point
(0,x) and is closed under finite intersections, it suffices to show that
NB(5,x) = {(0,x)}. To see this, consider any (¢’,2’) € ¥ x X distinct
from (0, z).

If ¢ > 6 then (§'2') ¢ U(6) = B(, X,0) € B(d,z). If &' < § then
(0".2") ¢ U(O)\U(0") = B(6, X,{d'}) € B(d,z). Finally, if & = ¢ then
pick S € S with x € S and ' ¢ S. Then

(&, 2"y ¢ U(6,S) = B(5,,0) € B(S, ).
O

As we already mentioned above, our construction of the locally com-
pact spaces Xk generalizes the construction of locally compact right-
separated spaces given in [6]. In fact, the latter is the special case when
X is a singleton space (and S is the only possible subbase {X}). We
may actually say that in the space Xk the compact open sets U(J)
right separate the copies {0} x X of X rather than the points.

Actually, a locally compact, right separated, and initially w;-compact
but non-compact space cannot be first countable. (Indeed, this is be-
cause the scattered height of such a space must exceed wi.) So the
transition to a more complicated procedure is necessary if we want to
make our example first countable but keep it locally compact.

We now present a much more interesting example of our general
construction, where X will be the Cantor set C and S will be a natural
subbase of C. For technical reasons, we put C = 2" instead of 2,
where N = w\{0}.
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The clopen subbase § of C is the one that determines the product
topology and is defined as follows. If n > 0 and ¢ < 2 then let [n,e] =
{f€C: f(n)=e}. We then put

S={[ne]:n>0,e <2} U{C}.

Then S satisfies 2.1.(1), moreover if S’ C S\ {C} covers C = 2" then
there is n € N such that both [n, 0], [n,1] € §'.

In order to apply our general scheme, we still need to fix an ordinal 9,
a function K : ¥ x § — P(9) satisfying 2.1.(2), and another function

i with dom(i) = [19} ?® & such that all the requirements of theorem 2.1
are satisfied. In our present particular case this may be achieved in a
slightly different form that turns out to be simpler and more convenient
for the purposes of our forthcoming forcing argument.

If h is a function and a C dom(h) we write hla] = U{h(§) : £ € a}
(this piece of notation has been used before). If z and y are two non-
empty sets of ordinals with supx < supy then we let

| xny ifsupx ¢y,
x*y_{x\y if supx € y.

Note that this operation * is not symmetric, on the contrary, if x %y is
defined then y * x is not.

Definition 2.4. A pair of functions H : ¥ x w — P(J) and i :

[19}2 Quw — [19} =¥ are said to be ¥-suitable if the following three
conditions hold for all a, 3 € ¥ and n € w:

(H1) o« € H(a,n) C H(a,0) C e+ 1,
<w

(H2) i(c, B,n) € [oz} ,
(H3) if o < ( then H(a,0) x H(B,n) C Hli(a, 3,n)].

Concerning (H3) note that we have
max H(«,0) = a < max H(#,n) = f3,
hence H(«,0) * H(3,n) is defined.

Given a ¥-suitable pair (H, 1) as above, let us define the functions

K:9x8— PW®) and i : [0]*©8 — [0]
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as follows:

(8) K(a,C) = H(,0) N«

(9) K(a, [n,1]) = H(a,n) N a,

(10) K(a, [n,0]) = H(a,0) \ H(a,n),
(11) i'(a, 8,C) = i(a, 8,0),

(12) i'(a, B, [n,e]) = i(a, 5,0) Ui(a, B,n).

It is straightforward to check then that K and i’ satisfy all the require-
ments of theorem 2.2. Because of this, with some abuse of notation,
we shall denote the topology Tk also by 75 and the space (¥ x C, k)

by Xg.

For our subbasic compact open sets we have
(13) U(a) =U(a,C) = H(x,0) x C,
and to simplify notation we write
(14) U(a,[n,e]) =U(a,n,e).

Using this terminology, we may now formulate lemma 2.3 for this
example in the following manner.

Lemma 2.5. If (H,1) is an ¥-suitable pair then for every (a, z) € ¥xC
the compact open sets

B(a,z,n, F) ﬂ{Uaj, :1<j<n, }\U[F]

withn € N and F € [a]<¥ form a nezghbourhood base of the point (a, x)
i the space Xpg.

What we are set out to do now is to force an wo-suitable pair (H, 1)
such that the space Xy is as required. As mentioned, for this we need a
special kind of A-function and this will be discussed in the next section.

3. A-FUNCTIONS

Definition 3.1. Let [ : [wZ}Q — [ws] = be a function with f{a,5}) C

anp for {a, 5} € [u)g]Q. Actually, in what follows, we shall simply
write f(«, 3) instead of f({«, 5}).

We say that two finite subsets x and y of wy are very good for f
provided that for 7,7, 7% € 2Ny, a € x\y, f§ € y\z and v €
(x\y)U(y\ x) we always have
Al) T <a,f = 1€ fla, 5),

AQ) T<a= [f(r,8) C f(of),

A3) T < B = f(r,a) C f(B, ),

A4> Y, < T2 = f<77 Tl) - f(’%TQ)
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AS5) 1 <y <m =1 € f(7,72)
The sets x and y are said to be good for f iff A1)-A3) hold.

We say that f : |:Cd2:|2 — [wﬂ = With fla,B) C anpis a strong
A-function, or a A-function, respectively, if every uncountable family
of finite subsets of wsy contains two sets x and y which are very good
for f, or good for f, respectively.

We will prove in Lemma 3.3 that it is consistent with CH that there
is a strong A-function.

In the proof of the countable compactness of our space we shall
need the following simple consequence of [6, Lemma 1.2] that yields an
additional property of A-functions provided that CH holds.

