ALGEBRAIZATIONS OF QUANTIFIER LOGICS, AN INTRODUCTORY OVERVIEW 12.1th version, January 1997.

István Németi

Abstract.

This work is an introduction: in particular, to algebras of relations of various ranks, and in general, to the part of algebraic logic algebraizing quantifier logics as well as those propositional logics (like modal logics) in the semantics of which theories of relations play an essential rôle. This work has a survey character, too. The most frequently used algebras like cylindric–, relation–, polyadic–, and quasi–polyadic algebras are carefully introduced and intuitively explained for the nonspecialist. Their variants, connections with logic, abstract model theory, and further algebraic logics are also reviewed. Efforts were made to make the review part relatively comprehensive. In some directions we tried to give an overview of the most recent results and research trends, too.

Contents 1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 2. Getting acquainted with the subject . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 3. Binary relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 Decidability, relativized versions, non-square approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 4. Algebras for logics with equality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 Axiomatic approach, “abstract” cylindric algebras (CA’s), RA’s etc. . . . . . . . . . . . . . . . . . . . . . . . 20 Advanced topics in RCA theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 5. Algebras for logics without equality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 Advanced topics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 6. Algebras for logics extending L_{ωω} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .43 Algebras for infinitary logics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 7. Other algebras of relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .49 (1) Many-sorted cylindric algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .49 (2) Partial cylindric algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 (3) Algebras of sets of finite sequences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 (4) Algebras of generalized finite sequences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 (5) Making function symbols of logics explicit. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .52 (6) Cylindric-like algebras for nonclassical quantifier logics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 (7) The Rasiowa-Sikorski approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 (8) Connections with and approaches originating from computer science . . . . . . . . . . . . . . . . . . . .53 (9) Connections with category theoretical logic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 (10) Peano Arithmetic, Gödel’s incompleteness etc. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 (11) Boolean algebras with operators (BAO’s). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .56 (12) Logics without variables (combinatory logic) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56 (13) Connections between algebras of logic and “pure logic”; universal algebraic logic . . . . . . . . 57 8. Appendix 1: The traditional finitely axiomatizable approximations CA, RA etc. of our classes RCA, RRA etc. of algebras of relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 9. Appendix 2: Universal Algebraic Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 List of symbols . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69 Research supported by Hungarian National Foundation for Scientific Research grant No’s. T16448, T7255, T7567. A drastically shorter version of this work appeared as [N91].

2 1. INTRODUCTION

§1. Introduction

The subject of this paper could be called, perhaps, first (and higher) order algebraic logic, or perhaps trans–Boolean algebraic logic, or algebra of relations of various ranks. This theory of algebras of relations (of various ranks) goes back to 140 years, cf. e.g. [D1864]. For aspects of history not covered here cf. [HMTII], [TG87], Anellis–Houser [AH89], [JSL], Pratt [Pr92], Maddux [Ma91].

This paper was written for a variety of readers ranging from the beginner to the specialist. In particular, no familiarity with algebraic logic is presupposed, moreover, we tried to avoid relying on familiarity with logic itself as much as we could. The reader not familiar with logic should be able to understand the paper modulo ignoring certain remarks. He/she is advised to view the paper as a study of relations of various ranks, and as that of algebras whose elements are such relations. Familiarity with the basics of naïve set theory and some basic concepts of universal algebra should suffice. A pleasant, richly motivated introduction to the subject is found in Halmos [Ha85, pp. 206–215], which seems to be complementary to the present paper.^1

When discussing the algebraizations of logics, we treated the semantic aspects (models, meanings of formulas in models etc.) of logics as primary, and the syntactic aspects (provability etc.) as secondary. This does not represent value judgment, nor does it mean that the syntactic aspects will be ignored, but instead it has two purposes. (1) We had to choose a unifying principle making the paper coherent and easy to read for the nonspecialist. (2) This way the main bulk of the paper will be understandable and appreciable for readers not too familiar with logic, we hope.

In §§2–5 we gradually introduce, and carefully explain the most frequently used algebras of this area: Cylindric algebras, relation algebras, and (quasi-) polyadic algebras (not necessarily in this order). At the same time, but in less detail, we discuss other algebras suitable for algebraizing unusual quantifier logics, e.g. fragments^2 of L_{ωω} , higher order logic, many-sorted logic etc. In §6 we begin to speed up, and discuss algebraic counterparts of infinitary logics, and other abstract model theoretic logics with an emphasis on polyadic algebras. §7 is a quick overview of other approaches, where the change comes either from the method of algebraization, or from the choice of logic to be algebraized (roughly speaking). This overview also touches upon connections with computer science, and category theoretic logic. §7 is also intended to be a continuation of the similar overview at the end of [HMTII]. §8 (Appendix 1) deals with the algebraic counterparts of the syntactic aspects of logic. (These are the very abstract cylindric (etc.) algebras which need not be isomorphic with any kind of concrete algebras of relations.) §9 (Appendix 2) contains some universal algebraic background. In the paper, there is a further item (describing a special topic, and) running across the various sections, beginning with Remark 2 in §3, and recurring in each subsequent section. This item is devoted to an area full of intriguing famous problems which might be rather rewarding to work on. The area is known as “finitizability problem” or “finitization” for short, and became quite active recently. (The beginner may safely omit the parts dealing with finitization, at a first reading. Similarly, the reader not interested in the proofs, or in some of them, may safely skip them.)

Finally we should point out that because of the introductory character of this paper, there are several central areas of trans–propositional algebraic logic which are not even mentioned here. Therefore, having read this paper, it is advisable to read [M91], leaf through [HMTII] and then perhaps [TG87]. Actually, [M91] can be read equally well before, after, or parallel with reading the present work. The important work [M91] was written after the first versions of the present work were completed, therefore [M91] is not referred to as often as it should.

From now on, we will simply write algebraic logic instead of trans–propositional algebraic logic.

1For completeness, we note that the up-to-date basic source book for “first–order (and related) algebraic logic” (i.e. for the subject matter of this paper) is [HMTII] supplemented with [HMT] and [TG87]. ([HMTII] serves also as the standard reference monograph.)

2E.g. the positive fragment also called coherent fragment in category theoretic logic.

2. GETTING ACQUAINTED WITH THE SUBJECT 3

§2. Getting acquainted with the subject

The algebraization of classical propositional logic, yielding Boolean algebras (BA’s), was immensely successful. It is fairly well understood how to extend this algebraization to other propositional logics (Blok–Pigozzi [BP89]). These new algebraizations were also very successful. What happens then if we want to extend the original algebraization yielding BA’s to first–order logic?

What are BA’s? They are algebras of unary relations. I.e. the elements of a BA B are unary relations and the operations of B are the natural operations on unary relations e.g. intersection, complementation. The problem of extending this approach to predicate logics boils down to the problem of expanding the natural algebras of unary relations to natural algebras of relations of higher ranks, i.e. of relations in general. The reason for this is, roughly speaking, the fact that the basic building blocks of predicate logics are predicates, and the meanings of predicates can be relations of arbitrary ranks. Indeed, already in the middle of the last century, when De Morgan wanted to generalize algebras of propositional logic in the direction of what we would call today predicate logic, he turned to algebras of binary relations.^3 That was probably the beginning of the quest for algebras of relations in general. Returning to this quest, the new algebras will, of course, have more operations than BA’s, since between relations in general there are more kinds of connections than between unary relations (e.g. one relation might be the converse, sometimes called inverse, of the other).

The framework for the quest for the natural algebras of relations is universal algebra. The reason for this is that universal algebra is the field which investigates classes of algebras in general, their interconnections, their fundamental properties etc. Therefore universal algebra can provide us for our search with a “map and a compass” to orient ourselves. There is a further good reason for using universal algebra. Namely, universal algebra is not only a unifying framework, but it also contains powerful theories. E.g. if we know in advance some general properties of the kinds of algebras we are going to investigate, then universal algebra can reward us with a powerful machinery for doing these investigations. Among the special classes of algebras concerning which universal algebra has powerful theories are the so called discriminator varieties and the arithmetical varieties (cf. the textbooks [BS81], [MMT], [W78]). At the same time, algebras originating from logic turn out to fall in one of these two categories, in most cases. More concretely, more than half of these algebras are in discriminator varieties and almost all are in arithmetical ones. Certainly, all the algebras studied in the present paper are in arithmetical varieties. Therefore, awareness of these recent parts of universal algebra can be rewarding in algebraic logic. In order to preserve the introductory character of this paper, we will not assume familiarity with these theories of universal algebra. From time to time we will point out places where these theories can be usefully applied but these parts can safely be ignored. For completeness, the part of this machinery most relevant to the present paper is recalled in Appendix 2 in a form streamlined for easy understandability.

Let us return to our task of moving from BA’s of unary relations to expanded BA’s of relations in general. What are the elements of a BA? They are sets of “points”. What will be the elements of the expanded new algebras? One thing about them seems to be certain, they will be sets of sequences. Why? Because relations in general are sets of sequences. These sequences may be just pairs if the relation is binary, they may be triples if the relation is ternary, or they may be longer — or more general kinds of sequences. (There is another consideration pointing in the direction of sequences. Namely, the semantics of quantifier logics is defined via satisfaction of formulas in models, which in turn is defined via evaluations of variables, and these evaluations are sequences. The meaning of a formula in a model is the set of those sequences which satisfy the formula in that model. So we arrive again at sets of sequences.) So, one thing is clear at this point, namely that the elements of our expanded BA’s of relations will be sets of sequences. Indeed, this applies to all known

3De Morgan illustrated the need for expanding the algebras of unary relations (i.e. BA’s) to algebras of relations in general (the topic of the present paper) by saying that the scholastics, after two millennia of Aristotelian tradition, were still unable to prove that if a horse is an animal, then a horse’s tail is an animal’s tail. (“v_0 is a tail of v_1” is a binary relation.)

algebraizations of predicate logics or quantifier logics, e.g. for cylindric algebras, quasi-polyadic algebras, polyadic algebras, Craig’s algebras, modal-cylindric algebras, algebraic counterparts of nonclassical predicate logics, higher order logics, abstract model theoretic logics, see [HMTII, §5.6, pp. 263–271].

At this point it might be useful to point out that the most obvious approach based on the above observation (that the elements of the algebra are sets of sequences) does not seem to work, at least not without some fine-tuning. So, what is the most obvious approach? Consider some set U; let <ω U denote the set of all finite sequences over U, and consider the BA P(^{<ω}U) (the powerset of <ω U conceived as a BA the standard way). Now if we are given any finitary relation, say, R ⊆ U ×U over U, then R ∈ P(^{<ω}U). So P(^{<ω}U) contains all relations over U independently of their ranks. Therefore it might be a candidate for being the universe of an algebra of relations. Before thinking about what the new, so called extra-Boolean operations on P(^{<ω}U) should be, let us have another look at its Boolean structure: If R is a binary relation, we would like to obtain its complement (U × U) ∖ R as a result of applying a Boolean operation to R. However, in our algebra P(^{<ω}U) the complement of R is not (U × U) ∖ R but something infinitely bigger, so this approach does not seem to work very smoothly without putting some extra effort into it. With further work it can be turned into a fruitful approach to algebraizing logic, see §7 (2–4) and the section containing Facts 2, 3 at the end of §4 herein; see also [HMTII,§5.6.(A survey).3, p. 265] and the references therein. The approach originates with Craig, but already the algebras in Quine [Q36] consist of sets of finite sequences.

§3. Binary relations

The above difficulty with P(^{<ω}U) motivates our concentrating first on the simplest nontrivial case, namely that of the algebras of binary relations (BRA’s). Actually, BRA’s will be strong enough to be called a truly first–order (as opposed to propositional) algebraic logic, namely [TG87, §5.3] shows that the logic captured by BRA’s is strong enough to serve as a vehicle for set theory and hence for ordinary metamathematics.

The full BRA over a set U is defined to be the algebra ⟨P(U × U), ∘,^{−1}⟩ where P(U × U) is the BA with universe P(U × U), R ∘ S is the usual composition of the binary relations^4 R and S, i.e. R ∘ S = {⟨a, b⟩ : ∃c(aRc and cSb)} while R^{−1} = {⟨b, a⟩ : ⟨a, b⟩ ∈ R} is the converse of R. Throughout this paper, P(V ) denotes the powerset of V , and P(V ) denotes the BA with universe P(V ) for any set V . By a full BRA we understand the full BRA over some set U. By a BRA we understand a subalgebra of a direct product of full BRA’s, up to isomorphisms. Formally,

BRA = SP{⟨P(U × U), ∘,^{−1}⟩ : U is a set}.

Throughout, we use abbreviations like BRA also for denoting the corresponding class itself, e.g. BRA also denotes the class of all BRA’s. Throughout, S and P are the operations of taking isomorphic copies of subalgebras and direct products respectively (as usual in universal algebra). We will see below that to any BRA A there is an equivalence relation E (over some set) such that

4This is denoted by R|S in part of the literature, e.g. in [HMTII]. The reason for this is that in a large part of the literature, ∘ is reserved for the case when R and S are functions and is written backwards, i.e. what we denote by R ∘ S is denoted by S ∘ R.

A^∼= A^+ ⊆ ⟨P(E), ∘,^{−1}⟩ for some^5 A^+. Whenever A is embeddable into ⟨P(E), ∘,^{−1}⟩ then we say

that A is representable by P(E) or is representable with top E. Note that if A is representable this way, then A is isomorphic to a Boolean algebra consisting of binary relations and closed under the operations ∘ and^{−1}. So, every BRA is representable by an algebra consisting of binary relations.

The reason for this representability of BRA’s is the following. It is enough to see that products of full BRA’s are representable, since S obviously preserves representability. So let us consider products. Let us concentrate on the Boolean part first. It is easy to see that P(V ) × P(W ) ∼=

P(V^.∪ W ) where “^∼=” reads “is isomorphic with”, V and W are arbitrary sets and “^.∪” denotes

disjoint union. (This is a well known easy fact of BA theory.) It is not hard to check that the proof smoothly generalizes from BA’s to BRA’s yielding ⟨P(U × U), ∘,^{−1}⟩ × ⟨P(V × V ), ∘,^{−1}⟩^∼= ⟨P([U × U]^.∪ [V × V ]), ∘,^{−1}⟩. Notice here that [U × U]^.∪ [V × V ] is an equivalence relation. So the product of any two full BRA’s is representable. The proof for arbitrary products goes exactly the same way. The proof also yields that if A is represented with top element E = 1A and B is represented with top R = 1B then

A × B is representable with top E^.∪ R. The disjoint union of equivalence relations is again an

equivalence relation. The just outlined simple fact, that direct products preserve representability, is used throughout all branches of algebraic logic, and accordingly it will be used here. So when defining new kinds of algebras of relations, we will first define the simplest version (e.g. the one with top element U × U × · · · × U), and then take all subalgebras of all direct products of these.

REMARK 1. Let us return to universal algebra as a unifying framework. If A ⊆ ⟨P(E), ∘,^{−1}⟩ as above, then the similarity type or signature of A consists of the function symbols ∨, −, ∘,^{−1} where the first two are Boolean join and complementation. Homomorphisms, equations etc. are defined accordingly; e.g. homomorphisms should preserve all four operations, and (x ∨ y) ∘ z = (x ∘ z) ∨ (y ∘ z), (x ∨ y)^{−1} = x^{−1} ∨ y^{−1} are typical equations. The same convention applies to algebras of relations introduced later in the paper. The important thing to remember is that if

A = ⟨B, fi⟩i∈I is a BA B expanded with additional operators fi (a BAO from now on), then the

algebraic language of A is that of BA’s expanded with the extra-Boolean operation symbols f_i (i ∈ I). So in particular, a homomorphism h : A −→ A is a Boolean homomorphism preserving all the f_i’s. The same applies for equations, subalgebras, and other universal algebraic concepts. The literature of BAO’s is quite extensive, see e.g. [HMT, §2.7], Jónsson–Tarski [JT51], Jónsson [J91a], [J91], Henkin [H70], Goldblatt [G88], Sain [S84], Andréka–Givant–Németi [AGiN93] and §7 (10) herein.

Every variety of BAO’s is arithmetical by [MMT, Thm.4.43] or [BS81, Thm.II.12.5]. Hence the powerful theory of arithmetical varieties, cf. e.g. [MMT], [BS81] is applicable to practically all the algebras discussed in the present paper. Moreover, BRA’s generate a discriminator variety.^6 This is proved in the proof of Thm.1 below.

Having a fresh look at our BRA’s with an abstract algebraic eye, we notice that they should be very familiar from the abstract algebraic literature. Namely, a BRA (3.1) A consists of two well known algebraic structures, an involuted semigroup ⟨A, ∘,^{−1}⟩ and a BA ⟨A, ∨, −⟩ sharing the same universe A. Further, the semigroup operations ∘ and^{−1} distribute over the Boolean join ∨. Also^{−1} is a Boolean isomorphism, while the smallest element 0 of the BA is a “zero” element of the semigroup i.e. 0 ∘ x = x ∘ 0 = 0.

5We note that ⟨P(E), ∘,^{−1}⟩ would be a subalgebra of ⟨P(U × U), ∘,^{−1}⟩ with E an equivalence relation on U if we would disregard the Boolean operations “−” and “1” (complementation and top element). 6Moreover, BRA’s, as well as all the other discriminator algebras studied in this paper, generate a doubly pointed discriminator variety in the sense of [BP89b]. This is useful e.g. because in any doubly pointed discriminator variety V, to any universally quantified formula φ there is an equation eφ such that φ and eφ are equivalent in the subdirectly irreducible members of V. Hence this is true for the varieties BRA, BRA^0, RA, CA_n, RPA_α etc. in this paper, see Theorem 14 below.

Property (3.1) defines a nice variety V_+ containing BRA and is a reasonable starting point for an axiomatic study of the algebras of relations. Postulates in (3.1) already appear in De Morgan [D1864], and since then investigations of relation algebras have been carried on for almost 130 years.

THEOREM 1 (Tarski). BRA is a variety, i.e. is definable by a set of equations.

Preparations for the proof of Thm.1.: To illuminate the idea of the proof first we recall some standard material from Universal Algebra, and then we go through a few exercises. After that it will be easy and natural to see why and how the proof works.

Universal algebraic background 1:. Subdirect products of algebras, and subdirectly irreducible algebras are defined in practically every textbook on Universal Algebra, cf. e.g. Grätzer’s book [Gr69], or [BS81], [HMT], [MMT]. By a subdirect product we mean a subalgebra of a product such that the projections of the product restricted to the subalgebra remain surjective mappings. An algebra A is subdirectly irreducible if it is not (isomorphic to) a subdirect product of algebras different from A. We note that the one-element algebra is not subdirectly irreducible. By Birkhoff’s classical theorem, every algebra is a subdirect product of some subdirectly irreducible ones. Therefore, the subdirectly irreducible algebras are often regarded as the basic building blocks of all the other algebras. In particular, when studying an algebra A, it is often enough to study its subdirectly irreducible building blocks.

For a class K of algebras, Sir(K) denotes the class of subdirectly irreducible members of K. Throughout, BA denotes the variety of all BA’s. For K = BA, Sir(BA) consists of the 2-element Boolean algebra only (up to isomorphisms). DEFINITION:

(i) We say that K has a discriminator term iff there is a term τ(x, y, z, u) in the language of K such that in every member of K we have τ(x, y, z, u) = { z, if x = y, u, otherwise.

(ii) K is called a discriminator class iff Sir(K) has a discriminator term and K consists of subdirect products of members of Sir(K).

The term τ in (i) above is called a discriminator term. By a discriminator variety we understand a discriminator class which is a variety. A is a discriminator algebra if {A} is a discriminator class. Warning: Sometimes instead of the 4-ary τ, the ternary discriminator term t(x, y, z) = τ(x, y, z, x) is used. They are interdefinable, since τ(x, y, z, u) = t(t(x, y, u), t(x, y, z), z). Therefore, it does not matter which one is used.

EXERCISES 1.

(1) Prove that BA is a discriminator variety. Hint: use that BA is a variety and that the only member of Sir(BA) is the 2-element BA.

(2) Let B = P({a, b}) where a ≠ b. Let c : B → B be defined by c(x) = { ∅, if x = ∅, {a, b}, otherwise. Let A = ⟨B, c⟩.

– Prove that {A} is a discriminator class. Hint: Prove that A is simple, hence subdirectly irreducible. Then the discriminator term τ need to work on A. Write up τ from c(x).

– Try to prove that SP{A} is a discriminator class, too. (If this is too hard, it can be skipped. But give it a try.) Hint: Show that Sir(SP{A}) = S{A}.

(3) Let A = ⟨P(2 × 2), ∘⟩ where 2 = {0, 1}. Prove that {A} is a discriminator class. Hint:

consider the term c(x) = 1 ∘ x ∘ 1. Prove that A is simple, hence subdirectly irreducible, too. Write up the discriminator term from c (A has only four atoms, so a drawing of A might help).

(4) Prove that BRA is a discriminator class. Hint: First prove that Sir(BRA) = S{⟨P(U × U), ∘,^{−1}⟩ : U is a nonempty set}, by using Sir(SPK) ⊆ SK. Let the term c(x) be 1 ∘ x ∘ 1. Prove that in Sir(BRA), c(x) = { 0, if x = 0, 1, else.

Use c(x) for writing up a discriminator term.

(5) (This can be skipped.) Prove that BRA is contained in a discriminator variety. Hint: UpK denotes the class of algebras isomorphic to ultraproducts of members of K. First prove that K_1 = SUpSir(K) consists of subdirectly irreducible algebras and is a discriminator class (here SUpK is the smallest class containing K which is axiomatizable by universally quantified formulas). Infer that SPK_1 is a discriminator class containing K. Use Appendix 2 to conclude that SPK_1 is a variety.

(6) Find an algebra A which is not contained in any discriminator class! Hint: Let A = ⟨{0, 1, 2}, suc⟩ where suc(n) = min{n + 1, 2}. Then A is subdirectly irreducible but not simple. But the existence of a discriminator term τ on A would force A to be simple.

Now we are ready to turn to the proof of Thm.1.

By Exercise (4) (for short, Ex.4) we know that BRA is a discriminator class.

Claim 1.1. Sir(BRA) = S{⟨P(U × U), ∘,^{−1}⟩ : U is a nonempty set} is closed under taking ultraproducts.

The equality part was proved in the proof of Ex.4. Hence it is sufficient to prove that Sir(BRA) is closed under ultraproducts. An ultraproduct of full BRA’s on some sets U_i is isomorphic to the full BRA on the ultraproduct of the U_i’s, namely if F is an ultrafilter on I, and F(U) denotes ⟨P(U × U), ∘,^{−1}⟩, then ΠF(U_i)/F ∼= F(ΠU_i/F ), and the isomorphism h is given by a/F → {⟨u/F, v/F ⟩ : {i ∈ I : ⟨u_i, v_i⟩ ∈ a_i} ∈ F }. The reader is invited to check that h is indeed an isomorphism. Thus K_1 = {⟨P(U × U), ∘,^{−1}⟩ : U is a nonempty set} is closed under ultraproducts. This implies that SK_1 is also closed under ultraproducts. With this, Claim 1.1 is proved.

Thm.9.2 fully proved in Appendix 2 herein says that HSPK = SPUpK for any K having a discriminator term. Since Sir(BRA) does have such a term (cf. Ex.4), Thm.9.2 applies to it. Then by Claim 1.1, HSPSir(BRA) = SPUpSir(BRA) = SPSir(BRA) = BRA, by Thm.9.2, Claim 1.1 and the definition of BRA respectively. Since the HSP closure of any class is equationally axiomatizable, this proves Thm.1. QED(Thm.1)

Theorem 1 indicates that BRA is indeed a promising start for developing a nice algebraization of (at least a part of) first-order logic, or to put it more plainly, for developing an algebraic theory of relations. After Theorem 1, the question comes up naturally whether we can strengthen the postulates in (3.1) to obtain a finite set Σ of equations describing the variety BRA, i.e. such that BRA = Mod(Σ) would be the case.^7 The answer is

7Mod(Σ) is the class of algebras in which Σ is valid.

THEOREM 2 (Monk). BRA is not finitely axiomatizable, i.e. for no finite set Σ of first-order formulas is BRA = Mod(Σ).

The idea of one possible proof is explained in Remark 5.2 in §4 herein. This idea is based on the proof of Thm 5.1 which is the reason why it is postponed to that part of the paper. See Monk [M64], and also [HMTII, 5.1.57, 4.1.3] for the original proof of Theorem 2 (in slightly different settings).

Theorem 2 was strengthened by Andréka, Jónsson, Maddux and Venema. Maddux [Ma89] proved that the set of equations containing only one variable and valid in BRA is not finitely axiomatizable. Jónsson [J91a] proved that no set Σ of universally quantified formulas containing only finitely many variables can axiomatize BRA. Andréka proved the following two results. (1) Recall from Remark 1 that the basic operations of BRA are ∨, −, ∘,^{−1}.^8 Then, any set Σ of equations axiomatizing BRA (or its expansion RRA to be introduced soon) has the following “complexity” property. For any k ∈ ω, there are infinitely many formulas φ ∈ Σ such that all the basic operations of BRA, with the exception of “^{−1}”, occur in φ and φ contains more than k distinct variables. This does not extend to the operation^{−1} (and in the RRA case, to any of “^{−1}” or the constant Id), cf. [A91, Remark 9, pp. 83–84],[AN93], [A90]. Some of her further results in this “complexity” direction will be mentioned around Theorems 4, 5.1, 11 and in a footnote preceding Theorem 14. The other result is (2) no subreduct of BRA containing ∨ and ∘ among its operations can be axiomatized by a set of universally quantified formulas containing finitely many variables, or by a finite set of first-order formulas ([A89a]); where by a subreduct of a class K we mean the class of subalgebras of a reduct of K (to some language). Cf. also [A91, §III, pp.72–86]. For further improvements of Theorem 2 see also the remarks below Problem 2, Theorem 2.1, below Theorems 4, 5.1, below Remark 5.2 and second footnote of §6 herein.

Venema improved Andréka’s result in (1) above in a special direction as follows: Using a construction from Hodkinson [Ho96], Venema [V96] showed that no set of the so–called Sahlqvist formulas will axiomatize BRA. Sahlqvist formulas generalize the notion of positive equations (i.e. equations containing no complementation).

It turns out in the fundamental book [TG87] that Theorem 2 above and its improvements are essential for applications in finitizing metamathematics.

As a consolation for Theorem 2, by Monk [M69], one can obtain an example of a recursive (i.e. decidable) infinite set Σ of equations characterizing the variety BRA. Lyndon [Ly56] outlines another recipe for obtaining a different such Σ which may work for BRA. Hirsch–Hodkinson [HH96] also contains such a set Σ. However, the structures of these Σ’s are rather involved. Cf. [HMTII, pp. 112–119] for an overview. In this connection, we note that the following is still one of the most important open problems of algebraic logic:

PROBLEM 1. Find simple, mathematically transparent, decidable sets Σ of equations characterizing BRA. (A solution for this problem has to be considerably simpler than, or at least markedly different from the Σ’s discussed above.)

Compare [HMTII, Problem 4.1, p. 179], Henkin–Monk [HM74, Probl.5] [M77, p. 85_3], [TG87, p. 240_{16−13}], [AGN77, p. 21], [W88], Venema [V90], [V89, Def.1.4.1, Thms 1.4.16, 3.3.5], Simon [Si90].

One can get very far in doing algebraic logic (for quantifier or predicate logics) via BRA’s. If we want to investigate nonclassical quantifier logics, we can replace the Boolean reduct B of

A = ⟨B, ∘,^{−1}⟩ ∈ BRA with the algebras (e.g. Heyting algebras) corresponding to the propositional

version of the nonclassical logic in question. By Andréka’s above quoted result (2), if B is (an expansion of, like Heyting algebras) a distributive lattice, then Theorem 2 carries over, cf. Theorem 2.1 below. We will return to this direction later. At a first reading, some parts of Remark 2 below might be too technical for the nonspecialist. They may be skipped safely, but it is advisable to come back to them, sometime.

Throughout, ω is the set of natural numbers, and it coincides with the least infinite ordinal.

8Other irredundant systems, e.g. ∧, −, ∘,^{−1} would suit our purposes just as well.

REMARK 2 (Finitization). The efforts of trying to get rid of Theorem 2 became known as finitizability investigations. Why would we want to get rid of Theorem 2? BA’s of unary relations, i.e. SP{P(U) : U is a set} admit a nice finite axiomatization. Theorem 2 says that the same is not possible for BRA’s of binary relations. Since we are in the middle of the search for the right notion of algebras of (not only unary) relations, the question naturally comes up whether Theorem 2 was perhaps only a consequence of an unfortunate choice of the basic operations ∘ and^{−1} of BRA’s.^9 Apparently, it is hard to get rid of Theorem 2 by moving to reducts of BRA’s (cf. Andréka’s result mentioned below Theorem 2, Schein [Sc89], Andréka [A89, A89a]). It is a second central open problem^{10} of algebraic logic to find out whether we can get rid of Theorem 2 by moving in the direction opposite to taking reducts. This would mean to expand BRA’s by new, “set-theoretically defined” operations on relations such that the new class would become finitely axiomatizable. This quest is motivated by the fact that there are many known examples for a non-finitely axiomatizable class K of structures such that an expansion K^+ of K is finitely axiomatizable. An example for such a K and K^+ are the elementary classes generated by the structures ⟨ω, 0, succ⟩ and ⟨ω, 0, succ, ≤⟩ respectively. Another example is set theory. ZF is not finitely axiomatizable but its conservative extension known as Gödel–Bernays set theory is such.^{11} A drawback of these examples is that representability of members of K^+ (as some kinds of algebras of relations) do not enter the picture. To alleviate this, we quote an example due to Bredikhin: Subalgebras of ⟨P(U × U), ∘,^{−1}⟩ for all U form a non-finitely axiomatizable quasivariety while substructures of their expansions ⟨P(U × U), ∘,^{−1}, ⊆, dom⟩ where dom(R) = Id ↾ Domain(R) = {⟨a, a⟩ : (∃b)(⟨a, b⟩ ∈ R)} form a finitely axiomatizable universal Horn class (Bredikhin [Br77], [Br77a]).^{12} (Both classes are understood up to isomorphisms, of course.)

The problem was raised in various forms by Jónsson, Henkin–Monk [HM74, Problem 1], Monk [M70, p. 20], Tarski–Givant [TG87, lines 9–11 of p. 62] (the first sentence of the paragraph preceding 3.5.(ix)), and the first page of [TG87, §3.5 (p. 56)], whether (3.2) one can add to the operations of BRA finitely many new set-theoretically defined operations f_1, . . ., f_n on relations such that K^+ = {⟨P(U × U), ∘,^{−1}, f_1, . . ., f_n⟩ : U is a set} would generate a finitely axiomatizable variety.

A perhaps even more important version of the problem asks whether (3.2)^+ statement (3.2) is true in such a strong form that for K^+ in it, its closure SPK^+ is a variety, or at least is a finitely axiomatizable class.

What does it mean in (3.2) that f_i should be set-theoretically defined? The intuitive idea is that it should be somehow “concretely specified” like the operations of BRA. Namely, in the latter e.g. R∩S or R∘S are defined by set-theoretical means in a very strong sense, which entails, among other things, that the results of these operations depend only on the choice of R and S, independently of the choice of the algebra in which we execute them. So in a sense, these operations are “concrete” (as opposed to the abstract algebraic operations of fields for example). The most generally accepted precise version of this condition says that f_i, i ≤ n, should be invariant under the permutations of

9Henkin pointed out during the 1987 Algebraic Logic conference in Asilomar that a positive solution for this problem would imply positive results for pure (non-algebraic) logic too; see Sain [S87a, §4], largely based on Henkin’s suggestions. According to Henkin, on his own part, this was the main reason for including this “goal” as Problem 1 in [HM74].

10This is not really a single problem; it is rather a large circle of problems motivated (and “punctuated”) by many deep results. In a sense it is a rich theory built around a deep, open, almost philosophical question. 11Fact 1 below is a third, rather general motivating example. Actually Fact 1 seems to imply that what we want to do is always possible. The only question is whether we can do it in such a way that the new operations remain “representable as natural set-theoretic operations on relations (like ∩,^{−1}, and ∘ were)”. It is this latter (vague) requirement which was referred to above as “set-theoretically definable”. 12Bredikhin’s dom(x) is the same as Craig’s T_{[1/0]}(x) to be discussed in §6 here.

U. This means that whenever p : U ↣→ U is a permutation then p(f_i(R)) = f_i(p(R)) where^{13} p(R) is defined the natural way for R ⊆ U × U (p(R) = {⟨p(a), p(b)⟩ : ⟨a, b⟩ ∈ R}). The following is still open.

PROBLEM 2. Is (3.2)^+ above, or if not then at least (3.2) true, when “set–theoretically defined” means permutation invariant in the above sense?

The problem in this form was raised among others by Bjarni Jónsson sometime before 1983; see e.g. [S87, S87a], the part of [Bi89] coming after Corollary 10, and the parts of [TG87] indicated just before formulating (3.2) above. Biró [Bi89] proved that f_1, . . ., f_n cannot all be “first–order definable” in a certain sense of the term we will recall only vaguely here^{14}. In terms of “algebraizing logic”, f_i is “first–order definable” is equivalent to saying that f_i is the algebraic counterpart of a derived logical connective of first–order logic L_{ωω} (just as meet ∩ is the algebraic counterpart of the logical connective conjunction ∧). A typical example for a first–order definable operation is f which leaves the relation R fixed iff R has exactly 1000 elements and otherwise sends R to 0. A typical counterexample (i.e. non first–order definable) is obtained from this f by replacing 1000 in its definition with a fixed infinite cardinal. We will give more examples soon. Andréka has a proof–outline for an improvement of Biró’s result, where “first–order definable” is replaced with “either first–order definable, or generalized quantifier or a modality” (where f_i is a modality if it distributes over ∨), cf. the second footnote in §6 for more concrete formulation. However, Andréka checked the details for algebras of n–ary relations (RCA_n’s) to be discussed in §4 below, but not for the presently discussed BRA’s designed for binary relations only. Sain [S87a] contains a positive solution but for a different kind of algebra of relations to be discussed later. [Bi89] and independently [Ma89b] showed that the requirement of permutation invariance is essential (i.e. without this requirement there is a solution but the logical counterpart of this solution does not satisfy the axioms of abstract model theory i.e. those of general theory of logics).

Some possible choices of the f_i’s are: the identity relation Id on U as a new constant (distinguished element), transitive closure trc(R) = R ∪ (R ∘ R) ∪ (R ∘ R ∘ R) ∪ . . . , and a choice function picking out a singleton {⟨a, b⟩} ⊆ R from R, i.e. ch(R) ⊆ R such that |ch(R)| = min(1, |R|). Of these, Id is first-order definable, trc is not, but both are permutation invariant; ch is not permutation invariant (hence it is not allowed in Problem 2). Actually [Bi89], [Ma89b, Thm’s 8, 9] showed that adding ch makes BRA finitely axiomatizable. A further example for a permutation invariant but not first–order definable operation is fin(R) = “∅ if R is finite, else R”. (This operation will be relevant in §6.) Adding all the permutation invariant ones of these four operations to BRA does not make the class finitely axiomatizable.^{15}

Throughout, Rd is taken to be the operation of forming appropriate reducts. In particular, K_1 = RdK_2 means that we can identify the operation symbols of K_1 with some of those of K_2 such that after forgetting the rest of the operations of K_2, the two classes become identical, up to isomorphisms. (Beginning with §4 below, we will use Rd in a slightly more general sense, namely we will allow the operation symbols of K_1 to correspond to term functions, i.e. derived operations

13In §7(9) herein we will describe a category theoretic (functorial) version of this condition excluding the operation f(R)=“∅ if ∅ ∈ U else R”. According to the present (non-categorical) definition, this f is permutation invariant, but from the point of view of algebraizing arbitrary quantifier logics in the abstract model theoretic sense, f violates one of the axioms of abstract model theory; cf. Barwise–Feferman [BF85]. Cf. §7(9) herein. 14The definition can be found in Jónsson [J91a] or Biró [Bi89], but using cylindric algebras to be introduced later, basically, an operation on relations is “first–order definable” iff it is term definable in cylindric algebras (of ω-ary relations, i.e. in RCA_ω ). We note that cylindric algebras are basically expansions of BRA’s as shown e.g. in [HMTII, §5.3], and sketched in §4 below.

15The case of {trc, Id} is in [Ma89b, Thm.3], but see also [AGN87], Ng [N84], [N81], and [M77, Prob.7] for investigations of trc. Further, Andréka proved that (i) “RRA + trc” is not finitely axiomatizable over RRA, and (ii) no expansion of “BRA + trc” is finitely axiomatizable. So if in (3.2) we would replace “∘,^{−1}” with “∘,^{−1}, trc” then the answer to all parts of Problem 2 would be NO, even if the condition “set-theoretically definable” were completely omitted.

of K_2 instead of only operation symbols of K_2. However, in the present section the narrower definition suffices.) K_1 = SRdK_2 is defined in the same fashion. Now, (3.2) above implies that BRA = SPRd(K^+) for K^+ as described in (3.2). The following is a variant of (3.2)^+:^{16} (3.3) There are set-theoretically defined operations f_1, . . ., f_n on binary relations, such that

K^+ = S{⟨P(E), f_1, . . ., f_n⟩ : E is an equivalence relation}

is a finitely axiomatizable variety and BRA = SRd(K^+).

The main difference between (3.3) and (3.2)^+ is the replacement of U × U in (3.2)^+ by an equivalence relation E; without this change we cannot expect K^+ to be a variety (closure under P is the problem). This U × U → E substitution was used to the same effect immediately below the definition of BRA.

Variants of Problem 2 ask if (3.3) is true but again in formulating these problems, one has to make the adjective “set-theoretically defined” concrete and precise.

The condition K^+ = SK^+ in (3.3) is important because, by [HMTII, 3.2.5], there is a finitely axiomatizable K^+ such that BRA = SK^+. (Cf. also Jónsson–Tarski [JT51, Thm.4.31].) This also yields a kind of a characterization of the equations valid in BRA, namely all the equations derivable from the single formula axiomatizing K^+ in [HMTII, 3.2.5]. This illustrates what kinds of answers are no longer acceptable as solutions for Problem 1, making the vague adjectives like “simple”, “transparent” in the formulation, hopefully, more tangible.

In (3.2) and (3.3) above (hence in Problem 2), the condition saying that f_1, . . ., f_n should be “settheoretically defined” (whatever concrete meaning the latter will receive later) is very important, because without this condition a version of the problem seems to receive a trivial solution by a result of Kleene from 1951 improved by Craig and Vaught [CV58]. Namely:

FACT 1. For any quasivariety K axiomatizable by a recursively enumerable set Σ of first-order formulas, there is a finitely axiomatizable K^+ = SK^+ such that K = SRd(K^+).

Proof: We will show how Fact 1 follows from Thm.2.1 of [CV58], which says that if Mod(Γ) consists of infinite models and Γ is recursively enumerable, then Mod(Γ) = Rd(K^+) for some finitely axiomatizable class K^+. Let Σ be as above. Form Σ_∞ by adding to Σ postulates stating that “if there are at least two elements, there are at least n different elements” for each n ∈ ω. Then K = SMod(Σ_∞) and each model of Σ_∞ is infinite (except for the one-element trivial one which may be safely ignored). By Thm.2.1 of [CV58], there is a finitely axiomatizable K^+ with Mod(Σ_∞) = Rd(K^+). But then K = SRd(K^+). Finally, the predicates in K^+ are easily coded by their characteristic functions, so K^+ can be transformed into a class of algebras. By introducing Skolem functions, we can achieve K^+ = SK^+ (note that only finitely many Skolem functions are needed because only finitely many axioms are needed for describing K^+). Fact 1 has been proved.

We conjecture that Fact 1 can be improved to conclude that K^+ is a finitely axiomatizable quasivariety.

Fact 1 immediately yields that version of (3.3) from which the condition “set-theoretically defined” is omitted, and in which “variety” is replaced by “universally axiomatizable class”.

Sain [S87] proved that version of (3.3) in which “set-theoretically defined” is made precise as follows: f_i is set-theoretically defined iff we can write down a concrete set-theoretical formula φ_i(x_1, . . ., x_n, y) containing bounded quantifiers only such that for any binary relations X_1, . . ., X_n, Y we have [f_i(X_1, . . ., X_n) = Y ⇐⇒ φ_i(X_1, . . ., X_n, Y )]. This immediately ensures that f_i(R) depends only on R and not on the choice of the algebra in which f_i(R) is computed.

16To avoid misunderstandings, we are not saying that (3.3) would be true; we only formulate it as a “statement” to be discussed later.

We note that, in a sense, Sain’s result improves Maddux’s and Biró’s choice function ch because ch is not definable in general in set theory, especially not by an absolute^{17} formula like φ_i above. All these leave Problem 2 open since there “set-theoretically defined” is interpreted as meaning invariant under permutation.

In passing we note that Tarski and Givant [TG87, p. 62] raise a perhaps easier version of Problem 2. Namely, they ask for a finitely axiomatizable variety K_0 containing K^+ of (3.2) such that BRA = SRd(K_0). Here, the point is that not all members of K_0 have to be “representable” by SPK^+ or even by HSPK^+ (but still K^+ ⊆ K_0 is required and f_i of K^+ has to be permutation invariant)^{18}. This problem, at least in principle, is indeed easier than Problem 2, by the following example. Andréka proved that if Ω = {∨, ∘} and Γ = Ω ∪ {∧} then SRd_ΩBRA and SRd_ΓBRA are not finitely axiomatizable, but there is a finitely axiomatizable variety K_0 ⊇ SRd_ΓBRA with SRd_ΩBRA = SRd_Ω(K_0). Here Rd_Ω denotes taking reducts to the similarity type Ω. This “easier” version of Problem 2 is also open. The following improvement of Theorem 2 is relevant to the finitization problem.

In the next theorem we use the class RRA of Representable Relation algebras. This class will be introduced very soon^{19}.

THEOREM 2.1 (H. Andréka – Sz. Mikulás). Let V be a variety term definitionally equivalent with RRA. Let V_0 be a subreduct of V. That is, V_0 = SRd_ΩV for some set Ω of operation symbols. Assume ∩, ∪, ∘ are among the operations of V_0. Then V_0 is not finitely axiomatizable.

Proof (Mikulás): In the proof of Theorem 4 in [A89b] a sequence ⟨A_n : n ∈ ω⟩ of non–representable relation algebras is defined such that its ultraproduct Π_{n∈ω}A_n/F ∈ RRA. Further it is proved that the {∩, ∪, ∘}–reduct of A_n is not embeddable into any reduct of any RRA. We may assume that the operations of V_0 form Ω = {∩, ∪, ∘} ∪ {τ_1, . . .τ_k}, where τ_i is a term–function of RRA for each i ≤ k. Then Rd_ΩA /∈ SRd_ΩRRA because of the above quoted property of A_n. But then

RdΩ (Πn∈ωAn/F ) ∈ RdΩRRA proves that the complement of V0 = SRdΩRRA is not closed under

ultraproducts.

Intuitively, Theorem 2.1 says that no expansion of ∩, ∪, ∘ with operations term definable in RRA yields a finitely axiomatizable notion of set–algebras. We conjecture that here RRA–term definable can be replaced with “first–order definable” in the sense of [Bi89], Jónsson [J91a].

We will return to the finitization problem later, when we will have a richer theory at our hands suitable for developing a deeper understanding of the problem. Cf. e.g. the last 2 pages of §4 especially Problems 2.1, 2.2. Cf. also the part beginning with Thm.16 and containing item (5.1). Cf. also Problem 3 in §7(9). END of Remark 2

The natural logical counterpart of BRA’s is classical first-order logic restricted to three individual variables v_0, v_1, v_2 and without equality. As shown in [TG87, §5.3], this system is an adequate framework for building up set theory and hence metamathematics in it. One can illustrate most of the main results, ideas and problems of algebraic logic by using only BRA’s. (An illustration of this is the result just quoted from [TG87, §5.3.]) We do not know how far BRA’s can be simplified

17The φ_i’s are known to be absolute in a very strong sense used in set theory, see Barwise [B75]. Note, however, that Sain’s result does not give us a permutation invariant operation. Actually, the two properties are independent: there are absolute operations which are not permutation invariant, and also permutation invariant operations which are not absolute. Sain has a permutation invariant result too, but for that, relations of higher ranks are also needed as elements of the algebra. Therefore this result will be stated as Theorem 16 in §6.

18Their wording of the problem is different from the present algebraic one, since they formulate the problem in its logical form. (The same remark applies to our quoting [TG87] in connection with Problem 2 above.) In logical form, the presently discussed easier question does not require the expanded logic L^+ corresponding to K^+ to be complete, but L^+ still has to be sound. (And of course, L^+ has to be complete w.r.t. the old formulas.) Strangely enough, this soundness requirement (together with permutation invariance) seems to keep the problem on the tough side. Maddux [Ma89b] proved that adding {Id, trc} does not solve this easier problem either.

19RRA is obtained from BRA by adding the identity relation Id_U = {⟨a, a⟩ : a ∈ U} as a distinguished constant.

So, a typical RRA is a subalgebra of ⟨P(U × U), ∘, ‘, Id_U ⟩ for some set U.

without losing this feature. In this connection, let the class BSR of Boolean semigroups of relations be defined as BSR = SP {⟨P(U × U), ∘⟩ : U is a set} .

So we require only one extra-Boolean operation “∘”.^{20} The question is, how far BSR could replace BRA as the simplest, “introductory” example of Tarskian algebraic logic. We conjecture that the answer will be “very far”. We know that BSR is a discriminator variety, and is not finitely axiomatizable. Thus Theorems 1, 2 remain true if BRA is replaced with BSR in them. Further, the equational theory of BSR is undecidable. We conjecture that, following the lines of [TG87, §5.3], set theory can be built up in BSR instead of BRA with basically the same positive properties (e.g. finitely many axioms) as the present version [TG87] has.^{21} It would be nice to know if this conjecture is true, and, more generally, to see a variant of algebraic logic elaborated on the basis of BSR. We do not know what natural fragment of first-order logic with three variables corresponds to BSR (if any). It certainly is difficult to simulate substitution of individual variables using only ∘. The converse operation,^{−1}, is the algebraic counterpart of substitution because, intuitively, R(v_0, v_1)^{−1} = R(v_1, v_0). One can simulate quantification by ∘, and it is easily seen that ∘ is stronger than quantification but without^{−1} it is not clear exactly how much stronger. Curiously enough, these issues are better understood in the case of cylindric algebras to be discussed later.

BRA’s also play an important rôle in theoretical computer science (cf. e.g. Hennessey [H80], Bednarek–Ulam [BU77], Imieliński–Lipski [IL84], Berghammer–Zierer [BZ86], Hoare–Jifeng [HJ86], [SS89], van Benthem [vB90a, vB90], and §7 (7) herein). Jónsson [J89], [J90] call a finitely axiomatizable variety BRA^0 approximating BRA Program Specification Algebras. Here, by saying that the finitely axiomatizable BRA^0 approximates the not finitely axiomatizable BRA we mean that BRA^0 ⊇ BRA and BRA^0 is fairly close to^{22} BRA.

If we want to algebraize first-order logic with equality, we have to add an extra constant Id, representing equality, to the operations. RRA denotes the class of algebras embeddable into direct products of algebras of the form ⟨P(U × U), ∘,^{−1}, Id⟩ where Id = Id ↾ U = {⟨u, u⟩ : u ∈ U } is a constant of the expanded algebra.^{23} I.e.

RRA = SP { ⟨P(U × U), ∘,^{−1}, Id⟩ : U is a set^} .

RRA abbreviates representable relation algebras. RRA’s have been investigated more thoroughly than BRA’s; actually, Theorems 1,2 above were proved first for RRA’s.^{24} The proof of Theorem 1 applies almost verbatim to prove that RRA is a variety.

We note that BRA = SRdRRA, where Rd is the operator of taking appropriate reducts (cf. Remark 2). We also note that RRA is finitely axiomatizable over BRA, which means that by adding finitely many equations to the equational theory of BRA, we can obtain an axiomatization of RRA.^{25}

20Notice that a BSR need not be closed under converse.

21Perhaps here [N85a], [N86] can be useful, because an analogous task was carried through there. The last 12 lines of Jónsson [J82, p. 276] seem to be also useful here.

22These BRA^0-like approximations of BRA-like “non-finitizable” classes are quite characteristic of algebraic logic, and they are relevant e.g. to algebraizations of syntactic aspects of logic like proof theory. For more on this see the Appendix (§8) and the subsection “The axiomatic approach. . . ” in the middle of §4.

23In Pratt [Pr90], the class RBM of representable Boolean monoids is obtained from our BSR’s by adding Id as an extra distinguished constant. So BSR’s are the Id-free subreducts of RBM’s. All the results mentioned above for BSR’s carry over to RBM’s; e.g. RBM is a discriminator variety, hence the simple RBM’s form a universally axiomatizable class, Theorems 1, 2 above apply to RBM etc. Some of the proofs (both for RBM and BSR) are analogous to that of Theorem 3 below. (These properties of RBM do not seem to be mentioned in [Pr90]). 24For historical notes on Theorem 1 for RRA’s see Thm.8.3(v) on p. 240 of [TG87].

25For issues concerning finite axiomatizability of a class over another one cf. [HMTII, p. 273 (Problems 5.4, 5.8)]. As a contrast we note that, letting_∞RRA denote the class of the infinitely representable RRA’s (i.e. where in

⟨P(U × U) . . .⟩, |U| ≥ ω is required), Andréka proved that ∞RRA is not axiomatizable over RRA by any set of

universal formulas containing finitely many variables, solving Problem 8 from [Gi89]. The notation_∞RRA is taken from [HMTII, p. 6].

Moreover, RRA is finitely axiomatizable over its^{−1} and Id-free subreduct BSR, where a subreduct of K is a class of the form SRdK, cf. the convention for using SRd above item (3.3) (in Remark 2). This is in sharp contrast with the cylindric algebraic situation where each operation is only infinitely axiomatizable over the rest.^{26}. This also shows, that RRA being nonfinitely axiomatizable implies that neither BRA nor BSR is finitely axiomatizable.

In connection with algebraization of logic, we note that the so called Leibniz law of equality which says that equals cannot be distinguished, translates into the algebraic condition that Id is the neutral element of the semigroup operation “∘”.

Some special classes of RRA’s (RRA’s with pairing function elements, algebras in which below every relation there is a nonempty one which is a function, pair-dense RRA’s) turn out to be finitely axiomatizable, cf. Maddux [Ma78a, Ma87], Givant [Gi88].^{27} The elegant, purely algebraic proofs in these papers are examples for significant applications of algebra to logic, via connections between algebra and logic indicated in [TG87], in the Thm.13 through Prop. 16/a in §II.1 of [ANS84], and [HMTII, 4.3.29, p. 161]. Another fruitful direction for obtaining finite axiomatizability results for algebras of relations was initiated in cylindric algebra theory by Diane Resek in 1969; the binary relation oriented counterpart of which are the finite axiomatizability results for “relativized” RRA’s in e.g. Marx [Ma93], [Ma82], Kramer [K89].^{28} Further positive results, e.g. decidability for relativized RRA’s are in [N87a], [S89]. For Resek’s fundamental result a useful reference is Andréka– Thompson [AT88]; but see also [Ma89d], Monk [M91, Thm.9.4], Resek–Thompson [RT91], [HMTII, pp. 101, vi, 300].

The relevance of RRA’s to predicate logic has been elaborated in the book [TG87], but see also Maddux [Ma83] and §5.3 in conjunction with §4.3 of [HMTII].

RRA’s are also relevant to what is known as category theoretical logic. Namely, every RRA

A ⊆ ⟨P(U × U), . . ., Id⟩ is equivalent with a category C whose objects are the subsets of U and

whose morphisms are the binary relations between these sets. This C is actually more than a “plain” category, it is an enriched category, but it is exactly the enriched categories which play a central rôle in category theoretical logic, cf. e.g. Daigneault [D69], Zlatos [Z83, Z84], Freyd–Scedrov [FS90]. The objects of C can be recovered from A as those elements of A which are below the constant Id. The morphisms of C are the elements of A in general, the domain of R is computed by the term Id ∧ (R ∘ 1) where 1 is the greatest element (in our case U × U) of any BA or BAO. Further, any homomorphism between two RRA’s A and A^′ gives rise to a functor between the corresponding enriched categories C and C^′ (and vice versa).

DECIDABILITY, RELATIVIZED VERSIONS, NON–SQUARE APPROACH.

A class K of algebras is called decidable iff its equational theory Eq(K)^{def}= {e : K |= e, e is an equation} is decidable.

In algebraic logic, the question of decidability of equational theories is an important one. Besides asking whether, say, RRA (or BA or whichever algebras of relations we are contemplating) is decidable, it is also important to ask which varieties contained in RRA or containing RRA are decidable. Recent works in this direction include [KNSS], [KNSS2], [SSNK], Marx [Ma93], [AGiN92], Jipsen [Ji92], [N96]. Cf. also Thm’s 6,7 herein.

We will see in Exercises 2 below that most of the classes studied so far are undecidable. E.g. the variety V_+ defined in Item (3.1) above Theorem 1 is already undecidable, moreover, it remains such if we add equations valid in RRA, see [KNSS2] for the proof. On the other hand, if we omit

26See Andréka’s negative solution for Problem 5.4 of [HMTII] to be mentioned later in this paper 27The possibility of extending Maddux’s approach to algebras of relations of higher ranks was investigated in [AN88]. Further, Givant generalized the positive results concerning pair dense algebras to a broader class he calls locally small RA’s, cf. [Gi88].

28For the definition (and brief discussion) of what we call relativized versions of the various kinds of algebras of relations, see the (first half of the) “Advanced topics in RCA theory” subsection of §4 herein. These algebras became extremely important in recent applications, cf. e.g. Masuch and Polos [MP92] or van Benthem [vB92].

the axiom of “∘” distributing over join, then the class becomes decidable (a result of V. Gyuris), cf. [KNSS2]. The variety of BAO’s (of any fixed similarity type) is also decidable and has many decidable subvarieties, cf. e.g. [Ji92].

Some of the reducts of RRA are decidable, while others are not. E.g. omitting complementation from RRA makes it decidable, cf. [A90a]. Further, let c_0(x) = 1∘x. Then e.g. the reduct containing the Booleans,^{−1}, Id, and c_0 only is decidable (a version of this is proved in [HMTII], a simpler proof is available from Andréka). Interestingly, most of what are called relativized versions of algebras of relations turn out to be decidable (even if we add new operators not available in RRA, cf. e.g. Marx [Ma93], [KNSS2], [N96], [N96a], Thm’s 6,7 herein). (We guess, the class of algebras in Thm.8/1 will also turn out to be decidable.) These “relativized versions” are based on the following idea.

When looking for a natural concept of an algebra of relations, we need not necessarily require the greatest element of an algebra of relations to be a Cartesian square (i.e. of form U × U). Of course, this greatest element has to be a relation (since all elements are supposed to be relations), but perhaps not necessarily of the form U × U. This approach is called the “non–square approach” by Yde Venema (cf. Venema [V91]), which might be a more suggestive name than the traditional “relativized version”. The non-square approach still yields algebras consisting of real relations, so it is a reasonable and healthy part of the quest for natural algebras of relations outlined in §2. A surprising result in Marx [Ma93a] says that all Boolean Algebras with Operators (BAO’s) are isomorphic to such non-square algebras of relations (if there are only finitely many operations in our algebras).^{29} This seems to point in the directon that the unifying power and circle of applicability of algebras of relations is considerably greater than we thought (which in turn was already much greater than what one would naturally expect). For more on the non-square (or relativized) approach cf. in §4 herein (subsection “Advanced topics in...”).

In a later version of this work we plan to treat decidability and also the non-square approach more systematically than in the present one.

EXERCISES 2.

(2.1) Change Exercise 2 in the middle of §3 the following way. Let c : P(U) → P(U) be defined by c(x) = { U, if |x| > 1, x, else, for any x ⊆ U. Prove that A = ⟨P(3), c⟩ is not contained in any discriminator variety, where 3 = {0, 1, 2}. Hint: Let B ⊆ A have universe {∅, 3, {2}, {0, 1}}. Then c{2} = {2} while c{0, 1} = 1A. Conclude that B is subdirectly irreducible but not simple. Complete the proof as in Exercise 6.

(2.2) Let c be as in (2.1). Prove that K = S{⟨P(U), c⟩ : U is a set} is not a discriminator class, though K ⊆ SPSir(K). Hint: Use experience gained in (2.1).

(2.3) Prove that BSR is a discriminator class.

(2.4) Using (2.3), imitate the proof of Thm.1 for proving that BSR is a discriminator variety. (2.5) Consider Pratt’s class RBM defined in a footnote at the definition of RRA above. Execute (2.3), (2.4) for RBM and for RRA. In particular, prove that RBM is a discriminator variety.

(2.6) If too hard, this one may be skipped. But try first. Let K_0 = SP{⟨P(U × U),^{−1}⟩ :

U is a set}.

– Prove that K_0 is a discriminator class.

– Imitating the proof of Thm.1, prove that K_0 is a discriminator variety. – Prove that K_0 is finitely axiomatizable. Write up the axioms.

29This representation becomes especially natural if any two extra-Boolean operators are so called conjugates of each other (this does not restrict the ranks of these operators).

– Prove that the equational theory Eq(K_0) is decidable. Hint: First find out what SirK_0 is.

(2.7) By a quasi-equation q(x) we mean an implication of equations like [e_1(x) ∧ e_2(x) ∧ · · · ∧ e_n(x)] → e_0(x).

– Prove that to every quasi-equation q(x) of BRA’s there is an equation e(x) such that Sir(BRA) |= (q(x) ↔ e(x)).

– Consider e associated to q above. Let “e” be denoted by f(q). Choose a function f which to each quasi-equation q associates an equivalent equation f(q). Prove that f can be chosen to be computable.

– Prove for the above defined computable function that (BRA |= q) ⇐⇒ (BRA |= f(q)) for each quasi-equation q.

– Prove that for any class K = HK ⊆ BRA, (K |= q) ⇐⇒ (K |= f(q)), for each quasiequation q.

– Prove from the above that for any subvariety K of BRA, the equational theory Eq(K) of K is decidable iff the quasi-equational theory Qeq(K) is decidable. (Do same for recursive enumerability instead of decidability.)

(2.8) Prove that Eq(BRA) is undecidable. Hint: Let Sgr be the class of semigroups. The classical result that Qeq(Sgr) is undecidable can be found in almost any textbook on logic. (Don’t prove this. Use it only.) Use this to prove that Qeq(BRA) is undecidable the following way. Observe that Sgr = SRdBRA if the only operation Rd does not forget is “∘”. Conclude that for a semigroup theoretic quasi-equation q, we have Sgr |= q ⇐⇒ BRA |= q. Now, use (2.7) to conclude undecidability of Eq(BRA).

(2.9) Prove that BSR, RBM, RRA are all undecidable. Hint: check that the proofs for (2.7), (2.8) go through unchanged for any of these classes.

(2.10) Generalize (2.7) to arbitrary discriminator varieties.

(2.11) If too hard, this should be skipped. Do not waste much time on this at first reading.

– Prove that the class V_+ defined by condition (3.1) is not a discriminator class. – Prove that Eq(V_+) is undecidable all the same. Hint: Use the methods in Gyuris- Kurucz-Németi-Sain [GyKNS].

– Prove that this remains so even if we remove the last sentence from (3.1), i.e. if we do not require that^{−1} is a BA homomorphism or that x ∘ 0 = 0 ∘ x = 0. Hint: Same as above.

§4. Algebras for logics with equality

By this point we might have developed some vague picture of how algebras of binary relations are introduced, investigated etc. One might even sense that they give rise to a smooth, elegant and very exciting, powerful theory. However, our original intention was to develop algebras of relations in general, which should surely incorporate not only binary but also ternary, and in general n–ary relations.

Let us see how to generalize our RRA’s and BRA’s to relations of higher ranks. As we said, we would like the new algebras to be expansions of RRA’s (and BRA’s), or something like this. However, defining composition of n–ary relations for n > 2 is complicated^{30} . Therefore the following sounds like a more attractive idea: We single out the simplest basic operations on n–ary relations, and hope that composition will be derivable as a term–function from these. Let us see how we could generalize our generic or full RRA’s ⟨P(U × U), ∘,^{−1}, Id⟩ to relations of rank n, for n ∈ ω. The obvious part is that these algebras will begin with ⟨P(U × U × · · · × U), Id, . . .⟩, where

30Composition for n-ary relations has been studied in Marx–Németi–Sain [MNS96], Marx [Ma94]. The definition is ∘(R_1, . . . , R_n) = {⟨a_1, . . . , a_n⟩ : ∃x(⟨a_1, . . . , a_{n−1}, x⟩ ∈ R_1 & . . . & ⟨x, a_2, . . . , a_n⟩ ∈ R_n}.

Id = {⟨u, u, . . ., u⟩ : u ∈ U } is the n–ary identity relation. Again, Id is a constant, just as it was in the RRA case. Let^nU denote U × U × · · · × U, e.g.^3U = U × U × U. The new operations (besides the Boolean ones and Id) we will need are the algebraic counterparts of quantification ∃v_i, for i < n. So, we want an operation that sends the relation defined by R(v_0, v_1) to the one defined by ∃v_0R(v_0, v_1), and similarly for ∃v_1. For R ⊆ U × U let Dom(R) and Rng(R) denote the usual domain and range of R. For n = 2 we define c_0(R) = U × Rng(R) and c_1(R) = Dom(R) × U. Now

⟨P(U × U), c0, c1, Id⟩ is the full cylindric set algebra of binary relations over U, for short the full

Cs_2.

FIGURE 1

Before turning seriously to n–ary relations, we need the following:

Convention. Throughout we will pretend that Cartesian products and Cartesian powers are associative such that e.g.:^2U ×^3U =^5U,^nU ×^mU =^{n+m}U, and if R ⊆^3U then 2U × R ⊆^5U ⊇ R ×^2U.

The full Cs_n i.e. the full cylindric set algebra of n–ary relations is the natural generalization of Cs_2 as follows.

Let R ⊆^nU. If Rng(R) = {⟨b_1 . . .b_{n−1}⟩ : ⟨b_0b_1 . . . b_{n−1}⟩ ∈ R for some b_0} then c_0(R) = U × Rng(R) considered as a set of n-tuples. Similarly, let Dom(R) = {⟨b_0 . . . b_{n−2}⟩ : ⟨b_0 . . . b_{n−2}b_{n−1}⟩ ∈ R for some b_{n−1}}, and let c_{n−1}(R) = Dom(R) × U. Generalizing this to c_i with i < n arbitrary, we obtain c_i(R) = {⟨b_0, . . ., b_{i−1}, a, b_{i+1}, . . ., b_{n−1}⟩ : ⟨b_0, . . ., b_{n−1}⟩ ∈ R and a ∈ U } . c_i is one of the most natural operations on relations. It simply forgets the i-th argument of the relation, or in other words, deletes the i-th column. However, since deleting the i-th column would leave us with an (n − 1)–ary relation, Dom(R) if i = n − 1, we replace the i-th column with a dummy column i.e. in the i = n − 1 case we represent Dom(R) with the “pseudo n–ary relation” Dom(R) × U. The “real rank” of an R ⊆^nU is always easy to recover, namely it is Δ(R) = {i < n : c_i(R) ≠ R}. So c_i is the natural operation of removing i from the (real) rank of a relation.

For example, c_{father} when applied to the “father, mother, child” relation gives back the “mother, child” relation coded as “anybody, mother, child” (in which the anybody argument carries no information i.e. is dummy). If U = {a, b, c} then c_1{⟨a, b, c⟩} = {⟨a, a, c⟩, ⟨a, b, c⟩, ⟨a, c, c⟩} and Id = {⟨a, a, a⟩, ⟨b, b, b⟩, ⟨c, c, c⟩}. By a full Cs_n we understand an algebra

Reln(U)^{def}= ⟨P(^nU), c0, . . ., cn−1, Id⟩

for some set U. By a Cs_n we understand a subalgebra of a full Cs_n. By a representable cylindric algebra of n–ary relations (an RCA_n) we understand a subalgebra of a direct product of full Cs_n’s (up to isomorphism), formally:

RCA_n = SP{Rel_n(U) : U is a set} = SP(full Cs_n) = SPCs_n.

By the same argument as in the case of BRA’s, every RCA_n is directly representable as an algebra of n–ary relations (with the greatest relation a disjoint union of Cartesian spaces). RCA_n is one of the “leading candidates” for being the natural algebra of n–ary relations. The abstract algebraic picture is simple, an RCA_n is a BA together with n closure operations (in the usual abstract algebraic sense defined on the Boolean ordering) and an extra constant. Recall that a closure operation c on a partially ordered set ⟨P, ≤⟩ is an order preserving and idempotent function c : P −→ P such that c(x) ≥ x. Boolean orderings with closure operations on them are one of the central concepts of abstract algebra, for example topological spaces or subalgebras of an algebra are often represented as such (e.g. if A is an algebra, consider ⟨P(A), c⟩, where c(X) is the subalgebra of A generated by X for X ⊆ A). A natural question comes up: Can these simple RCA_n’s recapture the power of RRA’s? To answer this question, consider the dummy representation Dr : P(U × U) ↣ P(U × U × U) of binary relations with ternary ones discussed above, i.e. Dr sends R to R × U. Then it is not hard to define terms τ^∘ and τ^{−1} in the language of RCA_3’s such that Dr(R ∘ S) = τ^∘(Dr(R), Dr(S)) and Dr(R^{−1}) = τ^{−1}(Dr(R)) (see [HMTII, §5.3])^{31}. So in a sense RRA’s form a kind of a reduct of RCA_n’s for n ≥ 3. Thus the answer is that RCA_n’s, n > 2, recapture the power of RRA’s. (On the other hand, RCA_2’s do not.) This was a natural requirement we expected to meet, namely that the theory of n–ary relations should be an extension of that of binary relations.

At this point we can state the counterparts of Theorems 1, 2.

31E.g. c_2[c_1(x ∧ c_0Id) ∧ c_0(y ∧ c_1Id)] is one possible choice for τ^∘ (x, y).

THEOREM 3 ([HMTII, 3.1.103, p. 43]). RCA_n is a variety for all n.

Proof and related considerations: Our Theorems 1, 3 are proved in [HMTII] without relying too much on universal algebra. Therefore it is not mentioned there that these theorems are almost immediate consequences of a well known universal algebraic property of the so called discriminator varieties recalled in Appendix 2 herein from e.g. [BS81, §IV.9]. The simple proof of the following basic property of discriminator varieties (together with the relevant definitions) is available in Appendix 2 herein: For any class K = SK of algebras with a discriminator term, if K is closed under ultraproducts then SPK is a variety. Now, the choice K = Cs_n is easily seen to satisfy these conditions as follows. Clearly Cs_n = SCs_n. To see that Cs_n has a discriminator term, let τ(x, y) = c_0 . . . c_{n−1} (x⊕y) where ⊕ is Boolean symmetric difference. Let t(x, y, z) = (x∧τ(x, y))∨(z−τ(x, y)), where (x − y) abbreviates (x ∧ −y). Then t is a discriminator term in Cs_n, see Appendix 2.^{32} Cs_n is closed under ultraproducts (up to isomorphisms of course) because it is a pseudo-elementary class, i.e. if we add the base sets U as an extra sort to our Cs_n’s obtaining two sorted structures like ⟨A, U, c_i, Id, ∈⟩ where A ⊆ P (^nU) and ∈⊆^nU × A is an n + 1–ary relation between sorts U and A, then this enriched class becomes first–order axiomatizable, as it is easy to see. This proves Theorem 3.

THEOREM 4 ([HMTII, 4.1.3, p. 111]. The variety RCA_n is not finitely axiomatizable if n > 2.

An outline of the proof is elaborated (and its intuitive idea is explained) in Remark 5.2 way below. That proof is based on that of Theorem 5.1 which is the reason why the proof is postponed to come after Theorem 5.1.

Theorem 4 above, due to Monk [M69], was refined by Andréka, Comer, and Hodkinson [Ho96] (but see also [Bi89], [Ma89], [J69], [ST89]). Andréka proved the following three results for n ≥ 3. Any set Σ of universally quantified formulas axiomatizing RCA_n has the following complexity property. For any k ∈ ω, there are infinitely many equations e ∈ Σ such that all basic operations^{33} of RCA_n together with more than k variables occur in e. Cf. [A91, Thm.6].^{34} RCA_n is not finitely axiomatizable over (the full first–order theory of) its Id-free subreduct (i.e. over the variety generated by the ⟨P(^nU), c_0, . . ., c_{n−1}⟩’s). Neither is it finitely axiomatizable over its RRA subreduct. To formalize the latter, let the terms τ^∘ and τ^{−1} discussed above be chosen such that their effect is the following: for R, S ⊆ U ×U ×U, τ^∘(R, S) = [ Dom(R)∘Dom(S) ] ×U and τ^{−1}(R) = ( Dom(R)^{−1} ) ×U (where recall that Dom : P(U × U × U) −→ P(U × U) ). Then RCA_3 is not finitely axiomatizable over the universally quantified theory of the algebras of the form ⟨P(U × U × U), τ^∘, τ^{−1}, c_2, Id⟩. The latter of course is the reduct obtained from RCA_3’s by adding the term functions τ^∘ and τ^{−1} as new basic operations, and forgetting c_0 and c_1. A similar result applies for n ≥ 3. As a by-product, Andréka obtained a rather simple proof for Theorem 4. Comer ([Co89a]) proved that no generalized subreduct K of RCA_n containing all the cylindric algebraic operations except complementation is finitely axiomatizable for n > 2.^{35} (The point in talking about generalized reducts is that derived operations of RCA_n like c^∂_i = −c_i− may occur in K.) The question is open for n = 2. Hodkinson [Ho96] proved that RCA_n cannot be axiomatized by so-called Sahlqvist formulas, and in particular, it cannot be axiomatized by a set of positive in the wider sense equations^{36}

32See e.g. [BS81, Example 2 below Def. 9.3 in §IV.9] and [AJN88] for more on CA’s being discriminator algebras. 33I.e. enough operations for generating the Booleans, all the c_i’s, and also Id.

34This solves a problem on p. 342_{8−4} of Monk [M69] (there the problem was credited to W. Craig). In passing we note that Andréka also solved the problem preceding the quoted one in [M69] asking if SNr_nCA_{n+k} is finitely axiomatizable. The rest of the problems in [M69] are still open.

35As a contrast, Andréka proved that the equational theories of RCA_n and RRA without complementation are decidable. (Using the terminology of [HMTI, 2.7.14, p. 439] validity of positive equations in RCA_n or RRA is decidable.) Cf. Andréka [A90a]. In these results Andréka includes the constants 0 and 1 into the similarity types of our algebras.

36These are equations in which complementation may occur only in front of constant terms. E.g. −Id can occur, but −x cannot occur in a positive in the wider sense equation.

Convention. An algebra R is defined to be a generalized reduct of A iff their universes coincide (R=A), and the operations of R are term functions of A. I.e. iff R is of the form ⟨A, τ_i⟩_{i∈I} , where τ_i is a term function of A. A class K_1 is a generalized reduct of K_2 (formally K_1 = RdK_2) iff there is a uniform choice of the term functions ⟨τ_i : i ∈ I⟩ along which each member of K_1 is a generalized reduct of one of K_2, and all such reducts from K_2 are in K_1. A generalized subreduct is defined to be a subalgebra of a generalized reduct. From now on we will drop the adjective “generalized”. So from now on, by a reduct we will understand a generalized reduct (unless otherwise specified explicitly). More importantly, by a subreduct we will understand a generalized subreduct. We will use the convention for SRd, SPRd as introduced in Remark 2, but with the understanding that Rd means the generalized reduct. In particular, RdK_2 is ambiguous because we must rely on context to specify the language (or similarity type) of RdK_2. An example for such a context is K_1 = RdK_2, as explained in Remark 2.

Examples: ⟨P(^3U), τ^∘, τ^{−1}, c_2, Id⟩ discussed above is a reduct of the full Cs_3 ⟨P(^3U), c_0, c_1, c_2, Id⟩ in the new sense, but it was not such in the old sense. Thus RRA’s are subreducts of RCA_3’s in the new sense (but were not such in the old one). Further, RCA_2’s became subreducts of RRA’s now, but they were not such before (hint: c_1(x) = x ∘ 1, where 1 = U × U). A third important example of generalized subreducts of RCA_3’s will be Pinter’s substitution-cylindric algebras obtained by introducing the term functions s^0_1(x) = c_0(x ∧ c_2(Id)) (and similarly for s^i_j (x) with i, j < 3, i ≠ j), and considering the reducts ⟨P(^3U), c_0, c_1, c_2, s^i_j : i, j < 3 and i ≠ j⟩. These algebras will be suitable for algebraizing logic without equality (so we will meet them in §5).

The ambiguous (or “context sensitive”) nature of the notation SRd is illustrated by RCA_2 = SRdRRA and RRA = SRdRCA_3 (especially when compared with RCA_2 = SRdRCA_3 and RCA_2 ≠ RRA).

Recursive sets of equations characterizing RCA_n are given and discussed on pp. 112–119 of [HMTII], the first of these originating with Monk [M69]. Venema [V90], [V89, Def.3.3.3 & Thm.3.3.5], and Hirsch–Hodkinson [HH94] contain new results in this line. The situation is analogous to the BRA case described below Theorem 2. Finding mathematically transparent, simple sets of equations defining RCA_n is one of the central open problems, cf. Problems 4.1, 4.16 of [HMTII]. We should point out the important result of Diane Resek that a slight generalization of RCA_n denoted by CA_n ∩ ICrs_n in [HMTI, p. 101] is finitely axiomatizable; see Andréka–Thompson [AT88] for a simple proof. ([Ma89d] and Resek–Thompson [RT89] are also in this line.)

The following is an important digression.

The axiomatic approach, “abstract” (not necessarily representable) cylindric algebras (CA’s), relation algebras (RA’s) etc.

By Theorems 2, 4, the varieties RCA_n, BRA, and RRA, whose elements consist of concrete relations (up to isomorphism of course) are not finitely axiomatizable (non-finitizable, for short). Let us take the example of, say, RCA_n. Because of the above non-finitizability property of RCA_n, there is a conventional agreement in the literature for studying a fixed finitely axiomatizable variety CA_n approximating RCA_n. The members of CA_n are called “(n–ary) cylindric algebras”. By saying that CA_n approximates RCA_n we mean that CA_n ⊇ RCA_n and that CA_n is as close to RCA_n as we can get without losing attractiveness and mathematical transparency of our axioms describing CA_n. For example, the equations expressing that c_i is a closure operator are transparent enough, so we include them into the axiomatization of CA_n. Similarly for the equation c_ic_j = c_j c_i expressing that the c_i’s commute. On the other hand, consider the following statement (∗) about relations. For any R ⊆^nU, let Dom(R) = {s_0 : s ∈ R}, i.e. Dom(R) is the smallest H such that R ⊆ H ×^{n−1}U. Now,

(∗) If R ⊆^nU and 0 < |Dom(R)| = m < n then it is impossible to have disjoint relations R_0, . . ., R_m ⊆ R such that (∀k ≤ m) c_0R_k = c_0R.

(∗) is translatable into a cylindric algebraic equation e_{(∗)} using m + 2 variables (standing for R_0, . . ., R_m, and R). This translation is based on the fact that |Dom(R)| = m can be expressed by using Id. This equation e_{(∗)} has been considered not elegant enough for being added as an axiom of CA_n’s.^{37}

If besides RCA_n we would like to see another example, then the property formulated in (3.1) is a transparent enough property of RRA such that it is postulated as an axiom of the finitary variety RA (relation algebras) approximating RRA. (A “not transparent enough” equation can be obtained from the above e_{(∗)} by choosing n = 6 and instead of expressing |Dom(R)| < 6 by Id which is impossible in RRA, letting^2(Dom(R)) = S^.∪ T^.∪ Id with S, T symmetric, antireflexive relations such that T = (S ∘ S) ∖ Id and S = (T ∘ T ) ∖ Id.)

The above circumscription of when we say that a finitizable variety V approximates a nonfinitizable one, say RV, is not a precise mathematical definition, but we hope it may have some heuristic value. The name of the approximated variety begins with an R (like RV, RCA_n, or RRA) to remind the reader that these are the members of V which can be represented as algebras of real relations (it is left to the reader to decide which of the three “r”-s should the R in RV stand for).

To each of the distinguished varieties like RRA, RCA_n, RPA_n etc. discussed in this paper, there corresponds in the literature a finitizable approximation RA, CA_n, PA_n etc. respectively, analogously to the approximation of RCA_n by CA_n. We will discuss these approximating varieties CA_n, RA etc. in the Appendix (§8), where we will also give references for their further study.

While the concrete algebras of relations like RCA_n or RRA provide the central tool for algebraizing the semantic aspects of logics, their finitary approximations like CA_n or RA are useful in algebraizing proof theoretic concepts, see [HMTII, §4.3] (and implicitly in [TG87]). From a different angle, the relationship between RCA_n, RRA etc. and CA_n, RA etc. seems to be somewhat analogous to that between the standard model N = ⟨ω, +, ×, 0, 1⟩ of arithmetic and Peano’s Arithmetic. E.g. both the theory of Peano’s Arithmetic and CA_n (or RA) devote considerable effort to developing methods for constructing nonstandard models (i.e. non-representable algebras), cf. e.g. [HMTII, pp. 85–100]. Since much of the intuition behind the theories of Peano’s Arithmetic, CA_n and RA derives from the standard models (i.e. N, RCA_n and RRA), we will concentrate on the representable algebras RCA_n, RRA etc., and will deal with their finitary approximations CA_n, RA etc. only very briefly, in the present paper. For completeness, full definitions of CA_n, RA etc. as well as further information on these abstract (or “approximating”) classes are available in the Appendix (§8) of this paper.

∗ ∗ ∗ ∗ ∗ Let us return to the connections between RCA_n and algebraization of logic.

Let M be a model of a finite language (or signature). We may treat all symbols of the language as

relation symbols as it is well known, cf. Bell–Slomson [BS69, §2.10 pp. 97–100]. So M is of the form

M = ⟨M, R0, . . ., Rk⟩. Let n be a strict upper bound of the ranks of R0, . . ., Rk. We may safely treat

each R_i as if it were of rank n by using our dummy representation Dr(R_i) = R_i × U × U if the rank of R_i is, say, n − 2. Now, R_0, . . ., R_k are elements of the full Cs_n Rel_n(M) = ⟨P(^nM), c_0, . . ., Id⟩.