Lemma 3.2. Assume that CH holds, f is a A-function, and B €
[Wg]w. Then for any finite collection {T; : i < m} C [WQ}UJQ we may
select a strictly increasing sequence (y; : it < m) with v; € T; such that
B C f(7i,7j) whenever i < j <m.

Proof. Fix a family {c, : @ < wy} C [wg}m such that ¢, < cg for a < 3,
moreover ¢, = {7 : i < m} and ;,* € T; for all @« < wy and i < m. By
(6, Lemma 1.2] there are m ordinals oy < oy < -++ < ayp_1 < wy such
that

B C ﬂ{f(&n) 1 € Caypy M € Coyy i < J <MY
Clearly, then v; = v;* for ¢« < m are as required. U

Now, we have come to the main result of this section.
Lemma 3.3. [t is consistent with CH that there is a strong A-function.

Proof of Lemma 3.3. There are several natural ways of constructing
such a strong A-function f. One can do it by forcing, following and
modifying a bit the construction given in [3]. One can use Velleman’s
simplified morasses (see [11]) and put

fla,B)=XnNanp
where X is an element of minimal rank of the morass that contains
both a and (.
In this paper we chose to follow Todorcevic’s approach that uses his

canonical coloring p: [wy]*> — w; obtained from a [J,,-sequence (see
[10, 7.3.2 and 7.4.8]). From this coloring p he defines f by

fla, B) ={¢ < a:p(&B) <pla,p)}

and proves that this f is a A-function in our terminology of 3.1 (see
[10, 7.4.9 and 7.4.10]). (We should warn the reader, however, that he
calls this a D-function instead of a A-function in [10].)
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He also establishes the following canonical inequalities for p (see [10,

7.3.7 and 7.3.8]):

(1) {E <a: p(€a) <v} <w
(i) pla, ) < max{p(a, B), p(B,7)}
(447) pa, B) < max{p(a,v), p(3,7)}

for a < f < v <wy and v < w;. We will now use these inequalities to
prove that this f is even a strong A-function.

Let A be an uncountable family of finite subsets of wy. Note that it
is enough to find an uncountable A’ C A such that A4) and A5) of 3.1
hold for every two elements of A’ since then we may apply to A’ the
fact that f is a A-function to obtain two elements of A that are very
good for f.

We may assume w.l.o.g. that A forms a A-system with root A C wy.
Note that then the set

D={{cwy:3n,m,m3eA, &<, p&mn)<p(r,m)}

is countable by (i). Define A’ C A to be the set of all elements a € A
which satisfy (a — A) N D = (). The countability of D implies that A’
is uncountable, moreover we have

(1) p(v, 1) > p(T2,73)

for all 71,75, 73 € A and v € a — A with a € A" and v < 7.

Now we prove that both A4) and Ab5) of 3.1 hold for every two sets
x,y € A" which will complete the proof of the lemma. Let 7,75 € A =
zNyand v € (z\y)U(y\2)

Note that if 7,y < 79, then

(2) p(v, 1) < p(, 72).

This follows from (iii) and (1).
Now we prove A4). Consider two cases. First when 7 < v < 7.
Assume & € f(m,7), that is £ < 7 and

(3) p(&,7) < p(m1,7),

By (ii) we have p(&, ) < max(p(§,7), p(7,72)) which by (3) is less
or equal to max(p(11,7), p(7,72)) = p(y,72) by (2). But this means
that £ € f(v,72) and so gives the inclusion of A4).

The second case is when 7 < 71 < 7. Assume £ € f(v,7), that is
¢ <~vand

(4) p(&,m) < p(y, 7).
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By (ii) we have that p(§, 72) < max(p(§, 71), p(71,72)) which by (4)
is less or equal to max(p(vy, 1), p(71,72)). But we have

max(p(7y, 1), p(11,72)) < p(7, 72)

by (1) and (2), hence p(&, 1) < p(7,72) and so £ € f(v,T2) that again
gives the inclusion of A4).

Finally, we prove Ab). Assume 73 < v < T, then by (1) we have
p(11,72) < p(7,72) and so the definition of f gives that 7 € f(v,72),
as required in AB5).

U

4. THE FORCING NOTION

Now we describe a natural notion of forcing with finite approxima-
tions that produces an wo-suitable pair (H, 7). The forcing depends on
a parameter f that will be chosen to be a strong A-function, like the
one constructed in 3.3.

Definition 4.1. For each function f : [wQ}Q — [wg] = satisfying

fla,B) C an g for any {«a, B} € [WQ]Q we define the poset (Py, <) as
follows. The elements of Py are all quadruples p = (a, h,n, i) satisfying
the following five conditions (P1) — (P5):

Pl) a€ [wo],n€w, h:axn— Pla),i: [a]2 ®n — P(a),
P2) max (&, j) =& for all (£,7) € a x n,
P3) h(¢,j) C h(&,0) for all (€, j) € a x n,

: . . 2
P4) i(€,1,j) C f(é’,;?) whenever (£,71,7) € [a]” @ n,
P5) if (¢,m,7) € [a]” @ n then h(£,0) x h(n, j) C R[i(¢,n, 5)],
where, with some abuse of our earlier notation, we write

(15) hib] = U{h(a,0) : o € b}

for b C a. We say that p < ¢ if and only if a, D a4 n, > ng,
hy(&,7) Nag = hy(&, ) for all (€, 7) € a, X ng, moreover i, D i,.
Assume that the sets

(
(
(
(
(

Dyn={p€P;:aca, andn <n,}

are dense in P; for all pairs (a,n) € wy X w. Then if G is a P-
generic filter over V' we may define , in V[G], the function H with

dom H = wy X w and the function i with dom(i) = [Wg} ?@w as follows:
(16)  H(a,n) = Ufhy(a,n) : p € G, {a,n) € dom(h,)},
(17) i=U{i,:peg}
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Theorem 4.2. Assume that CH holds and f is a strong A-function.
Then Py is CCC and (H,i) is an wy-suitable pair in V[G]. More-
over, the locally compact, 0-dimensional, and Hausdorff space Xy =
(wy x C,1g) defined as in 2.4 satisfies, in V|G|, the following proper-
ties:

(1) U(6) = H(0,0) x C is compact open for each § € w,,

(17) Xy is first countable,
(i7i) VA € [wy x C]** o € wy [ANU ()] = wy,
(iv) VY € [wy x C]¥ either the closure Y is compact or there is o < wy

such that (wy \ @) x CC Y.