Let C be the subalgebra of Reln(M) generated by {R0, . . ., Rk}. Now, C is the algebraic counterpart

(consisting of n–ary relations) of M as a result of the standard algebraization of logic described in §4.3 of [HMTII] (where C was denoted by Cs^(M^)n ). One can check that C consists of exactly

37Actually from time to time some hesitation comes up concerning the status of this particular equation e_{(∗)}, and perhaps sometime in the future some reinforced hyper-strong subvariety HCA_n of CA_n, satisfying e_{(∗)}, might be introduced, but there are more complicated versions of e_{(∗)} which, very probably, will not be added to HCA_n either.: Let |Dom(R)| = m and assume n < m < ω. Then there are more complicated (than using Id) ways of equationally “forcing” |Dom(R)| = m by introducing new relations which “count” the size of Dom(R). The so obtained variant of e_{(∗)} is a typical example of a known validity of RCA_n which does not count as transparent enough to be added as an axiom of the approximating variety CA_n.

those relations over M which are definable in M with using at most n variables. It is natural that the algebraic counterparts of models (i.e. of the semantic part of first–order logic) should be algebras consisting of those relations that are definable in the original models. Indeed, it is these definable relations which provide meanings for the formulas of first–order logic; hence by using them we can arrive at Lindenbaum–Tarski algebras of equivalence classes of formulas (which are the so called formula algebras of theories), i.e. algebraic counterparts of syntactic notions of logic. Moreover, along these lines we can arrive at algebraic counterparts of not only syntactical and semantical notions of logic, but also at an algebraic counterpart of the syntax–semantics duality in logic, including the notion of axiomatizable classes of models.^{38} Of course, one can repeat the same process of algebraization with the same key ideas (algebras consisting of general relations conceived of as meanings of formulas) for different quantifier logics, e.g. first–order modal logics, higher order logics, logics with new quantifiers like “for many v_i φ”, abstract model theoretic logics from Barwise–Feferman [BF85]. The details are worked out explicitly in §4.3 of [HMTII] for classical first–order logic in particular, and in §5.6 for logics in general. See also Blok–Pigozzi [BP89, Appendix C] and Németi [N89].

Let us have a concrete look at RCA_n. The logic naturally corresponding to RCA_n is first–order logic L_n restricted to the first n individual variables. Besides [HMTII], see also [TG87, §§3.10, 7.3], where L_n is denoted as L_n, and sometimes as L^+_n , P_n. To illustrate the correspondence with logic, we note that Theorem 4 above implies a strong incompleteness theorem for L_n. Roughly speaking, this logical corollary of Theorem 4 says that no inference system given by a finite set of schemata of axioms and Hilbert–style derivation rules^{39} can be complete and strongly sound for L_n. Similarly, an algebraic theorem in [ACN] implies that L_n does not enjoy the Beth definability property.

In passing, we note the following. The Beth property has variants called weak Beth property and very weak Beth property. Kearnes-Sain-Simon [KSS96] proved that for L_3 the weak Beth property fails while the very weak one holds. The proof goes via algebraic equivalents of these properties established in Sain [S89] and in [ANSK]. We conjecture that their proof will go through for n > 3, too. It remains an interesting open problem whether L_2 has the weak Beth property.

For more on the algebraic counterparts of logical properties like Beth’s definability and Craig’s interpolation see e.g. Maksimova [Ms77, Ms88], [HMTII, pp. 259–260], [HMT, pp. 356–357, p. 178], [ANS84], [Co84], [TR87], [W84], [O86], Goranko [G85], Marx [Ma94], Hoogland [H96], Madarász [M96, M97], [ANS94a], Palasinska-Pigozzi [PP96].

38In this connection we note that, roughly speaking, the algebraic counterparts of the basics of logical syntax (i.e. of the sets of logical formulas with the logical connectives acting on them) are the free algebras, cf. e.g. [AS78]. Accordingly, the free algebras of RCA_n, RRA, and of their finitizable approximations CA_n and RA (discussed above and in §8) have already received some attention. See e.g. Pigozzi’s results concerning free algebras in [HMT, HMTII]; [N86], [N85a] for free cylindric algebras (and free RCA_n’s), and Andréka–Jónsson–Németi [AJN88] for free relation algebras, free RRA’s, and free algebras in other forms of algebraic logic (but see also Blok [Bl76], Urquhart [U73] for the latter). The field of free algebras is difficult to develop, and therefore this area is far from being closed, there are many open problems, and unexplored territories here.

39Here we use these words in the traditional sense, which was formalized e.g. on p. 5 of Blok–Pigozzi [BP89]. Inference systems of this kind are sometimes called strongly sound Hilbert-style ones. A not strongly sound but complete inference system for L_n was obtained in Venema [V90, V91]. This is given by a finite schema (but the notion of an inference rule is different from ours or from that of [BP89]). Other, similarly not strongly sound but complete interence systems are in Mikulás [Mi95]. Venema’s and Mikulás’ results are “nonstandard” possible solutions for Problem 2.0 herein. For completeness we note the following. Let ⊢_n denote provability by one of the standard Hilbert style axiomatizations of L_n (cf. e.g. [HMTII] or [TG87]). Basically, ⊢_n is obtained by restricting the usual axiomatization of L_{ωω} to L_n. If we take the syntactic version of the Lindenbaum–Tarski algebra of L_n induced by ⊢_n then we obtain the free CA_n discussed in the preceding subsection (“The axiomatic approach. . . ”) and in §8. If we take all ⊢_n-consistent theories of L_n and their Lindenbaum–Tarski algebras (modulo ⊢_n and not semantically) then we get exactly the members of CA_n.

PROBLEM 2.0. Find a nice complete inference system for L_n. In view of Theorem 4 above (and of its improvements by Andréka), the “nicest” kinds of inference systems will not work. As in [HMTII, Prob.4.16], “nice” implies that L_n-proofs of validities involve only valid formulas of L_n. (It would be also nice to have only a finite schema of rules and axioms. This problem, probably, will not have a unique final solution, but instead several possible solutions interesting from different points of view.) This problem is (at least implicitly) present in [HMTII] and [TG].

How far did we get in obtaining algebras of relations in general (binary, ternary, . . ., n–ary, . . . )? RCA_n is a smooth and satisfactory algebraic theory of n–ary relations. So, can our theory handle all finitary relations? The answer is both yes and no. Namely, since n ∈ ω is arbitrary, in a sense, we can handle all finitary relations. But, we cannot have them all in the same algebra or in the same variety. For any finite family of relations, we can pick n such that they are all in RCA_n. But this does not extend to infinite families of relations. To alleviate this, we could try working in the system ⟨RCA_n : n ∈ ω⟩ of varieties instead of using just one of these. To use them all together, we need a strong coordination between them. This coordination is easily derivable from the embedding function Dr sending R to R × U for R ⊆^nU defined above. Let A ⊆ Rel_n(U) = ⟨P(^nU) · · ·⟩ be a Cs_n and let B be the Cs_{n+1} generated by the Dr image of A, i.e. B ⊆ Rel_{n+1}(U) = ⟨P(^{n+1}U) · · ·⟩ is generated by {Dr(R) : R ∈ A}. The biggest A yielding the same B is called the n–ary neat-reduct

of B, formally A = Nrn(B). It is easy to extend Nrn in a natural way to all elements of RCAn+1.

Intuitively, Nr_n(B) is the algebra of n–ary relations “living in” the algebra B of n+1–ary relations. It is not hard to see that Nr_n : RCA_{n+1} −→ RCA_n is a functor, in the category theoretical sense, for every n. Now, we can use the collection of varieties RCA_n for all n ∈ ω, synchronized via the functors ⟨Nr_n : n ∈ ω⟩, as a single mathematical entity containing all finitary relations.

Another possibility is to insist that we want all finitary relations over U represented as elements of a single algebra. In other words, this goal means that instead of a system of varieties we want to consider a single variety that in some sense incorporates all the original varieties taken together. Indeed, each RCA_n can be viewed as incorporating all the RCA_k’s for k ≤ n, since the latter can be recovered from RCA_n by using the functors Nr_{n−1}, Nr_{n−2} etc. So as n increases, RCA_n gets closer and closer to the variety we want. Indeed, we take the limit of this sequence. There are two ways of doing this, the naïve way we will follow here and the category theoretical way we only briefly mention. It is shown in the textbook Adamek–Herrlich–Strecker [AHS] that the system or “diagram” RCA_1^{Nr1}←− RCA_2^{Nr2}←− · · · RCA_n^{Nrn}←− RCA_{n+1} · · ·

is “convergent” in the category theoretic sense, i.e. that it has a limit L. Indeed, it is this class L of algebras that we will construct below in a naïve way that does not use category theoretic tools or concepts.

We first extend our Convention, stated at the beginning of the present section concerning associativity of Cartesian products and powers. In the sequel^ω U is the set of ω-sequences over U. Furthermore,^nU ×^ωU =^ωU, and if R ⊆^nU then R ×^ωU ⊆^ω U, for n < ω. We will also have to distinguish the constant Id of RCA_3 from that of RCA_4. Therefore we let Id_n^{def}= {⟨a, . . ., a⟩ : a ∈ U } denote the n–ary identity relation on U.

How do we obtain an algebra containing all finitary relations over U? If R is binary, but we want to treat it together with a 5–ary relation then we represent R by R × U × U × U = R ×^3U in a Cs_5. Similarly, if we want to have R together with (n + 2)–ary relations then we represent R with R ×^nU in a Cs_{n+2}. Taking this procedure to the limit, if we want to treat R together with relations of arbitrary high ranks, then we can represent R with R ×^ω U. This way we can embed all finitary relations into relations of rank ω, and relations of different ranks become “comparable” and “compatible”. In particular we avoid the problem we ran into at the end of §2 in connection with the Boolean algebra P(^{<ω}U), because e.g. the complement of R ×^ωU is R ×^ωU where R denotes^nU ∖ R if R is an n-ary relation. Instead of trying to tame the Boolean-like algebra {R : R ⊆^nU for some n} ⊆ P(^{<ω}U), we simply represent R ⊆^nU by R ×^ωU which is an element of the BAO (Boolean algebra with operators) ⟨P(^ωU), c_0, . . ., c_n, . . .⟩_{n<ω} , where P(^ωU) is a BA, and c_i is defined exactly the same way as in the Cs_n case. We still haven’t obtained the definition of Cs_ω ’s from that of Cs_n’s because we do not know what to do with the constant Id. More specifically, we want to be able to use the neat reduct functor Nr_n, as the inverse of R → R ×^ωU for R ⊆^nU, in order to recover the original Cs_n’s from the new Cs_ω . This means that for Id_n ⊆^nU we want Id_n ×^ωU to be a derived constant (distinguished element) in our algebra. Adding Id_ω = {⟨a, . . ., a, . . .⟩ : a ∈ U } as an extra constant does not ensure this any more. One of the most natural solutions is letting Id_{ij} = {q ∈^ωU : q_i = q_j } and defining a full Cs_ω as Relω(U)^{def}= ⟨P(^ωU), ci, Idij ⟩i,j<ω , where the Id_{ij} ’s are constants. The price we had to pay for replacing the finite bound n on the ranks of relations we can treat with the infinite bound ω is that we had to break up our single constant Id to infinitely many constants Id_{ij} (i, j ∈ ω).

RCA_ω is defined to consist of all subalgebras of direct products of full Cs_ω’s (up to isomorphisms). Again, as it was the case with BRA’s and RCA_n’s, RCA_ω’s are directly representable as algebras whose elements are ω–ary relations.

THEOREM 5 ([HMTII, 3.1.103, p. 43]). RCA_ω is a variety.

On the proof: The proof is harder than those of Theorems 1, 3. The reason for this might be the fact that RCA_ω is not a discriminator variety unlike RCA_n, RRA, and BRA, which are discriminator varieties. In this connection we note that despite of this, many of the results of the theory of discriminator varieties carry over to RCA_ω because of the following. RCA_ω is “reductlocally discriminator” in the sense that for any finite part t_0 of the similarity type t_1 of RCA_ω, there is a t_0 ≤ t ≤ t_1 such that SRd_tRCA_ω is a discriminator variety.

Let B ∈ RCAω and A = B/Θ for some congruence Θ of B. For n ∈ ω, let RdnA be the reduct of A to the language of RCAn’s. It is not hard to see that RdnB ∈ RCAn. By Theorem 3 then

Rd_nA = (Rd_nB) /Θ ∈ RCA_n. To prove Theorem 5, it is enough to prove that

(∗) (∀n ∈ ω)Rd_nA ∈ RCA_n implies A ∈ RCA_ω

for any A ∈ HSPRCA_ω .

It is not very easy to prove (∗), but it is not hopelessly hard either. E.g. one can use ultraproducts in “pasting together” the representations of the (Rd_nA)’s in order to represent A. For this the basic lemma [HMTII, 3.1.92, p. 36] discussing ultraproducts of Cs_ω’s and their generalizations Gs_ω’s is sufficient.

For completeness, we note that [HMTII, 3.1.103, p. 43] gives a direct proof for Theorem 5 not using discriminator varieties or other special tools of universal algebra. Further, it is useful to keep in mind that though RCA_ω is not a discriminator variety, it is an arithmetical (congruence distributive and congruence permutable) one. For the rather strong theory of the latter see [MMT, p. 247], [BS81]. Actually, every variety of BAO’s is arithmetical by [MMT, Thm.4.143] or [BS81, Thm.II.12.5] due to Pixley.

We note that RCA_ω is the variety generated by the class L which was the limit of the RCA_n’s above, see [AHS]. Can we actually recover the algebras of finitary relations from the huge full Cs_ω ’s? Let Rf(U) = {R ×^ωU : R ⊆^nU for some n}. Then Rf(U) ⊆ P(^ωU); moreover it is a subalgebra of the full Cs_ω Rel_ω(U) with universe P(^ωU); see [HMTII, Def.3.1.130, p. 55], where this subalgebra was denoted by Rf(U, ω). We will use the notation Rf(U). (The letters Rf (and Rf) refer to “finitary relations”.) Now, for the above mentioned class L we have L = S{Rf(U) : U is a set} .^{40}

40For this equality to be literally true, when forming the category theoretic limit L, instead of the varieties RCA_n we have to start out from their subdirectly irreducible members, which are nothing but Cs_n’s. So L is the limit of the sequence Cs_1, . . . , Cs_n, . . . .

In a sense, L is the narrowest reasonable class of algebras of finitary relations. The class L and its relationship with RCA_ω was systematically investigated in Andréka [A73], Andréka–Gergely– Németi [AGN73], [AGN77], [HMTAN], [HMTII]. In the first three works the class was denoted by Lv or Lr, while in the last two by Cs^{reg}_ω ∩ Lf_ω, the latter being the standard notation today. Cf. e.g. Shelah [Sh89], Monk [M89], Serény [Se86], for recent results not in [HMTII]. RCA_ω = HSPL is Thm.3.1.123 of [HMTII]. [HMTAN] proves that the smallest quasivariety containing L is also RCA_ω but RCA_ω ≠ SPL, i.e. the infinitary quasivariety generated by L is strictly smaller than RCA_ω.

We return briefly to algebraization of logic: RCA_ω is the true algebraic counterpart of full first– order logic (with equality). Within RCA_ω, the algebraic counterparts of models of first–order logic are the members of L. Indeed, let M = ⟨M, R_i⟩_{i∈I} be a first–order model. Then the subalgebra

of Rf(M) generated by {Ri ×^ω M : i ∈ I} is the algebraic counterpart of M.^{41} This is not

very surprising after having seen that the logical counterpart of RCA_n was first–order logic L_n restricted to the first n variables. It is natural to expect that removing the bound n on the ranks of the relations will result in removing the bound on the number of variables, in the corresponding first–order logic.

The algebraic counterparts of the logical connectives are operations of RCA_ω . (This is standard in algebraic logic; see [HMTII, §5.6], or Blok–Pigozzi [BP89], Andréka–Sain [AS78]), or Andréka– Blok–Németi–Pigozzi–Sain [ABNPS]. The algebraic counterpart of ∃v_i is c_i, and that of v_i = v_j is Id_{ij} . With these, substitution of variables is expressible; namely the result of substituting v_j for all free occurrences of v_i in the formula φ is equivalent to ∃v_i(v_i = v_j ∧ φ); cf. [HMTII, §4.3]. In particular, R(v_1v_1) is ∃v_0(v_0 = v_1 ∧ R(v_0v_1)), R(v_1v_0) is ∃v_2 [ v_2 = v_0 ∧ ∃v_0 ( v_0 = v_1 ∧ ∃v_1[v_1 = v_2 ∧ R(v_0v_1)] )] . Therefore we do not need to introduce an algebraic operation to represent substitutions of individual variables as we did in the case of BRA’s, by means of^{−1}.

So, we know what the algebraic counterparts of logical connectives and of individual models are. The algebraic counterparts of classes of models (especially of axiomatizable classes) are certain elements^{42} of SPL, cf. [HMTII, p. 168] and Németi [N78]. The algebraic counterpart of a class K of models was denoted by GsK in [HMTII].

Moving in the opposite direction, the logical counterparts of cylindric equations (i.e. equations in the language of RCA_ω’s) are not concrete first–order formulas, as one would expect, but instead they are schemata of formulas, see Németi [N87]^{43}. A typical example for a schema is φ → ∃v_1φ, where φ is a variable ranging over formulas. The corresponding cylindric equation is x ≤ c_1x. Examples for logical investigations where schemata of formulas play a central rôle are the recent Bernarducci [B89], [B89a], Vardanyan [V86], Smorynski [Sm85], [Sm84].

In more detail, the connection between first–order logic (also some of its generalizations) and RCA_ω theory (including its generalizations) is elaborated in [HMTII, §4.3], Németi [N89], [N78], Blok–Pigozzi [BP89, Appendix C], [ABNPS]. (M. Rubin has results concerning decidability etc. of equational theories of RCA_ω ’s associated to various theories of logic.)

An interesting and useful logical counterpart different from the ones emphasized in the present paper for RCA_n and RCA_ω was introduced and studied in Venema [V89, V90]. This logical equivalent of RCA is a propositional multi-modal logic. This approach looks rather promising.

41For certain purposes the algebraic counterparts of models are not elements of the class L, but rather homomorphisms from free algebras (namely, free RCA_ω’s over various generator sets) into elements of L; cf. [HMTII, pp. 256, 257_9]; [AS78, pp. 46–48], where connections with Initial Algebra Semantics of Computer Science are explained; and Halmos [Ha85, p. 208 lines 6–7].

42This claim might puzzle some readers because classes of models are “big” when compared to single models (so how come they both translate to single algebras). In this connection we would like to point out that in a certain algebraic sense the elements of SPL are big when compared to those of L. (The elements of L are subdirectly irreducible while those of SPL are not.)

43At least this is the case in many situations. A case when the logical counterparts can be treated as concrete formulas is [HMTII, Thm.4.3.57].

The theory of RCA_ω is extensively developed (cf. [HMT, Chapters 1–4], and [HMTAN]). The few results we can mention here are very far from forming even a representative sample. The lattice of subvarieties of RCA_ω together with their decision problems is investigated in [N87], [N85]. Open problems (about subvarieties etc.) that might be rewarding to work on are in [HMTAN], and [HMTII, pp. 179–180]. E.g. Problem 4.2 in the latter asks if there are 2^{|α|} many subvarieties of RCA_α for |α| > ω, where RCA_α is the natural generalization of RCA_ω to be defined soon. (A list indicating the status of the problems raised in [HMT], [HMTII], [HMTAN] is available from Monk, and has been published in [AMN].) Sain [S89] contains, besides recent results, important and natural open questions. One of them asks for a universal algebraic (or category theoretic) characterization of the full Cs_ω’s as members of the variety RCA_ω . The analogous problem is also open for RCA_n and RRA. An important recent direction is taken in Monk [M89]. There is a Galois theory of RCA’s, see e.g. Comer [Co84], Daigneault [D64], Driessel [Dr68], Reyes [R70], [M89], Plotkin [Pl88, Pl89]. We should also mention the works of Serény [Se85], [Se86], Ferenczi [F89, F89a], Shelah [Sh89], Biró–Shelah [BiS88].

Theorems 2 and 4 above,which say that BRA, RRA, and RCA_n are not finitely axiomatizable, carry over to RCA_ω too, but to avoid triviality, instead of non-finite axiomatizability we have to state something stronger, because RCA_ω has infinitely many operations and finitely many axioms can speak about only finitely many operations anyway. Taking this into account, when trying to axiomatize RCA_ω, one could still hope for a finite “schema” (in some sense) of equations treating the infinity of the RCA_ω-operations uniformly. A possible example for a finite schema is (E0–7) in the proof of Proposition 8.3 in §8 (Appendix). The following theorem, generalizing a very important result of Monk ([HMTII, 4.1.7]), implies that it will be hard to find such a schema, and that certain kinds of schemata are ruled out to begin with.

THEOREM 5.1 (Andréka). The variety RCA_ω is not axiomatizable by any set Σ of universally quantified formulas such that Σ contains only finitely many variables.^{44}

Proof:

Plan: For all n ∈ ω we will construct an algebra A_n such that

a) An /∈ RCAω

b) every n–generated subalgebra of A_n is in RCA_ω .

This will prove the theorem because of the following. Assume that Σ is a set of quantifier-free formulas such that Σ contains at most n variables (|var(Σ)| ≤ n < ω) and RCA_ω |= Σ. Then

An |= Σ is easily seen as follows. Every n-generated subalgebra of An is in RCAω, and the validity

of Σ in any algebra B depends only on the validity of Σ in the n-generated subalgebras of B, because |var(Σ)| ≤ n and Σ contains no quantifiers. However, A_n /∈ RCA_ω, thus Mod(Σ) ⊈ RCA_ω showing that Σ does not axiomatize RCA_ω.

Just as we write −x instead of −(x), we will often write c_ix for c_i(x).

Construction of A_n: Let m ≥ 2^n be finite, and let ⟨U_i : i < ω⟩ be a system of pairwise disjoint sets each of cardinality m. (I.e. (∀i < j < ω)[|U_i| = m and U_i ∩ U_j = ∅].) Let U = ⋃ {U_i : i ∈ ω}, let q ∈ ×_{i∈ω}U_i^{def}= {s ∈^ωU : (∀i ∈ ω)s_i ∈ U_i} be arbitrary, R = {z ∈ ×_{i∈ω}U_i : |{i ∈ ω : z_i ≠ q_i}| < ω}, and let A^′ be the subalgebra of ⟨P(^ωU), ci, Idij ⟩i,j∈ω generated by the element R.

44She also proved the following stronger result. Let Σ be a set of universally quantified formulas axiomatizing RCA_ω, and k ∈ ω. Then there is Σ_k ⊆ Σ such that each e ∈ Σ_k contains more than k c_i’s, more than k variables, all the Booleans, and at least one Id_{ij}. Cf. [A91, Thm.6].

Then R is an atom of A^′ because of the following. For any two sequences s, z ∈ R there is a permutation σ : U ↣→ U of U taking s to z and fixing R, i.e. s ∘ σ = z and R = {p ∘ σ : p ∈ R} (the obvious choice for σ, interchanging s_i and z_i for all i ∈ ω and leaving everything else fixed, works). If σ is a permutation of U fixing R, then σ fixes all the elements generated by R because the operations of RCA_ω are permutation invariant. Thus if ∅ ≠ a ∈ A^′ and s ∈ a ∩ R then R ⊆ a, showing that R is an atom of A^′.

We now “split R into m + 1 new atoms R_j each imitating R” obtaining a new, bigger algebra

A from our old A^′. I.e. we choose a larger algebra A containing A^′ as a subalgebra (A ⊇ A^′) such

that A satisfies the conditions below and is otherwise arbitrary.

A^′ ⊆ A, the Boolean reduct of A is a Boolean algebra,

R_j are atoms of A and c_iR_j = c_iR for j ≤ m, i < ω, each element of A is a join of an element of A^′ and of some R_j ’s c_i distributes over joins, for any i < ω, i.e. A |= c_i(x ∪ y) = c_ix ∪ c_iy.

Note that in A “∪” is only an abstract algebraic operation and not necessarily set theoretical union. It is easy to see that such an extension A of A^′ exists.

FIGURE 2 By the above, we have constructed our algebra A_n^{def}= A.

Convention: In this proof we use the symbols ∩, ∪ denoting the concrete operations of our set algebras (Cs_ω’s) also as the corresponding abstract algebraic operation symbols (denoting themselves in Cs_ω ’s). So, if x, y are variable symbols, then x∩y is a term. We hope context will help in deciding whether x ∩ y is meant to be a term or a concrete set. (In the rest of this paper we tended to use ∧ and ∨ as operation symbols denoting the concrete operations ∩ and ∪. In the present proof however, we were afraid of potential confusion between ∧ as an algebraic operation and ∧ as a logical connective occurring in the language used for axiomatizing RCA_ω.) As before, x − y is the Boolean term (x ∩ −y) denoting the set x ∖ y. It is especially important to note that since, for the algebra A constructed above, A /∈ RCA_ω was not excluded, the operations denoted by ∪, ∩, c_i etc.

in A are not assumed to be the real, set theoretic ones. They are just abstract operations despite

of the notation “∪” etc. The Boolean ordering on A will be denoted by ≤.

CLAIM 1. A /∈ RCA_ω.

Proof: For i, j < ω, i ≠ j, let s^i_j (x) = c_i(Id_{ij} ∩ x) and s^i(x) = x. Let the term τ be defined by

τ(x)^{def}= ⋂ i≤m s^0_i c_1 . . .c_mx ∩ ⋂ i<j≤m −Id_{ij} .

Let^ωU^{(q)} = {z ∈^ωU : {i ∈ ω : z_i ≠ q_i} is finite}. (^ωU^{(q)} is usually called the weak Cartesian space determined by U.) Then, for our concrete choice of R, A^′ |= τ(R) = 0, and this expresses that “the domain of R is of cardinality ≤ m”, because of the following:

c_1 . . .c_mR = (U_0 ×^mU × U_{m+1} × . . .) ∩^ωU^{(q)}, s^0_i c_1 . . . c_mR = (_i U × U_0 ×^{(m−i)}U × U_{m+1} × . . . ) ∩^ωU^{(q)}, ⋂ i≤m s^0_i c_1 . . .c_mR =

(_{(m+1)}

U_0 × U_{m+1} × . . . ) ∩^ωU^{(q)} .

Then by |U_0| ≤ m we have that there is no repetition–free sequence in^{m+1}U_0. Thus A^′ |= τ(R) = 0.

Then A |= τ(R) = 0 by A^′ ⊆ A. Assume that A ∈ RCA_ω . Then there is a homomorphism

h : A → B ∈ Csω such that h(R) ≠ 0, for some B. By h(R) ≠ 0, there is s ∈ h(R). By R ≤ c0Rj

we have h(R) ⊆ c_0h(R_j), so there is u_j such that ⟨u_j , s_1, s_2, . . .s_i . . . ⟩ ∈ h(R_j ), for all j ≤ m. These u_j ’s are different from each other since the R_j ’s are disjoint from each other, and so the h(R_j )’s are disjoint from each other. Consider the sequence z = ⟨u_0, u_1, . . ., u_m, s_{m+1}, . . .⟩. Then z ∈ τ(R) is easily seen as follows. Obviously z ∈ −Id_{ij} , if i < j ≤ m. Further ⟨u_i, z_1, . . .z_j . . . ⟩ ∈ Id_{0i} ∩ c_1 . . . c_mh(R), hence z ∈ s^0_i c_1 . . .c_mh(R) if i ≤ m. A contradiction. QED(Claim 1) CLAIM 2. The n–generated subalgebras of A are in RCA_ω. Proof: Let G ⊆ A, |G| ≤ n. For all i, j ≤ m define R_i ≡ R_j iff (∀g ∈ G)[R_i ≤ g ↔ R_j ≤ g]. Then ≡ is an equivalence relation on {R_j : j ≤ m} which has ≤ 2^n blocks by |G| ≤ n. Let p denote the number of blocks of ≡, i.e. p = |{R_j/ ≡ : j ≤ m}| ≤ 2^n ≤ m. Define B = {a ∈ A : (∀i, j ≤ m)([R_i ≡ R_j and R_j ≤ a] ⇒ R_i ≤ a)}. We now show that B is closed under the operations of A.: Let k < l < ω.

1) B clearly is closed under the Boolean operations 2) Id_{kl} ∈ B since (∀j ≤ m)R_j ≰ Id_{kl} 3) Clearly, A^′ ⊆ B (since R is an atom of A^′), and c_k a ∈ A^′ for all a ∈ A. Thus c_k b ∈ B (for all b ∈ A).

Let B ⊆ A be the subalgebra of A with universe B. By G ⊆ B, it is enough to show that B ∈ RCAω.

We will define an embedding h : B ↣ ⟨P(^ωU), c_i, Id_{ij} ⟩_{i,j<ω}. Let {y_j : j < p} = { ∑ (R_j/ ≡) : j ≤ m}. Then {y_j : j < p} is a partition of R in B, c_iy_j = c_iR for all j < p and i < ω and every element of B is a join of some element of A^′ and of some y_j ’s. So, B looks like

FIGURE 3 We are going to define the images of the y_j ’s. Let Q = {0, 1, . . ., m − 1} and let (Q, +, 0) be a group. For each i < ω let f_i : U_i ↣→ Q be a bijection such that f_i(q_i) = 0. For j < m define R^{′′}_j = {z ∈ R : ∑ ⟨f_i(z_i) : i < ω⟩ = j}, where ∑ denotes the group theoretic sum in (Q, +, 0). Then it is not difficult to check that the R^{′′}_j ’s are disjoint from each other and

c_iR^{′′}_j = c_iR for all i < ω

for the concrete set theoretic c_i’s. Define for all j < p − 1 R^′_j = R^{′′}_j R^′_{p−1} = ⋃ {R^{′′}_j : p − 1 ≤ j < m}.

We are ready to define the embedding h of B.: We define for all b ∈ B h(b) = (b − R) ∪ ⋃ {R^′_j : j < p, y_j ≤ b}, where b − R is computed in A, and since (b − R) ∈ A^′, the rest of the operations are the concrete set theoretic ones. Now it is not difficult to check that h is an embedding h : B ↣ ⟨P(^ωU), c_i, Id_{ij} ⟩_{i,j<ω} as follows.

Clearly h preserves ∪, −. h(b) = 0 implies b = 0, hence h is one–one. h(Id_{kl}) = Id_{kl}. Now we check c_kh(b) = h(c_k b).

c_k h(b) = c_k[(b − R) ∪ ⋃ {R^′_j : y_j ≤ b}] = c_k(b − R) ∪ ⋃ {c_kR^′_j : y_j ≤ b} = c_k(b − R) ∪ ⋃ {c_ky_j : y_j ≤ b} = c_k[(b − R) ∪ ⋃ {y_j : y_j ≤ b}] = c_kb,

where the operations in the first two lines are set theoretic while those in the last three lines are understood in the abstract algebra A. h(c_kb) = (c_kb − R) ∪ ⋃ {R^′_j : y_j ≤ c_kb} = c_kb, since (∃j)y_j ≤ c_k b iff R ≤ c_kb, and R ≰ c_k b iff c_k b = c_k b − R. QED(Claim 2) QED(Theorem 5.1)

The above proof of Thm 5.1 yields the following set E_∞ of equations witnessing the nonaxiomatizability of (even the theory of) RCA_ω by finitely many variables. E_∞ has the following properties:

RCA_ω |= E_∞, but for any set Σ of universally quantified formulas containing only finitely many variables and valid in RCA_ω, we have Σ |̸= E_∞. Further, for any first order formula φ valid in RCA_ω , φ |̸= E_∞. The m-th equation e_m ∈ E_∞ is the following: ⋂ i≤m c_0(x ∩ x_i ∩ ⋂ i≠j≤m −x_j ) ≤ c_0 . . . c_m( ⋂ i<j≤m (s^0_i c_1 . . . c_mx) − d_{ij} ).

E_∞ = {e_m : m ∈ ω}, and as one expects, as m increases so does the number of variables occurring in e_m.

In [A91] it is carefully checked that E_∞ indeed has the properties claimed above. Remark 5.2 below describes the modifications needed for obtaining proofs for the analogous (with Thm 5.1) non-finitizability theorems for RCA_n (n > 2) and RRA. Along these modifications the above set E_∞ of equations can be adapted to RCA_n and RRA, too. This is done in [A91]. REMARK 5.2: Here we outline the easy modifications of the above proof of Theorem 5.1 yielding simple proofs for Theorems 4, 2 (non-finite axiomatizability of RCA_n and RRA.)

We use the words “representable” and “representation” as introduced at the beginning of §3 and below the definition of Rel_n(U) (this was in §4 above Theorem 3). More concretely, let α be n or ω. An algebra A similar to RCA_α’s is said to be representable if A ∈ RCA_α. As explained at the above mentioned two points of this paper, representability means that A is isomorphic to an algebra A^+ whose elements are α–ary relations (and whose greatest element is a disjoint union of Cartesian spaces). A^+ is called a representation of A and sometimes the isomorphism h : A ↣→ A^+ too is called the representation of A. By a homomorphic representation we understand a homomorphism mapping A into some Cs_α. This concept receives its importance from the simple but useful fact that representability of A is equivalent with the existence of a set H of homomorphic representation

of A such that (∀nonzero x ∈ A)(∃h ∈ H)h(x) ≠ 0.^{45}

The intuitive idea of the above proof of Theorem 5.1 was the following. We found two different ways of “counting” the elements of the domain {s_0 : s ∈ R} of the relation R. (It is important

45For completeness it might be informative to mention here that the adjectives ‘representable’ and ‘nonrepresentable’ are especially useful when applied to members of the finitely axiomatizable variety CA_n properly containing RCA_n. CAn was discussed in an earlier subsection of §4. Nonrepresentable CA’s are, in a sense, nonstandard models of the axioms defining CA_n. For the present proof, though, we need not be aware of CA’s.

that this counting was done by looking only at the abstract, i.e. isomorphism invariant properties

of A). These ways of counting were: (1) Looking at the number of the disjoints elements Rj below

R. This allowed us to conclude that the domain of R must be big. (2) Using the Id_{ij} ’s exactly as one uses equality in first–order logic to express that a certain finite set is smaller than some m, we concluded that the domain of R must be small. (This was done by the term τ(R) in the proof of Claim 1.)

Then by splitting, we modified some A^′ ∈ RCA_ω such that in the new algebra A (1) and (2) would contradict each other ensuring A /∈ RCA_ω. We were able to construct an infinite sequence

An /∈ RCAω (n ∈ ω) of algebras this way, such that as n increases, the contradiction between (1)

and (2) becomes weaker and weaker. Actually, as n approaches infinity, the contradiction betweeen (1) and (2) vanishes. So in the ultraproduct of the A_n’s, (1) and (2) do not contradict each other any more, and this ultraproduct is in RCA_ω. (To be precise, the final argument we used in the proof of Theorem 5.1 was not an ultraproduct construction. There the conflict between (1) and (2) became weaker and weaker in the sense that more and more elements of A had to be inspected for discovering this contradiction. We find it more natural to explain the intuitive idea in terms of ultraproducts, which incidentally happens to be the way the original proof went.) This finishes the intuitive idea of the proof of Theorem 5.1.

Next we would like to repeat this proof for RCA_n in place of RCA_ω with 2 < n < ω. If we simply replace ω everywhere with n, the proof does not go through because the counting in (2) needs an arbitrarily large number of Id_{ij} ’s and we have only n × n many. So we need a new method for doing (2), i.e. for looking at an abstract algebra A together with its element R and concluding that in any (homomorphic) representation h : A → B ∈ Cs_n of A, the domain of h(R) must be of smaller size than a certain m. (The difficulty is that we have to be able to repeat this for arbitrarily large m ∈ ω.) There are many easy and natural ways for doing this (which will not interfere with the procedure of splitting used to induce a controllable contradiction between (2) and (1).^{46} One of them is the following. If we could “see” by looking at A “abstractly” that U_0 × U_0 is a union of fewer than m functions f_i (i < m − 1) each of which is coded by an element of A, then the domain U_0 of R must be of smaller cardinality than m in any representation of A. To simplify the construction, we choose these functions (the f_i’s) to be powers of a single suitable permutation f of U_0. (E.g., choosing U_0 = m and f to be the usual successor modulo m works.) Let us fix such an f and let F^{def}= f ×^{n−2}U. Then F ⊆^nU. We include into our algebra A^′, besides R, also F as a new generator element. Now, similarly to the way we used the equation τ(R) = 0 in the proof of Claim 1, by studying the abstract properties of F and R in the new A^′ we can conclude that in any homomorphic representation h of A^′, the Cartesian square of the domain of h(R) is contained in the union of fewer than m powers of a function coded by h(F ). But then this domain must be of cardinality ≤ m. (Exactly what we proved in Claim 1 of the old proof. So we can prove our new Claim 1.) After this modification, the whole proof goes through by replacing all occurrences of ω with n.

This completes the outline of the proof that RCA_n cannot be axiomatized with quantifier free formulas using finitely many variables, if n > 2. Thus Theorem 4, too, is supplied with an outline of proof.

Let us turn to the RRA case, i.e. to Theorem 2. The idea is basically the same as in the above outlined RCA_n case. Exactly as in the RCA_n case, here too we use two counting principles (1), (2) and construct algebras A_n in which (1) and (2) contradict each other. Again we want a controllable contradiction such that as n approaches infinity the contradiction vanishes. We have to modify again the counting principle in (1) because in the RRA case functions interfere with splitting elements R = U_0 × U_1 (U_0 ∩ U_1 = 0) the way we did when constructing A_n = A from A^′ at the beginning of the proof of Theorem 5.1 (cf. Andréka–Maddux–Németi [AMdN]). The modification,

46This is something to keep in mind; when building new devices in our algebra in order to enable us to do (2), we do not want these new devices to hinder us in executing the rest of the proof the key step in which was the application of splitting producing an A /∈ RCA_ω from the original A^′ ∈ RCA_ω.

however, is not as essential or “radical” as it was when we moved from RCA_ω to RCA_n. There are many counting principles one can use to implement (1) in the RRA case. E.g. we can use colorings of the full graph U_0 × U_0 with finitely many colors without monochromatic triangles, and then apply Ramsey’s theorem. This means that we arrange U_0 × U_0 to be a disjoint union of symmetric relations G_0, . . ., G_r such that G_r = Id ↾ U_0 (symmetric means G_i = G^{−1}_i ). Further we ensure that for each i, j, k < r, if |{i, j, k}| > 1, then G_i ∘ G_j ⊇ G_k, and (G_i ∘ G_i) ∩ G_i = 0. We let

our A^′ ∈ RRA be generated in this case by {G0, . . ., Gr, R}. All these properties of the Gi’s were

abstract, “equational” ones. This ensures that in every representation of A^′, the domain U_0 of R must be finite (by Ramsey’s theorem). We split R into ω many R_i’s obtaining A from A^′ as we did in the RCA_ω, RCA_n cases before. The rest of the proof goes through as before with replacing ω (or n) everywhere by 2, except for the following minor change. In the RRA case we have to look at the ultraproduct of the A_n’s and observe that it is representable (since the contradiction between (1) and (2) disappeared as both counting gives us continuum many elements). Therefore this proof gives only non-finite axiomatizability of RRA (i.e. Monk’s theorem) without proving (Jónsson’s result saying) that infinitely many variables are needed. For the latter one has to fine-tune the construction some more. From non-finite axiomatizability of RRA Theorem 2 easily follows since, as mentioned around the end of §3, RRA is easily seen to be finitely axiomatizable over BRA (it is enough to postulate that Id is the unit element of the semigroup “;” turning it into a monoid).

The proofs outlined in Remark 5.2 above are due to Andréka, cf. [A91]. In connection with the RRA-part of Remark 5.2 we should point out that Monk’s original proof also used graph colorings and Ramsey’s theorem for basically the same purpose, cf. [HMTII]. In this connection he initiated a new, fruitful research direction dealing with the connections between combinatorics and algebraic logic which was pursued further by Comer, Maddux, Andréka, Tuza and others.^{47} ([T91] is a recent source of references.)

Theorem 5.1 was proved for RCA_α, to be introduced soon, for any ordinal α > 2.^{48} In §2, Theorem 2 leads to Problem 1 in a natural way. Exactly the same way our present Theorem 5.1 leads to the following important open problem.

PROBLEM 2.0.1. Find simple, mathematically transparent, decidable sets Σ of equations characterizing RCA_ω. (The RCA_n, 2 < n < ω version of this problem is open and interesting, too. This RCA_n version is strongly related to Problem 2.0 way above. On the other hand, the present, RCA_ω version has a logical counterpart similar to Problem 2.0 too, cf. e.g. [HMTII, Prob.4.16, p.180].) This is one of the central problems of Algebraic Logic, cf. [HMTII, Prob.4.1], Henkin–Monk [HM74, Prob.5] etc. For strongly related results (or for partial solutions) see [HMTII, pp.112–119], [V90, V91], [Si90, 91], [HH94].

Cf. also Problem 1 in §3 above and the remarks following and preceding that problem. Cf. also the remarks in §4 preceding the subsection entitled “The axiomatic. . . etc.”, and the last two pages of §4, especially Problems 2.1, 2.2.

Returning to the problem of finitization first discussed in Remark 2, the infinite number of basic operations of RCA_ω presents itself as a new kind of obstacle. Of course, one could try to alleviate this by changing the language of RCA_ω such that all the old operations {c_i, Id_{ij} : i, j ∈ ω} would become term definable in a new finite language and then one would search for a finite axiomatization. However, this approach to the problem belongs to a relatively big and central project, called true finitization, of mainstream algebraic logic. This project is in the spirit of Remark 2 way above, cf.

47This direction goes back to the pioneering work of Lyndon, but Lyndon used only a very special part (projective geometry) of combinatorics, while Monk generalized the approach to using combinatorics in general. This, and further historical information is in [HMTII], e.g. on p.101.

48Andréka found the above presented simple proof for Theorem 5.1 in January 1986, cf. Andréka [A91], Monk [M91]. This way she also found a simple proof for Monk’s important non–finitizability theorem ([HMTII, 4.1.7]).

Sain [S87a], and we will return to it at the end of this section, and in §§6,7. In the next paragraph, we will aim for axiomatizability with a finite schema only.^{49} We will need the following operations on relations, expanding RCA_ω. Let R ⊆^ω U and τ : ω −→ ω. Then S_τ (R)^{def}= {q ∈^ω U : q ∘ τ ∈ R}. The logical counterpart of the operation S_τ is substitution of variables along τ, e.g. S_τ ( R_1(v_0v_1) ) is intuitively R_1 ( v_{τ (0)}, v_{τ (1)} ) . For completeness we note the following. Let [i/j] : ω −→ ω map i to j and leave all else fixed. Then S_{[i/j]} was already term-definable in RCA_ω and coincides with s^i_j defined in the proof of Theorem 5.1.

Advanced topics in RCA-theory

Now we can turn to finite schema axiomatizability as a continuation of Remark 2. From now on, a finite schema is allowed to contain only finitely many variables. By Theorem 5.1, RCA_ω is not axiomatizable by a finite schema. W. Craig expanded RCA_ω with the two operations S_{succ} and S_{pred}, where the indices are the usual successor and predecessor functions on ω. Craig proved that the equational theory of the so expanded version of RCA_ω is axiomatizable by a finite schema. However, the price for this is that Craig’s algebras do not form a variety; in fact they are not closed under ultraproducts, so they do not form an axiomatizable class, cf. [HMTII, p. 265] or Craig [Cr74]. The most active proponents of Craig’s approach at present are, among others, I. Sain and R. J. Thompson, but see also the references on p. 265 of [HMTII], and §7 (2–4) herein. Continuing Craig’s work, Sain has obtained a class of algebras which is an adequate algebraic counterpart of first–order logic without equality. (In Sain’s algebras, for every finite transformation τ of ω, and for every i ∈ ω, S_τ and c_i are term definable, but Id_{ij} is not.) Sain proved that her variant of RCA_ω is a variety axiomatizable by a finite schema of equations.^{50} (This is related to but not identical with the results in the current version of Sain [S87a].) There are several intriguing open problems in Sain’s works on Craig’s approach, the solutions of which could provide considerable insight into the basic questions of algebraic logic. Most of these problems admit very simple purely semigroup theoretic formulations. (The main bulk of these is stated either in the June 1987 version or in the current version of Sain [S87a].)

Convention. Throughout, both ω and n ∈ ω are regarded as ordinals. Further, n = {0, . . ., n − 1} for n ∈ ω, and more generally α = {β : β is an ordinal and β < α} for any ordinal α. For any ordinal α,^αU is the set of α-sequences of members of U. Formally,^αU = {f : f is a function mapping α into U }. The definition remains the same if α stands for an arbitrary set (and is not necessarily an ordinal).

To treat RCA_n and RCA_ω in a unified manner, we replace ω in the definition of RCA_ω with an arbitrary but fixed ordinal α, obtaining RCA_α (here α = n and α = ω are of course permitted). This generalization will also be useful in algebraizing various quantifier logics different from classical first– order logic L_{ωω}. In particular, a full Cs_α is of the form ⟨P(^αU), c_i, Id_{ij} ⟩_{i,j<α} defined analogously to RCA_n and RCA_ω.

An important and natural generalization of RCA_α is obtained by relaxing the condition that the top (i.e. largest) element of a full Cs_α is of the form^αU. Namely, let V ⊆^αU. By a full relativized Cs_α, or a full Crs_α, we understand ⟨P(V ), c_i, Id_{ij} ⟩_{i,j<α}, where the operations c_i and Id_{ij} are now relativized to V , e.g. Id_{ij} = {q ∈ V : q_i = q_j }. (In the abbreviation Crs, the “r” refers to “relativized”.) Subalgebras of full Crs_α’s are called Crs_α’s, and the class of isomorphic copies

49Here finite schema means something like (E0–7) in §8 (Appendix) herein. There are precise definitions of a finite schema in [HMTII, pp. 110, 261] but it is not necessary to look these up in order to understand the present paper; it is enough to know that a finite schema may contain only finitely many variables, in the sense of [HMTII]. 50This result appears as Thm.1 on p. 3 of the June 1987 version of Sain [S87a] (a version of [S87a] that differs substantially from the current one). Thm.1 is proved on pp. 34–37 in §2, and Remark 10.1 on p. 37 contains a simplified finite schema defining her version of RCA_ω. This schema is indeed simple. Page and item numbers in this footnote refer to parts of op. cit.

of Crs_α’s is denoted by ICrs_α (see [HMTII, §5.5]). The elements of Crs_α are still natural algebras of α–ary relations. The elements of a Crs_α A are obviously α–ary relations, the only difference with RCA_α’s is that now the greatest relation (i.e. the top element of A) is an arbitrary α–ary relation and not necessarily a Cartesian space or a disjoint union of such spaces. This flexibility will be useful in algebraizing quantifier logics different from L_{ωω} (like higher order, many-sorted, and nonclassical logics); cf. e.g. [N78]. Before looking into different quantifier logics, we mention some algebraic results.

THEOREM 6.

(i) ICrs_α is a variety whose equational theory is not axiomatizable by a finite schema (for α > 2).

(ii) ICrs_α is decidable. Moreover, the set of universally quantified formulas valid in ICrs_α is decidable, too.

(iii) A finite Crs_n, for finite n, is isomorphic to a Crs_n with finite greatest element.

For a proof of (i) see [HMTII, Thm’s 5.5.10, 5.5.13]. For proof of (ii) see [N86] and [N96a], [N96b]. For proof of (iii) see Andréka–Benthem–Németi [AvBN96] and Andréka–Hodkinson–Németi [AHN96].

Related results for RRA’s are in Maddux [Ma82], Németi [N87a] (decidability for relativized RRA’s), Marx [Ma93]; see also Kramer [K89], [Ma93a], [MMNS], [MP92], [Ma94], [AHN96]. The equational theory of BRA is already undecidable, moreover so is that of any variety containing as a subreduct either the Id-free subreduct of RCA_3 or the^{−1}-free subreduct of BRA (a result of Maddux; see [HMTII, 5.1.66]). As a contrast, the equational theory of RCA_2 is both decidable and finitely axiomatizable ([HMTII, Thm’s 4.2.9, 3.2.65 pp. 136, 84]).

The following is in contrast with Theorems 5.1 and 6(i). There is an easily understandable set Σ of equations using only one variable in the extra-Boolean equations such that ICrs_α = Mod(Σ). This Σ is due to Resek, Thompson, and was polished by Andréka. See Monk [M91, Thm.9.4] for Σ and a short proof due to Andréka. Studying this result ([M91, Thm.9.4]) might illuminate one of the most important open problems of Algebraic Logic, which is Problem 2.0.1 above. How a positive solution using schemas might be possible in spite of Theorem 5.1 (and the radical improvements of Theorems 4, 5.1 in Andréka [A91]) is illustrated by [M91, Thm.9.4], Sain–Gyuris [SGy94] Thm.2.5, and [HH94].

An important positive result related to the finitization problem for algebras of relations (see Remark 2, and the discussion not too far above) is based on the following breakthrough by Diane Resek. In the sequel, 1 is the Boolean constant denoting the top element of the algebra.

THEOREM 7 (Resek–Thompson). The elements of Crs_α satisfying c_iId_{ij} = 1 (for all i, j ∈ α) form a variety V_α axiomatizable by a finite schema of equations. (If α is finite, V_α is finitely axiomatizable.)

Note that a Crs_α A satisfies c_iId_{ij} = 1 iff its top element satisfies a very simple set theoretic condition^{51} . Further interesting results and proofs in connection with relativization of cylindric algebras (in particular of Cs_α’s) are in Maddux [Ma89d]. The possibility of proving Theorem 7 from the Ultrafilter Existence Axiom only instead of using the full power of the Axiom of Choice is also discussed in [Ma89d]. (Further, [Ma89d] contains improvements and discussions of some of

51The original proof (of Theorem 7) was very long, see [HMTII, 3.2.88], p.101. The first short proof appeared in [AT88]. (Andréka used her method later for proving further results, cf. e.g. [A91, Prop.3, p.64], the proof of [M91. Thm.9.4] discussed above. A. Simon obtained Theorems 8/1 and 8 below, together with further results in this line, also by refining the method of Andréka.)

the conditions in [AT88].) We note that [Ma89d] contains a strengthening of Theorem 7 going in a direction called “relativization” not discussed in the present paper.^{52}

The subvariety V_α of ICrs_α in Theorem 7 has a decidable equational theory if α < ω (Németi [N86]). It is an open problem whether this carries over to α = ω.

Let Dfrs_α be the class of subalgebras of Id_{ij} –free reducts of Crs_α’s. I.e. a Dfrs_α is an algebra

A ⊆ ⟨P(V ), ci⟩i<α with V ⊆^αU for some V and U. Dfrs abbreviates “diagonal–free cylindric–

relativized set algebra” (the relation Id_n is often called the “diagonal” of the space^nU). The following is in contrast with Theorem 6 above.

THEOREM 8 (A. Simon). Dfrs_α is axiomatizable by a simple finite schema of equations. Actually, axioms (E0–E3) listed in §8 (in the proof of Proposition 8.3), close to the end of this work, provide a complete and sound axiomatization for Dfrs_α.

Simon extended the above theorem to the expansions of Dfrs_α’s with the operations C_{(Γ)} with Γ ⊆ α where C_{(Γ)} will be defined very soon. (Our definition coincides with that of [HMTII].) The equational theory of the expanded algebras remains decidable (a result of Andréka). To study Dfrs_α + C_{(Γ)} was suggested by S. Comer and D. Vakarelov independently, both with motivations from computer science (e.g. data base theory).

Let X ⊆ V ⊆^αU and Γ ⊆ α. Then we define

C^V_{(Γ)}(X)^{def}= C_{(Γ)}(X)^{def}= {q ∈ V : (∃s ∈ X) (∀i ∈ α ∖ Γ) q_i = s_i} .

By a strong Dfrs_α (diagonal–free strong cylindric–relativized set algebra) we mean a subdirect product of algebras of the form ⟨P(V ), C^V_{(Γ)} : Γ ⊆ α⟩ with V ⊆^αU for arbitrary V and U.

THEOREM 8/1 (A. Simon). Let α be arbitrary. The class of strong Dfrs_α’s is a variety axiomatizable by the following equations (S0 − S5), postulated for each Γ, Δ ⊆ α. (S0) The Boolean equations (S1) C_{(Γ)}(x ∨ y) = C_{(Γ)}x ∨ C_{(Γ)}y (S2) x ≤ C_{(Γ)}x = C_{(Γ)} C_{(Γ)}x (S3) −C_{(Γ)}x = C_{(Γ)} − C_{(Γ)}x (S4) C_{(Γ)}x ≤ C_{(Δ)}x if Γ ⊆ Δ ⊆ α (S5) C_{(∅)}x = x.

Note that (S0 − S3) say simply that C_{(Γ)} is a complemented closure operator (of some BAO). The proof uses methods analogous with Andréka’s proof ([M91, proof of Thm.9.4]), of the Resek–Thomson equational axiomatization of ICrs_α, mentioned between Theorems 6, 7 above, cf. also [AT88].

Theorem 8/1 is a special case of a more general theorem about Q − Dfrs_α’s, where Q ⊆ P(α) is arbitrary but fixed, and a Q − Dfrs_α is a subdirect product of algebras of the form ⟨P(V ), C^V_{(Γ)} ⟩_{Γ∈Q}. Of particular interest is the choice of Q_0 = all finite subsets of α. Note that the operation C_{({0,1})} is not term definable in Crs_α’s. (An observation of Dimiter Vakarelov.) More detail and proofs are available from A. Simon (for address cf. [Si90]).

Theorem 8/1 above improves [Co91a, Thm.1.6]. Namely, Theorem 8/1 gives a natural geometric or “relational” representation for all members of the variety generated by the so called knowledge representation algebras of [Co91a] coming from comp. sci. (together with a transparent finite axiomatization of this variety). It is outlined in [Co91a] how the algebras in Theorem 8/1 are important for information systems. Further computer science connections of Theorem 8/1 were indicated

52I.e.: [Ma89d] contains a theorem from which the present Thm.7 can be derived (but not vice versa). However, this (interesting cylindric algebraic) theorem of [Ma89d] lies outside the scope of the present work, hence it is not discussed here.

in Düntsch [Dü91a] (where, roughly speaking, the data–base theoretic projection operator Π_Γ is defined by Π_Γ(x)^{def}= C_{(α}r_{Γ)} (x), for all Γ ⊆ α).

Let us turn to applying Crs_α to algebraizations of different quantifier logics^{53}. We will discuss here only one of the many applications of Crs_α to logic. For the rest of such applications we refer to e.g. [vB96], [AvBN96], [AvBN96a], [Al95], [N96a], [VM96].

Let us consider many-sorted logic first (as shown in Barwise–Feferman [BF85] or [S87b], many– sorted logic is a good unifying framework for abstract model theoretic logics, nonclassical, and various unusual logics). Let U and W be two disjoint sorts in the logic we want to algebraize. Let V =^ωU ×^ωW . Then, according to our Convention concerning associativity of × and Cartesian power, V ⊆^{ω+ω}(U^.∪ W ). Then A = ⟨P(V ), c_i . . .⟩_{i,j<ω+ω} is a Crs_{ω+ω} . Here c_i corresponds to quantifying over variables of sort U or W , depending on whether or not i < ω, and similarly for Id_{ij} when i and j are “in the same copy of ω”. The fact that Id_{0ω} = 0 corresponds to the logical fact that equality is not defined between elements of different sorts. Now, we could repeat, with appropriate changes, what we said before about the connection between RCA_ω and L_{ωω}. The idea extends to an arbitrary number of sorts, in the obvious way. See Németi [N78], LeBlanc [L59, L62], [AGN75], Plotkin [Pl89, Pl88], for more detail. Now, many-sorted logic is a natural stepping stone toward higher order logic.

To treat second–order logic, for example, we can take V =^ωU ×^ωP(U) and expand the Crs_{ω+ω}

⟨P(V ), ci . . .⟩ with the new constant E = {q ∈ V : q0 ∈ qω} to represent algebraically the “element

of” relationship between the first–order and second–order objects. One can do the same for higher order logics, see e.g. [AGN75, AGN75a], LeBlanc [L59], Venne [V65, V66], Salibra [Sa89].

It is also indicated in Németi [N78], Freeman [F76], Georgescu [G79a], Monk [M60] how Crs_α can be used for algebraizing nonclassical quantifier logics like first–order modal logic or first–order temporal logic. The use of Crs_α’s as a unifying framework is more explicit in the first citation, while more details are available in the others, especially in [F76]. Roughly speaking, a Kripke model for first–order modal logic consists of a universe U of individuals, and a set W of possible states or “worlds” or time instances together with some further structure. In this case we choose the top element V of our Crs_α to be W ×^ω U. Intuitively, ⟨w, q_0, . . ., q_i, . . .⟩ ∈ R means that ⟨q_0 . . . q_i . . .⟩ is in the relation R when viewed from the possible world or state w. The point we are trying to make here is that algebraizing non-classical (say modal) first–order logics again leads naturally to an algebra of finitary relations. The choice of the logic introduces some peculiarities into the relations, e.g. in the case of modal or temporal logics the first argument of the relations comes from a different “universe” (namely, that of possible states or time instances) than the rest of the arguments. This, however, does not seem to diminish the importance of the fact that we are dealing with relations. This is why Crs_α seems to be a reasonable unifying framework for the algebraizations of these logics.

∗ ∗ ∗ ∗ ∗ Let us return briefly to RCA_ω, and to the quest for finding natural algebras of finitary relations (we mean the quest we tried to illustrate by the “obvious“ considerations in connection with P(^{<ω}U) in §2, and which admitted one possible satisfactory solution by our defining Rf(U), and the class L below Theorem 5).

Let Frl(U) = {R : R ⊆^nU for some n ∈ ω}. That is, Frl(U) is the collection of all finitary relations over the set U. A relation R ⊆^nU is essential if either R = ∅ or for no S ⊆^{(n−1)} U is R = S × U. So, an n–ary relation is essential if it is not a “dummy embedding into rank n”

53Further investigations of Crs_α and related classes as well as some of their applications in logic can be found in Alechina [Al95], Andréka-Goldblatt-Németi [AGN96], Mikulás [Mi95, Mi96], Marx [Ma94], [MMN95].

of another relation of some smaller rank. We let Ref (U) = {R ∈ Frl(U) : R is essential}. We define a partial ordering ≤ on Frl(U) as follows: For any R, S ∈ Frl(U) we let R ≤ S iff either S ⊆ R ×^kU, or S ×^kU ⊆ R for some k ∈ ω (i.e. if we level out the rank differences between S and R by using “dummy embedding” then S becomes a subset of R). Note that for all R, ∅ ≤ R and R ≤^0U(= {∅} = {⟨⟩}) because R ⊆^nU =^0U ×^nU for some n.

FACT 2. ≤ is a complemented distributive lattice ordering on Ref (U).

We let ⟨Ref (U), ∧, ∨, −⟩ be the Boolean algebra induced by this ordering ≤. Note that to every R ∈ Frl(U), there is a smallest (according to ≤) upper bound ess(R) of R in Ref (U). For R ⊆^nU and i < n let c_i(R) ⊆^nU be defined as in RCA_n. Let R ∈ Ref (U) and i < n. Then c^+_i (R) = ess ( c_i(R) ) . For i ≥ n we let c^+_i (R) = R. Finally, for j < i, let I_{ij} = I_{ji} = {q ∈^{i+1}U :

q_i = q_j }. So in particular I_{01} = {⟨a, a⟩ : a ∈ U }, I_{12} = U × I_{01}, and I_{n,n+1} =^nU × I_{01}. Now, Ref(U) = ⟨Ref (U), ∧, ∨, −, c^+_i , Iij ⟩i,j<ω. FACT 3.

(i) Ref(U) ∈ RCAω , moreover RCAω is the variety generated by the class K = {Ref(U) :

U is a set}.

(ii) For L as introduced below Theorem 5, we have K = L up to isomorphisms, because Ref(U) ∼=

Rf(U).

The above ideas are described in more detail in Andréka [A77, §V and p. 37]. We note that

Ref(U) seems to be related to Craig’s algebras of sets of finite sequences, with universe P(^{<ω}U),

in §7.(3,4) below and in [HMTII, p. 265]. The nature of the relationship is not clear to us however (except that Ref (U) ⊆ P(^{<ω}U)). We included the algebras Ref(U) here to show that the generators of the variety RCA_ω can be built up as algebras whose elements are truly finitary relations in the most concrete possible sense. Further the extra–Boolean operator c^+_i when applied to an (i+1)–ary relation R results in literally deleting the “last column” of R, which is one of the most natural and most widely used operations on n–ary relations. E.g. c^+_2 {⟨a, b, c⟩} = {⟨a, b⟩}.

∗ ∗ ∗ ∗ ∗ As we mentioned above Theorem 6, in our first extension of Remark 2 (finitization) to RCA_ω’s i.e.

in our discussion of the search for finite schema axiomatizable expansions of RCA_ω ’s, there exists a more ambitious approach aiming at true finitization of expansions of RCA_ω ’s and their variants, see e.g. Monk [M70], Henkin–Monk [HM74, Problem 1], and Sain [S87a]. Roughly speaking, we are searching for an expansion V_1 of RCA_ω ’s such that V_1 would be term definably equivalent (polynomially equivalent in sense of [HMTI, p. 125]) to a finitely axiomatizable variety V_2. This search is one incarnation of the general question, playing a central rôle in algebraic logic, which asks whether the choice of the fundamental operations of the algebras RCA_ω of relations was the best possible, or whether a different choice of the fundamental operations could improve the situation. Certainly we made some very quick decisions when passing from RRA’s to RCA_n’s, e.g. we decided to drop “∘” and^{−1} from the list of fundamental operations and derive them as term functions. We will return to the issue of these decisions in general in §7, but the subject of finitization that recurs throughout the paper is also an investigation of possible alternatives to these decisions. Next we briefly return to finitization.

Generalizing our definition that preceded Problem 2, we now define, for an arbitrary ordinal α, an operation f : P(^αU) −→ P(^αU) to be permutation invariant iff for any permutation p of U and R ⊆^αU, we have p ( f(R) ) = f ( p(R) ) . Consider the following statement.

(4.1) There are permutation invariant operations f_i : P(^ωU) −→ P(^ωU), (i ≤ n) for each set U, such that, if N(U) = ⟨P(^ωU), f_0, . . ., f_n⟩ and K^+ = {N(U) : U is a set}, then the following holds. The RCA_ω operations c_i and Id_{ij} are term definable in K^+, i.e., there are terms γ_i and δ_{ij} (i, j ∈ ω) of K^+ such that in N(U), γ_i and δ_{ij} define the usual c_i and Id_{ij} .

Note that (4.1) implies RCA_ω = SPRdK^+.

PROBLEM 2.1. Is (4.1) above true in such a strong form that for K^+ in it, SP(K^+) is a finitely axiomatizable variety or at least such a quasivariety?

Problem 2.1 is the RCA_ω counterpart of the stronger, (3.2)^+-part of Problem 2 in Remark 2^{54}. The variant of Problem 2.1 corresponding to the slightly weaker, (3.2)-part of Problem 2 was solved by Sain (compare [S87a]), who proved the following.

THEOREM 8/2 (Sain). (4.1) is true in such a strengthened form that K^+ in it generates a finitely axiomatizable variety.

This result indicates that there really is a difference between the two versions of Problem 2. Further, Sain exhibited easier (than the proof of Theorem 8/2) solutions for the counterpart of the weaker variant of Problem 2 quoted from [TG87] at the end of Remark 2. Namely, she provided easier proofs for the following:

PROPOSITION 8/3. (4.1) is true in such a form that to K^+ in it there is a finitely axiomatizable variety K_0 ⊇ K^+ such that RCA_ω = SRdK_0. Furthermore, Rd is taken using the terms γ_i and δ_{ij} fixed in (4.1).

Sain also suggested several attractive simple choices of K^+ and K_0, and raised the problem whether these choices also satisfy the statement of Proposition 8/3. (The only problem she left open is to check if the seven cylindric postulates, like c_ic_j = c_j c_i, in [HMT, p. 162] are satisfied in K_0.)^{55} Compare the June 1987 version of [S87a].

The fact that Sain’s proof for Proposition 8/3 is easier than her proof for Theorem 8/2 points in the direction that the variant of Problem 2 at the end of Remark 2 might turn out to be easier (than even the (3.2)-part of the original Problem 2). A finite schema version of Proposition 8/3 above was obtained by Craig before Sain proved her result, cf. Craig [Cr74] and our discussion of finite schema axiomatizability above Theorem 6.

PROBLEM 2.2. What is the answer to Problem 2.1 if we replace each occurrence of ω with n (for some n > 2) in it? This means replacing RCA_ω,^ωU with RCA_n,^nU respectively everywhere in Problem 2.1 and in item (4.1). This amounts to asking the same question that was asked in Remark 2 but now for RCA_n instead of BRA.

We will return to finitization in §6 beginning with Theorem 16, and also in §7 (9). (However, a rather strong negative finitization result, due to Andréka, will be mentioned in a footnote at the beginning of §6.)

§5. Algebras for logics without equality

So far we have extended RRA’s (with extra–Boolean operations ∘,^{−1}, Id) to algebras of relations of higher ranks. Let us see how to extend BRA’s whose extra–Boolean operations were only ∘ and −1 to higher ranks. When extending RRA’s to higher ranks, we were able to drop the algebraic counterpart^{−1} of substitution because by using c_i and Id one can express^{−1} as a derived operation. (This was shown in the paragraph discussing the rôle of RCA_ω in the algebraization of first–order logic in the remarks following Theorem 5.) But when extending BRA’s we do not have Id; hence we cannot express^{−1}, and thus shouldn’t drop it. To discuss the counterpart of^{−1} for n–ary relations,

54Problem 2.1 is a concretized instance of the similar one in Monk [M70] and Henkin–Monk [HM74] mentioned in Remark 2. It is closer to the problem in these papers than Problem 2 in Remark 2 was. 55That this might be a nontrivial task is indicated by Corollary 3.6 on p. 654 of Demaree [D72], as will be discussed below Theorem 16 herein.

we will use the operations S_τ : P(^ωU) −→ P(^ωU) for τ : ω −→ ω introduced in §4 immediately above the subtitle “Advance topics in RCA–theory”. We use the notation n = {0, . . ., n − 1}. Let n be fixed, and let i, j < n. Then [i, j] : n ↣→ n denotes the permutation of n interchanging i and j, and leaving everything else fixed. [i/j] : n −→ n sends i to j and leaves all else fixed. (To be unambiguous we should write [i, j]_n and [i/j]_n but we rely on context to make things clear.) For τ ∈^nn, S_τ : P(^nU) −→ P(^nU) is defined the same way as it was for the τ ∈^ωω case. We let p_{ij}^{def}= S_{[i,j]} and s^i_j^{def}= S_{[i/j]}. So in particular p_{01}({⟨a, b, c . . .⟩}) = {⟨b, a, c . . .⟩} or more generally p_{01}(R) = {⟨q_1q_0q_2q_3 . . .⟩ : ⟨q_0q_1q_2 . . .⟩ ∈ R}. Clearly for n = 2 we have R^{−1} = p_{01}(R), and hence we may consider p_{ij} as (an economical) generalization of^{−1} to higher ranks. The logical counterpart of p_{01} is the “substitution” sending the formula R(v_0v_1v_2 . . . ) to R(v_1v_0v_2 . . . ). If we want to algebraize first–order logic, we also need the substitution sending R(v_0v_1) to R(v_1v_1). Strangely enough, we cannot express this by using the p_{ij} ’s and the c_i’s in themselves. Therefore we also need s^0_1. We could stop at this point, but for aesthetic reasons we add all the s^i_j ’s for i, j < n, and not only s^0_1. These are not essential however, and the reader is invited to develop his/her version of algebraic logic having only one of the s^i_j ’s.

The full polyadic set algebra of n–ary relations (the full Ps_n) over U is defined to be ⟨P(^nU), ci, s^i_j , p_{ij} ⟩i,j<n. By a representable polyadic algebra of n–ary relations (an RPA_n) we understand a subalgebra of a direct product of full Ps_n’s up to isomorphisms. Formally,

RPA_n = SP(full Ps_n).

(Cf. the sentence above Remark 1 in §3.)

THEOREM 9. RPA_n is a variety axiomatizable by a decidable set of equations.

The proof of Theorem 1 also proves that RPA_n is a variety. See also the references in §5.4 of [HMTII]. The second part of Theorem 9 is proved by the methods in [HMTII, pp. 112–118].

THEOREM 10 (Johnson [J69]). RPA_n is not finitely axiomatizable if n > 2.

This result can, perhaps, be improved, since Andréka has a construction that might be suitable for proving that RPA_n, for n > 2, is not finitely axiomatizable over its p_{ij} –free subreduct, i.e. over the variety^{56} generated by the ⟨P(^nU), c_i, s^i_j ⟩_{i,j<n}’s. It would be interesting to know whether this improvement of Theorem 10 is true. This amounts to asking whether the equality–free (i.e. RPA– theoretic) version of Theorem 11 (i) below holds. It would also be interesting to know if Andréka’s generalization of Theorem 4 (non–axiomatizability by finitely many variables) carries over to RPA_n. (By Theorem 11 (iii), it does carry over to RPEA_n.)

We can put cylindric algebras and polyadic algebras together obtaining the so–called RPEA_n’s (representable polyadic equality algebras), and we can ask ourselves if we get essentially more than RCA_n’s. In a sense, Andréka gave an affirmative answer, solving Problem 5.8 of [HMTII]. We give more detail: RPEA_n is obtained by expanding RPA_n’s by the constants Id_{ij} of RCA_n’s. Then RCA_n’s become subalgebras of reducts of RPEA_n’s. By the proof of Theorem 1, RPEA_n is a variety.

56These are Pinter’s substitution–cylindric algebras (of n–ary relations) (RSC_n’s); they will recur a few more times below. Andréka also proved that RCA_n, for n > 2, is not finitely axiomatizable over RSC_n either (s^i_j is an RCA_n– term; hence RSC_n’s are also subreducts of RCA_n’s). Andréka systematically generalized these kinds of results of hers to schemas for α ≥ ω, in analogy with Monk’s non–finitizability result for RCA_ω quoted from [HMTII, 4.1.7] above Theorem 6. She further strengthened most of these to stating non–axiomatizability by any set Σ of universally quantified sentences such that Σ contains only finitely many variables. This way she does not have to introduce schemata.

THEOREM 11 (Andréka–Tuza, Andréka).

(i) RPEA_n is not finitely axiomatizable over RCA_n for n > 2. (ii) RPEA_n is not finitely axiomatizable over RPA_n either, for n > 2.

(iii) Both (i) and (ii) remain true if we replace finite axiomatizability by axiomatizability with a set Σ of universally quantified formulas such that Σ uses only finitely many variables.

For (i) see Andréka–Tuza [ATu88]. For the rest of Theorem 11 see Andréka [A91].

(ii) above is in contrast with the finite axiomatizability of RRA’s over BRA’s. Furthermore, Theorem 11 (i) is in contrast with the finite axiomatizability of RRA over its^{−1}–free subreduct mentioned just before beginning of §4.

In analogy with the relationship between RCA_n’s and RRA’s, BRA’s are subreducts^{57} of reducts of RPA_n’s, for n > 2. In particular, if R, S ⊆ U × U and if Dr(R) = R × U ⊆^3U, then Dr(R ∘ S) = c_2 [ p_{12} ( Dr (R) ) ∩ p_{02} ( Dr (S) )] . So, analogously to the remark following our definition of RCA_n’s, we can observe that the algebras of relations of higher ranks without equality (RPA_n’s) are expansions of the analogous algebras of binary relations (BRA’s). We already noted in §4 that RCA_2’s are subreducts of RRA’s. So RRA’s are in between RCA_3’s and RCA_2’s. (When algebraizing proof theory as opposed to the present emphasis on model theory — i.e. when dealing with the “axiomatic” classes CA_n and RA approximating RCA_n and RRA, discussed in the middle of §4 and in §8 — these numbers increase by one, so instead of 2 and 3, we get 3 and 4; see Maddux [Ma78, Ma83], [HMTII, §5.3], [TG87].) Strangely enough, RPA_2’s are not subreducts of BRA’s because s^0_1 is not a derived operation of BRA’s. It would be nice to see a theory of BRA expanded with s^0_1. (Probably it would be somewhere halfway in between BRA’s and RRA’s.)

In RPA_n, the operation S_τ : P(^nU) −→ P(^nU) is term definable, for each τ : n −→ n. These S_τ ’s are quite important in RPA_n–theory. In this connection, recall from the subsection in the middle of §4 (cf. also §8) that in the literature there is a traditional, finitely axiomatizable variety PA_n of n–ary polyadic algebras approximating RPA_n. The classical axiomatizations of PA_n use all the S_τ ’s and not only the s^i_j ’s and p_{ij} ’s, see [HMTII, Def.5.4.1, p. 225]. Therefore the universal algebraic approach in [HMTII, pp. 260–263] based on the concept of a finite schema as defined in [HMTII] was not applicable to PA–theory. However, in Sain–Thompson [ST91], a single natural finite schema Σ_0 of equations was found, such that Σ_0 involves only the s^i_j ’s and p_{ij} ’s (and does not involve the S_τ ’s in general) besides the Boolean operations. It is proved there that PA_n = Mod(Σ_0). In particular, the traditional polyadic axioms like S_{τ ∘σ}(x) = (S_τ ∘ S_σ )(x) = S_σ(S_τ (x)) for all τ, σ ∈^nn follow from Σ_0. In other words, Σ_0 is equivalent with the traditional axiomatization of PA_n, and at the same time Σ_0 has certain advantages. An important point here is that the same Σ_0 works for all n (and even for “n = ω” but that comes later). The key part of their Σ_0 consists of Jónsson’s seven defining relations in [HMTII, 3.2.17(B), p. 68] for the semigroup^nn as generated by the [i, j]’s and [i/j]’s transcribed to the p_{ij} ’s and s^i_j ’s. E.g. Jónsson’s defining relation [i, j] ∘ [i, j] = Id translates to the axiom p_{ij} p_{ij} (x) = x in Σ_0.

From now on, we will freely use the derived operations or term functions S_τ of RPA_n’s, for τ ∈^nn, without recalling them.

Generalizing RPA_n to RPA_α with α an arbitrary ordinal (especially for α = ω) goes exactly as in the RCA_α case. However, for historical reasons, the resulting algebras are called quasi–polyadic algebras instead of polyadic algebras (though it was these algebras which were introduced first, cf. Halmos [Ha54], and originally they were called polyadic; but later the terminology changed). In particular, for finite α, polyadic and quasi–polyadic algebras coincide^{58} .

⟨P(^αU), ci, s^i_j , p_{ij} ⟩i,j<α is called the full quasi–polyadic set algebra (full Qpsα) of α–ary relations

over U for any ordinal α and set U. A quasi–polyadic set algebra (a Qps_α) is a subalgebra of a full

57Recall our Convention that subreducts are subalgebras of generalized reducts.

58The distinction between polyadic and quasi–polyadic will be useful later at the algebraization of infinitary logics.

Qps_α. Let α ≥ ω. Then by a representable quasi–polyadic algebra of α–ary relations (an RQA_α) we understand an isomorphic copy of a Qps_α. (Note the difference with the previous definitions!)^{59} RQA_α = IQps_α, where I is the operator of taking isomorphic copies. We define RQA_n = RPA_n, for n ∈ ω. THEOREM 12.

(i) RQA_α forms a variety if α ≥ ω.

(ii) For countable α, RQA_α is axiomatizable by a decidable set of equations.

The weaker form of Theorem 12 (i) saying that SPRQA_α is a variety is proved by repeating the proof of Theorem 5 with the obvious changes.

Note the striking difference with cylindric algebras: by Theorem 12 (i), IQps_α is a variety for α ≥ ω, but ICs_α is not. This result was perhaps known earlier, but the proof can be found in Sain [S89, Thm.3].

τ ∈^ω ω is called a finite transformation of ω iff {i ∈ ω : τ(i) ≠ i} is finite. For every finite transformation τ of α, the operation S_τ is term definable in RQA_α.

In connection with the elegant finite schema Σ_0 of equations in Sain–Thompson [ST89] mentioned between Theorems 11 and 12 above, we note that Σ_0 works for α ≥ ω; namely Σ_0 implies all the distinguished quasi–polyadic axioms like S_{τ ∘σ} = S_τ ∘ S_σ for finite transformations τ, σ of α. For a list of all these axioms see [HMTII, item 9, p. 266]; cf. also [HMTII, Def. 5.4.1]. I.e. for α ≥ ω, QPA_α = Mod(Σ_0), where QPA_α is the finitizable variety of α–ary quasi–polyadic algebras approximating RQA_α in the sense outlined in the middle of §4 and in §8.

For any finite subset Γ = {i_1, . . ., i_n} of α we can introduce the derived operation (or term function) C_{(Γ)}(x) = c_{i1} . . . c_{in} (x). To see that this works, it is enough to recall that c_ic_j = c_j c_i is valid. An equivalent and frequently used way of introducing RQA_α’s is to start out from the algebras

⟨P(^αU), C_{(Γ)}, Sτ : Γ ⊆ α is finite, and τ ∈^αα is a finite transformation⟩.

Indeed, this approach was taken in [HMTII, p. 266], Halmos [Ha62], [DM63], Andréka–Gergely– Németi [AGN77] etc.^{60}

∗ ∗ ∗ ∗ ∗ The algebraic theory of RQA_α’s for α ≥ ω is practically the same as that of RQA_ω’s, so we will concentrate on the latter. Their algebraic theory is not as extensively developed as that of RCA_ω ’s, but see Halmos [Ha62], Daigneault–Monk [DM63], [AGN77], Sain [S89], Sain–Thompson [ST89], Pinter [P73], the end of Pinter [P73a]; R. J. Thompson also has results in this line. The next theorem is a generalization of a result of J. S. Johnson, namely of Theorem 10 above.

59BRA, RRA, RCAα, RPAn were all defined by applying SP to algebras of the form ⟨P(^αU), · · ·⟩. 60The reason for the popularity of this more complicated similarity type containing all the S_τ ’s and C_{(Γ)}’s might have been that the simple schema Σ_0 quoted above from [ST89] implying all the distinguished axioms like S_{τ∘σ} = S_τ ∘ S_σ was not available. (Another reason might be that when Halmos [Ha54] introduced quasi–polyadic algebras, awareness of universal algebra as a desirable unifying framework for all branches of abstract algebra in the sense mentioned in §2 and Remark 1 herein, was almost nonexistent. We note that the same problem seems to keep popularity below the deserved level in the case of the unbelievably rich treasure Jónsson–Tarski [JT51] of knowledge on BAO’s.)

THEOREM 13 (Sain–Thompson [ST89]). RQA_ω is not axiomatizable by any finite schema^{61} of equations in the sense of [HMTII].

As in the case of RCA_α, RRA, and BRA, it is an important open problem to find simple, mathematically transparent, decidable sets Σ of equations axiomatizing RQA_α (α > 2).

We could define the RQA_ω –theoretic versions of the class L and algebras Rf(U) as the algebraic counterparts of the models of first–order logic L_{ωω} without equality as in the RCA_ω case. Denoting these by Lp and Rfp(U) (where p stands for polyadic), we have that RQA_ω is the variety generated by Lp = S{Rfp(U) : U is a set}; see^{62} [AGN77, §3.3 Coroll.3.18, p. 28].

We conjecture that the lattice of subvarieties of RQA_ω will turn out to be considerably simpler than that of RCA_ω described to some extent in Németi [N87, §1.1, p. 245]. It appears to us that developing the theory of RQA_ω ’s would be quite an important and rewarding task.