Consequently, Xy is a locally compact, 0-dimensional, normal, first
countable, initially wy-compact but non-compact space in V[G|.

The rest of this paper is devoted to the proof of Theorem 4.2.

5. THE FORCING IS CCC

The CCC property of Py is crucial for us because it implies that w, is
preserved in the generic extension V[G]. Indeed, properties (H1)-(H3)
of definition 2.4 (for ¥ = wy) are easily deduced from of conditions
(P1)-(P5) in 4.1 using straight-forward density arguments. So if ws is
preserved then we immediately conclude that (H,i) is an ws-suitable

pair in V[G].

Definition 5.1. Two conditions py = (ag, ho,n, ip) and p; = (a1, h1,n, 1)
from P; are said to be good twins provided that
(1) po and py are isomorphic, i.e. |ag] = |a;| and the natural order-
preserving bijection e between ay and a; is an isomorphism between
po and pq:
(1) hl(e(g)vj) = €[h0(§,j)] for 5 € ap andj <mn, )
(i) @1(e(€), e(n), 7)) = elio(&,m, )] for (€,n,7) € [ao]” @ n,
(iii) e(§) =& whenever £ € aqpNay and j < n;
. . . . 2
(2) Zl(f?ﬂa]) = 20(577773) for each {fa 77} € |:CL0 N a1:| )
(3) ap and a; are good for f.
The good twins py and p; are called very good twins if ag and a; are
very good for f.

Definition 5.2. If p = (a, h,n,i) and p’ = (a’,h’,n,i") are good twins
we define the amalgamation p* = (a*, h*,n,i*) of p and p’ as follows:
Let a* =aUd'. Forn € hland]Uh/[and] define

6, =min{d € ana’':n € h(4,0)Uhn'(4,0)}.
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Now, for any £ € a* and m < n let
(18)
h(&,m) UK (& m) if¢eand,
h*(§,m) =< h(§,m)U{ned\a: d,isdefined and 6, € h({,,m)} ifEe€al\d,
(& m)U{nea\d: d,is defined and 6, € h'({,m)} if{ed\a.

Finally for ({,n,m) € [a*f ®n let

i(¢&,n,m) if&nea,
(19) *(&n,m) =9 “(Enm) if&ned,
f(&,m)Na* otherwise.

(Observe that i* is well-defined because p and p’ are good twins). We
will write p* = p 4+ p’ for the amalgamation of p and p'.

Lemma 5.3. If p and p’ are good twins then their amalgamation, p* =
p+7p, is a common extension of p and p’ in Py.

Proof. First we prove a claim.

Claim 5.3.1. Let « € a,n € anNd', and m < w. Assume that 0, is
defined and either m =0 or 6, <n. Then

(20) a € h(n,m) iff 6o € h(n,m).
(Clearly, we also have a symmetric version of this statement for o €
a.)

Proof of claim 5.3.1. Assume first that o € h(n,m) C h(n,0). Then
clearly d,, € h(n,m) if 0, = 1. So assume 0, < 7. Since i(dq,n,m) C
ana’ and maxi(d,,n,m) < §, we have a ¢ h[i(d,,n, m)] by the choice
of §,. Thus from p € Py we have
(21) a & h(da,0) * h(n, m),
hence h(da,0) * h(n,m) # h(da,0) N h(n,m). But then h(d,,0) *
h(n,m) = h(da,0) \ h(n,m), s0 6o € h(n,m).

If, on the other hand, J, € h(n,m) then either 6, = n and so a €
h(n,0) = h(n,m) because m = 0, or d, < n and we have

a & hli(0a,n,m)] D h(a, 0) * h(n, m) = h(da,0) \ h(n,m).

Thus « € h(n, m) in both cases. O

Next we check p* € P;. Conditions 4.1.(P1)-(P4) for p* are clear by

the construction, so we should verify 4.1.(P5). Let (£, n,m) € [a*]z ®n
and o € h*(£,0) x h*(n,m), we need to show that a € h*[i*(&,n, m].
We will distinguish several cases.

Case 1. £,n € a (or symmetrically, £,n € d').
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Since h*(£,0) Na = h(£,0) and h*(n,m) Na = h(n,m) we have
[h*(£,0) * h*(n,m)] Na = h(£,0) * h(n,m) by the definition of the
operation *. Thus we have a € h[i(§,n,m)] C h*[i*(§,n,m)] in case
o ca.

Assume now that o € @’ \ a. Then o € h*(£,0) implies that ¢, is
defined and d,, € h(£,0). Indeed, if £ € a\ @ this is immediate from
(18). For £ € ana’, however, this follows from (the second version of)
Claim 5.3.1 and the fact that 6, € h'(£,0) implies J, € h(&,0).

We also have o € h*(n, m) iff 6, € h(n, m), by (18) if n € a\a’ and by
Claim 5.3.1if n € and’ (as 6, < & < n). But then a € h*(&,0)xh*(n,m)
implies 0, € h(&,0) * h(n,m), hence there is v € i(&,n, m) such that
do € h(v,0). This again implies o € h*(v, 0) either by (18) or by Claim
5.3.1, consequently, o € h*[i(&,n, m)] = h*[i*(§,n,m)].

Case 2. £ ca\d,ned \a, and a € a (or the same with a and a
switched).

If £ € h*(n,m) then d; is defined and d¢ < 7, moreover
(22) a € h*(€,0)  h™(n,m) = h*(&,0) \ A" (n,m)
implies a ¢ h*(n,m). If &€ ¢ h*(n, m) then

(23) a € h*(€,0) « h™(n,m) = h*(&,0) O h*(n, m),
implies a € h*(n, m), hence 4, is defined and J,, < n. Thus
(24) §*=min{d €and :{a,& Nh(6,0)#0}

is defined and 0* < n. If 6* < ¢ then we must have 6* = ¢, and so, as
p and p’ are good twins, 0, € f(£§,n) Na* =i*(§,n,m). Consequently,
a € h(d4,0) C h*[i*(&,1n,m)] holds.

Now, assume that { < 6*. We know that ¢* = d, or * = ¢, but not
both because [{a, £} N A*(n,m)| = 1. But then we also have

(25) H{a, &} NR(6*,0)] = 1.

Indeed, [{a, &} N A(6%,0)] > 0 is obvious and {a, £} C h(6*,0) would
imply that 0, and d¢ are both defined and distinct, contradicting the
definition of the bigger of the two. Now, (25) and « € a N h*(£,0) =
h(&,0) together imply o € h(£,0) * h(0*,0) C h[i(&,6*,0)]. But

i(§,0%,0) C f(§,0%) C f(&n)

because a and a’ are good for f. Consequently, i(,d*,0) C i*(&,n,m),
implying that a € h*[i*(§,n, m)].

Case 3. £ €a\d,ned \a, and o € a' (or the same with a and da
switched).
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In this case o € h*(£,0) implies that d, is defined and 6, < &,
hence 6, € f(&,n) because a and @’ are good for f. Since i*(§,n,m) =
f(&,m) Na* we conclude that a € h'(04,0) C h*[i*(&,n,m)].

Since we have covered all the possible cases, it follows that p* satisfies
4.1.(P5), that is, p* € P;. That p* < p,p’ is then immediate from the
construction, hence the proof of our lemma is completed. O

Proof of theorem 4.2: Py is CCC. In every uncountable collection of
conditions from P; there are two which are good twins for f and, by
Lemma 5.3, they are compatible. Il

As was pointed out at the beginning of this section, we may now
conclude that (H, 1) is an wy-suitable pair in V[G]. This establishes the
first part of Theorem 4.2 up to and including (i).

6. FIRST COUNTABILITY

Proof of theorem 4.2: Xy is first countable. Since Xy is locally com-
pact and Hausdorff it suffices to show that every point of Xy has
countable pseudo-character or, in other words, every singleton is a Gj.

To see this, fix (o, x) € wy x C. We claim that there is a countable
set I' C « such that

(26) (U, n,z(n)) C UL U {{a,)}.

Since every U(7) is clopen, this implies that

{2} = Ula,n,2(m) 0 ({Xu\Uly) -7 €T)
neN
is indeed a Gs.
Our following lemma clearly implies (26). To formulate it, we first
fix some notation. In V[G], for @ € wy, 1 < m < w and I' C wy we
write

(27) H'(or,m) = H(er,m) \ {a},
(28) H(a,m) = H(a,0) \ H(a, m),
(29) H[T)=U{H(v,0):~v €T}

Recall that with this notation we have
Ula,n,e) = (H*(a,n) x C) U ({a} x [n,e]).
Lemma 6.1. In V[G], for each (o, x) € wy x C there is a countable set
I' C « such that
(30) () E*™(a,n) C H[T).

neN
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Proof. Suppose, arguing indirectly, that the lemma is false. Then, in
V'[G], for each countable set A C « there is y4 € « such that

(31) a € () H) (a,n) \ H[A]
neN
From now on, we work in the ground model V. For every ¢ < w; let
A; C «a be a countable subset such that ¢’ < ( < w; implies Ao C A,
and ., A¢c = o
Let pc = (ac¢, h¢,ne,ic) € Py be a condition such that a € a, and
for some v, € aNa¢ we have

(32) pclF e € () H™(a,n) \ H[A.

neN
Using standard A-system and counting arguments and the properties
of the strong A-function f, we may find (; < (s < w; such that

(33) aNag CAg,

moreover pe,, p¢, are very good twins for f.

Let p = p¢, +p¢, with p = (a, h,n, i) be their amalgamation as in 5.2.
We now further extend p to a condition of the form r = (a, h,,n + 1,14,)
with the following stipulations:

(r1) h. D h,

(12) hy(€,n) = {€} for & € a\ {a},

(r3) h ( n) ={a}U (h(a,0) NhlaNag]),
(rd) i,

(r5) i (77 5, n)=10 forn<ge€a\{a},
(r6) ir(n,a,n) =an f(n,a) forn < a.

It is not clear at all that r is a condition, but if it is we have reached
a contradiction. Indeed, if r € Py then r < p,, so 7 IF v, ¢ H[As],
hence 7, ¢ hlaNac,] by (33). But then by (r3) we have

(34) Ve ¢ hT(av n)
On the other hand, since v, € aNa¢, C hlaNac,] we have
(35) Yo, € hy(a,n)

by (r3). But this is a contradiction because, by (32), the first of these
relations implies 7 IF z(n) = 0 while the second implies r IF z(n) = 1.

So it remains to show that r € Py. Items (P1) - (P4) of Definition 4.1
are clear. Also, (P5) holds if j < n because p € Py. Thus we only have
to check (P5) for triples of the form (1, &, n).