In algebraizing quantifier logics, the rôle of RQA_α is entirely analogous to that of RCA_α. Namely, RQA_ω is the true algebraic counterpart of classical first–order logic without equality. The logical counterparts of s^i_j or p_{ij} send the formula φ to φ(v_i/v_j ) or φ(v_i/v_j , v_j /v_i) obtained by replacing v_i by v_j or interchanging v_i and v_j as free variables of φ respectively. Perhaps the connection with logic on this syntactical level is not as elegant as in the cylindric case, because the operations φ −→ φ(v_i/v_j ) are not logical connectives like “∃v_i” and “v_i = v_j ” were in the cylindric case. One possible way of avoiding this problem would be to introduce s^i_j and p_{ij} as logical connectives, restricting atomic formulas to R(v_0, v_1, . . ., v_n), and treating R(v_1v_0) as a convenient abbreviation of p_{01}R(v_0v_1). Of course, this yields an equivalent formulation of L_{ωω} without equality. The connections between RQA_ω–theory and logic without equality, including Lp and Rfp(U) as algebraic counterpart of models, can be worked out analogously to §4.3 of [HMTII] keeping in mind §5.6 therein, [AGN77], Monk [M71], and Johnson [J73]. At least this is what we conjecture, but this work has not been done yet, at least not in the detail of [HMTII, §4.3], and Németi [N89]. As in the case of cylindric algebras outlined in the remarks after Theorem 4, RPA_n (=RQA_n) is the algebraic counterpart of the version of L_n without equality; see Monk [M71], [J73]. These algebraic counterparts proved rather useful in studying both versions of L_n, cf. e.g. the relevant parts in [TG87].

Advanced topics

If we expand RQA_α with the constants Id_{ij} representing equality then we obtain RQA_α’s with equality, RQEA_α’s, exactly as RPEA_n’s were obtained from RPA_n’s. Actually, RPEA_n = RQEA_n for n ∈ ω. Similar observations are true for these algebras, in particular for RQEA_ω’s, as were spelled out for the case of α = n(< ω) at the beginning of the present section (§5). But in contrast to Theorem 12, we have to define RQEA_α as an SP–closure of set–algebras even if α ≥ ω. One can define the analogs of Crs_α’s for RQEA_α and for RQA_α. The simple finite schema Σ_0 in Sain– Thompson [ST89] has an RQEA_α–theoretic version Σ_1, which is also found in [ST89]; Σ_1 is also finite, and just as simple as Σ_0. So, QPEA_α = Mod(Σ_1) is the finitary variety of quasi–polyadic equality algebras approximating RQEA_α. For n < ω, QPEA_n = PEA_n. An important theorem of Diane Resek implies then that every QPEA_α is isomorphic to one of the above mentioned RQEA_α– like analogs of Crs_α. We do not know whether a similar result holds for RQA_α–like analogs of Crs_α’s. We note that Andréka generalized Theorem 11 above to RQEA_α and RQA_α for arbitrary α. By the proof of Theorem 5 one can easily see that RQEA_α is a variety. (If not specified otherwise, we always mean “for every ordinal α”). Andréka proved that RQEA_α is not axiomatizable over RCA_α with any set Σ of universally quantified formulas if Σ contains only finitely many variables and α > 2. For lack of space we do not go into more detail in connection with the theory of RQEA_α,

61A set of individual schemata like {c_ic_j x = c_j c_ix, c_iId_{ij} = 1} is called again a schema for simplicity. If the set is infinite then we say that this schema is infinite. Though here we use the definition of a schema in [HMTII] without recalling it, we note that it is the natural generalization of the schema (E0–7) in the present Appendix (§8). 62For some reason, RQA_α’s were called representable substitution algebras (and denoted as Rs_α) in [AGN77] and its 1974 version. Our present Lp was denoted by Ls_ω there.

but we note that they are basically cylindric algebras enriched with the p_{ij} ’s so the two theories should be very close, and the differences illuminating for both.

The joint reducts ⟨P(^αU), s^i_j ⟩_{i,j<α} and Psc_α(U) = ⟨P(^αU), c_i, s^i_j ⟩_{i,j<α} of RQA_α’s and RCA_α’s have been investigated in Pinter [P73a], Preller [Pr70]. Here we should note that the subreducts RSC_α = S {Psc_α(U) : U is a set} are already sufficient for carrying through the algebraization of L_{ωω} without equality in a parallel fashion as described above for the RQA_ω–case (Pinter [P73b]). Therefore this subreduct RSC_ω of RQA_ω is not of a completely negligible importance. An axiomatization, analogous to Σ_0 quoted above from [ST89], of the finitary variety SC_α approximating^{63} RSC_α can be obtained on the basis of Thompson [T87]. Pinter [P73b] calls the members of SC_α substitution–cylindric algebras. The proof of Theorem 12 also yields that RSC_α is a variety for α ≥ ω. Sain proved that RSC_α is not axiomatizable by any finite schema in the sense of [HMTII] if α > 2. Her proof can be recovered from the proofs of Thm.2(i) in [ST91].

We note that RSC_ω = (SRdRCA_ω) ∩ (SRdRQA_ω) seems to be the weakest reasonable subreduct of RCA_ω’s still completely suitable for the algebraization of full first–order logic (without equality). An algebraization of logic completely parallel to the one in [HMTII, §4.3] can be worked out in the same detail for RSC_ω in place of RCA_ω , with RSC_ω ’s of universes Rf(U) corresponding to models etc.

§6. Algebras for logics extending L_{ωω}^{64}

Most of the logics we have in mind are discussed in Barwise–Feferman [BF85]. Many of these new logics remain in the realm of finitary relations, for example the finitary logics with additional exotic quantifiers (like “there are uncountably many”, or topological quantifiers of Georgescu [G82a] etc.). These logics are generally denoted by L_{ωω}(Q), or just L(Q), where Q refers to the extra (or exotic) quantifier we are adding to L_{ωω}. Some of these logics are summarized in Part B of Barwise– Feferman [BF85] (but some are scattered all over the book, see e.g. pp.9, 509.)

Many of these quantifiers are given by fixing a function F which associates with every set U a collection F (U) ⊆ P(U) of its subsets. Then Qxφ(x) holds in a model M if {a ∈ M : φ(a) is true in M} ∈ F (M). A special example is the classical quantifier “There exist infinitely many elements x such that φ(x)” suggested by Mostowski in 1957. Other examples are “there exist |U |–many (where U is the universe of the model in question)”, and the standard Qα quantifiers saying “there are ℵ_α–many”. Note that when fixing such a logic L(Q), we define the function F for all sets U simultaneously. To make L(Q) satisfy the axioms of abstract model theory, one of which corresponds to permutation invariance in Remark 2 way above, we should place some restrictions on the “universal” function F , but that is not our main concern in this paper.

Let us recall that the universe Rf(U) consists of elements of the form R ×^ωU with R ⊆^nU, for some n ∈ ω. Rf(U) was the universe of the generic example Rf(U) of cylindric algebras, i.e. RCA_ω’s as well as that of RQA_ω ’s since Rf(U) is closed under p_{ij} for i, j ∈ ω. Rf(U) consists of all the (dummy embeddings or dummy representations of) finitary relations on U, and as our logic remains finitary, Rf(U) remains adequate for the universe of the generic algebras of relations.

Let us fix F as above. Then the new operator Q : P(^ωU) −→ P(^ωU) is defined as follows: Q(x)^{def}= {⟨b_0, b_1, . . ., b_n, . . .⟩ ∈^ωU : {u ∈ U : ⟨u, b_1, . . ., b_n, . . .⟩ ∈ x} ∈ F (U)} . The full Cs_F over U is ⟨P(^ωU), Q, ci, Idij ⟩i,j<ω 63This is the same kind of approximation as CA_α approximates RCA_α, cf. the subsection in the middle of §4 and cf. §8. We note that SC_α = HSRdQPA_α ⫌ RSC_α.

64Some algebraizations of some of these logics were already discussed between Theorem 7 and Fact 2 in §4. (These were applications of relativized versions, Crs_α’s, of RCA_α’s.)

i.e. it is the expansion of the full Cs_ω with Q. The representable cylindric algebras with exotic quantifiers determined by F (RCA_F ’s) are the algebras embeddable into products of full Cs_F ’s. The generic example: Rf_F (U) is the subalgebra of the full Cs_F with universe Rf(U).

The new operation Q : Rf(U) −→ Rf(U) acting on our (embedded or “coded”) finitary relations is (for most choices of F ) not term definable in RCA_ω , in particular, is not such in Rf(U), but does not lead out from Rf(U). It produces (codes of) finitary relations from (codes of) finitary relations. We could have introduced Q_i for each i ∈ ω by letting Q_i = p_{0i} ∘Q∘p_{0i}, but this Q_i is expressible in

RfF (U) as defined above. The generalization of RCAF ’s from ω–ary relations to α–ary relations for

any ordinal α is straightforward. Analogously to the just described RCA case, the new operation Q can be added to RQA_α’s, and the other algebras with universe P(^αU) discussed so far; it can be added even to RRA’s.) Pinter [P75], Georgescu [G82, G82a], Schwartz [Sw80a] are some of the references to algebras of relations of this kind.

We note the following in connection with Remark 2 (finitization). In practically all of the cases (relevant to logic), F (U) is closed under all permutations of U. In the interesting cases, Q : Rf(U) −→ Rf(U) is not term definable in Rf(U). Thus expanding RCA_ω or RCA_n or even RRA with Q is a new possibility in the search outlined in Remark 2, especially because the negative or limiting result of Biró [Bi89] mentioned in Remark 2 above does not apply to Q. However, this observation is mainly of didactical interest, namely a result of Andréka seems to imply that adding such a Q will not result in a finitely axiomatizable variety.^{65}

Concerning the other kinds of quantifiers in Part B of Barwise–Feferman [BF85], like Henkin quantifiers, we do not know of any work on their algebraization. We feel that one should be able to stay inside the universe Rf(U) when algebraizing them, too.

Algebras for infinitary logics

Let α be an arbitrary ordinal. After having introduced and studied RQA_α’s in [Ha54], Halmos expanded them to what are now called representable polyadic algebras of α–ary relations (RPA_α’s), cf. [HMTII, §5.4], Halmos [Ha62]. The new operations are the natural infinitary generalizations of the s^i_j , p_{ij} , and c_i’s of RQA_α’s. Next we generalize the operation C_{(Γ)} from finite Γ ⊆ α to arbitrary Γ ⊆ α. Let x ⊆^αU and Γ ⊆ α. Then

C_Γ(x)^{def}= C_{(Γ)}(x)^{def}= {q ∈^αU : (∃s ∈ x)q ↾ (α ∖ Γ) = s ↾ (α ∖ Γ)}.

Note that c_ix = C_{{i}}x and C_{{i,j}}x = c_ic_j x = c_j c_ix, and the same for any finite set {i_1, . . ., i_n} ⊆ α. For arbitrary τ ∈^αα, the operation S_τ has already been defined in §4.

By an RPA_α we understand an algebra embeddable into a direct product of algebras of the form

⟨P(^αU), CΓ, Sτ : Γ ⊆ α and τ ∈^αα⟩.

Note that, though for α = n < ω we have two different definitions of RPA_n, they are equivalent (up to term definitional equivalence), i.e. they differ only in the choice of the fundamental operators (like BA’s of the form ⟨B, ∧, ∨, −, 0⟩, or ⟨B, ∧, ∨, −, 1⟩, or ⟨B, ∧, −⟩). For α < ω we already discussed these algebras. So let α ≥ ω for a while.

65Andréka proved that if Q defined by F is permutation invariant (for all p : U ↣→ U, p(F (U)) = F (U)), then adding one or more of these Q’s (each may be based on a different but invariant F ) does not make RCA_n finitely axiomatizable or RCA_ω finite schema axiomatizable, for n > 2. Moreover, she proved the same for any new permutation invariant unary operator f : P(^nU) −→ P(^nU) satisfying the equation f(x ∪ y) = f(x) ∪ f(y) in place of Q. So adding such a new operation f to RCA_n does not make RCA_n finitely axiomatizable. Thus Problem 2.2 cannot be solved by adding such f’s or Q’s (to the old operations). She also proved that the weaker version (of the problem) quoted from [TG78] at the end of Remark 2 is not solvable either by adding such f’s or Q’s. I.e. she proved that no finitely axiomatizable variety K_0 containing the version K^+ of RCA_n (n > 2) expanded by such f’s or Q’s has the property RCA_n = SRdK_0. (Sain proved that this last negative result does not extend to RCA_ω from RCA_n. Cf. [S87, 87a].) These negative results of Andréka generalize to polyadic algebras with equality, and remain true if we add the operation trc of taking transitive closure to RCA_n. Here, if R ⊆ U × U then trc(R ×^{n−2}U) = (R^∗ ×^{n−2}U) where R^∗ is the usual transitive closure of the binary relation R. (These were proved by Andréka.) (The case of adding binary invariant operators remains wide open.) Cf. e.g. [A91, Thm.4 and Remark 6].

THEOREM 14. RPA_α is a discriminator variety in the standard universal algebraic sense (see [BS81], [AJN88]). So are BRA, RRA, RCA_n, and RPA_n if n < ω.^{66}

We cannot speak about finite or even recursively enumerable or decidable axiomatizations in connection with RPA_α’s, because they have at least continuum many basic operators. Intuitively, this large number of operations seems to be a drawback of RPA_α’s when one is trying to apply them to finitary logics or to algebras of arbitrary finitary relations. The main bulk of these operations seems to be irrelevant for L_{ωω} or for {R : R ⊆^nU and n ∈ ω}, and therefore seems to “pull” the theory in misleading directions. On the other hand, for infinitary logics these operations are useful and relevant, cf. e.g. Ex.5.6.3, 5.6.6, 5.6.9 in [HMTII]. Further, RPA_α’s are very useful via their reducts as we will soon see.

One could argue that postulates like {S_{τ ∘σ}(x) = (S_τ ∘ S_σ )(x) : τ, σ ∈^ωω} could be considered as some kind of generalized finite schemata because they look “schematic” in some sense. However, the intuitive value (or concreteness) of these generalized schemata is more problematic than that of the c_ic_j = c_j c_i kind because if e.g. we are given three recursive functions τ, σ, ρ ∈^ω ω by their recursive definitions then it might be an unsolvable problem to decide whether S_ρ(x) = S_τ S_σ(x) is an instance of the above schema^{67}. In connection with Theorems 13, 10, 4 we note that Daigneault and Keisler independently proved the existence of a finite generalized schema of equations in the above sense axiomatizing the variety RPA_α (recall that α ≥ ω), cf. [HMTII, items 5.4.41 and 5.4.1], Daigneault–Monk [DM63]. Pinter [P73b] simplified this generalized schema considerably. Pinter’s simplified axioms for RPA_α proved rather useful in subsequent work (e.g. of R. J. Thompson). Results on the nature and complexity of the presently discussed “polyadic kind” (s_{τ ∘σ}x = . . .) of schemas are in Németi–Sági [NS96].

Returning briefly to the connection with logic^{68} as approached in the RCA_ω and RQA_ω cases, recall that Rfp(U), the quasi–polyadic algebra of all finitary relations over U, was introduced below Theorem 13 in an analogous manner to Rf(U) introduced below Theorem 5. Let L^∞_p be the class of subalgebras of RPA_ω’s with universes of the form Rf(U), that is the RQA_ω algebras Rfp(U) of (embedded) finitary relations over U, but now expanded with the operations S_τ , C_{(Γ)} for τ ∈^ωω and Γ ⊆ ω. Similarly to the previous cases, L^∞_p consists of the polyadic algebras corresponding to models of L_{ωω}. (Further SPL^∞_p contains all the algebras corresponding to other aspects, e.g. theories of L_{ωω} )

The following is in sharp contrast with what we saw for RCA_ω’s and RQA_ω’s.

THEOREM 15. RPA_ω ≠ HSP ( L^∞_p ) . That is, the variety generated by L^∞_p is strictly smaller than RPA_ω .

Proof:^{69} Let τ : ω ↣→ ω be a permutation acting as predecessor on the even numbers, and as a successor on the odds. I.e. τ(0) = 1 and τ(2n + 2) = 2n, τ(2n + 1) = 2n + 3. Let e(x) be the equation C_{(α)}(x ⊕ S_τ x) ≥ C_{(α)}(x ⊕ C_{(α)}x)

66Discriminator varieties are getting more and more into the focus of attention in algebraic logic, see e.g. [AJN88], Blok–Pigozzi [BP89a], [BP89b], Pigozzi [P89]. (Every discriminator variety with two term definable constants is very close to being a variety of BAO’s, see the last two references, and [BP89b].) As mentioned in the footnote of Remark 1 in §3, our classes are more than discriminator, they are doubly pointed discriminator, and hence stronger results are available.

67Indeed, Gábor Sági proved the following. Let Ax be the set of PA_ω -axioms given by a finite schema in [HMTII]. There are total recursive functions τ_0, . . . , τ_3 such that if L is the sublanguage of the equational language of PA_ω involving only τ_0, . . . , τ_3 as substitutions and no cylindrifications, then the following holds. The set {e ∈ L : Ax ⊢ e} is not recursively enumerable. This seems to point in the direction that the polyadic axiom schemas might be less constructive or less descriptive than the cylindric-like ones. Cf. Sági [Sa95], [NS96]. 68We will return to this connection again with a greater emphasis on infinitary logics. 69The idea of this proof occurs in the proof of Thm.9(i) in the June 1987 version of Sain [S87a], and in Sain [S89].

where ⊕ denotes symmetric difference. Then L^∞_p |= e(x), but RPA_ω ⊭ e(x) because e(x) fails for e.g. x = {⟨u, u, . . ., u, . . .⟩ : u ∈ U }, as well as for x = {q ∈^ωU : {i : q_i ≠ b} is finite}, for any fixed b ∈ U if |U | > 1. The above theorem points in the direction of the limited relevance of RPA_ω–theory for finitary quantifier logics. Namely, there are polyadic equations valid in all algebraic counterparts of finitary logics which are not valid in RPA_ω, hence investigating RPA_ω in general might lead one to questions irrelevant for finitary logics^{70}. (The above equation distinguishes the whole of RPA_ω from polyadic algebraic counterparts of aspects or “parts” other than just models of finitary logics like the Lindenbaum–Tarski algebras of formulas, of those of theories etc.) Of course, this does not diminish the value of RPA_ω for investigating infinitary logics.

There is a way, however, in which RPA_ω’s seem to be very useful for all parts of algebraic logic, namely they provide us with a wealth of subreducts to study. Indeed, for any subsemigroup ⟨S, ∘⟩ ⊆

⟨^ωω, ∘⟩ of the full transformation semigroup^ω ω of ω we have a potentially interesting “reduct”

generated as a variety by the algebras of the form ⟨P(^ωU), c_i, S_τ : τ ∈ S, i ∈ ω⟩. RQA_ω’s are the case when S_1 = “all finite transformations”, and Pinter’s substitution–cylindric algebras obtained from

⟨P(^ωU), ci, s^i_j ⟩i,j<α are the case when S2 = “subsemigroup of S1 generated by {[i/j] : i, j ∈ ω}”.

Let RPA_S be the variety associated above to the semigroup S. For many interesting choices of S with an arbitrary α ≥ ω in place of ω, there are deep results in Daigneault–Monk [DM63] which seems to be one of the key sources for results on polyadic algebras and their generalizations like RPA_S .

THEOREM 16 (Sain [S87a, Thm.0, Corollary 17]. There is a subsemigroup S of^ωω such that (i) RPA_S is term definitionally (i.e. polynomially) equivalent with a variety V_S axiomatizable by finitely many equations.

(ii) RQA_ω = SRd(RPA_S ) i.e. the class of representable quasi–polyadic algebras coincides with the appropriate subreducts of the class RPA_S .

The above result is a positive solution for the finitizability problem which we have discussed throughout this paper beginning with Remark 2. In particular, Theorem 16 solves positively the RQA_ω theoretic version of Problem 4.1 in §4. As we indicated in Remark 2, this problem is really a whole family of problems (or a theory built around problems driven by a fundamental desire for insights in connection with a mysterious pattern of recurring negative results which might be the symptoms of some uncovered property of first–order logics). Therefore a single positive result, even if as powerful as the above one, cannot be the final word about the finitization problem, rather the opposite is the case: it is a new beginning in finitizability theory. In our opinion, the above result is a breakthrough. Namely, all elements of RPA_S are representable as (i.e. are isomorphic to) algebras of ω–ary relations and all operations of RPA_S ’s are permutation invariant set theoretic ones (obviously, since they are S_τ ’s and c_i’s); and at the same time, RPA_S is a finitely axiomatizable variety if we choose its basic operations properly. The latter of course implies that the clone (set of term functions) of RPA_S is finitely generated (as we mentioned at discussing the finitization problem of RCA_ω). Making the clone of RPA_S finitely generated is only the first step of the proof, the easiest one. Namely, it is easy to expand RCA_ω’s, or RQA_ω’s with S_τ ’s such that the clone of the expanded class becomes finitely generated, see Copeland algebras in [HMTII, p. 264]. However, as indicated therein, it is very hard to force the new algebras to become finitely axiomatizable. Even if the original class was finite schema axiomatizable (which is not the case with RCA_ω or RQA_ω ), this property tends to go away as a by–product of our coding the original infinity of operations by finitely many new ones, cf. Demaree [D72, Corollary 3.6, p. 654]. The hardest part, however, seems to be forcing the new operations to be representable, too (by adding the new operations, one forces the old ones to be representable; but then the problem is, roughly, that nothing forces the new ones to be representable).

70Since the opposite of Theorem 15 is true for RCA_ω and RQA_ω, this danger is not present there.

In §4 (Application to logic) of Sain [S87a], she shows that RPA_S is indeed adequate for the algebraization for first–order logic without equality. Actually [S87a] works out the connections with logic in a way parallel with [HMTII, §4.3].

There are important open problems stated in Sain [S87a]; one of them is to simplify the finite set of equations describing RPA_S and another one is to simplify the class (or operations of) RPA_S itself. Actually [S87a] presents some very nice, simple and elegant candidates S to take the place of S, the only problem left open is to decide whether one of these S’s is finitely presented as a semigroup. A positive answer would provide us with an intuitively illuminating, transparent and very attractive version of RPA_S in Theorem 16 above. In this connection we should mention that R. J. Thompson has a result which is also highly relevant to the finitization problem. His class RPA_T is also a finitely axiomatizable subreduct of RPA_ω ; but RQA_ω or even the subreduct RSC_ω of RQA_ω containing only the s^i_j ’s and c_i’s (or even the one containig the c_i’s only) is not obtainable as a subreduct of RPA_T . So adequateness of RPA_T for algebraizing first–order logic seems to be problematic. (On the other hand, the RPA_T operations when applied to Rf(U) generate the same subalgebras as those of Rfp(U).)

The above important results, in a sense, form a part of a relatively recent movement in algebraic logic connected with polyadic algebras. This movement looks at classes K of subreducts of RPA_ω’s such that K contains all RQA_ω’s as subreducts. Actually Pinter’s simpler substitution algebras RSC_ω = SRd(RQA_ω) introduced at the end of §5 above are sufficient instead of RQA_ω’s. For simplicity, we look at

(5.1) RQA_ω = SRdK and K = SRd(RPA_ω) .

Theorem 16 above shows that the equational theory of such a class K can be finitely axiomatizable. According to Thm’s 7(i), 9(i) on pp. 14–15 (proved on p. 15) of the June 87 version of Sain [S87a], there are choices of K satisfying (5.1) such that K is only a quasivariety but not a variety. (It is also proved there that HK is axiomatizable by a finite schema of equations for the same K. It is an interesting open problem whether that K is axiomatizable by a finite schema of quasi–equations.) This means that when looking for simpler solutions for the finitization problem than the one in Theorem 16, then it might be a good idea to look for finitely axiomatizable quasivarieties too, and not only for varieties. The works of Blok and Pigozzi (cf. [BP89]) indicate that quasivarieties are just as good vehicles for algebraic logic as varieties. Works concerning classes like K above are numerous, but we should point out Craig’s semigroup oriented school (cf. earlier references to Craig’s works, Howard [H65], Thompson’s works), Demaree [D72], Daigneault–Monk [DM63] — without claiming that we have mentioned all the important ones.

THEOREM 17 (Sain-Gyuris [SGy94]Thm.2.5). There is a subsemigroup S of^ωω such that (i) S{⟨P(^ωU), c_i, s_τ : τ ∈ S, i ∈ ω⟩ : U is a set} = ModQax for some finite schema Qax of quasi-equations; and (ii) RQA_ω = SRd(ModQax).

Let RPA^+_S be the class of Theorem 17 (i).

THEOREM 18 ([SGy94]Thm.2.5). Let S be as in Thm.17. Then RPA^+_S expanded with c_{(ω)} forms a finite schema axiomatizable variety.

Theorems 17,18 improve on Thm.16 the following ways:

(1) The axiom systems involved (e.g. Qax) are quite simple and transparent. (2) The class RPA^+_S is tighter than RPA_S in that the greatest element of any RPA^+_S is a Cartesian space. The price we pay for these improvements is that in Theorems 17,18 we have only a finite schema of axioms while in Thm.16 we have a truly finite set of axioms. It remains an open problem to improve Thm.16 in the style of Thm.17, i.e. to finitely axiomatize the quasi-variety RPA^+_S (⊆ RPA_S ) with the choice of S as in Thm.16.

The positive results Theorems 16,17 have been extended to algebras RQPEA_S of logic with equality, too in [SGy94], [S92]. However, there compactness of the logic had to be sacrificed as follows.

Let RQPEA_S be the expansion of RQPA_S with the constants Id_{ij} representing equality (v_i = v_j ). Then RQPEA_S is not closed under ultraproducts for any S which contains at least one infinitary substitution τ ∈^ωω (cf. Sain [S96]). Therefore, the only thing we can try is to axiomatize Eq(RQPEA_S ) but not RQPEA_S itself. Indeed, finite (and finite schema) axiomatizations of Eq(RQPEA_S ) have been achieved in Sain [S92] and Sain-Gyuris [SGy94] for various choices of S.

Eq(RPEA_ω) was investigated in Németi-Sági [NS96]. E.g. Eq(RPEA_ω ) is not axiomatizable by any finite or even recursively axiomatizable schema.

In passing we note that expanding RCA_α’s with the single operations C_{(α)} yields a class RCA^+_α highly relevant to L_{ωω} and having a smoother theory in some respect than RCA_α’s for α ≥ ω. E.g. RCA^+_α is a discriminator variety, while RCA_α is not if α ≥ ω. (The logical meaning of C_{(α)} is taking the universal closure of a formula.)

Let us return to algebraizing infinitary logics. For the rôle of RPA_α’s (α ≥ ω) and their reducts and expansions already mentioned in this paper, see [HMTII, Examples 5.6.2, 5.6.5, 5.6.8], Keisler [K63], Daigneault–Monk [DM63].^{71} Other but not unrelated algebraizations of infinitary logics are in Preller [Pr68a, Pr69, Pr69a], Lucas [L68].

Lucas [L68] is related to observing that if we want to treat infinitary logic with equality via RPA_α’s then it is not enough to add the Id_{ij} ’s as new constants, but we will also need constants denoting the intersections of infinitely many of the Id_{ij} ’s.

The transformational algebras in Craig [Cr74a, p. 30] achieve this effect in a very elegant way, but the approach there is more ambitious than aiming for just this. Namely, one of the purposes of that work is unification of (a very large portion of) algebraic logic.^{72} For any τ, besides S_τ , Craig introduces T_τ : P(^αU) −→ P(^αU) as follows. T_τ (x) = {τ ∘ q : q ∈ x}, for any x ⊆ αU. We note that T_τ is a conjugate of S_τ in the sense of Jónsson–Tarski [JT51], and that the term function t^i_j (x) = Id_{ij} ∧ c_ix of CA_α’s is the same as T_{[i/j]}. Let S be a subsemigroup of the transformation semigroup^αα. Then the class TB_S of S–transformational algebras consists of the algebras embeddable into products of algebras of the form ⟨P(^αU), S_τ , T_τ ⟩_{τ ∈S}. Observe that c_ix = S_{[i/j]}T_{[i/j]}(x) if j ≠ i, moreover, to each Γ ≠ α there is τ ∈^αα such that C_{(Γ)} x = S_τ T_τ (x). But then, C_{(α)}(x) = C_{({0})}C_{(α}r_{{0})}(x) is expressible, too. So the TB_S ’s are more powerful than the S–polyadic algebras^{73}, i.e. all S–polyadic operations are expressible, moreover Id_{ij} = T_{[i/j]}(1) shows that even more are expressible in TB_S . If S is generated by a subset G then, of course, it is enough to consider ⟨P(^αU), S_τ , T_τ ⟩_{τ ∈G}. If G = {[i/j] : i, j < α}, then TB_S is the same as RCA_α. If S consists of the finite transformations of α then TB_S is RQEA_α i.e. quasi–polyadic algebras with equality. If S =^αα then TB_S coincides with Lucas’s expanded RPEA_α’s. (The latter are basically

71A problem in connection with algebraizing infinitary logic is the following. As mentioned in the discussion of RCAω’s around the end of §4, the algebraic counterparts of models of Lωω form the class L which admits an intrinsic characterization condensed into the notation L = Cs^{reg}_ω ∩ Lf_ω in [HMTAN] and [HMTII]. In infinitary L_{κλ}, it is customary to have at least α = |κ + λ|^+ variables. This leads to the reducts of RPA_α’s in Daigneault–Monk [DM63] in which C_{(Γ)} is restricted to the case when |Γ| < α. But then the class of algebraic counterparts of models (analogous to L) is not the polyadic version of Cs_α, nor the intersection of that of Cs^{reg}_α with any abstract class (generalizing Lf) as was shown in [N78] (based on Andréka [A73]). So a sleek (like Cs^{reg}) characterization of the algebraic counterparts of models in the infinitary case seems to need a new idea. Some nonconclusive experiments in this direction were reported in [N78].

72Different approaches for a similar kind of unification are in Schein [Sc70], Andréka–Németi [AN80], cf. [HMTII, p. 260] and Andréka [A77], Salibra [Sa89], and on a different, more universal algebraic level of abstraction [HMTII, pp.255–260], cf. Andréka–Sain [AS78] and [ANS84].

73These are basically the RPA_S ’s, but sometimes C_Γ is also included for those choices of Γ for which |τ(Γ)| = 1 for some τ ∈ S.

RPA_α’s with new constants Id_E for equivalence relations E on α.) There are further examples in Craig [Cr74a], we listed the above ones to illustrate the unifying power and elegance of this approach.

In passing we note that if K is a reduct of TB_S (S =^αα) containing C_{(α)} and the Boolean operations as derived operations, then HSPK is a discriminator variety, cf. Theorem 14.

§7. Other algebras of relations

We have no reason to believe that the decisions we made (at certain “branching points”) in the development outlined so far were the best possible ones. (One aspect of this observation already appeared as a sequence of recurring remarks starting with Remark 2 addressing the finitization problem.) Many of the approaches listed below originate from making some of these decisions differently.

As mentioned in the introduction, this section was intended to be somewhat complementary to a similar overview at the end of [HMTII]. Therefore, in this section we tend to restrict ourselves to giving such references which were not listed in [HMTII] (e.g. because they appeared later than [HMTII]).

(1) Many–sorted cylindric algebras

In the middle of §4, our task was to glue the algebras Rel2(U) = ⟨P(^2U) . . .⟩, . . . , Reln(U) = ⟨P(^nU) . . .⟩, . . . n ∈ ω belonging to the varieties RCA_2, . . ., RCA_n, . . . respectively, together into a single algebra of relations of arbitrary finite ranks. This task admits an easy solution if we are willing to use many–sorted (in other words heterogeneous) algebras (cf. Burmeister [Bu86], Ehrig–Mahr [EM85], Lugowski [L76] for the many–sorted version of universal algebra). Many–sorted cylindric algebras, MsCA’s have the Rel_n(U)’s as sorts for each n < ω. So, in particular, there are ω–many sorts, and the old operations of Rel_n(U) act on the sort or universe P(^nU). We need operations connecting the different sorts too, so let c^+_n : P(^nU) −→ P(^{n+1}U) be our old dummy embedding, c^+_n : R → R×U for R ⊆^nU. Its “inverse” c^−_n : P(^{n+1}U) −→ P(^nU) deletes the last column of any n + 1–ary relation, e.g. c^−_2 {⟨a, b, c⟩} = {⟨a, b⟩}. So in particular c^+_n c^−_n (x) = c_n(x) for x ⊆^{n+1}U. Now, a full MsCA is of the form

(7.1) ⟨Rel_n(U), c^+_n , c^−_n : n < ω⟩ .

Then one defines MsCA’s by taking subalgebras of direct products. By using results from cylindric algebra theory (cf. [HMTII, 2.3.8, p. 63]), one can rearrange these algebras such that they form a many–sorted variety axiomatizable by a finite schema of equations, see [HMTII, p. 263], Bernays [B59]. Other works on this MsCA approach are e.g. in Börner [B88], Schwartz [Sw79]. In passing we note that this many–sorted approach seems to be connected with the universal algebraic theory of clones (as was made explicit in Börner [B88]). Namely, clones are sets of special finitary relations whose speciality is that they are functions. Therefore an algebra of clones over a set U is at the same time an algebra of (certain) finitary relations over U. The many–sorted algebraic approach to clones is one of the oldest, most traditional ones, cf. Cohn [C65, §III.3 and Exercise 3], for example.

Despite of the fact that this many–sorted approach leads to a natural positive solution of the schema version of the finitization problem (cf. Remark 2 in §3, Problem 4.1 at the end of §4 etc. for this problem), as far as we know, it hasn’t been explored too much beyond proving (incarnations of) this result.^{74} We do not know the reason for this.

74Recall (from §4) that the schema version is the less ambitious version of the finitization projects.

(2) Partial cylindric algebras

We mentioned clones above as motivating examples for the many–sorted approach. Clones are also often treated as partial algebras (cf. McKenzie et al. [MMT, p. 143], Cohn [C65, Exercise 3 in §III.3]). For the theory of partial algebras see Craig [Cr89], Burmeister [Bu86], Andréka– Németi [AN76]. Actually, many–sorted algebras are well known to be special cases of one–sorted partial algebras. Therefore an alternative way of doing (1) above is using partial algebras. (Boole originally introduced his algebras as partial ones, anyway.)

Let Frl(U) = {R : R ⊆^nU for some n < ω} be the collection of finitary relations over U (as above Fact 2 in §4). If ∅ ≠ R ⊆^nU then −R =^nU ∖ R, otherwise − is undefined. R ∪ S and R ∩ S are defined only if the ranks of R and S coincide. Let R ⊆^nU. For i < n, c_i(R) is the usual, for i ≥ n we let c_i(R) = R. c^+_i and c^−_i are as in subsection (1) above, and are defined only on R ⊆^nU and R ⊆^{n+1}U respectively. For each n < ω, we add the constant Id_n = (Id ↾ (_n U) ) = {q ∈^nU : q_0 = q_i for all i < n}. Now our generic algebras are of the form

⟨Frl(U), ∩, ∪, −, c_n, c^+_n , c^−_n , Id_n⟩_{n<ω} .

PaCA’s are the algebras embeddable into direct products of these (as usual). Since nU = cc_0 . . . c_{n−1}(Id_n) is a derived constant, each sort Rel_n(U) of the algebras in (1) above is recoverable in the present partial algebraic setting too.

We note that the point in using the new, partial versions of ∪, ∩, and − is that they do not lead out from the circle of the usual finitary relations, i.e. Frl(U) is closed under them. The main problem with the total versions of these operations was, noted immediately above the beginning of §3, that both total complementation and total union led out of Frl(U), e.g. the union of relations of different ranks is a set of sequences of various length hence it is not a relation in the usual sense.

Despite of the availability of partial algebra theory, almost nothing is known about these algebras, as far as we know.

(3) Algebras of sets of finite sequences

Let us recall the BA P(^{<ω}U) of finite sequences from before §3. Let succ : n → n + 1, pred : n + 1 → n with pred(0) = 0 be the usual transformations of ω. Then T_{succ} , T_{pred}, S_{succ}, S_{pred} are defined on subsets of^{<ω} U too, since for any q ∈^{<ω} U we have succ ∘ q, pred ∘ q ∈^{<ω} U, too. E.g. succ ∘ ⟨a, b, c⟩ = ⟨b, c⟩ and pred ∘ ⟨a, b, c⟩ = ⟨a, a, b, c⟩. For R ⊆^{<ω} U, by definition S_{succ} (R) = {q ∈^{<ω}U : succ ∘ q ∈ R} and similarly for S_{pred}. The definition of T_{succ} , T_{pred} is even more literally the same as it was around the end of §6 above.

By a finite sequence algebra (FSA) we understand an algebra embeddable into a direct product of algebras of the form ⟨P(^{<ω}U), ci, Ssucc, Spred, Tsucc, Tpred⟩i<ω , where c_i is the usual one, e.g. c_2{⟨a, b, c⟩} = {⟨a, b, u⟩ : u ∈ U }, c_3{⟨a, b, c⟩} = {⟨a, b, c⟩}, and c_i(x ∪ y) = (c_ix) ∪ (c_iy). Recall that 1 denotes the top element^{<ω}U in BA language. We note that^1U = {⟨u⟩ : u ∈ U } = −c_0T_{pred}(1),^0U = {⟨⟩} = T_{succ}(^1U),^2U = S_{succ} (^1U), . . . , n+1U = S_{succ}(^nU) for n > 0, finally Id_2 = {⟨u, u⟩ : u ∈ U } = T_{pred}(^1U) and Id_{n+1} = T_{pred}(Id_n) for n > 0. Since^nU and Id_n are derivable constants, and the c_i’s and the standard BA operations are built in, the cylindric algebra Rel_n(U) is available as the set of elements below^nU.

So the many–sorted cylindric algebra with n–th sort P(^nU) or Rel_n(U) described in (7.1) in subsection (1) above is contained in a sense in our present FSA with universe P(^{<ω}U). Moreover, all the operations of the many–sorted algebra in (7.1) are definable in our present FSA. Despite of all these nice things, the algebraic theory of FSA cannot replace that of MsCA because e.g. the algebraic operators like direct products or ultraproducts behave rather differently in the two cases. For example, the direct power or ultrapower with exponent ω of the above FSA will contain elements x, y corresponding to the ω–sequences ⟨^2U,^3U, . . .,^nU, . . .⟩ and ⟨Id_2, Id_3, . . ., Id_n, . . .⟩ respectively.

Elements like x and y do not fit into any of the sorts of MsCA’s, and indeed they do not appear in direct powers or ultrapowers of MsCA’s.

Finally we point out that Craig’s algebras as described in [HMTII, item (3), p. 265] are term definably equivalent with FSA’s above. To see this, we note that, using the notation Q(x) and P(x) introduced therein, we have Q(x) = S_{succ}(x) ∖^0U and P(x) = T_{succ} (x ∖^0U). This is enough for one direction. In the other direction T_{pred}(x) = ( Id_{01} ∩ Q(x) ) ∪ (x ∩^0U), where^0U = −Q(1), and similarly for the rest of the FSA operations.

For interesting results concerning FSA see op. cit., and the references therein, e.g. Craig [Cr74a, Cr74], Monk [M70].

FIGURE 4

(4) Algebras of generalized finite sequences

One disadvantage of working with^{<ω}U as above is that these finite sequences impose a structure ⟨ω, succ, <⟩ on the index set. I.e. the indices 1,2 and say 5 are not equivalent as they were in the RCA_n or RCA_ω or RQA_ω case. Another symptom of the same “asymmetry” is that p_{12} = S_{[1,2]} cannot be applied to P(^{<ω}U) because it leads out of P(^{<ω}U). Namely, S_{[1,2]}{⟨a, b⟩} = {[1, 2]∘⟨a, b⟩} but f = [1, 2] ∘ ⟨a, b⟩ is not a finite sequence since f(0) = a, f(1) is undefined, f(2) = b.