If n < &# awehaven & h(&,n) ={£}, and so h,.(n,0) * h.({,n) =
hy(n,0) N he(&,n) € nN{} = 0, hence (P5) of Definition 4.1 holds
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trivially. So assume now that n < a. In view of the definition of r, our
task is to show the following two assertions:

(I) if n € h,(a,n) then h(n,0)\ h.(a,n) C hlan f(n, o)l

(IT) if n € h,(a,n) then h(n,0) N h.(a,n) C hlan f(n,a)].
The fact that p = p¢, + p¢, and properties Ad) and A5) of our strong
A-function f will play an essential role in the proofs of (I) and (II).

Proof of (I). First note that by the definition of r we have
(36) N(n,0)\ hr(a,n) = h(n,0) \ (h(e,0) MRl Nag,]) =

(R (0, 0) \ h(a, 0)) U (A(n,0) \ hla N ag, ]).
Since h(n,0) \ h(a,0) C hli(n,a,0)] C hla N f(n,«)] is obvious, it is
enough to show that

() if 7 € hu(a, m), then A(n,0) \ Alo-N ag] € Ala N f(1,0)]

If n € a¢, then h(n,0) \ hlaNae] =0 and we are done. So assume
now that n & a, , that is 7 € a¢, \ ac,. Now 1 € hlawNa¢,| means that
there is a £ € a Nag, with n € h(£,0). By the definition 5.2 (18) of
the amalgamation then there is 0 € a¢, N ag, such that n < < ¢ and
n € he,(0,0). Since pe, € Py this implies
(37) hCz (77a 0) \ hC2 (5a O) - hCz [iCz (777 0, 0)]

A similar argument, referring back to definition 5.2 (18), yields us that
h(n,0)\ he,(n,0) C hlaNag,], and as he,(9,0) C h(6,0) C hlaNag, | we
may conclude that

(38)  h(n,0) \ hlaNag] C helic, (0, 0,0)] C hlic,(n,9,0)].

Since n € ag, \ a¢, and §, o € a¢, Nag,, we have f(n,d) C f(n,«) by

A4). Consequently,
(39) icy(1,6,0) C ag, N f(n,6) Can f(n,a),
completing the proof of (I’) and hence of (I).
Proof of (I1). If n & h,(a,n) then either n & h(c,0) or n & hla N ag,].
If n & h(c,0) then p € Py implies
(40)  h(n,0) N hy(a,n) C h(n,0) N h(a,0) =
h(n,0) x h(a,0) C hli(n,«,0)] C hlan f(n,a]).

So assume that n ¢ hlaNac,], clearly then n & a¢, as well. Consider
any 8 € h(n,0) N h.(a,n), we have to show that 3 € hlan f(n, a)].
Case 1. 8 € a¢,. By using definition 5.2 (18) again, then 3 € h(n,0)
implies that there is a § € nNa¢, Nag, with § € he,(6,0). But then
d € f(n,a) by property A5) of strong A-functions, hence we are done.
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Case 2. 3 & a¢,. In this case 8 € hla N ag,] implies that there is a
d € aNag Nag, such that B € he,(6,0), hence § € he,(n,0) N he,(6,0).
Moreover, n ¢ hlaNag,| implies n & he,(6,0). Thus if n < 0 then p, €
Pf and h’Cz (777 0) thz (67 0) = hCz (77, O) *hCz (57 O) imply that 3 € h’(z (77 0)
for some v € i(n,0,0) C f(n,d). But we have f(n,d) C f(n, ) by Ad),
so v € an f(n,«) and we are done.

Finally, if § < n then § € f(n, ) because f satisfies A5), moreover
we have 8 € he,(6,0) C h(6,0) and the proof of (II) is completed. [

This then completes the proof of Lemma 6.1 and thus of the first
countability of the space Xp. O

7. wi-COMPACTNESS

In this section we establish part (iii) of theorem 4.2. This implies
that every uncountable subset of X5 has uncountable intersection with
a compact set, hence every set of size w; has a complete accumulation
point.

Lemma 7.1. If p = (a,h,n,i) € Py and § € wy with 3 > maxa then
there is a condition ¢ < p such that a C hy(53,0).

Proof. We define the condition ¢ = (a U {3}, hy, n,i,) with the fol-
lowing stipulations: h, D h, i, D i, hy(8,7) = a U {8} for j < n,
iq(a,8,7) =0 for a € a and j < n. It is straight-forward to check that
q € Py is as required. l

Lemma 7.2. In V|G|, for each set A € [wy x C|“* there is } € wy such
that [ANU(B)| = w.

Proof. Let Abe a Ps-name for A and assume that p € G with
p”‘A:{,é’526<w1}€ [CUQXC]wl.

We may assume that p also forces that {Z : ¢ < w;} is a one-one
enumeration of A. For each £ < w; we may pick pe < pand ag € wo
with ag € ap, such that pe IF Ze = (ag, @¢). Let sup{ae : £ < wi} <
B < wy. By lemma 7.1 for each £ < w; there is a condition g¢ < pe
such that ag € hy (3,0), hence g¢ I- 2 € U(B). But Py satisfies CCC,
so there is ¢ € G such that ¢ IF |[{{ € w; : ¢¢ € G}| = wy. Clearly, then
qIF [ANU(B)| = wi. O

8. COUNTABLE COMPACTNESS

In this section we show that part (iv) of theorem 4.2 holds: in V[G],
the closure of any infinite subset of Xy is either compact or contains
a "tail” of Xy, that is (w2 \ @) x C for some a < wy. Of course,
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this implies that X is countably compact and thus, together with the
results of the previous section, establishes the initial w;-compactness
of Xg. Moreover, it also implies that Xy is normal, for of any two
disjoint closed sets in Xy (at least) one has to be compact.

We start by proving an extension result for conditions in Py. We
shall use the following notation that is analogous to the one that was
introduced before lemma 6.1.

(41) R (a,m) = h(a, m),
(42) R®(a, m) = h(a,0) \ h(a, m).
Lemma 8.1. Assume thatp = (a,h,n,i) € Pf, a € a, ande : n — 2

is a function with £(0) = 1. Then for everyn € o\ a there is a condition
of the form ¢ = (a U {n}, hy,n,i,) € Py such that ¢ < p and

(43) ne [ k™ (a,m)\ hylanal.

Proof. We define h, and i, with the following stipulations:

hg(n,m) = {n} for m < n,

he(a,m) = h(o,m) U{n} if m < n and e(m) = 1,

he(a,m) = h(a,m) if m < n and e(m) = 0,

hy(v,m) = h(v,m)U{n}tif v € a\ {a}, m <n, and a € h(r,m),

he(v,m) = h(v,m) if v € a\ {a}, m <n, and a ¢ h(v,m),

iqg D, ig(n,v,m)=0ifvea\n, and i,(v,n,m)=0ifveann.

To show ¢ € P we need to check only (P5). But this follows from the
fact that if n € hy(v, 0)*xh,(u, m) then, as can be checked by examining
a number of cases, we have v, € a and a € h(v,0) * h(u, m) as well.
By p € Py then there is a £ € i(v, u, m) with a € h(&,0) which implies

n € hy(&,0) because €(0) = 1, so we are done. Thus g € Pf, ¢ < p,
and ¢ clearly satisfies all our requirements. O

Lemmas 7.1 and 8.1 can be used to show that
Dyn={p€Pr:ac€a, andn <n,}

is dense in Py for all pairs (a,n) € wy X w, showing that dom(H) =
wy X w and dom(i) = [wg}z ®w.

Our next lemma is a partial result on the way to what we promised
to show in this section.
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Lemma 8.2. Assume that, in V|G|, we have D € V N [wy]” and
Y ={(0,z5) : 0 € D} Cwy x C. Then

(wo \ sup(D)) x C CY.

Proof. By lemma 2.5 it suffices to prove that

(44 VIGE( () Ulam,em)\UE) A Y #0

1<m<n

whenever o« € wy \supD, n € N, ¢ : n — 2 with £(0) = 1, and
b€ [a] = So fix these and pick a condition p = (a, h, k, i) € P such
that & € a,b C a, and n < k. (We know that the set F of these
conditions is dense in Py.) Let us then choose 6 € D \ a. By lemma
8.1 there is a condition ¢ < p such that

(45) se [ h™(c,m)\ hylb].
Then _

(46) gI-(6,x5) € () Ula,m,e(m))\U[b],
hence _

(47) gt ( () Ula,mem)\UB)NY #0.

Since p € E was arbitrary, the set of ¢’s satisfying the last forcing
relation is also dense in Py, so we are done. O

We need a couple more, rather technical, results before we can turn
to the proof of part (iv) of theorem 4.2. First we give a definition.

Definition 8.3. (1) Assume that p = (a,h,n,i) € Pfand a < b €
[wo] < are such that a C f(v,7') for any {7,7'} € [b]*>. Then we define
the b-eztension of p to be the condition ¢ of the form ¢ = (aUb, hy, n,i,)
with h C hy, i C 44, and the following stipulations:

(R1) hy(,0) =aU{v} for v € b and ¢ < n,
(R2) i,(v',7,¢) = afor v,y € b with v/ <~ and { < n,
(R3) i4(&§,7,¢) =0 for € € a, v € b, and ¢ < n.
(2) If ¢ € Py and b C a4 then s < ¢ is said to be a b-fair extension
of ¢ iff hs(7,7) = hs(7,0) holds for any v € b and n, < j < n,.

Our following result shows that the b-extension severely restricts any
further extensions.
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Lemma 8.4. Assume that p = (a,h,n,i) € Ps, a < b, and q is the
b-extension of p. If s < q is any extension of q then

(48) hs[a] = hs(7',0) N As(y, )
whenever (v, v, {) € [b}Q ®n. If, in addition, s is a b-fair extension of
q then (48) holds for all {(/',~,¢) € [b}z ® Ng.

Proof. We have v" ¢ hs(y) by (R1) and s < g, hence if ¢ < n then (P5)
and (R2) imply

(49) (7', 0) Mhs(7,€) = ha(7',0) 5 hs(7,€) C hslis(v', 7, £)] = hslal.
Similarly, for all £ € a, 4" € b, and ¢ < n we have

(50)

hs(§,0)\ hs (77, €7) = hs(€,0) % hs (7", €7) C hslis(€,7",€7)] = hs[0] = 0,
which implies hsla] C hgs(7”,¢"). But then hgfa] C hs(v',0) N hg(y,€)
which together with (49) yields (48).

Now, if s is a b-fair extension of ¢ and (v',7,¢) € [ } ® ng with
n < ¢ < ng then we have (48) because hs(7y,0) = hs(v, ) and hgla] =
hs(',0) N hg(y,0). O

In our next result we are going to make use of the following simple
observation.
Fact 8.5. If p=(a,h,n,i) € P; and X C a is an initial segment of a
thenp | X = <X, hl X xn,n, il [X]2®n> € Py as well.

Lemma 8.6. Let p,q,s € Py be conditions and Q C S < E < F be
sets of ordinals such that

=QUE,a,=QUEUF ,a,=SUEUF,

q is the F-extension of p, and s is an F-fair extension of q. Assume,
moreover, that |E| = k with E = {~; : i < k} the increasing enu-
meration of E and |F| = 2k, F' = {70,711t < k} with vio < Y1
satisfying

(51) Vi < kVE € S[f(& )= f(&i0) = f(§7i1) ]
Let us now define r = {a,, h,,n.,i.) as follows:

(A) a, = SUE, n. =ng,
(B) for & € a, and j < n, let

N hs(f,j)U(S\hs[apD Zf£:71 Cmd’Y Eh‘s(’)/iaj);
he(8,7) = { hs(&,7) otherwise, ’
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. 2
(C) for (&,n,5) € [a,]” @n,

; -\ 8(57777 ) iff:ﬁeap 0T€777687
Z’”(f’n’j)_{ f(&,n) Nas otherwise.