Let Gfs(U) = ⋃ {^H U : H ⊆ ω and |H| < ω}. That is, a generalized finite sequence is a function

mapping a finite set of natural numbers into U. Gfs(U) is the set of these. Now, replacing^{<ω} U with Gfs(U) in subsection (3) above, we obtain the definition of GFSA’s, i.e. generalized FSA’s. The theory becomes smoother this way. Moreover, we may safely add S_{[i/j]}, S_{[i,j]} to the operations. If after adding these we remove the ones associated with pred and succ then we obtain something very close to RQA_ω’s or RCA_ω’s, depending on whether we keep Id_2.

In many respect the latter version of GFSA’s are very close to what are called weak cylindric set algebras in [HMTII]. See e.g. Howard [H65], Craig [Cr65, p.58], [Cr91], [Cr74], Andréka [A77] for GFSA’s. The GFSA approach was first discovered by Howard [H65], cf. Craig [Cr65], [Cr91]. In passing we note that this approach of generalized sequences allows for the fulfillment of an old dream of some algebraic logicians: If we want, we can introduce c^−_i as an operator of simply deleting i from the arguments of all the sequences, i.e. c^−_i (x) = {f ↾ ( Dom(f) ∖ {i} ) : f ∈ x}. Then c^−_i really deletes (unmistakably abstracts away from) the i–th column of any relation (in algebras of relations coming from computer science this deletion operation is frequent). In general, this GFSA approach seems to be close to the way relations are often approached in computer science.

(5) Making function symbols of logics explicit

In subsection (1) of this section we already noted that the algebra of clones is a well investigated example of special algebras of finitary relations which happen to be functions, see the references in (1). The operations of such algebras of finitary functions will have a different character from those discussed so far, because in choosing them, we have to make sure that they yield functions when applied to functions (so even the Boolean operations are excluded).

To any set U, we can associate two algebras, one, say Fn(U), of finitary functions, and an RCA_ω, say Rf(U), for finitary relations over U. Since their elements are strongly related, we can combine them into a single two–sorted algebra Ts(U) = ⟨Fn(U), Rf(U), f_0, . . ., f_n⟩, where the f_i’s are operations acting between the sorts. Algebras like Ts(U) can be used in algebraizing quantifier logics with function symbols in such a way that terms (and term–like syntactic entities of the language) correspond to Fn(U), and formulas correspond to Rf(U). So when forming the Lindenbaum–Tarski algebra of a theory then (the equivalence classes of) terms form one sort of the algebra, and (those of) formulas form another. In general, when a logic has several syntactic categories often called types in computer science logics (see Salibra [Sa89]), then each syntactic category or type gives rise to a separate sort. Such an approach was elaborated in Andréka–Sain [AS78] and subsequent works reviewed in [HMTII, pp. 250–260], see Examples 5.6.3, 5.6.6, 5.6.9 for the treatment of the “term sort” mentioned above. Feldman [Fe89], Cirulis [C91, C88, C88a, C86a], [MP88] represent a variety of approaches, and contain further results in connection with this topic.

(6) Cylindric–like algebras for nonclassical quantifier logics

See e.g. items 4–6, 18 on pp. 265–270 of [HMTII], Freeman [F76], Monk [M60], Georgescu [G79, G79a], Schwartz [Sw80], Ferenczi [F89a], Diskin [Dis90], [Dis91], §4 of [M77], and item (7) below. This is a rather incomplete list. What item (11) below writes about nonclassical (or non–Boolean) generalizations of Boolean Algebras with Operators is relevant here.

(7) The Rasiowa–Sikorski approach

For a detailed exposition of the Rasiowa–Sikorski approach (RS–approach from now on) to algebraizing logic (and in particular to applying algebra in logic) the reader is referred to Rasiowa– Sikorski [RS63] (but see also the works of Rasiowa listed in the References). Here we will restrict ourselves to mentioning some of the relationships between the RS–approach and the approaches reviewed in more detail in the present paper.^{75}

Instead of representing the first–order connectives by adding the infinity of new operations c_i, s^i_j (i, j ∈ ω) (or d_{ij} instead of s^i_j ) to BA’s, we could add one infinitary partial operation ⋂ . Then (generic examples of) the new algebras look like ⟨P(U), ⋂ ⟩ where ⋂ (X) = the set theoretic intersection of X ⊆ U whenever ⋂ is defined on X.

In particular, ⋂ : Dom( ⋂ ) −→ P(U) with Dom( ⋂ ) ⊆ PP(U).^{76} The theory of partial algebras is quite well developed (cf. Andréka–Németi [AN76], Burmeister [Bu86], Craig [Cr88], [ACrN88], works of Bartol et al.), and has been extended to infinitary operations, so partiality is no obstacle in algebraizing logics this way. These new partial algebras (BA’s + ⋂ ) are called generalized BA’s

75As outlined in §2, most of the approaches in this paper can be viewed as studying algebras whose elements are relations of various ranks, i.e. algebras of relations. E.g. RCA_n’s (representable cylindric algebras) are algebras of n–ary relations. From this relational point of view we do not know what the connection is with the RS–approach. The connection we will indicate goes via algebras of formulas coming from logic. 76More carefully, we would have written Dom( ⋂ ) ⊆^α (P(U)) where α ≥ ω is basically the same as α was in RCA_α at the end of §4. Then ⋂ is an α–ary partial operation on P(U). Then we would write ⋂ ⟨x_i : i < α⟩ or more conventionally ⋂ i<α x_i (with x_i ∈ P(U)) instead of ⋂ (X), cf. [RS63, p. 221].

[[RS63] pp.27–30] or Q–BA’s ([RS63, p.42, p.68]), where “Q” refers to the domain of ⋂ which need not contain all subsets of the Boolean algebra in consideration. The letter “Q” also refers to the fact that the new infinitary operation is used for algebraizing quantification (i.e. for going beyond propositional logics), cf. [RS63, pp. 219–221, 251 (§VI.11)].

When the approach is applied to nonclassical quantifier logics then BA’s in “BA+ ⋂ ” are replaced with the algebraic counterpart of the propositional version of the logic under investigation, i.e. instead of Q–BA’s we investigate Q–Heyting algebras, Q–Post algebras etc., cf. e.g. [RS63, pp. 413–414, 463, 473].

So, what is the connection between this RS–approach and the (more–or–less Tarskian) approaches discussed in this paper and in [HMTII]? Using the terminology of [HMT, §2.7], [JT51], and item (11) below, Q–Boolean algebras are a variant of BAO’s (BA’s with operators) namely they are BA’s with an infinitary partial operator ⋃ . Note that ⋃ (X) = − ⋂ {−y : y ∈ X}, hence these two partial operations are term–definable from one another. So, a partial algebraic extension of the theory of BAO’s could be applicable here, cf. item (11) below. Pursuing further the connection between Q–BA’s and the Tarskian approach, let us recall the class L ⊆ RCA_ω of algebras of finitary relations discussed below Theorem 5 in §4. Let us see if RCA–operations are expressible in Q–BA’s or if the Q–BA operation ⋂ is expressible in RCA’s. In L we have c_ix = ⋃ { s^i_j x : j ∈ ω } (where ⋃ denotes supremum), moreover, in those members of RCA_α (α ≥ ω) which are called weak cylindric set algebras, under rather mild conditions c_ix = ⋃ { s^i_j x : j ∈ α } where ⋃ is set theoretic union.

(These mild conditions amount to assuming that every element of the algebra is a fixed point of one of the c_j ’s and that there is a sequence q in the greatest element 1 of the algebra such that for any other sequence f in 1 we have Rng(f) ⊆ Rng(q).) More generally applicable ways of expressing cylindrifications (the c_i’s) in terms of ⋂ and s^i_j are in [HMTII, p.268 item (K_1)], in [Pr70], [P73a].

We do not know how to express the s^i_j ’s in terms of Q–BA’s. In the other direction, let A ∈ L. Let ⋃ X be defined iff X = { s^i_j y : j ∈ ω } for some y ∈ A and i ∈ ω. Further let ⋃ { s^i_j y : j ∈ ω } = c_iy.

Letting A^+ be the partial algebra ⟨A, ∨, ∧, −, s^i_j , ⋃ ⟩_{i,j∈ω}, the operations of the cylindric algebra A

are term definable in A^+ (as indicated above). If we omit the s^i_j ’s from A^+ then we obtain a Q–BA (but then we do not know how to recover A^+).

This kind of algebraic logic has profound applications in various areas, e.g. in pure logic, in set theory, and in computer science, cf. Scott [Sco66,Sco68, Sco70], Moschovakis [Mo73], Mirkowska [Mi77], [Ba77], Karp [Ka64]. Handbook of Math. Logic p.1024 extensively discusses such applications. We note that Scott [Sco66] gives a relatively simple direct proof of the independence (from ZFC) of the continuum hypothesis without using special set theoretical methods like forcing. Instead of forcing he uses this part of algebraic logic.

In the present survey we cannot attempt giving an adequate review of this branch of Algebraic Logic, but for an incomplete list of further references see the works of Rasiowa (and her co–authors) in the References, and also [Ms77, Ms79, Ms88], [MsR74], [BB73], [BrS73], [G85], [GP89], [GgP88], [FV89–91], [Te86].

(8) Connections with, and approaches originating from, computer science

This area was sporadically mentioned throughout this paper, we do not repeat those references. For lack of space, here we restrict ourselves to a list of references the items of which are not listed in [HMTII]. Even if we restrict our attention to papers that appeared after [HMTII], our list is severely incomplete. Some of the recent works in this area are Cosmadakis [C87], Trnková– Reiterman [TR87], [MP88], [C88a, C86], Imielinski–Lipski [IL84], Venema [V89], [W88], [L87], [LM89], [GL90], [Ca88], Goldblatt [G87], Jónsson [J89, J90], Salibra [Sa89], Ng [N84], Volkov [Vo86– 88a], [N80, N81], Sanders [Sa80], Knuth–Rónyai [KR83], [BZ86], [BKSS], van Benthem [vB88–91], [AGN87], [C87], [O89, O89a], Schönfeld [Sö77], Düntsch [Dü89], the textbook [SS89], [BMP], Pratt [Pr90], [K90], [N90], [H80], [HJ86], [BU77], [AN86], [Pl88, Pl89], [Ro72], [Zi83], [Bn89], [Co91a], [V91], Ibrahim–van Emden [IE91], papers in the Handbook of Theoretical Computer Science vol. B, e.g. [Ka90] (e.g. p.1085, 1083).

(9) Connections with category theoretical logic

First we briefly return to the finitization problem using the language of category theory. Let α be an ordinal (as before). Let Full Cs_α be the usual category of full Cs_α’s (see §4) as objects and homomorphisms as morphisms between them. Let SetIso be the category of sets as objects and isomorphisms (bijections) as morphisms between them. Then there is a functor F_α : SetIso ↣ Full Cs_α such that F_α(U) = Rel_α(U) = ⟨P(^αU), . . .⟩, and for any morphism p : U ↣→ W , F_α(p) : P(^αU) ↣→ P(^αW ) is the natural one, i.e. F_α(p)(R) = {q ∘ p : q ∈ R} for R ⊆^αU. It is not hard to check that F_α is really a functor (cf. Exercise 3P (Algebraic Logic) (c) in [AHS]). (In [HMTAN], [HMTII, p. 15], F_α(p) was called the base isomorphism induced by p, and F_α(p) was denoted by p̃^α.)

Let K^+ be an expansion of the class full Cs_α, i.e. full Cs_α = Rd(K^+), cf. Remark 2. We say that K^+ is functorially invariant if we can “expand” F_α defined above to a functor F^+_α : SetIso ↣ K^+ such that F_α(U) = Rd(F^+_α (U)), and F_α(p) “as a function” coincides with F^+_α (p). Here K^+ is the category made from K^+ the usual way (adding the usual homomorphisms as morphisms).^{77} As noted in a footnote in Remark 2, functorial invariance is stronger than invariance (the latter quoted in Remark 2 from the literature), and conforms more to algebraizing abstract model theory. (The finitely axiomatizable expansion of RQA_ω in Sain [S87a] and in Theorem 16 in §6 is functorially invariant, too.)

PROBLEM 3. Find functorially invariant K^+ such that SPK^+ is a finitely axiomatizable variety (or at least a finitely axiomatizable quasivariety) satisfying one of (i)—(iii) below.

(i) full Cs_α = Rd(K^+) for α = ω or for 2 < α < ω. (ii) The same as (i) but with full set RQA_α in place of full Cs_α. (iii) The same as (i) but for Pinter’s substitution–cylindric algebras (see §5).

The above problem comprises 6 different problems, each one interesting on its own right, e.g. the α < ω and α = ω cases are two separate problems.

For α = ω, (ii), (iii) above were provided with one solution in Sain [S87a], but it would be still immensely interesting to see simplifications (both of K^+ and of the axiomatization of the variety generated by K^+) of that solution, and to see different solutions. It would be also very interesting to see a (preferably streamlined) finite axiomatization of the quasivariety generated by {F^+_α (U) : U is a set} for the choice of K^+ given in [S87a] (as a solution of (ii), (iii) above), where the functor F^+_α : SetIso ↣ K^+ was introduced preceding Problem 4.1.

Connections with category theoretical logic were sporadically mentioned throughout this paper. E.g. it was pointed out that RRA’s are actually categories. We should mention that so are the various kinds of algebras unifying all finitary relations (RCA_ω’s, RQA_ω ’s etc.) discussed in this paper. The objects of these categories are the elements representing^nU for n < ω. This is the easiest to see in the case of many–sorted cylindric algebras in subsection (1) above. There the objects of the category are the sorts of the algebra. Then elements of the algebra can be considered as relations acting between sorts, and in this quality they are morphisms acting between the sorts as objects.

Another, more generally used approach (cf. [Z83], [Z84], [D69], [Mk87], [MkR77]) considers all elements of a many–sorted cylindric algebra A (or a partial cylindric algebra, cf. items (1,2) above)

77Using the terminology of [HMTAN], [HMTII], K^+ is functorially invariant if its full members “admit” base– isomorphisms the same way as those of Cs_α do. In passing we note the following. If we want F_α to have an inverse, say G_α : Full Cs_α ↣ SetIso, then restricting our attention to full algebras is important here. Namely, Andréka constructed a simple RRA A and an automorphism h of A such that in no representation of A is h induced by a permutation of the base set U (of the algebra B ⊆ ⟨P(U × U) . . .⟩ representing A). I.e. for any embedding of A into a full set RA ⟨P(U × U) . . .⟩, h does not extend to an automorphism of the full algebra. Her construction carries over to cylindric and polyadic algebras from RA’s. This solves Problem 19a of Maddux [Ma89c]. Shelah proved that similar kinds of results can apply even for very innocent looking cylindric algebras [Sh89], [BiS88] (solving a problem from [HMTAN]).

as objects of the corresponding category C. A pair ⟨R, S⟩ of elements R, S of A is a morphism of C iff R can be considered as a function with range contained in S (i.e. whenever S is an n–ary relation then R is an n + k–ary one for some k, and can be considered as associating n–tuples to certain k–tuples; the codomain of this morphism is S, while its domain is c^−_n c^−_{n+1} · · · c^−_{n+k}(R)). (This connection extends to ordinary cylindric algebras the obvious way, i.e. by transforming A into such an algebra.) If we turn a cylindric algebra A into a category C along these lines then any functor F : C −→ Set preserving^{78} finite limits and finite colimits will correspond to a model of the usual first–order theory represented by A or, equivalently, F will correspond to a representation of (a subdirectly indecomposable factor of) A as a (cylindric) set algebra or, still equivalently, F will correspond to a homomorphism from A into a (cylindric) set algebra. Roughly speaking, the special categories called small pretoposes (see e.g. [Mk87], [MkR77]) in categorical logic correspond to (“abstract”) cylindric algebras (or RQA_ω’s), and pretopos functors from small pretoposes into Set correspond to homomorphisms from arbitrary cylindric algebras into cylindric set algebras (Cs_ω’s or Qps_ω’s). The large pretopos Set corresponds to the class of full Cs_ω ’s. The reason why there is no single Cs_ω (but instead a class of them) corresponding to Set is that Set is a proper class, and for “purely administrative” reasons, algebras are required to be sets. It is not hard to construct e.g. a single class size Qps_ω B such that B would play the rôle of Set in quasi–polyadic algebraic logic. In particular, the class of all models of a theory T would correspond to the class Hom(A_T , B) of homomorphisms from the RQA_ω A_T corresponding to T into our single “class–algebra” B.

We are afraid that the remarks made so far do not convey enough of the subject of this item. For lack of space we restrict ourselves to giving an incomplete list of references.: Daigneault [D69], Monk [M78], Zlatos [Z83, Z84], Comer [Co72], Barthelemy [B74], Georgescu [G73], Gergely [Ge80], Jónsson [J88], Olivier–Serrato [OS80], Laita [L76], Ouellet [O82], Volger [V75], Topencarov [T74], Freyd–Scedrov [FS90], Sain [S89].

The natural category theoretic investigations (which have already been carried through in great detail for groups, semigroups etc.) for cylindric and related algebras constitute an area where more work would be welcome. (E.g. the connections between RRA’s and RCA_n’s in [HMTII, §5.3] are not functorial in their present form, and it would be very nice to have such a version.) For fragmentary results and open problems see e.g. Preller [Pr68], Adámek–Herrlich–Strecker [AHS], and Sain [S89].

(10) Peano Arithmetic, Gödel’s incompleteness etc.

The algebraic approaches (sometimes called multi–modal logic approaches) to this field use BAO’s (Boolean algebras with operators) just as the rest of the directions reported herein. Usually at least one of the extra–Boolean operators is based on self–reference as the latter was used in Gödel’s proof (definability of syntactic concepts in strong enough theories). This field became recently very active. See Solovay [So76], Smorynski [Sm85, Sm84], and the references in Chapter 2 of Bernarducci [B89]. See also Halmos [Ha60], and [Ha85, pp. 206–215], [M77, Problems 1, 4, 5]. (Works of Magari, Mangione, Hansoul, and Jeroslow quoted in [HMTII] are relevant to the present subject.) For a sample of works too recent for being quoted in [HMTII] on BAO’s, and their strong connections with multi–modal logics (temporal logics) see e.g. Goldblatt [G85, G88, G87], Naturman–Rose [NR89], Bernardi–D’Aquino [BD88], Brink [Bn88], [Sha80], Blok [Bl80], [Bl80a], [Ra79], [Te86], and the references in Remark 1 in §3 herein.

78Set is the usual category of sets (as objects) and functions between them (as morphisms).

(11) Boolean algebras with operators (BAO’s)

As already mentioned e.g. in Remark 1 (§3), the theory of BAO’s is an important one unifying not only practically all the approaches discussed in this paper, but a large portion of propositional algebraic logic, too. Besides in algebraizations of quantifier logics, BAO’s play a fundamental rôle in the theories of modal, multimodal, and temporal logics, cf. e.g. Goldblatt [G76–G89]. To mention only one example, what are known today as Kripke–models, were first discovered in BAO–theory, cf. Jónsson–Tarski [JT48], [JT51].^{79}

Some of the references are [HMT, §2.7], [JT51], Jónsson [J84, J90, J91], Henkin [H70], Goldblatt [G85, G87, G88, G89], Andréka–Givant–Németi [AGiN93], Naturman–Rose [NR89], Bernardi– D’Aquino [BD88], Brink [Bn86–91], [Sha80], Blok [Bl76, Bl80, Bl80a], Blok–Pigozzi [BP89a, BP89b], [Ra79], [Te86], Sain [S84], [N80], works of Hansoul and Wu in the bibliography of [HMTII].

Non–classical (i.e. non–Boolean) generalizations of BAO’s:

If we want to study e.g. intuitionistic multi–modal logic then we have to generalize Boolean Algebras with Operators accordingly. Indeed, if we replace the Boolean part of BAO’s with the algebras of some nonclassical propositional logic we will obtain standard generalizations of BAO’s like Heyting algebras with operators ([M60], reference Fischer–Servi [81’] of [HMTII], [FV89], [F87], [Ve86]), De Morgan algebras with operators, Hilbert algebras with operators, distributive lattices with operators ([Co89a], [IL84], [A89a], [A89],[G89], R.J. Thompson presented new results on this in a seminar series in Berkeley 1991). Weak Brouwerian semilattices with operators and pseudo– interior algebras with operators were proved in [BP89b] to be of central importance for the theory of discriminator varieties. See also [Sw80] and references Georgescu [72’], Servi [79’] of [HMTII]. Some classes of Heyting algebras with operators suitable for studying certain intuitionistic modal logics were investigated in [FV89].

Remark. If Boolean (unary) complementation is not available in our generalized BAO’s (as is the case with e.g. distributive lattices with operators), then it is important to add the duals c^∂_i (x) = −c_i − (x) of our operators c_i (or explain why they are not needed). Carrying this principle through e.g. on the algebras in the above quoted works is a research program which remains to be carried through in the future.

(12) Logics without variables (combinatory logic)

This fairly active branch of logic is strongly related to algebraic logic. Both fields (logic without variables, LWV for short, and algebraic logic, AL) aim for a more refined analysis of the structure of formulas (together with their meanings, proofs etc.) than conventional logic does. Namely, conventional logic takes atomic formulas with all their substituted versions like R(v_0v_1), R(v_1v_0), R(v_2v_2) etc. for granted, i.e. they are treated as “primitives”. A disadvantage of the conventional view is that these primitives are far from being independent of each other, and in particular they cannot be replaced by each other in formulas without affecting validity. A consequence of this conventional treatment of atomic formulas, often mentioned both in LWV and AL, is a certain complication in the axioms or proof rules when one has to talk about free and bound occurrences of individual variables when specifying an axiom or rule. A typical example is the axiom schema saying “∃v_iφ → φ if v_i does not occur freely in φ”. This kind of complication (reference to free variables) is not acceptable in propositional logics. Both AL and LWV eliminate this complication from quantifier logics. This is obviously true for LWV, concerning AL we mention that the inference system for predicate logic given in [BP89, App C, p. 69], no axiom or rule schema refers to individual variables. Actually, in conventional logic, talking about free occurrences of variables is needed to express the connection between the atomic formulas R(v_0v_1), R(v_2v_2) etc. mentioned above. Therefore, if we want to get rid of variables, we will have to express these connections by some other means, e.g. by new logical connectives. Indeed, both AL and LWV begin eliminating (explicit

79In passing we note that Magari’s school does not seem to be aware of the presently reported research direction (i.e. BAO’s) as something that was started by Jónsson and Tarski in 1948.

mention of) free individual variables by introducing new logical connectives binding the substitution instances of R(v_0v_1) to each other. Such a connective is p_{01} = S_{[0,1]} recalled in §5 herein, and discussed throughout this paper. Since p_{01}R(v_0v_1) is logically equivalent with R(v_1v_0), we may restrict our supply of atomic formulas to the ones of the form R(v_0v_1) i.e. to the ones in which the individual variables occur in a once for all fixed order v_0, v_1, . . ., v_n, v_{n+1} . . . if we have all the p_{ij} ’s and s^i_j ’s as logical connectives. But since the individual variables following predicate letters are uniquely determined, one can just as well dispense with variables altogether. Indeed, this is done in many of the LWV papers as reviewed at the end of §I in Kuhn [Ku80]. In many of the LWV papers, the logical connectives p_{ij} , s^i_j are called combinators or combinatory predicate functors, see Došen [Do88, item (2), p. 249]. In the AL literature, the above indicated way of eliminating variables is described in detail e.g. in [AGN77], [HMTII] (restricted formulas), [BP89, App C], Sain [S87a, §4], to mention a few recent sources; but this is a classical tool of AL.

To indicate why AL would want to get rid of the conventional machinery of free individual variables, observe that when translating an algebraic equation like x ≤ c_0x to logic, we obtain the logical schema φ → ∃v_iφ in which the free variables of φ are not mentioned. The algebraic variable x translates to a formula φ or to a metavariable φ running over formulas. What it does not translate to is an individual variable. Somehow the individual variables of logic (sometimes indicated in logic as φ(v_1v_2) meaning that v_1 and v_2 are free variables in φ) do not show up on the algebraic side. Very roughly speaking, this is one of the reasons why AL and LWV are so strongly connected. (Another reason is that they both are ambitious analyses of logic, and they both are deeply concerned with finding the right concepts.)

A very incomplete list of references is: Došen [Do88], Quine [Q36, Q71, Q81], Kuhn [Ku80, Ku83], [Bc85], Venema [V89, V90, V91], Craig [Cr74], Tarski–Givant [TG87], [Gi89], [Si90, Si91].

Further discussion of the connection between combinatory logic and AL is found in [Q71], and in the excellent recent book [TG87]. [TG87] is of central importance in understanding the deep connections between Tarskian AL and Tarski’s approaches to other foundational fields. A very long time was devoted to the careful and ambitious preparation of that book. Indeed, it provides an illuminating synthesis of the various schools of thought (think of “Tarskian semantics” as an example) Tarski created or pioneered.

(13) Connections between algebras of logic and “pure logic”; universal algebraic logic

In a sense, these investigations concern the connections between algebraic logic (AL) in the narrower sense on the one hand, and logic (mathematical logic, philosophical logic, symbolic logic etc.) in itself on the other hand. (This sentence is somewhat paradoxical because it might seem to imply that AL does not contain these connections, and that logic in itself does not contain AL, but no such implication was intended here.) One of the main concerns is explicit applications and interpretations of results of AL, in “pure logic”. (The other direction is not ignored either.)

Universal algebraic logic starts out from a very general definition of a logic L (of which the well known logics like classical logic, modal logics, temporal logics, intuitionistic logic, computer science logics etc. are special cases), and investigates the kinds of mathematical objects (e.g. classes of algebras like that of cylindric algebras, multi–modal algebras, Heyting algebras etc.) associated to L by AL. Associating such objects to L is called algebraization of L. One of the subjects investigated here is elaborating a general method for algebraizing L ([HMTII, pp. 255–260]), another is finding an adequate criterion for algebraizability of L (Blok–Pigozzi [BP89]) which was called “adequateness criterion” in [AS78] and “semantical well presentability” in [HMTII, p. 257], [ANS84]. The recent [FV91], [FV90] point in the direction of possible unifications of algebraizability in the sense of [BP89, BP89c, BP89d] and that in the sense of [HMTII, §5.6], [AN78], [ANS84]. A typical problem area of universal AL is proving that (independently of the choice of L) a certain logical property of L is equivalent with an algebraic property of the corresponding class of algebras (cf. the works of Blok and Pigozzi, [HMTII, §5.6], [ANS84], [AGN73, AGN77], [AN75, §1], [O86], [Ma77], [W84], [S89]).

Algebraic model theory concentrates on the algebraization of L from the point of view of the model theory of the logic L. (This again might sound somewhat paradoxical since the model theory of L might already have some algebraic flavor. In this area, however, algebraization is independent of that algebraic flavor.) Cf. [HMT, §4.3], [N89, 78], [S89], [Se85, 86], [Sh89], [J73]. For lack of space we cannot discuss the present subject (connections between AL and logic) adequately. Further references are e.g. [S87, §4], [Bl76–BP89], [Co72], [Cz79], [G76], [M71, 77, 78], [N85a, 87], [O89], [P89].

(14)

For algebraizations of quantifier logics not mentioned in this paper the reader is referred to Chapters 5, 6 of [HMTII] (cf. also §7 of [M77]).

§8. APPENDIX 1:

The traditional finitely axiomatizable approximations CA, RA etc. of our classes RCA, RRA etc.

of algebras of relations

Definition 8.1. By an α–ary cylindric Kripke frame we understand a relational structure W = ⟨W, ≡_i, E_{ij} ⟩_{i,j<α} where E_{ij} ⊆ W and ≡_i is an equivalence relation on W satisfying (1–4) below, for all i, j < α.

(1) (≡_i ∘ ≡_j ) = (≡_j ∘ ≡_i), i.e. the equivalence relations commute;

(2) E_{ij} = E_{ji} is a set of representatives for ≡_i, i.e.

(∀u ∈ W )|(u/ ≡_i) ∩ E_{ij} | = 1 if i ≠ j, else E_{ii} = W ;

(3) (∀u ∈ E_{ij} )(u/ ≡_k) ⊆ E_{ij} for k /∈ {i, j}, i.e. E_{ij} is a union of ≡_k –equivalence classes;

(4) E_{ij} ∩ E_{jk} ⊆ E_{ik}.

Let W = ⟨W, ≡i, Eij ⟩i,j<α be as in Definition 8.1. The powerset algebra or complex algebra P(W) of W is defined as follows: P(W) = ⟨P(W ), Ci, Eij ⟩i,j<α where C_i(X) = ⋃ {(u/ ≡_i) : u ∈ X}, i.e. C_i(X) consists of the ≡_i–neighbors of elements of X.

Definition 8.2. The class CA_α of α–ary cylindric algebras is defined as

CA_α = S {P(W) : W is an α–ary cylindric Kripke frame} .

Recall that S is understood up to isomorphism.

Proposition 8.3. (i) CA_α is a variety axiomatizable by a finite schema of equations.

(ii) CA_n is axiomatizable by a finite set of equations, for n < ω.

Outline of proof: Translating the conditions in Definition 8.1 (making W a cylindric Kripke frame) into equations valid in P(W) is an easy exercise. E.g. transitivity of ≡_i translates to the equation c_ic_ix ≤ c_ix; or reflexivity of ≡_i translates to x ≤ c_ix, while symmetry translates to c_i − c_ix ≤ −x. A system of equations obtained this way is the following, postulated for all i, j, k < α.

(E0 ) the Boolean equations (E4 ) c_ic_j x = c_j c_ix (E1 ) c_i(x ∨ y) = c_ix ∨ c_iy (E5 ) Id_{ii} = 1 and Id_{ij} = Id_{ji} (E2 ) x ≤ c_ix (E6 ) Id_{ik} = c_j (Id_{ij} ∧ Id_{jk} ) if j /∈ {i, k} (E3 ) c_i − c_ix = −c_ix (E7 ) Id_{ij} ∧ c_i (Id_{ij} ∧ x) ≤ x if i ≠ j.

Claim 8.3.1 CA_α coincides with the variety defined by (E0–7).

To prove this: First observe that (E3) |= c_ic_ix = c_ix as follows, writing c instead of c_i. ccx = c − −cx = c − c − cx = −c − cx = − − cx = cx. It is easy to check that CA_α |= (E0–7); (E0–4) correspond to the first part of Definition 8.1 including (1), while (E5–7) correspond to (2–4). In particular, (E7) together with c_iId_{ij} = 1 correspond to the main part of (2), where c_iId_{ij} = 1 follows from (E5–6). Therefore, what remains to prove is that every algebra in which (E0–7) is valid is in CA_α. This goes by repeating the proof of the Stone representation theorem for Boolean algebras, but now paying attention to the non–Boolean operations (c_i, Id_{ij} ) too. This is not very hard, and is described in detail e.g. in [HMT, 2.7.4–5, 2.7.40].

Terminology: We say that CA_α is finitizable exactly because Proposition 8.3 holds; namely because both CA_n is finitely axiomatizable and CA_α is axiomatizable by a finite schema, for α ≥ ω.

Proposition 8.4. RCA_α ⊆ CA_α.

Proof: By Proposition 8.3 it its enough to prove that fullCs_α ⊆ CA_α. Let A = ⟨P (^αU) , ci, Idij ⟩i,j<α. For any p, q ∈^αU let p ≡i q iff (∀j ∈ α ∖ {i})pj = qj . It is easy to check that W = ⟨^αU, ≡_i, Id_{ij} ⟩ is a cylindric Kripke frame. Since A = P(W), we are done.

Summing up, we have a finite schema axiomatizable variety CA_α containing RCA_α as a finitary approximation of RCA_α. The next natural question asks how good this approximation is, how far CA_α is from RCA_α. The representation results in [HMTII, §3.2] seem to say that they are pretty close. For example a result says that if a CA_α is atomic with all atoms “rectangular” then it is already in RCA_α, where an atom x of a CA_2 is rectangular iff x = c_0(x) ∧ c_1(x). Rectangularity for arbitrary α is the natural generalization of this (the intuitive idea being that the rectangular “relation” x is a Cartesian product), cf. [HMT, §1.10, p. 227]. Another result says that if A ∈ CA_α and (∀x ∈ A)(∃ infinite H ⊆ α)(∀i ∈ H)c_ix = x then A ∈ RCA_α.

By Monk’s non–finitizability result (Theorem 4 here) the gap will always remain infinite between RCA_α and its finitary approximation CA_α. The same applies to BRA’s, RRA’s etc.

To illustrate the difference between RCA_α and CA_α, the figure below represents a cylindric Kripke frame W for which P(W) ∈ CA_2 ∖ RCA_2. W has 5 elements, the horizontal, solid line represents

≡_1, while the vertical broken one represents ≡_0. E.g. d ≡_0 e and d ≡_1 e, further d ≡_0 a but d ≢_1 a.

E_{01} b c

a d e W FIGURE 5 Another example is the following^{80}:

80This example was found by J. Madarász.

E_{01} b c

a d e V It is easy to check that W satisfies the conditions in Definition 8.1, hence P(W) ∈ CA_2. It is not hard to see that P(W) /∈ RCA_2 since P(W) is simple, hence if it were in RCA_2 then it were isomorphic to a Cs_2 etc. We omit the rest but the reader is invited to try to represent P(W) as a Cs_2. ∗ ∗ ∗ ∗ ∗ The finitely axiomatizable variety RA of relation algebras approximating RRA is obtained the following way. Let (3.1)^+ be obtained from (3.1) above Theorem 1 in §3 by replacing “involuted semigroup ⟨A, ∘,^{−1}⟩” in (3.1) with “involuted monoid ⟨A, ∘,^{−1}, Id⟩”. Consider the equation (8.1) x^{−1} ∘ −(x ∘ y) ≤ −y. An algebra is an RA iff it satisfies both (3.1)^+ and (8.1). It is easy to see that {(3.1^+), (8.1)} is a finite set of equations, hence RA is a finitely based variety. Clearly, RA ⊇ RRA.

Completely analogous observations apply to the RA–RRA relationship as were outlined for the CA–RCA relationship above.^{81}

Remark (in connection with defining RA). Let RA^− be the variety defined by (3.1)^+. Then RA^− ⫌ RA, moreover RA^− is not a discriminator variety (while RA, CA_n etc. are such). What is lost in RA^− is that if we define c_0x as 1 ∘ x then though c_0 remains a closure operator in RA^−, it is no more a complemented one, i.e. the complement of a c_0–closed element need not be c_0–closed.

Therefore, if we take [HMTII, Def.5.3.1, p. 211] defining RA, and remove the last equation (R_7) then the variety defined by the remaining postulates (R_1 − R_6) is not discriminator. (We note that (R_7) is our (8.1), and (R_1 − R_6) is equivalent with our (3.1)^+.) A similar remark applies to other standard definitions of RA, e.g. to [JT52, Def.4.1].

If we add the following simple equation

(8.2) 1 ∘ −(1 ∘ x) ≤ −x

to (3.1)^+ then we obtain a discriminator variety containing RA. (Actually the weaker equation 1 ∘ − ( 1 ∘ [x ∨ x^{−1}] ) ≤ −x is sufficient in place of (8.2).)

It is useful to know whether we are in a discriminator variety e.g. because in any discriminator variety V, quasi–equations and equations are equivalent in the sense that any quasi–equation q can be translated to an equation e such that for every subdirectly irreducible A ∈ V, (A |= q iff A |= e). So as soon as we know that we are in a discriminator variety, we may use quasi–equations in defining subvarieties.

81See e.g. the results quoted from Maddux [Ma87a, 87] etc. close to the end of §3. Further, Givant proved that if an

RA A is generated by a chain H ⊆ A of equivalence elements then A is representable. This generalizes a result of

Jónsson. Givant generalized parts of this to cylindric algebras.

Maddux [Ma78, Ma82, Ma87] introduced the important varieties NA ⊃ WA ⊃ SA ⊃ RA containing RA. These are obtained by weakening associativity of “∘” in (3.1)^+. These are important from the point of view of algebraizing syntactic aspects of logic (e.g. proof theory) as well as from the point of view of the so called relativized algebras of relations, cf. the discussions around Theorems 6, 7. Sain proved that in WA and NA, for any class K with

“simple algebras” ⊆ K ⊆ “subdirectly irreducible algebras”,

K is not first–order axiomatizable (actually, K ≠ UpK), solving a problem of Maddux [Ma78, §8, p. 112], or [Ma89c, Problem 5]. (Sain proved the same for the cylindric algebraic counterpart of these classes [cf. e.g. the discussions around Theorems 6, 7] e.g. for ICrs_α, too.) The proof uses methods in [S84, S89]. These results show that WA and NA are far from being discriminator, since in discriminator varieties every such K is axiomatizable by a single universal formula. (SA is a discriminator variety.) ∗ ∗ ∗ ∗ ∗ The class RQPA_α, abbreviated as RQA_α in the present paper, of representable quasi–polyadic algebras of α–ary relations was discussed in §5. The finitizable variety QPA_α (of quasi–polyadic algebras) approximating RQPA_α is defined analogously to CA_α or RA by a finite schema Σ_0 of equational axioms. This approximation Σ_0 of QPA_α was discussed and outlined above and below Theorem 12 in §5.

So far we discussed the finitizable approximations CA_α, RA, and QPA_α of our classes RCA_α, RRA, and RQA_α of algebras of relations. The finitizable approximations, PA_n, PEA_n etc. of our other kinds RPA_n, RPEA_n of algebras can be defined analogously to our above definitions (of CA_α and RA), and more or less analogous observations can be made. There is a general notational convention: the finitary approximating class has the shorter name (like CA_α or RA), and the name of the approximated class is obtained by writing an “R” in front of the short name (like RCA_α or RRA). Here this extra R stands for representable.

For completeness, we recall^{82} below the axiomatic approximations QPA_α and SC_α of RQPA_α and RSC_α. (As we said before, these correspond to first order logic without equality.)

Consider the following equations (E8-E16).

(E8) s^i(x) = p_{ii}(x) = x.

(E9) s^i_j and p_{ij} are Boolean endomorphisms. (E10) p_{ij} x = p_{ji}x. (E11) s^i_j c_i(x) = c_i(x).

(E12) c_is^i_j (x) = s^i_j (x) whenever i ≠ j. (E13) s^i_j c_k(x) = c_k s^i_j (x) whenever k ≠ i, j. (E14) p_{ij} p_{ij} (x) = x.

(E15) p_{ij} p_{ik}(x) = p_{jk}p_{ij} (x) whenever i, j, k are distinct. (E16) p_{ij} s^j_i (x) = s^i_j (x).

Now, SC_α is defined by (E0–E4, E8–E9) omitting all references to p_{ij} ’s, of course.

SC_α = Mod(E0 − E4, E8 − E9), as we just said, QPA_α = Mod(E0 − E4, E8 − E16), and QPEA_α = Mod(E0 − E16, s^i_j (x) = c_i(Id_{ij} ∧ x)).

The finitizable approximating varieties CA_α, RA, QPA_α, PA_n, QPA_n etc. are discussed in the two volume monograph [HMT], [HMTII], and in the references therein. CA_α is studied in especially great detail: almost the whole of the first volume [HMT] is devoted to CA_α.

82From Sain–Thompson [ST91], cf. also [AGMNS]Def.4.1.