Thenr € Py, r <p,r<s[S€P, and S\ hsla,] C h(7,0).

Proof. Tt is clear from our assumptions and the construction of r that
the only thing we need to establish is r € P. To see that, it suffices to
check that r satisfies (P5) because the other requirements are obvious.

So let (&,m,7) € [a,,f ® n,. We have to show

(52) he(€,0) * he(n, ) C helin(&,m, )]

If n € S then h,.(&,0)xh.(n,j) C h.[i,(§,n,7)] holds because r | S =
s [ S € Ps. So, from here on, we assume that n = «; for some 7 < k.

Let us first point out that, as ¢ is the F-extension of p and s is an
F-fair extension of ¢, by lemma 8.4 we have

(53) hslap] = hs(7i0,0) N s (i J)
for any ¢ < k and j < n,. Also, to shorten notation, we shall write
C = 8\ hslay).
Case 1. £ € S.
Subcase 1.1. £ & h.(v;, 7).
Then & ¢ hy(7;,7) as well, so we have both

(54) he(€,0) % he (i, 7) = he(€,0) 0 B (7, )

and

(55)  hs(&,0) * hs(7i, 7) = hs(§,0) N hs(75,5) C
hslis(€,7i, 7)) C helin (€, i, 5)]-

If vo & hs(7i,7) then he (v, j) = hs(yi,j) and also h(€,0) = hy(€,0),
hence (54) and (55) imply (52).

Assume now that vo € hs(7;,7), hence h,.(v;, 7) = hs(vi,5) U C.
Claim. hy(€,0)NC C h[ir (&, 7, 7))
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Since now £ ¢ C, by (53) we have £ € hy(7i0,0) N hs(7vi1,0). Thus,

using twice that s satisfies (P5), we have
(56) hS(é-? 0) NnC = hs<€7 O) \ (hs(fyi707 O) N h’s(f}/’i,h O)) =

(hs(ga 0) \ hs(Vi,Oa O)) U (hs(€7 0) \ hs(’Yi,la 0 ) =

(hs(€,0) * hy(7i0,0)) U (hs(&,0) % hs(7i,1,0)) C

hs [Zs(fv PYZ',D? 0)] U hs [Zs (67 72',17 O)]

If ¢ € Q C a, then h,(¢,0)NC = 0, so the Claim holds trivially. So we
can assume that £ ¢ Q. Then, by clause (C) of 8.6, for each ¢ € {0, 1}
we have
(57) ir(ga 727j) = f(gaﬁ)/l) N as = f(f,”}/i,g) N as O 7;5(67’%,57 O)
Clearly, (56) and (57) together yield the Claim.

But then we have

(58) hr(ga 0) * hr(Vza]) = hr(éao) N (hs(’%a]) U C) =
(hs(&,0) N hs(75,9)) U (hs(€,0) N C) C helin(€,m, 5)]
by (54), (55), and the Claim.

Subcase 1.2. € € h. (v, 7).
Iff S hs(’)/i’j) then

hr(€>o) * hr(%a]) = hr<£70) \ hr(’%a]) C hs<£70) \ hs(Vw])
= hs(§70) * hs(/Yza.]) C hs[ls(&/%a])] - h?"[®7‘(€7717.])]

and we are done.

So we can assume that & ¢ hg(y;,j). Then & € C, h.(v;,j) =
hs(7i,7) UC, and 79 € hs(vi, 7). By (53) we can fix € < 2 such that
€ ¢ hs(7ie,0), consequently we have

(59) (€, 0) % he (75, 3) = hs(§,0) \ (hs(7:,7) U C) C hs(§,0)\ C =
hs(€,0) \ (S'\ (s(73,0,0 N hs(73,1,0))) =
hs(€,0) N (hs(7i0, 0N hs(7i1,0))) C
hs(§,0) M hs(Yie, 0) = hs(E,0) x hs(vig, 0) = hslis(€, 7ie, 0)].
But then again by clause (C) of 8.6
(60) ir (&7 J) = F(& ) Mas = [(&vie) Nas D is(€, e, 0).
(59) and (60) clearly imply (52).

Case 2. £ =, for some { < i.
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Then Z.s(/Yb 7@7]) - ir(%» ’Yiaj)) hence we have

(61) hs(’WaO) * hs(’%a]) C hr[ir(’}%’th)}'

Examining the definition of h, in clause (B) of 8.6 and using that
C N hs(7,0) = 0 we get
(62)
hs (72, 0) * hs (7, ) if Y0 & hs(7e,0) * hs(7:.4),
hr aO h i»J) = ;
e 0 = { G0 i oo i ERCe o anon)

This and (61) show that we are done if v & hs(7s,0) * hs(7i, 7).

So assume that 79 € hg(7s,0)*hs(7i, 7). Then there is ¢ € igs(7ye, iy J)
with 79 € hs(¢). But then vy < ¢ < ~, implies that ¢ € E, hence
¢ = Ym for some m < ¢. Because of this and by the choice of h, we
have

But (61), (62), and (63) together imply (52), completing the proof of
(S Pf. O

Proof of theorem 4.2: Property (iv). Our aim is to prove that the fol-
lowing statement holds in V[G]:

(iv) If the closure Y of a set Y € [Xhi“’ s not compact then there is
a < wy such that (we \ @) x CC Y.

We shall make use of the following easy lemma.
Lemma 8.7. A set Z C Xy has compact closure if and only if
I'={y:3xz(y,x) € Z} C H[F]
for some finite set F' C ws.

Proof of the lemma. If Z is compact then there is a finite set F' C ws
such that Z C U[F]. Clearly, then I' C H[F].