Remark (discriminator varieties). CA_n, RA, PA_α, PEA_α, QPA_n, QPEA_n are all discriminator varieties (n ∈ ω and α an arbitrary ordinal). Actually, CA_n is contained in a discriminator variety V_n much larger than CA_n. Namely, let c_{(n)}x^{def}= c_0 . . . c_{n−1} (x). Then V_n is defined by the Boolean axioms taken together with the following 4 equations:

x ≤ c_{(n)}x, c_{(n)}0 = 0, c_i(y ∧ c_{(n)}x) ∧ c_{(n)}x = c_i(y) ∧ c_{(n)} x, c_i(y − c_{(n)}x) − c_{(n)}x = c_i(y) − c_{(n)}x, for all i < n; where (x − y) abbreviates (x ∧ −y).

Clearly CA_n ⫋ V_n. The discriminator term for V_n is the one given in the proof of Theorem 3. The idea of the proof is that the above equations ensure that “relativizing” both with c_{(n)}x and −c_{(n)}x are homomorphisms, hence in any subdirectly irreducible member of V_n we have c_{(n)}x ∈ {0, 1}. Note that the above equations do not tell us anything about the behaviors of the Id_{ij} ’s. An immediate corollary of this is that the (fairly elaborate) axioms governing the Id_{ij} ’s (recall Definition 8.1 (2–4)) do not contribute to CA_n’s being a discriminator variety. (We note that we could achieve even bigger discriminator varieties by picking some cylindric algebraic term σ(x) and writing σ(x) in place of c_{(n)}x everywhere in the above equations. Of course, one has to choose σ(x) in such a way that these equations remain valid in CA_n.)

§9. APPENDIX 2:

Universal Algebraic Background

Usually, it is a difficult task to prove that a certain class of algebras is closed under homomorphisms. Theorem 9.2 below gives us considerable help by proving that certain quasivarieties are already varieties. Definition 9.1 and a part of Exercises 9.1 below have already been given in §3, in the “universal algebraic background” material preceding the proof of Thm.1. For smoother readability of the present appendix, we include them here, too. (We note that §3 contains more exercises than the present section.)

Notation: For any class K of similar algebras Qeq(K) denotes the set of all quasiequations in the language of K which are valid in K. Thus ModQeq(K) is the class of all models of the theory Qeq(K). Hence ModQeq(K) is the quasivariety generated by K.

The following is one of the basic theorems of universal algebra. It is called the characterization of quasivariety generation. (Its analogue for varieties is the well–known Birkhoff’s variety theorem, cf. e.g. Buris–Sankappanavar [BS81] or Monk [M76].)

THEOREM 9.1. For any class K of similar algebras

ModQeq(K) = SPUp K.

To prove Theorem 9.1 we will use the claims below. Recall that for an arbitrary class K of algebras,

P^rK^{def}= I {Π_{i∈I} A_i/F : F is a filter over the set I, and (∀i ∈ I)A_i ∈ K} .

The following is an easy fact of elementary universal algebra (cf. also e.g. Burris–Sankappanavar [BS81] or Németi–Sain [NS81]).

Claim 9.1.1: For any class K of similar algebras

P^rK ⊆ SPUp K.

Proof of Claim 9.1.1: Let I be a set, {A_i : i ∈ I} ⊆ K, F a filter over I, A^{def}= Π_{i∈I} A_i/F ∈ P^rK. Let U^{def}= {G : G an ultrafilter over I and G ⊇ F }.

Let h : A −→ Π⟨Π_{i∈I} A_i/G : G ∈ U ⟩ be defined as h(a/F )^{def}= ⟨a/G : G ∈ U ⟩. It is not hard to check that h is an embedding, therefore A ∈ SPUp K.

Claim 9.1.2: For any class K of similar algebras

(i) SS K = SK (ii) P^rS K ⊆ SP^r K (iii) P^rP^r K = P^rK.

Proof of Claim 9.1.2: The proofs are easy, since they use only the definitions, cf. e.g. Burris– Sankappanavar [BS81] Lemma 2.22.

Claim 9.1.3: For any class K of similar algebras

K = ModQeq(K) ⇐⇒ K = SK = P^rK.

Proof of Claim 9.1.3: It is relatively easy, cf. e.g. Burris–Sankappanavar [BS81] Thm.2.25, or Németi–Sain [NS77], Andréka–Németi [AN76], Sain [S94].

Proof of Theorem 9.1: First we prove that for any class K of similar algebras SP^r K = SPUp K holds. Indeed,

(+) SPUp K ⊆ SP^rP^r K^{9.1.2(iii)}⊆ SP^r K^{9.1.1}⊆ SSPUp K^{9.1.2(i)}= SPUp K.

Second, Qeq(K) = Qeq(SP^r K) obviously holds (since quasiequations are preserved under taking subalgebras and reduced products). Therefore

ModQeq(K) = ModQeq(SP^r K)^{9.1.3}= SP^r K,

since, by Claim 9.1.2, SP^r K is closed under S and P^r. Therefore by (+) above, the proof of Theorem 9.1 is completed.

DEFINITION 9.1 (discriminator term):

(i) A class K of algebras is said to have a discriminator term iff there is a term τ(x, y, z, u) in the language of K such that in every member of K we have τ(x, y, z, u) = { z, if x = y, u, otherwise.

(ii) A variety V is called a discriminator variety if the class Sir(V) of subdirectly irreducible members of V has a discriminator term.

Exercises 9.1:

(1) Show that if K has a discriminator term then K consists of simple algebras^{83} (and possibly the one-element algebra).

(2) Assume that the Boolean operations −, ∧, 0, 1 are available in K and that they satisfy the Boolean axioms (i.e. every element of K is a Boolean algebra with some further operations). This property will be referred to as ‘K has a Boolean reduct’. Prove that K has a discriminator term iff there is a term c(x) in the language of K such that c(x) = { 0, if x = 0, 1, otherwise

in every member of K. (Hint: τ(x, y, z, u) = [ c(x ⊕ y) ∧ u ] ∨ [ z ∧ −c(x ⊕ y) ] . Here ⊕ denotes symmetric difference.)

(3) Check how much simplification one can achieve in the proof of Thm.9.2 below under assuming that K has a Boolean reduct (cf. item (2) above).

83An algebra is simple iff it has no nontrivial congruences (and is nontrivial).

THEOREM 9.2. Let K be a class of similar algebras. Assume that K has a discriminator term. Then HSP K = SPUp K.

The proof we give here is a model theory oriented, more intuitive proof as opposed to the more “computational” proofs in the standard universal algebra books. The idea of giving here such a more intuitive proof was suggested to us by Johan van Benthem.

Claim 9.2.1: Assume K has a discriminator term. Then to every quasiequation q in the language of K there is an equation e(q) such that (i)–(ii) below hold:

(i) K |= ( e(q) ↔ q ) , (ii) HSP K |= ( e(q) → q ) . Proof of Claim 9.2.1: The proof goes by induction on the “length” of the quasiequation q, i.e. on the number of the equations on the left hand side of the implication in q. If there is no such equation that is, q is an equation itself then the claim is obvious.

The induction step: Any quasiequation q of form

(σ_1 = ϱ_1 ∧ · · · ∧ σ_n = ϱ_n) → (σ_0 = ϱ_0)

has an equivalent form

(σ_1 = ϱ_1) → [ (σ_2 = ϱ_2 ∧ · · · ∧ σ_n = ϱ_n) → (σ_0 = ϱ_0) ] . That is, q is equivalent to (σ_1 = ϱ_1 → q^′) for some quasiequation q^′ shorter than q. Therefore, by the induction hypothesis, there is an equation σ = ϱ such that

(++) K |= ((σ = ϱ) ↔ q^′) and HSP K |= ((σ = ϱ) → q^′).

Now, let τ(x, y, z, u) be a discriminator term in K. We define e(q) = e(σ_1 = ϱ_1 → q^′) to be τ(σ_1, ϱ_1, σ, ϱ) = ϱ.

For proving the “right to left” implication of (i), assume that K |̸= e(q). Then there are some

A ∈ K and ā ∈^ω A with A |=^(τ(σ1, ϱ1, σ, ϱ) ≠ ϱ^)[ā]. Since τ is a discriminator term in K, it implies

that A |= (σ ≠ ϱ)[ā]. Thus, by (++) above, A |̸= q^′[ā]. But A |= (σ_1 = ϱ_1)[ā] also follows from

A |=^(τ(σ1, ϱ1, σ, ϱ) ≠ ϱ^)[ā], thus A |̸= q[ā], i.e. K |̸= q.

To prove the other direction of (i), it is enough to prove (ii): Assume that for some A ∈ HSP K, ā ∈^ω A, A |̸= q[ā], i.e. A |̸= (σ_1 = ϱ_1 → q^′)[ā]. Then, A |= (σ_1 = ϱ_1)[ā] and, by (++), A |= (σ ≠ ϱ)[ā]. But τ is a disrciminator term in K, therefore HSP K |= τ(x, x, z, u) = z, since discriminator terms satisfy this equation and equations are preserved under taking H, S, and P.^{84} Therefore A |=^(τ(σ1, ϱ1, σ, ϱ) = σ ≠ ϱ^)[ā] proving HSP K |̸= e(q).

Proof of Theorem 9.2: First we prove that HSP K |= Qeq(K). Indeed, let q ∈ Qeq(K). Then, by Claim 9.2.1 (i), there is an equation e(q) with K |= ( e(q) ↔ q ) . Since equations are preserved under HSP, HSP K |= e(q) also holds. Now by Claim 9.2.1 (ii), HSP K |= q. Now HSP K ⊆ ModQeq(K)^{Thm.9.1}= SPUp K,

which proves one direction of Thm.9.2.

84It is the x ≠ y =⇒ τ(x, y, z, u) = u part of the “discriminator property” of τ which is not preserved from K to

HSP K.

The other direction, SPUp K ⊆ HSP K is obvious, since Up ⊆ HP, PH ⊆ HP, SH ⊆ HS, and PP = P (cf. e.g. Monk [M76] p.387).

COROLLARY 9.1: Assume K has a discriminator term. Then

(i) K is contained in some discriminator variety.

(ii) The subdirectly irreducible members of HSP K are exactly the subdirectly irreducibles of SUp K.

Proof: (ii): Let A be a subdirectly irreducible member of HSP K. By Theorem 9.1, A ∈ SP(SUp K). Then A is a subdirect product of algebras from SUp K. By irreducibility, then

A ∈ SUp K. This proves (ii).

(i): The discriminator term τ which works for K also works for SUp K, since the discriminator property ∀x, y, z, u ( [x ≠ y ⇒ τ(x, y, z, u) = u] ∧ [x = y ⇒ τ(x, y, z, u) = z] ) is defined by a universal formula, thus is preserved under SUp. Thus SUp K has a discriminator term. But by (ii) the class Sir(HSP K) of subdirectly irreducibles of HSP K is in SUp K. Then by definition, HSP K is a discriminator variety.

ACKNOWLEDGEMENTS 67

Acknowledgement: During the years of the “evolution” of this work I received substantial help from so many colleagues (e.g. Johan van Benthem, Yde Venema, Peter Jipsen to mention a few) that I cannot list their names here; but I am grateful to them all. Special acknowledgement is due to Ildiko Sain whose input for this paper was extensive and valuable and I appreciate it much more than I can ever express.

List of symbols

Classes of algebras (the index n or α like in Cs_n or Cs_α referring to ranks of relations is omitted): Symbol Name . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page: BA Boolean Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 BAO Boolean Algebras with Operators . . . . . . . . . . . . . . . . . . . . . . 5,56 BRA^0 finitary approximation of BRA . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 BRA Algebras of Binary Relations (without identity) . . . . . . . . . . . 4 BSR Boolean semigroups of relations . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 CA Cylindric Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 Crs Cylindric relativized set algebras . . . . . . . . . . . . . . . . . . . . . . . . . 33 Cs =

(_{Cylindric set algebras} (Csn=algebras of n-ary relations) ) . . . . . . . . . . . . . . . . . . . . . . . . . 18 FSA Finite Sequence Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 full Cs, full Crs, full Ps, etc. } = (_{full (or powerset) elements of} Cs etc.

i.e. algebras with universe P(V ) for some V ) . . . . . . . .4,18,24,39,40 GFSA Generalized Finite Sequence Algebras . . . . . . . . . . . . . . . . . . . . 51 Gs Generalized cylindric set algebra . . . . . . . . . . . . . . . .^{24}_{and [HMTII]} HCA Hyper Cylindric algebras, CA_α ⊂ HCA_α ⊂ RCA_α . . . . . . . . . . 21 L = ( (Cs^{reg}_ω ∩Lfω )=limn!ω Csn i.e.

class of algebras of finitary relations ) . . . . . . . . . . . . . . . . . . . . . . . . 23 Lf Locally finite dimensional cylindric algebras . . . . . . . . . .[HMT] Lp same as L but for the quasi-polyadic case . . . . . . . . . . . . . . . . . 42 Mod(Σ) =

(_{class of all models}

of the set Σ of formulas ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 MsCA Many sorted CA’s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 NA Nonassociative relation Algebras . . . . . . . . . . . . . . . . . . . . . . . . . 61 PA Polyadic Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .^{21,40,61}_{and [HMTII]} PaCA Partial CA’s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 PEA Polyadic Equality Algebras . . . . . . . . . . . . . . . . . . . . .^{61}_{and [HMTII]} PK class of Products of (members of) K . . . . . . . . . . . . . . . . . . . . . . . 4 Ps Polyadic set algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 QPA Quasi-Polyadic Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41, 61 QPEA Quasi-Polyadic Equality Algebras . . . . . . . . . . . . . . . . . . . . . . . . 61 Qps Quasi polyadic set algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 QRA Relation algebras with quasi-projective elements . . . . . [TG87] RA Relation Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .^{60}_{and [HMTII]} RCA Representable Cylindric Algebras . . . . . . . . . . . . . . . . . . . . . . . . 18 RdK class of Reducts of (members of) K . . . . . . . . . . . . . . . . . . . . . . . 10 RPA Representable Polyadic Algebras . . . . . . . . . . . . . . . . . . . . . . . . . 39 RPEA Representable Polyadic Equality Algebras . . . . . . . . . . . . . . . . 39 RQA Representable Quasi-polyadic Algebras . . . . . . . . . . . . . . . . . . . 41 RQEA Representable Quasi-polyadic Equality Algebras . . . . . . . . . . 42 RQPA =RQA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 RRA Representable Relation Algebras . . . . . . . . . . . . . . . . . . . . . . . . . 13 RSC Representable Substitution Cylindric algebras . . . . . . . . . . . . 43 RV Representable members of the Variety V . . . . . . . . . . . . . . 20,61 SA Semi-associative relation Algebras . . . . . . . . . . . . . . . . . . . . . . . . 61 SC Substitution Cylindric algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 SK class of Subalgebras of (members of) K . . . . . . . . . . . . . . . . . . . . 4 TB_S S-Transformational Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 IK class of isomorphic copies of algebras in K . . . . . . . . . . . . . . . . 41 WA Weakly associative relation Algebras . . . . . . . . . . . . . . . . . . . . . 61

Algebras and their universes: Symbol Name . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page: Fn algebra of Finitary functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

Frl set of all Finitary relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 Gfs set of Generalized finite sequences . . . . . . . . . . . . . . . . . . . . . . . . 51 Nr_n(B) Neat reduct of B . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 Psc substitution cylindric Powerset algebra (a reduct of Rel) . . 43

P(V ) Powerset of V (= universe of P(V )) . . . . . . . . . . . . . . . . . . . . . . . 4 P(V ) =^{( =⟨P(V ),∩,∪,∅,V,−⟩} Boolean algebra of subsets of V ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 Ref set of essentially finitary Relations . . . . . . . . . . . . . . . . . . . . . . . 37

Ref algebra of essentially finitary Relations . . . . . . . . . . . . . . . . . . . 37 Relα algebra of α-ary Relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 Rf set of finitary Relations (universe of Rf) . . . . . . . . . . . . . . . . . . 24

Rf algebra of finitary Relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 Rfp quasi-polyadic version of Rf . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 Ts Two sorted cylindric-like algebra . . . . . . . . . . . . . . . . . . . . . . . . . 52

Other: Symbol Name . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page: c_i

{_{i-th cylindrification}

(forgetting the i-th argument) } . . . . . . . . . . . . . . . . . . . 18 C_Γ generalization of c_i . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 Id identity relation (both binary and n-ary) . . . 13,17 Id_{ij} identity of i-th and j-th arguments . . . . . . . . . . . 24 p_{ij} permutation of i and j . . . . . . . . . . . . . . . . . . . . . . . 39 s^i_j substitution of j for i . . . . . . . . . . . . . . . . . . . . . . . . . 39 S_τ substitution along τ . . . . . . . . . . . . . . . . . . . . . . . . . . 33 ω set of all natural numbers . . . . . . . . . . . . . . . . . . . . 21 R ∘ S = {⟨a, b⟩ : ∃c(aRc and cSb)} . . . . . . . . . . . . . . . . . . . .4 nU = U × U × · · · × U (n times), or equivalently . . 17 H U,^αU^H U is the set of all functions from H into U . . . . . <ω U set of all finite sequences over U . . . . . . . . . . . . . . . .4 |U | the cardinality of U . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

References

[AHS] Adamek,J. Herrlich,H. and Strecker,G., Abstract and concrete categories, or the joy of cats, John Wiley and Sons (1990).

[Al95] Alechina,N., Modal quantifiers. PhD Dissertation, University of Amsterdam, 1995. [A73] Andréka,H., Algebraic investigation of first-order logic (in Hungarian), Dissertation with Eötvös Loránd Univ. Budapest (1973), ix+162 pp.

[A77] Andréka,H., Universal Algebraic Logic (in Hungarian), Dissertation with Hung. Acad. Sci. Budapest (1977), 199 pp.

[A89] Andréka,H., On the union – relation composition reducts of relation algebras, Abstracts of Amer. Math.

Soc. Issue 62 Vol 10,2 (March 1989), p.174 (∗89T-08-21).

[A89a] Andréka,H., On the representation problem of distributive semilattice–ordered semigroups. (Extended version), Preprint, Math. Inst. Hungar. Acad. Sci., Budapest, 1989.

[A89b] Andréka,H., Representations of distributive semilattice–ordered semigroups with binary relations, Algebra Universalis Vol 28 (1991), 12–25.

[A90] Andréka,H., Weakly representable but not representable relation algebras, Algebra Universalis 32 (1994), 31-43.

[A90a] Andréka,H., The equational theories of representable positive cylindric and relation algebras are decidable, Preprint, Math. Inst. Hungar. Acad. Sci., Budapest (1990). http://circle.math-inst.hu/pub/algebraic-logic/posdec.dvi [A91] Andréka,H., Complexity of the equations valid in algebras of relations. Thesis for D.Sc. (a post–habilitation degree) with Hungar. Acad. Sci., Budapest, 1991. Annals of Pure and Applied Logic, to appear. http://circle.math-inst.hu/pub/algebraic-logic/complex.dvi [ACN] Andréka,H. Comer,S.D. and Németi,I., Epimorphisms in cylindric algebras, Manuscript (1983). [ABNPS] Andréka,H. Blok,W. Németi,I. Pigozzi,D. and Sain,I., Abstract Algebraic Logic. Chapter for the Handbook of Algebraic Logic, in preparation.

[AvBN96] Andréka,H. van Benthem,J. and Németi,I., Finite model property of the bounded fragment of first-order logic and cylindric-relativized set algebras. Manuscript, 1996.

[AvBN96a] Andréka,H. van Benthem,J. and Németi,I., Modal languages and bounded fragments of predicate logic.

Journal of Philosophical Logic, to appear.

[ACrN88] Andréka,H. Craig,W. and Németi,I., A system of logic for partial functions under existence–de pendent Kleene equality, Journal of Symbolic Logic Vol 53, No 3 (September 1988), 834-839.

[AGN73] Andréka,H. Gergely,T. and Németi,I., Purely algebraical construction of first order logics, Publications of Central Res. Inst. Physics Budapest KFKI-73-71 (1973), 46pp.

[AGN75] Andréka,H. Gergely,T. and Németi,I., Many-sorted languages and their connections with higher-order languages (in Russian), Kibernetika (Kijev) Vol 75/4 (1975), 86–92.

[AGN75a] Andréka,H. Gergely,T. and Németi,I., On some questions of languages of order n (in Hungarian), Matematikai Lapok Vol 24 (1975), 63–94.

[AGN77] Andréka,H. Gergely,T. and Németi,I., On universal algebraic construction of logics, Studia Logica Vol 36 (1977), 9–47.

[AGiN90] Andréka,H. Givant,S. and Németi,I., The lattice of varieties of representable relation algebras, Journal of Symbolic Logic 59.2 (1994), 631–661.

[AGiN92] Andréka,H. Givant,S. and Németi,I., Decision problems for equational theories of relation algebras.

Memoirs of Amer. Math. Soc., in press. Extended abstract in: Bulletin of Section of Logic 23,2 (1994), 47–52. [AGiN93] Andréka,H. Givant,S. and Németi,I., Perfect extensions and derived algebras, Journal of Symbolic Logic 60,3 (1995), 775-796.

[AGMNS] Andréka,H. Givant,S. Mikulás.Sz. Németi,I. and Simon,A., Some notions of density that imply representability in algebraic logic. Submitted. http://circle.math-inst.hu/pub/algebraic-logic/rect.dense.dvi [AGN96] Andréka,H. Goldblatt,R. and Németi,I., Relativized quantification: some canonical varieties of sequence-set algebras. J. Symbolic Logic, to appear.

[AGN87] Andréka,H. Guessarian,I. and Németi,I., A unifying theorem for algebraic semantics and dynamic logics, Information and Computation Vol 72,1 (1987), 31–45.

[AHN96] Andréka,H. Hodkinson,I. and Németi,I., Finite algebras of relations are representable on finite sets.

Preprint, Math. Inst., Budapest, 1996. http://beauty.doc.ic.ac.uk/home/theory/papers/Hodkinson/ahn.ps.gz [AJN88] Andréka,H. Jónsson,B. and Németi,I., Free algebras in discriminator varieties, Algebra Universalis Vol 28 (1991), 401–447. Abstracted in [BMP], 1–14.

[AMdN] Andréka,H. Maddux,R.D. and Németi,I., Splitting in relation algebras, Proc. Amer. Math. Soc. 111,4 (1991), 1085–1093.

[AM93] Andréka,H. and Mikulás,Sz., Lambek calculus and its relational semantics: completeness and incompleteness, Journal of Logic, Language and Information (JoLLI) 3 (1994), 1-37.

[AMN] Andréka,H. Monk,J.D. and Németi,I. (ed.s), Algebraic Logic (Proc. Conf. Budapest 1988) Colloq. Math.

Soc. J. Bolyai Vol 54, North-Holland, Amsterdam (1991), v+746 pp.

[AN75] Andréka,H. and Németi,I., A simple purely algebraic proof of the completeness of some first order logics, Algebra Universalis Vol 5 (1975), 8–15.

[AN76] Andréka,H. and Németi,I., Generalization of variety and quasivariety concepts to partial algebras through category theory, Dissertationes Mathematicae (Rozprawy Math.) PWN Polish Scientific Publisher, Warsaw, Poland Vol CCIV (1982), 1–56.

[AN80] Andréka,H. and Németi,I., On systems of varieties definable by schemes of equations, Algebra Universalis Vol 11 (1980), 105–116.

[AN86] Andréka,H. and Németi,I., Applications of universal algebra, algebraic logic etc. in Computer Science Parts I–V, Preprints, Math. Inst. Hungar. Acad. Sci., Budapest (partially published at various places) (1977–1986).

[AN88] Andréka,H. and Németi,I., Relational algebraic conditions for representability of cylindric and polyadic algebras, Preprint, Math. Inst. Hungar. Acad. Sci., Budapest, 1988, 46pp.

[AN93] Andréka,H. and Németi,I., Axiomatization of identity-free equations valid in relation algebras, Algebra Universalis 35 (1996), 256–264.

[ANS84] Andréka,H. Németi,I. and Sain,I., Abstract model theoretic approach to algebraic logic, Preprint (1984), 70pp. New version: Andréka,H. Németi,I. Sain,I. and Kurucz,Á., General algebraic logic including algebraic model theory: an overview. In: Logic Colloquium’92 (Proc. 1992 Summer Meeting of Assoc. Symb. Log.) eds. D. Gabbay and L. Csirmaz, CSLI Publications, Stanford, 1995. pp. 1-60.

[ANS91] Andréka,H. Németi,I. and Sain,I., Algebraic Logic, Lecture Notes for Logic Graduate School, Budapest (1991), 137pp.

[ANS94] Andréka,H. Németi,I. and Sain,I., New landmarks on the roadmap of two-dimensional logics. In: Logic and Information Flow, eds. J. van Eijck, A. Visser, MIT Press, Cambridge, 1994. pp.163-169.

[ANS94a] Andréka,H. Németi,I. and Sain,I., On interpolation, amalgamation, universal algebra and Boolean algebras with operators. Manuscript, August 1994.

[ANSK] Andréka,H. Németi,I. Sain,I. and Kurucz,Á., Methodology of applying algebraic logic to logic. Math. Inst.

Budapest, Preprint, 1993. Shortened version (“Applying Algebraic Logic to Logic”) in: Algebraic Methodology and Software Technology (AMAST’93), eds. M.Nivat, C.Rattray, T.Rus and G.Scollo, in Series “Workshops in Computing”, Springer-Verlag, 1994. pp.7-28. Also: Material for Summer School on Algebraic Logic and the Methodology of Applying it, Budapest, 1994. http://circle.math-inst.hu/pub/algebraic-logic/meth.dvi [ANT90] Andréka,H. Németi,I. and Thompson,R.J., Weak cylindric set algebras and weak subdirect indecomposability, J. Symbolic Logic Vol 55, No 2 (June 1990), 577–588.

[AS78] Andréka,H. and Sain,I., Connections between initial algebra semantics of CF languages and algebraic logic, Mathematical Logic in Computer Science (Proc. Conf. Salgótarján Hungary 1978) (Ed.s: Dömölki,B. and Gergely,T.) Colloq. Math. Soc. J. Bolyai Vol 26, North-Holland, Amsterdam (1981), 25–83.

[AT88] Andréka,H. and Thompson,R.J., A Stone-type representation theorem for algebras of relations of higher rank, Trans. Amer. Math. Soc. Vol 309,2 (Oct. 1988), 671–682.

[ATu88] Andréka,H. and Tuza,Zs., Nonfinite axiomatizability of the polyadic operations in algebraic logic, Abstracts of Amer. Math. Soc. Vol 9,6 , Issue 60 (Nov. 1988), 500 (∗88T-03-264).

[AH91] Anellis,I.H. and Houser,N., The nineteenth century roots of universal algebra and algebraic logic: A critical-bibliographical guide for the contemporary logician, In [AMN], 1–36.

[B74] Barthelemy,J.-P., Syntaxes et catégories monadiques, C. R. Acad. Sci. Paris Vol 278 (1974), 199–202. [B75] Barwise,J., Admissible sets and structures., Perspectives in Mathematical Logic, Springer-Verlag, Berlin (1975).

[Bc85] Bacon,J., The completeness of a predicate-functor logic, Journal of Symbolic Logic Vol 50 (1985), 903–926. [Ba77] Banachowski,L., Investigations of properties of programs by means of extended algorithmic logic, Fundamenta Informaticae Vol 1 (1977), 93–119.

[BF85] Barwise,J. and Feferman,S. (ed.s), Model-Theoretic Logics, Springer-Verlag, Berlin (1985). [BU77] Bednarek,A.R. and Ulam,S.M., Some remarks on relational composition in computational theory and practice, Fundamentals of Computation Theory’77, Lecture Notes in Computer Science Vol 56, Springer-Verlag, Berlin (1977), 33–38.

[BS69] Bell,J.L. and Slomson,A.B., Models and ultraproducts, North-Holland, Amsterdam (1969). [Be91] Bellissima,F., Atoms of Tense Algebras, Algebra Universalis Vol 28, 1 (1991), 52–78. [vB88] van Benthem,J., Semantic parallels in natural language and computation, Institute for Language, Logic and Information, University of Amsterdam (1988), 53pp.

[vB89] van Benthem,J., Language in action, Preprint, Institute for Language, Logic and Information, University of Amsterdam, J. Philosophical Logic, to appear (1989).

[vB89a] van Benthem,J., Modal logic and relational algebra, Preprint, Institute for Language, Logic and Information, University of Amsterdam (1989).

[vB90] van Benthem,J., General dynamics. In: Theoretical Linguistics (ed. Ph. A. Luelsdorff), 1991. pp. 151–201. [vB90a] van Benthem,J., Modal logic as a theory of information, Proc. Prior Memorial Colloquium, Christchurch, New Zealand, 1989, Oxford University Press (to appear).

[vB91] van Benthem,J., Language in Action (Categories, Lambdas and Dynamic Logic), North–Holland (Studies in Logic ... Vol. 130) (1991), x+350 pp.

[vB92] van Benthem,J., A note on dynamic arrow logics. In “Logic and Information Flow”, (J. van Eijck and A.

Visser eds.) MIT Press, Cambridge, Mass., 1994. pp.15-29.

[vB96] van Benthem,J., Exploring logical dynamics. Studies in Logic, Language and Information, CSLI Publications, Stanford, 1996.

[BKSS] Berghammer,R. Kempf,P. Schmidt,G. and Ströhlein,T., Relation algebra and logic of programs, In [AMN], 37–58.

[BMP] Bergman,C.H. Maddux,R.D. and Pigozzi,D.L. (eds.), Algebraic logic and universal algebra in computer science, Lecture Notes in Computer Science, Springer Verlag Vol 425 (1990), xi+292 p.

[BD88] Bernardi,C. and D’Aquino,P., Topological duality for diagonalizable algebras, Notre Dame J. of Formal Logic Vol 29,3 (1988), 345–364.

[B89] Bernarducci,A., The interpretability logic of Peano arithmetic, Dissertation, University of California, Berkeley (1989).

[B89a] Bernarducci,A., Σ^0_n-interpretations of modal logic, Bolletino della Unione Matematica Italiana (to appear). [B59] Bernays,P., Über eine natürliche Erweiterung des Relationenkalküls, Constructivity in mathematics (Proc.

Coll. Amsterdam 1957) (ed. Heyting,A.), North-Holland, Amsterdam (1959), 1–14.

[Bi89] Biró,B., Non–finite–axiomatizability results in algebraic logic, J. of Symbolic Logic Vol 57, 3 (1992), 832–843.

[BiS88] Biró,B. and Shelah,S., Isomorphic but not lower-base-isomorphic cylindric set algebras, J. of Symbolic Logic Vol 53, No 3 (Sept. 1988), 846–853.

[Bl76] Blok,W.J., Varieties of interior algebras, Dissertation, University of Amsterdam (1976). [Bl80] Blok,W.J., The lattice of varieties of modal algebras is not strongly atomic, Algebra Universalis Vol 11 (1980), 150–194.

[Bl80a] Blok,W.J., The lattice of modal logics: An algebraic investigation, J. Symbolic Logic Vol 45 (1980), 221–238.

[BP88] Blok,W.J. and Pigozzi,D., Alfred Tarski’s work on general metamathematics, J. Symbolic Logic Vol 53,1 (1988), 36–48.

[BP89] Blok,W.J. and Pigozzi,D., Algebraizable logics, Memoirs Amer. Math. Soc. Vol 77,396 (1989), vi+78 pp. [BP89a] Blok,W.J. and Pigozzi,D., On the structure of varieties with equationally definable principal congruences, Part III, Preprint, 1989.

[BP89b] Blok,W.J. and Pigozzi,D., On the structure of varieties with equationally definable principal congruences, Part IV, Preprint, 1989.

[BP89c] Blok,W.J. and Pigozzi,D., The deduction theorem in algebraic logic, Preprint, 1989. [BP91] Blok,W.J. and Pigozzi,D., Local Deduction Theorems in Algebraic Logic, in [AMN], 75–109. [BB73] Bloom,S.L. and Brown,D.J., Classical abstract logics, Dissertationes Mathematicae (Rozprawy Matematyczne) Vol CII (1973), 43–56.

[B88] Börner,F., Operationen auf Relationen, Dissertation Dr. rer. nat., Karl-Marx-Universität Leipzig (1988). [BP90] Börner,F. and Pöschel,R., Clones of operations of binary relations, Preprint, Karl-Weierstrass-Institut für Mathematik, Berlin (1990), 31pp.

[Br77] Bredikhin,D.A., Abstract characteristics of some relation algebras (in Russian), Algebra and Theory of Numbers (Nalchik) Vol 2 (1977), 3–19.

[Br77a] Bredikhin,D.A., Multiplicative algebra of relations (in Russian), Dissertation, Saratov State University, Saratov, USSR (1977).

[Bn86] Brink,C., Power Structures and Logic, Qaestiones Math. 9 (1986), 69–94.

[Bn88] Brink,C., R⌝-Algebras and R⌝-Model Structures as Power Constructs, Studia Logica Vol XLVIII, 1 (1988), 85–109.

[Bn91] Brink,C., Power Structures. Oxford University Press, to appear.

[BrS73] Brown,D.J. and Suszko,R., Abstract logics, Dissertationes Mathematicae (Rozprawy Matematyczne) Vol CII (1973), 9–41.

[Bu86] Burmeister,P., A model theoretic oriented approach to partial algebras, Akademie-Verlag, Berlin (1986). [BS81] Burris,S. and Sankappanavar,H.P., A course in universal algebra, Graduate Texts in Mathematics, Springer-Verlag, New York (1981).

[Ca88] Catach,L., Normal multimodal logics, Proc. 7th Nat. Conf. on AI (AAAI’88) St. Paul, Minnesota (1988), 491–495.

[Cig8?] Cignoli,R., Quantifiers on distributive lattices, Preprint, Departamento de Matemática, Facultad de Ciencias Exactas y Naturales, Universidad de Buenos Aires, Cuidad Universitaria (1428 Buenos Aires, Argentina) (198?).

[CLP8?] Cignoli,R. LaFalce,S. and Petrovich,A., Remarks on Priestley duality for distributive lattices, Preprint, Departamento de Matemática, Facultad de Ciencias Exactas y Naturales, Universidad de Buenos Aires, Cuidad Universitaria (1428 Buenos Aires, Argentina) (198?).

[C86] Cirulis,J., An abstract description of data types and of varieties of data algebras (in Russian), Algebra and discrete Mathematics, Latvian University, Riga (1986), 131–144.

[C86a] Cirulis,J., Generalizing the notion of polyadic algebra, Bull. Section of Logic Vol 15,1 (1986), 2–9. [C88] Cirulis,J., Two generalizations of the notion of a polyadic algebra. (In Russian.), Izv. Vyss. Uchebn. Zaved.

Mat., No 12 (1988), 39–49.

[C88a] Cirulis,J., Relational algebras in databases and generalized cylindric algebras. (In Russian.), Theoretical Questions of Programming, Latvian University, Riga (1988), 100–107.

[C91] Cirulis,J., An algebraization of first-order logic with terms, In [AMN], 125–146. [C65] Cohn,P.M., Universal Algebra, Harper and Row, New York (1965).

[Co72] Comer,S.D., A sheaf-theoretic duality for cylindric algebras, Trans. Amer. Math. Soc. Vol 169 (1972), 75–87.

[Co84] Comer,S.D., Galois-theory of cylindric algebras and its applications, Trans. Amer. Math. Soc. Vol 286 (1984), 771–785.

[Co89a] Comer,S.D., A remark on representable positive cylindric algebras, Algebra Universalis Vol 28 (1991), 150–151.

[Co91] Comer,S.D., The representation of dimension three cylindric algebras, In [AMN], 147–172. [Co91a] Comer,S.D., Connections between information systems, rough sets and algebraic logic. In: Algebraic Methods in Logic and in Computer Science, ed. C. Rauszer, Banach Center Publications Vol 28, Polish Academy of Sciences, Warszawa, 1993. pp.117-124.

[C87] Cosmadakis,S.S., Database theory and cylindric lattices (extended abstract), Foundations of Computer Science (Proc. Conf. 1987), IEEE Computer Soc., 411-420.

[Cr65] Craig,W., Boolean notions extended to higher dimensions, In: The theory of models (eds: J.W.Addison, L.Henkin, A.Tarski), North–Holland (1965), 55–69.

[Cr74] Craig,W., Logic in algebraic form, North-Holland, Amsterdam (1974), viii+204pp. [Cr74a] Craig,W., Unification and abstraction in algebraic logic, Studies in algebraic logic, Math. Assoc. Amer.

(1974), 6–57.

[Cr89] Craig,W., Near-equational and equational systems of logic for partial functions I–II, J. Symbolic Logic Vol 54 (1989), 795–827, 1181–1215.

[Cr91] Craig,W., Lecture Notes for an extensive seminar at the Algebraic Logic Subsemester, (International Banach Center) Sept. 15 – Oct. 30, 1991.

[CV58] Craig,W. and Vaught,R.L., Finite axiomatizability using additional predicates, J. of Symbolic Logic Vol 23,2 (1958), 289–308.

[CM91] Crvenkovic,S. and Madarasz,R., A nonaxiomatizability result in algebraic logic, Algebra Universalis 28 (1991), 487–494.

[Cz79] Czelakowski,J., A purely algebraic proof of the omitting types theorem, Bull. Section of Logic Vol 8,1 (1979), 7–9.

[D64] Daigneault,A., On automorphisms of polyadic algebras, Trans. Amer. Math. Soc. Vol 112 (1964), 84–130. [D67] Daigneault,A., Théorie des modéles en logique mathématique, 2-éme éd. Montreal (1967), 136pp. [D69] Daigneault,A., Lawvere’s elementary theories and polyadic and cylindric algebras, Fund. Math. Vol 66 (1969), 307–328.

[DM63] Daigneault.A. and Monk,J.D., Representation theory for polyadic algebras, Fund. Math. Vol 52 (1963), 151–176.

[D72] Demaree,D., Copeland algebras, J. Symbolic Logic Vol 37 (1972), 646–656.

[D1864] De Morgan,A., On the syllogism, no. IV, and on the logic of relations, Transactions of the Cambridge Philosophical Society Vol 10 (1964), 331–358.

[Di84] Dipert,R., Peirce, Frege, the logic of relations, and Church’s theorem, History and Philosophy of Logic Vol 5 (1984), 49–66.

[Dis90] Diskin,Z.B., Polyadic algebras for non–classical logics Parts I–IV, Latv. Mat. Ezhegodnik Vols 35, 36 (1991).

[Dis91] Diskin,Z.B., First order logic as a family of functors (algebraic approach to non–Boolean predicate logic), Riga Institute Civil Aviation Engineering (Lomonosova, 1, Riga 226019, Latvia), preprint (1991).

[Dis93] Diskin,Z.B., Abstract Universal Algebraic Logic. Part I: A unified framework of structural hyperlogics for integrating the deductive and model-theoretical approaches. Part II: Algebraizable logics and algebraic semantics (Galois connections, compactness, constructivisability). In: Proceedings of the Latvian Academy of Sciences Vol 50, No 1 (1996), pp.13-21, 22-30.

[Dr68] Driessel,K., Significance and invariance in mathematical structures, Doctoral Dissertation, Oregon State University (1968), vii+80pp.

[Do88] Došen,K., Second-order logic without variables, In: “Categorial Grammar” (eds: W. Buszkowski, W. Marciszewski and J. van Benthem) Linguistic & Literary Studies in Eastern Europe, Amsterdam (1988), 245–264.

[Dü89] Düntsch,I., Cylindric algebras and Codd’s relational model of data (Part I), Preprint, University of Brunei, Darussalam, Negara Brunei, Dept. Math., Dec. 1989.

[Dü91] Düntsch,I., A note on cylindric lattices. In: Algebraic Methods in Logic and in Computer Science, ed. C.