Conversely, if I' C H[F] for a finite ' C wy then Z C U[F], hence
7 C U[F] as well. But as U[F] is compact, so is Z. O

Given two sets X, E C wy with X < E we shall write
(64) cl¢(X, E) = (the f-closure of X U E) Nsup(X).

Fact 8.8. If ¢ € cly(X,E) and n € cly(X,E) U E then f(§,n) C
le(X,E).

Let us now fix a regular cardinal ¥ that is large enough so that
Hy, the structure of sets whose transitive closure has cardinality < 9,
contains everything relevant.
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Lemma 8.9. Assume that

(65) VIGIET € [Cdg}w is not covered by finitely many H (&, 0)

and T is a Ps-name for.F. If M is a o-closed elementary submodel of
Ho (in V') such that f, T € M, |M|=w;, and § = M Nwy € wy then
(66)  VI[G] E T'NH(5,0)\ H[D] #0 for each finite D C 9.

Proof of the lemma 8.9. Fix D € [6]<¥ and a condition p € P with
DU {0} C a, such that

(67) plk“T € [Wz}w is not covered by finitely many H(,0)”.

We shall be done if we can find a condition r < p and an ordinal «a € a,
such that

(68) rlF “a e I and « € h,(6,0) \ h,[D].
Let Q@ = a,Nd, E = a,\ 6, and {y; : ¢ < k} be the increasing
enumeration of E. In particular, then we have vq = 4.

To achieve our aim, we first choose a countable elementary submodel
N of Hy such that M,I',p € N and put

A=6NNand B=cl;(AUQ,E).
Note that we have A, B € M because M is o-closed. For each ¢ < k
the function f(.,v;) | B is in M, hence so is the set
Ti={y€w : VBE B f(B,7) = f(B,%)}

and ; € T; \ M implies |T;| = w.

By Lemma 3.2 there is a set of 2k ordinals

F={yic:1<ke<?2}

with v; . € T; and ;9 < ;1 for each ¢« < k such that

(69) BUE C(W{f(ve,vme): {{ise) (e} € [k x 2%}

Since a, C BUE < F, (69) implies that we can form the F-extension
q = (ap U F,hyg,n,,i,) € Py of p, see definition 8.3.

Aspl- “H[QU E] 4 T, there is a condition ¢ < ¢ and an ordinal o
such that

(70) tlF“a e\ HIQUE]".
Clearly we can assume that o € a;, and then
(71) tlF “ael” and a € a; \ hy[Q U E].

Since I' € NN M and P;is CCC, we have o € M NN Nwy = NNJ.
As Py is CCC and a,I' € M NN we may choose a maximal antichain



FIRST COUNTABLE, INITIALLY w;-COMPACT BUT NON-COMPACT 25

WC{wﬁp:wll—aef‘}WithWGNﬂMandhenceWCNﬂM.
By taking a further extension we can assume that ¢ < w for some
weW.

We claim that, putting S = B N a;, we have

(72) iw(&,m,j) C SUE for each (£,1,]) € [SUEUFF@np.

Indeed, if € € S C B then fact 8.8 and v; . € T; imply f(&£,n) C B and
soi(&,m,7) C S, and if £, € EUF then

W&, n,j) =1iq(&m,j) Cap=QUECSUE

because ¢ is the F-extension of p.
Let us now make the following definitions:

)as—SUEUF
s2) h (f J)=h(&5)NS = ht(f j)Nas for £ € S and j < ny,
s3) s [ ]2®nt—7't [ [S} & ng,
s4) forn € EUF and j < n; let

(s
(
(
(

N (n ) Nas i <y,
(73) hs(”?]) - { ht(r,’()) N Qg if Ny S ] < Ny,
(s5) for n € EUF, § € ag;Nnand j < ny let
. N Zt(fﬂ?»]) lf] < np?
(74) Zs(f)”a]) - { Zt(€7n>0) if Ny S] < Ny.

Then (72) and ¢t € Py imply that s = (as, hs, n4, i) € Py, moreover s is
an F-fair (even £ U F-fair) extension of q.
Note that ¢t < w and a,, C A C B implies a,, C S, hence by the
definition of the condition s we have s < w and even s [ S < w.
Things were set up in such a way that we can apply lemma 8.6 to
the three conditions s < g < p and the sets Q C S < E < F to get a
condition r € Py such that
er<pr<slS<uw,
o o€ S\ hslay] C hs(y).
Since § = 7 and D C a,, we have a € h,.(0) \ h.[D]. Moreover,
r<s|S<wimpliesr IF “a € I'. So r satisfies (68), which completes
the proof of our lemma. O

Assume now, to finish the proof of (iv), that
(75) VG E Y € [wy x C]” and Y is not compact.

Then, by lemma 8.7, I' = {y : 3z € C (v,2) € Y} € [wy]” can not be
covered by finitely many H(&,0). Let I' be a Pr-name for T'.
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Claim: If M is a o-closed elementary submodel of Hy with f,I € M,
M| = w;, 6 = M Nwy € wy then ({§} x C)NY # 0.

Assume, on the contrary, that ({§} x C)NY = . Then, as U(§)NY
is compact, U(0) NY C U(§) NY C U[D] for some finite set D C §
consequently we have I' N H(0,0) C H[D]. this, however, contradicts
lemma 8.9 by which

(76) ' N H[d, D] # 0 for each finite D C 4.
This contradiction proves our claim.

Since C'H holds in V, the set S of ordinals § € wy that arise in the
form 6 = M Nwy for an elementary submodel M < Hy as in the above
claim is unbounded (even stationary) in ws. Let A be the set of the
first w elements of S. Then A € V N [wy]* and our claim implies that,
in V[G], for each 6 € A there is x5 € C with (§,z5) € Y. But then, by
lemma 8.2, for o = sup A we have

(77) (wa\ a)xCC{{d,z5):6€ A} CY.
This completes the proof of theorem 4.2. U
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