Rauszer, Banach Center Publications Vol 28, Polish Academy of Sciences, Warszawa, 1993. pp.231-238. [Dü91a] Düntsch,I., An algebraic view of relational data bases, Preprint, Univ. of Osnabrück, Germany (1991). [Dü94] Düntsch,I., Rough relation algebras, Fundamenta Informaticae 21 (1994), 321-331. [EM85] Ehrig,H. and Mahr,B., Fundamentals of algebraic specification 1, EATCS Monographs on Theoretical Computer Science, Springer-Verlag, Berlin (1985).

[EJK92] Eiben,Á.E. Jánossy,A. and Kurucz,Á., Combining Logics. In: Proc. Conf. Logic at Work, Amsterdam, Dec. 1992 (available from CCSOM of Univ. Amsterdam).

[EB93] Ésik,Z. and Bernátzky,L., Equational properties of Kleene Algebras of Relations with Conversion, Theor.

Comput. Science 137 (1995), 237-251.

[Fe89] Feldman,N., Cylindric algebras with terms, J. Symbolic Logic Vol 55, 2 (1990), 865–866. [F82] Ferenczy,M., Measures on cylindric algebras, Bulletin of Section of Logic 11,3-4 (1982), 142–153. [F90] Ferenczi,M., On inducing homomorphisms between relation set algebras, Algebra Universalis Vol 27, No. 4 (1990), 474–479.

[F91] Ferenczi,M., Measures defined on free products of formula algebras and analogies with cylindric homomorphisms, In [AMN], 173–181.

[F87] Font,J.M., On some congruence lattices of a topological Heyting lattice, In: Contributions to general algebra 5 (J. Czermak et al., editors), Verlag Hölder-Pichler-Tempski, Wien, and Teubner, Stuttgart (1987), 129–137.

[FJ93] Font,J.M. and Jansana,R., On the sentential logics associated with strongly nice and semi-nice logics, Bulletin of the IGPL 2 (1994), 55-76.

[FV89] Font,J.M. and Verdú,V., A first approach to abstract modal logics, J. Symbolic Logic Vol 54, No 3 (1989), 1042–1062.

[FV91] Font,J.M. and Verdú,V., On some non-algebraizable logics, In [AMN], 183–188. [FV91a] Font,J.M. and Verdú,V., Abstract logics related to classical conjunction and disjunction, Studia Logica (to appear).

[F76] Freeman,J., Algebraic semantics for modal predicate logic, Z. Math. Logik Grundl. Math. Vol 22 (1976), 523–552.

[FS90] Freyd,P.J. and Scedrov,A., Categories, allegories, North-Holland (1990), xviii+294 pp. [GgP88] Gargov,G. and Passy,S., A note on Boolean modal logic, In: “Mathematical Logic” (ed. P.Petrov), Proc.

of the 1988 Summer School & Conference dedicated to Arend Heyting, Chaika, Bulgaria, Plenum Press (New York & London) (to appear).

[Ge87] Geiger,D., Algebras of binary relations, Preprint, 1987.

[G73] Georgescu,G., The theory of categories and mathematical logic, Gaz. Mat. Ser. A. Vol 78 (1973), 121–125. [G79] Georgescu,G., Modal polyadic algebras, Bull. Math. Soc. Math. R.S. Roumanie (N.S.) Vol 23 (1979), 49–64. [G79a] Georgescu,G., A representation theorem for tense polyadic algebras, Mathematica (Cluj) Vol 21 (1979), 131–138.

[G82] Georgescu,G., Monotone quantifiers on polyadic algebras, Stud. Cerc. Mat. Vol 34 (1982), 125–145. [G82a] Georgescu,G., Algebraic analysis of the topological logic L(I), Z. Math. Logik Grundl. Math. Vol 28 (1982), 447–454.

[Ge80] Gergely,T., Algebraic representation of language hierarchies, Acta Cybernetica Vol 5 (1980), 307–323. [GM90] Ghiraldi,S. and Meloni,G.C., Modal logics with n-ary connectives, Zeitschr. f. Math. Logik u. Grundl. d.

Math. 36 (1990), 193–215.

[Gi88] Givant,S., Locally small relation algebras, Abstracts of AMS (1988).

[Gi89a] Givant,S., The structure of relation algebras generated by relativizations, Abstracts of AMS (1989); Contemporary Mathematics Vol 156, American Mathematical Society, Providence, 1994. xv+134pp..

[Gi91] Givant,S., Tarski’s development of logic and mathematics based on the calculus of relations, In [AMN], 189–215.

[G76] Goldblatt,R.I., Metamathematics of modal logic. Parts I-II, In: Reports on mathematical logic Vol 6-7 (1976), 41–78 and 21–52.

[G85] Goldblatt,R.I., An algebraic study of well-foundedness, Studia Logica Vol XLIV/4 (1985), 423–438. [G87] Goldblatt,R.I., Logics of time and computation, CSLI Lecture Notes No. 7, Stanford (1987). [G88] Goldblatt,R.I., Varieties of complex algebras, Annals of Pure and Appl. Logic Vol 44 (1990), 173–242. [G91] Goldblatt,R.I., On closure under canonical embedding algebras, In [AMN], 217–229. [G92] Goldblatt,R.I., Elementary generation and canonicity for varieties of Boolean algebras with operators, Algebra Universalis 34 (1995), 551-607.

[G85] Goranko,V., The Craig Interpolation Theorem for Propositional Logics with Strong Negation, Studia Logica Vol XLIV, No 3 (1985), 291–317.

[G90] Goranko,V., Modal definability in enriched languages, Notre Dame J. Formal Logic Vol 31 , No 1 (1990), 81–105.

[GP89] Goranko,V. and Passy,S., Using the universal modality: Profits and questions, Preprint of Sector of Logic, Faculty of Math., Sofia University, 1989.

[Gr69] Grätzer,G., Universal Algebra. Second edition. Springer Verlag, New York, 1979.

[GL90] Guesgen,H.W. and Ladkin,P.B., An algebraic approach to general Boolean constraint problems, Kestrel Institute (Febr. 1990), 1–15.

[Gy93] Gyuris,V., How to avoid the Monk-Andréka nonfinitizability properties. Logic Grad. School, Math. Inst.

Budapest. Manuscript, 1993.

[GyKNS] Gyuris,V. Kurucz,Á. Németi,I. and Sain,I., Associativity implies undecidability in Arrow Logics. In:

Logic at Work (Proc. Conf. Applied Logic, Amsterdam, Dec. 1992).

[Ha54] Halmos,P.R., Polyadic Boolean algebras, Proc. Nat. Acad. Sci. U.S.A. Vol 40 (1954), 296–301. [Ha60] Halmos,P.R., Polyadic algebras, Summaries of talks presented at the Summer Institute for Symbolic Logic, Cornell University, 1957, second edition, Communications Research Division, Institute for Defense Analyses (1960), 252–255.

[Ha62] Halmos,P.R., Algebraic logic, Chelsea Publ. Co., New York (1962), 271pp. [Ha85] Halmos,P.R., I want to be a mathematician. An automathography, Springer-Verlag, Berlin (1985). [Ha92] Hansen,B., Complications in Making First-order Logic Nice. Thesis (MA), Harvard Univ. (Dept. Math.), 1992.

[Ha93] Hansen,B., Finitizability questions for some reducts of cylindric algebras. In: Logic Colloquium’92, Csirmaz.L. Gabbay,D.M. and de Rijke,M. (ed.s), CSLI Publications, Stanford, 1995. pp.115-134.

[H70] Henkin,L., Extending Boolean operations, Pac. J. Math. Vol 22 (1970), 723–752. [HM74] Henkin,L. and Monk,J.D., Cylindric algebras and related structures, Proc. Tarski Symp., Amer. Math.

Soc. Vol 25 (1974), 105–121.

[HMT] Henkin,L. Monk,J.D. and Tarski,A., Cylindric Algebras Part I, North-Holland, Amsterdam (1971 and 1985).

[HMTII] Henkin,L. Monk,J.D. and Tarski,A., Cylindric Algebras Part II, North-Holland, Amsterdam (1985). [HMTAN] Henkin,L. Monk,J.D. Tarski,A. Andréka,H. and Németi,I., Cylindric Set Algebras, Lecture Notes in Mathematics Vol 883, Springer-Verlag, Berlin (1981), vi+323pp.

[H80] Hennessey,M., A proof system for the first-order relational calculus, J. Computer and System Sciences Vol 20 (1980), 96–110.

[H93] Hirsch,R.D., Relation algebras of intervals. Imperial College, London. Research Report 1993. 97pp. [HH94] Hirsch,R.D. and Hodkinson,I., Step by step - building representations in algebraic logic. J. Symbolic Logic, to appear.

[HJ86] Hoare,C.A.R. and Jifeng,He., The weakest prespecification, Part II, Fundamenta Informaticae Vol 9 (1986), 217–252.

[Ho96] Hodkinson,I., Representability of an atomic cylindric agebra need not be determined by its atom structure.

Preprint, Imperial College, London 1996.

[H96] Hoogland,E., Algebraic characterizations of two Beth definability properties. Master Thesis, University of Amsterdam, 1996.

[H65] Howard,C.M., An approach to algebraic logic, Doctoral Dissertation, University of California, Berkeley (1965), 83pp.

[Ho77] Howorka,E., Generators for algebras of relations, Notices of the Amer. Math. Soc. Vol 24 (1977), A-4, A-5.

[IE91] Ibrahim,H. and van Emden,M.H., A relational–algebra counterpart for the Datalog query language, Preprint, Univ. of Victoria, Dept. of Comp. Sci. (December 1991), 1–10.

[IL84] Imieliński,R. and Lipski,W., The relational model of data and cylindric algebras, J. Computer and System Sciences Vol 28 (1984), 80–103.

[IK87] Immerman,N. and Kozen,D., Definability with bounded number of variables, Information and Computation Vol 83 (1989), 121–139.

[Ji91] Jipsen,P., Some results about r–algebras, Preprint of Dept. of Math., Vanderbilt Univ. (1991), 1–8. [Ji92] Jipsen,P., Computer aided investigations in relation algebras. Vanderbilt University, Nashville (USA), Doctoral Dissertation, 1992. 82pp.

[JJR] Jipsen,P. Jónsson,B. and Rafter,J., Adjoining units to residuated Boolean algebras, Algebra Universalis 34 (1995), 118-127.

[J69] Johnson,J.S., Nonfinitizability of classes of representable polyadic algebras, J. Symbolic Logic Vol 34 (1969), 344–352.

[J73] Johnson,J.S., Axiom systems for logic with finitely many variables, J. Symbolic Logic Vol 38 (1973), 576–578. [J82] Jónsson,B., Varieties of relation algebras, Algebra Universalis Vol 15 (1982), 273–298. [J84a] Jónsson,B., Maximal algebras of binary relations, In: “Contributions to Group Theory: Papers published in honor of Roger Lyndon on his sixty-fifth birthday”, Contemporary Mathematics, Amer. Math. Soc., Providence Vol 33 (1984), 299–307.

[J88] Jónsson,B., Relation algebras and Schröder categories, Discrete Mathematics Vol 70 (1988), 27–45. [J89] Jónsson,B., Program Specification Algebras, Manuscript (1989).

[J90] Jónsson,B., Program specification as Boolean operators, Preprint, Vanderbilt University, Dept. Math. (circulated at the Jónsson Conference, Iceland, 1990) (1990).

[J91] Jónsson,B., Boolean algebras with operators, Lecture Notes, Vanderbilt University, Dept. Math. (manuscript) (1991), approx. 144 pp.

[J91a] Jónsson,B., The theory of binary relations, In [AMN], 245–292.

[J91b] Jónsson,B., The preservation theorem for canonical extensions of Boolean Algebras with Operators. In:

Lattice Theory and its Applications, K.A. Baker and R. Wille eds., Heldermann Verlag, 1995. pp.121-130. [J92] Jónsson,B., A survey of Boolean Algebras with Operators. Vanderbilt University, Preprint, 1992 [JT48] Jónsson,B. and Tarski,A., Boolean algebras with operators, Bulletin of the Amer. Math. Soc. Vol 54 (1948), 79–80.

[JT51] Jónsson,B. and Tarski,A., Boolean algebras with operators. Parts I-II, Amer. J. Math. Vol 73, 74 (1951, 1952), 891–939, 127–162. Also in [Ta86] Vol 3.

[JT91] Jónsson,B. and Tsinakis,C., Relation algebras as residuated Boolean algebras, Algebra Universalis 30 (1993), 469-478.

[JSL] Issue devoted to papers on the work of A.Tarski, J. Symbolic Logic Vol 61,4 (1986). [Ka90] Kanellakis,P.C., Elements of relational database theory, In: Handbook of Theoretical Computer Science Vol.B: Formal models and semantics (ed.: J. van Leeuwen), Chapter 17. Elsevier Science Publishers, Amsterdam (1990), 1975–1156.

[Ka64] Karp,C.R., Languages with expressions of infinite length, Studies in Logic and the Foundations of Mathematics (1964).

[KSS96] Kearnes,K. Sain,I. and Simon,A., Beth properties of finite variable fragments of first-order logic. Preprint, Math. Inst., Budapest, 1996.

[K63] Keisler,H.J., A complete first-order logic with infinitary predicates, Fund. Math. Vol 52 (1963), 177–203. [K90] Kozen,D., On Kleene algebras and closed semirings, In: Proc. Math. Found. Comp. Sci. 1990, Lecture Notes in Computer Science, Springer Verlag Vol 452 (1990), 26–47.

[KR83] Knuth.E. and Rónyai,L., Closed convex reference schemes. (A junction between computer science, cylindric– and partial algebras.), Proc. IFIP Conf., Hungary (1983).

[K91] Kramer,R., Relativized relation algebras, In [AMN], 293–349.

[Ku80] Kuhn,S.T., Quantifiers as modal operators, Studia Logica Vol 39 (1980), 145–158. [Ku83] Kuhn,S.T., An axiomatization of predicate functor logic, Notre Dame Journal of Formal Logic Vol 24 (1983), 233–241.

[KNSS] Kurucz,Á. Németi,I. Sain,I. and Simon,A., Any modal logic extending Lambek Calculus is undecidable.

Math. Inst. Budapest. Preprint 1992. (Modified version in Proc. of the Amsterdam Colloquium’93, eds: P. Dekker and M. Stokhof, University of Amsterdam, 1994. pp.67-86.)

[KNSS2] Kurucz,Á. Németi,I. Sain,I. and Simon,A., Undecidable varieties of semilattice-ordered semigroups, of Boolean algebras with operators, and logics extending Lambek calculus, Bulletin of IGPL Vol 1 (1993), 91-98.

[L87] Ladkin,P.B., The logic of time representation, Dissertation, Univ. of California, Berkeley, 1987. Also: Technical Report KSE. U-87-13, Kestrel Institute, Palo Alto.

[LM88] Ladkin,P.B. and Maddux,R.D., Representation and reasoning with convex time intervals, Technical Report KES. U-88-2 (1988).

[LM89] Ladkin,P.B. and Maddux,R.D., The algebra of constraint satisfaction problems and temporal reasoning, Preprint (1989).

[L76] Laita,L., A study of algebraic logic from the point of view of category theory, Notre Dame J. Formal Logic Vol 17 (1975), 89–118.

[L59] LeBlanc,L., Non-homogeneous and higher order polyadic algebras, Doctoral Dissertation, University of Chicago (1959), 81pp.

[L62] LeBlanc,L., Nonhomogeneous polyadic algebras, Proc. Amer. Math. Soc. Vol 13 (1962), 59–65. [L68] Lucas,Th., Sur l’équivalence des algébres cylindriques, Bull. Soc. Math. Belg. Vol 20 (1968), 236–263. [L76] Lugowski,H., Grundzüge der Universellen Algebra, Teubner-Texte zur Mathematik, Leipzig (1976), 238pp. [Ly56] Lyndon,R.C., The representation of relation algebras, II, Ann. of Math. series 2, Vol. 63 (1956), 294–307. [M95] Madarász,J.X., The Craig interpolation theorem in multi-modal logics, Bulletin of Section of Logic 24,3 (1995), 147-151.

[M96] Madarász,J.X., Interpolation in algebraizable logics; semantics for non-normal multi-modal logic, J. of Applied Nonclassical Logic. to appear (in press) http://circle.math-inst.hu/algebraic-logic/interpolation.dvi [M97] Madarász,J.X., Craig interpolation in algebraizable logics; meaningful generalization of modal logics, J. of IGPL. to appear. Also Preprint of Math. Inst. Hungar. Acad. Sci.

[MC92] Madarasz,R. and Crvenkovic,S., Relation Algebras. (In Serbian-Croetian language), Math. Inst. Beograd (1992) 230pp.

[Ma78] Maddux,R.D., Topics in relation algebras, Ph.D Thesis, University of California, Berkeley (1978). [Ma78a] Maddux,R.D., Sufficient conditions for representability of relation algebras, Algebra Universalis Vol 8 (1978), 162–172.

[Ma82] Maddux,R.D., Some varieties containing relation algebras, Trans. Amer. Math. Soc. Vol 272 (1982), 501–526.

[Ma83] Maddux,R.D., A sequent calculus for relation algebras, Ann. Pure Appl. Logic Vol 25 (1983), 73–101.

[Ma87] Maddux,R.D., Pair-dense relation algebras, Trans. Amer. Math. Soc. 328 (1991), 83-131. [Ma88] Maddux,R.D., Review of Henkin-Monk-Tarski: Cylindric Algebras Part II, J. Symbolic Logic (1988), 239–241.

[Ma89] Maddux, R.D., Nonfinite axiomatizability results for cylindric and relation algebras, J. Symbolic Logic Vol 54, No 3 (Sept. 1989), 951–974.

[Ma89a] Maddux,R.D., The neat embedding problem and the number of variables required in proofs, Proc. Amer.

Math. Soc. 112 (1991), 195-202.

[Ma89b] Maddux,R.D., Finitary algebraic logic, Parts I-II. Part I in Z. Math. Logic Grundl. Math. Bd 35 (1989), 321-332. Part II in Mathematical Logic Quarterly Bd 39 (1993), 566-569.

[Ma89c] Maddux,R.D., A collection of research problems on relation algebras, Manuscript, Dept. Math. Iowa State University, Ames, Iowa (August 14, 1989).

[Ma89d] Maddux,R.D., Canonical relativized cylindric set algebras, Proc. Amer. Math. Soc. Vol 107, No 2 (October 1989), 465–478.

[Ma91] Maddux,R.D., The origin of relation algebras in the development and axiomatization of the calculus of relations, Studia Logica 50,3-4 (1991), 421-456.

[MP88] Mafcir,E.S. and Plotkin,B.I., The automorphism group of a database (in Russian), Ukrainskii Math. J.

Vol 40 (1988), 335–345.

[Mk87] Makkai,M., Stone duality for first order logic, Advances in Mathematics (Academic Press, New York and London) Vol 65, No 2 (August 1987).

[MkR77] Makkai,M. and Reyes,G.E., First Order Categorical Logic, Lecture Notes in Mathematics Vol 611, Springer-Verlag, Berlin (1977).

[Ms77] Maksimova,L.L., Craig’s interpolation theorem and amalgamable varieties, Soviet Math. Dokl., American Mathematical Society 1978 Vol 18, No 6 (1977).

[Ms79] Maksimova,L.L., Interpolation Properties of Superintuitionistic Logics, Studia Logica Vol XXXVIII, No 4 (1979), 419–428.

[Ms88] Maksimova,L.L., Teoremi ob opredelimosti v normalnih rasshirenijah logiki dokazujemocti (Theorems for determination of normal extensions of propositional logics) (in Russian), Preprint No 9, Institut of Mathematics, Siberian Branch Academy of Sciences of the USSR, Novosibirsk, 1988.

[MsR74] Maksimova,L.L. and Rybakov,V., On the lattice of normal modal logics (in Russian), Algebra i Logika Vol 13, No 2 (1974), 188–216.

[Ml85] Malinowski,J., On the number of quasi-modal algebras, Bull. Section of Logic Vol 14,3 (1985), 99–102. [Ma93] Marx,M., Axiomatizing and deciding relativized relation algebras. CCSOM of University of Amsterdam, Research Report No 93-87, 1993 [Ma93a] Marx,M., Relational semantics for (conjugated) modal logic. CCSOM University of Amsterdam, Research Report 1993 [Ma94] Marx,M., Algebraic relativization and arrow logic. PhD Dissertation, University of Amsterdam, 1995. [MMN95] Marx,M. Mikulás,Sz. and Németi,I., Taming Logic, Journal of Logic, Language, and Information 4 (1995), 207-226.

[MMNS] Marx,M. Mikulás,Sz. Németi,I. and Sain,I., Investigations in Arrow Logic. In: Proc. Logic at Work, December 1992, Amsterdam.

[MNS96] Marx,M. Németi,I. and Sain,I., On conjugated Boolean algebras with operators. Manuscript, 1996. [MP92] Masuch,M. and Pólos,L. (eds), “Logic at Work,” (Proc. Conf. Amsterdam December 1992). See the Arrow Logic Day section.

[MPM] Marx,M. Pólos,L. and Masuch,M., Arrow Logic and Multi-Modal Logic. Studies in Logic, Language and Information, CSLI Publication, Stanford, 1996.

[MMT] McKenzie,R.N. McNulty,G.F. and Taylor,W.F., Algebras, Lattices, Varieties, The Wadsworth and Brooks/Cole Mathematics Series, Monterey, California (1987 (Vol I)).

[Mi92] Mikulás,Sz., Completeness of Lambek calculus w.r.t. relational semantics, Bull. Section of Logic 21,2 (1992), 55–66.

[Mi93] Mikulás,Sz., Gabbay-style completeness results for hard logics via new representability conditions for cyindric-, polyadic-, and related algebras. Math. Inst. Budapest. Preprint, 1993.

[Mi95] Mikulás,Sz., Taming Logics. PhD Dissertation, University of Amsterdam, 1995. [Mi96] Mikulás,Sz., Taming first-order logic. Journal of IGPL, to appear.

[MSS] Mikulás,S. Sain,I. and Simon,A., On the complexity of the equational theory of relation algebras with standard projection elements, Bulletin of section of Logic 31,3 (1992), 103-111.

[Mi77] Mirkowska,G., Algorithmic logic and its applications in the theory of programs I, II, Fundamenta Informaticae Vol 1 (1977), 1–17, 147–165.

[M60] Monk,J.D., Polyadic Heyting algebras, Notices Amer. Math. Soc. Vol 7 (1960), p.735. [M64] Monk,J.D., On representable relation algebras, Michigan Math. J. Vol 11 (1964), 207–210. [M69] Monk,J.D., Nonfinitizability of classes of representable cylindric algebras, J. Symbolic Logic Vol 34 (1969), 331–343.

[M70] Monk,J.D., On an algebra of sets of finite sequences, J. Symbolic Logic Vol 35 (1970), 19–28.

[M71] Monk,J.D., Provability with finitely many variables, Proc. Amer. Math. Soc. Vol 27 (1971), 353–358. [M77] Monk,J.D., Some problems in algebraic logic, Colloq. Inter. de Logic, CNRS Vol 249 (1977), 83–88. [M78] Monk,J.D., Review on the book: First order categorical logic, by M. Makkai and G. Reyes, Bulletin Amer.

Math. Soc. Vol 84,6 (Nov. 1978), 1378–1380.

[M91] Monk,J.D., Lectures on Cylindric Set Algebras, Lecture notes for an intensive course at the Algebraic Logic Subsemester, (International Banach Center) Sept. 15 – Oct. 30, 1991 (1991). In: Algebraic Methods in Logic and in Computer Science, Banach Center Publications Vol 28, Polish Academy of Sciences, Warszawa 1993. pp.253-290.

[M91a] Monk,J.D., Structure problems for cylindric algebras, In [AMN], 413–429.

[Mo73] Moschovakis,J.R., A topological interpretation of second order intuitionistic arithmetic, Compositio Math.

Vol 26 (1973), 261–275.

[Mu86] Mundici,D., Algebraic many–valued logic and models of physical systems, Atti del Congresso “Logica e Filosofia della Scienza, oggi” (San Gimignano, Dec. 7–11, 1983). Vol. I – Logica. CLUEB, Bologna (Italy) (1986), 83–93.

[Mu87] Mundici,D., Bounded commutative BCK-algebras have the amalgamation property, Math. Japonica Vol 32, No. 2 (1987), 279–282.

[NR89] Naturman,C. and Rose,H., Interior algebras: Some universal algebraic aspects, Research Reports No 074, The university of Cape Town (1989), 39pp.

[N78] Németi,I., Connections between cylindric algebras and initial algebra semantics of CF languages, Mathematical Logic in Computer Science (Proc. Conf. Salgótarján Hungary 1978) (Ed.s: Dömölki,B. and Gergely,T.) Colloq. Math. Soc. J. Bolyai Vol 26, North-Holland, Amsterdam (1981), 561–605.

[N80] Németi,I., Some constructions of cylindric algebra theory applied to dynamic algebras of programs, Comp.

Linguist. Comp. Lang. Vol 14 (1980), 43–65.

[N81] Németi,I., Dynamic algebras of programs, Fundamentals of Computation Theory’81 (Proc. Conf. Szeged 1981), Lecture Notes in Computer Science Vol 117, Springer-Verlag, Berlin (1981), 281–290.

[N85] Németi,I., Exactly which varieties of cylindric algebras are decidable?. Preprint No 34/1985, Math. Inst.

Hungar. Acad. Sci., Budapest, 1985.

[N85a] Németi,I., Logic with three variables has Gödel’s incompleteness property – thus free cylindric algebras are not atomic, Preprint No 49/85, Math. Inst. Hungar. Acad. Sci., Budapest (July 1985).

[N86] Németi,I., Free algebras and decidability in algebraic logic. (In Hungarian), Dissertation for D.Sc. with Hung. Academy of Sciences, Budapest (1986), xviii+169 pp.

[N87] Németi,I., On varieties of cylindric algebras with applications to logic, Annals of Pure and Applied Logic Vol 36 (1987), 235–277.

[N87a] Németi,I., Decidability of relation algebras with weakened associativity, Proc. Amer. Math. Soc. Vol 100,2 (1987), 340–344.

[N89] Németi,I., On cylindric algebraic model theory, in [BMP], 37–76 (1990).

[N91] Németi,I., Algebraizations of quantifier logics: an overview, Studia Logica L, No 3/4 (1991), 485–569. [N92] Németi,I., Decidability of weakened versions of first-order logic. In: Proc. Logic at Work, December 1992, Amsterdam.

[N96a] Decidable versions of first order logic and cylindric-relativized set algebras. In: Logic Colloquium’92 (Proc.

Veszprém, Hungary 1992), eds: Csirmaz,L. and Gabbay,D. M. and de Rijke, M., Studies in Logic, Language and Computation, CSLI Publications, 1995. pp.177-241.

[N96b] Németi,I., Fine-structure analysis of first order logic. In: Arrow Logic and Multi-Modal Logic, M. Marx, L. Polos, and M. Masuch eds, CSLI Publications, Stanford, California, 1996. pp.221-247.

[NA94] Németi,I. and Andréka,H., General algebraic logic: a perspective on “what is logic”. In: What is a logical system, ed: D. M. Gabbay, Clarendron Press, Oxford, 1994. pp.393-444.

[NS77] Németi,I. and Sain,I., Cone–implicational subcategories and some Birkhoff–type theorems, in “Universal Algebra (Proc. Coll. Esztergom 1977) Colloq. Math. Soc. J. Bolyai Vol 29, North–Holland, Amsterdam, 1981,” pp. 535–578.

[NS96] Németi,I. and Sági,G., On the equational theory of representable polyadic equality algebras. Preprint, Math. Inst., Budapest, 1996.

[N84] Ng,K.C., Relation algebras with transitive closure, Dissertation, University of California, Berkeley (1984), iv+157pp.

[N90] Nguyen,T.T., A relational model of Demonic Nondeterministic programs, Research Report RR. 90-15, INFO, Universitè Catholique de Louvain (Unite d’Informatique), Belgium. International Journal of Foundations of Computer Science, to appear (1990).

[Ng92] Nguyen,T.T., Connection between predicate logic and demonic relation calculus. Univ. Cathol. Louvain, Unite d’ Informatique, Research Report Aug. 1992.

[OS80] Olivier,J.-P. and Serrato,D., Catégories de Dedekind. Morphisms dans les catégories de Schröder, C.R.

Acad. Sci. Paris Vol 290 (1980), 939–941.

[O82] Ouellet,R., A categorial approach to polyadic algebras, Studia Logica Vol 41 (1982), 317–327.

[O86] Ono,H., Interpolation and the Robinson property for logics not closed under the Boolean operations, Algebra Universalis Vol 23 (1986), 111–122.

[O89a] Orlowska,E., Dynamic logic with program specifications and its relational proof system, Preprint, Polish Academy of Sciences, P.O. Box 22, PKiN, 00-901 Warsaw, Poland, 1989.

[O90] Orlowska,E., Nonclassical relation and cylindric algebras, Preprint, Polish Academy of Sciences, P.O. Box 22, PKiN, 00-901 Warsaw, Poland, 1990.

[O91] Orlowska,E., Relational interpretation of modal logics, In [AMN], 443–471. [O91a] Orlowska,E., Post relation algebras, Bull. Section of Logic Vol 20, No 1 (1991), 14–22. [PP96] Palasinska,K. and Pigozzi,D., Implication in abstract algebraic logic. Preprint, Cracow University of Technology and Iowa State University, December 1995.

[P91] Pigozzi,D., Fregean Algebraic Logic, In [AMN], 473–502.

[PS92] Pigozzi,D. and Salibra,A., Polyadic algebras over nonclassical logics. Iowa State University and University of Pisa, September, 1992.

[P73] Pinter,C., A simple algebra of first order logic, Notre Dame J. Formal Logic Vol 1 (1973), 361–366. [P73a] Pinter,C., Cylindric algebras and algebras of substitutions, Trans. Amer. Math. Soc. Vol 175 (1973), 167–179.

[P73b] Pinter,C., A simpler set of axioms for polyadic algebras, Fund. Math. Vol 79 (1973), 223–232. [P75] Pinter,C., Algebraic logic with generalized quantifiers, Notre Dame J. Formal Logic Vol 16 (1975), 511–516. [P78] Pinter,C., Cylindric algebras with a property of Rasiowa and Sikorski, Bull. Section of Logic Vol 7,2 (1978), 95. [Pl88] Plotkin,B.I., Galois theory of Databases, Algebra – Some current trends. (Proc. Conf. Varna 1986) (ed.

Avramov,L.L. et al.) Lecture Notes in Mathematics Vol 1352, Springer-Verlag, Berlin (1988), 147–161. [Pl91] Plotkin,B.I., Halmos (polyadic) algebras in the database theory, In [AMN], 503–518. [Pl91b] Plotkin,B.I., “Universal algebra, Algebraic logic, and Databases,” Nauka, Fizmatlit, 1991. (In Russian.)

English version: Kluwer Academic Publishers, 1994.

[Pr90] Pratt,V., Dynamic algebras as a well behaved fragment of relation algebras, in [BMP] (1990), 77–110. [Pr90a] Pratt,V., Action Logic and Pure Induction. In: Logics in AI (JELIA’90), ed: J. van Eijck, Lecture Notes in Artificial Intelligence, Vol 478, Springer-Verlag, 1991. pp.97-120.

[Pr91] Pratt,V., Dynamic Algebras, Studia Logica 50,3-4 (1991), 571-605.

[Pr92] Pratt,V., Origins of the calculus of binary relations. In: Proc. 7th Annual IEEE Symposium on Logic in Computer Science, Santa Cruz, CA, June 1992. pp.248-254.

[Pr94] Pratt,V., A roadmap of two-dimensional logics. In “Logic and Information Flow”, (J. van Eijck and A.

Visser eds.) MIT Press, Cambridge, Mass., 1994. pp.149-162.

[Pr68] Preller,A., On the relationship between the classical and the categorical direct products of algebras, Nederl.

Akad. Wetensch. Proc. Ser. A, Indag. Math. Vol.30 Vol 71 (1968), 512–516. [Pr68a] Preller,A., Logique algébrique infinitaire, These Doct. Sci. Math. Lyon (1968), 218pp. [Pr69] Preller,A., Logique algebrique infinitaire. Complétude des calculs L_{αβ} , C.R. Acad. Sci. Paris Vol 268 (1969), 1509–1511, 1589–1592.

[Pr69a] Preller,A., On the weak representability of σ-complete dimension complemented cylindric algebras, Algebra i Logica Sem. Vol 8 (1969), 695–711.

[Pr70] Preller,A., Substitution algebras in their relation to cylindric algebras, Arch. Math. Logik Grundl. Vol 30 (1970), 91–96.

[Q36] Quine,W.V., Toward a calculus of concepts, J. Symbolic Logic Vol 1 (1936), 2–25. [Q60] Quine,W.V., Variables explained away, Proc. Amer. Philosophical Society Vol 104 (1960), 343–347;

Reprinted in Selected logic papers, Random House, New York, 1966.

[Q71] Quine,W.V., Algebraic logic and predicate functors, In: Logic and art: Essays in honor of Nelson Goodman (Richard Rudner and Israel Scheffer, eds.) Bobbs-Merrill, Indianapolis (1971); Reprinted with emendations in The ways of paradox and other essays, 2nd edition, Harvard University Press, Cambridge, Massachussetts, 1976.

[Q81] Quine,W.V., Predicate functors revisited, Journal of Symbolic Logic Vol 46 (1981), 649–652. [R51] Rasiowa,H., Algebraic treatment of the functional calculi of Heyting and Lewis, Fund. Math. 38 (1951), 99–126.

[R74] Rasiowa,H., Post algebras as a semantic foundation of m-valued logics, In: Studies in Algebraic Logic (ed.:

A. Daigneault), MAA Studies in Mathematics 9 (1974), 92–143.

[R74a] Rasiowa,H., An algebraic approach to non-classical logics, Studies in Logic and the Foundations of Mathematics, North-Holland Vol 78 (1974).

[R90] Rasiowa,H., On approximation logics: A survey, Jahrbuch, Kurt Gödel Gesellschaft, 1990 (to appear). [RS63] Rasiowa,H. and Sikorski,R., The mathematics of metamathematics, Państwowe Wydawnictwo Naukowe, Warszawa (1963), 519pp.

[R93] Rauszer,C. (ed.), “Algebraic Methods in Logic and in Computer Science (Proc. of 1991 Fall Semester),” Banach Center Publications Vol 28, Polish Academy of Sciences, Institute of Mathematics, Warsaw, Poland, 1993..

[Ra79] Rautenberg,W., Klassische und nichtklassische Aussagenlogik, Logik und Grundlagen der Mathematik Vol 22 (1979), xi+361pp.

[Ra90] Rautenberg,W., Axiomatizing logics closely related to varieties, Studia Logica (special issue on Algebraic Logic) 50,3-4 (1991), 607-622.

[RT91] Resek,D. and Thompson,R.J., An equational characterization of relativized cylindric algebras, In [AMN], 519–538.

[R70] Reyes,G.E., Local definability theory, Annals of mathematical Logic Vol 1, no 1 (1970), 95–137. [RV91] de Rijke,M. and Venema,Y., Sahlquist’s Theorem for Boolean Algebras with Operators with an application to cylindric algebras, Studia Logica 54,1 (1995), 61–79.

[Ro72] de Roever,W.P., Jr., A formalization of various parameter mechanisms as products of relations within a calculus of recursive program schemes, Théorie des Algorithmes, des Languages et de la Programmation, Séminaires IRIA (1972), 55–88.

[R88] Rosenberg,S.M., On varieties of Halmos polyadic algebras (in Russian), Latv. Mat. Ezhegodnik Vol 32 (1988), 85–89.

[Ry90] Rybakov,V., Metatheories of the First-order Theories, In: International Congress of Mathematicians (Kyoto, Japan, August 21-29, 1990), Abstracts, p.3.

[S84] Sain,I., Strong amalgamation and epimorphisms of cylindric algebras and Boolean algebras with operators.

Preprint, Math. Inst. Budapest, 1982.

[S87] Sain,I., Positive results related to the Jónsson, Tarski-Givant representation problem, Expanded version of Preprint Math. Inst. Hungar. Acad. Sci., Oct. 1987.

[S87a] Sain,I., Searching for a finitizable algebraization of first order logic, Preprint Math. Inst. Hungar. Acad.

Sci. No 53/1987, 78pp.

[S87b] Sain,I., Total correctness in nonstandard logics of programs, Theoretical Computer Science Vol 50 (1987), 285–321.

[S89] Sain,I., Beth’s and Craig’s properties via epimorphisms and amalgamation in algebraic logic, in [BMP] 209–226 (1990).

[S92] Sain,I., On the problem of finitizing first order logic and its algebraic counterpart (A survey of results and methods.). In: Logic Colloquium’92 (Proceedings of Logic Colloquium’92, eds.: Csirmaz,L. and Gabbay,D.M.), CSLI Publications, Stanford, 1995. pp.243-292.

[S94] Sain,I., Basics of Universal Algebra. Material for the Summer School “Algebraic Logic and the Methodology of Applying it”, Budapest, 1994.

[S96] Sain,I., On the search for a finitizable algebraization of first-order logic, Annals of Pure and Applied Logic.

to appear.

[SGy94] Sain,I. and Gyuris,V., Finite schema axiomatizable algebraization of first order logic. Preprint, Math.

Institute, Budapest, 1994. Journal of IGPL, to appear. http://circle.math-inst.hu/pub/algebraic-logic/fin-scheme.dvi.gz [ST91] Sain,I. and Thompson,R.J., Strictly finite schema axiomatization of quasi-polyadic algebras, In [AMN], 539–571.

[Sa91] Salibra,A., A general theory of algebras with quantifiers, In [AMN], 573–620.

[Sa93] Salibra,A., Cylindric semilattices generating atom structures of cylindric algebras. University of Pisa, Preprint, 1993.

[Sa80] Sanders,J.G., A relational theory of computing, Lecture Notes in Computer Science Vol 82, Springer-Verlag, Berlin (1980), ix+146pp.

[Sa95] Sági,G., Non-computability of the consequences of the axioms of the omega-dimensional polyadic algebras.

Preprint, Math. Inst., Budapest, 1995.

[Sc70] Schein,B.M., Relation algebras and function semigroups, Semigroup Forum Vol 1 (1970), 1–62. [Sc91] Schein,B.M., Representation of reducts of Tarski relation algebras, In [AMN], 621–635. [SS89] Schmidt,G. and Ströhlein,T., Relationen und Graphen, Series Mathematik für Informatiker, Springer-Verlag (1989). English translation: Springer-Verlag.

[Sö77] Schönfeld,W., Applications of relation algebras in computer science, Notices Amer. Math. Soc. (A-254) Vol 24 (1977).

[Sw79] Schwartz,D., Koherante Systeme von Booleschen Algebren, Math. Nachr. Vol 91 (1979), 253–262. [Sw80] Schwartz,D., Polyadic MV-algebras, Z. Math. Logik Grundl. Math. Vol 26 (1980), 561–564. [Sw80a] Schwartz,D., Cylindric algebras with filter quantifiers, Z. Math. Logik Grundl. Math. Vol 26 (1980), 251–254.

[Sc93] Scollo,G., On the engineering of logics. Univ. of Twente, Dissertation, 1993. iv+190pp. [Sco66] Scott,D.S., A proof for the independence of the continuum hypothesis, Mathematical Systems Theory Vol 1, Nr 2 (1966), 89–111.

[Sco68] Scott,D.S., Extending the topological interpretation to intuitionistic analysis, in intuitionism, and proof theory, Composition Math. Vol 20 (1968), 194–210.

[Sco70] Scott,D.S., Extending the topological interpretation to intuitionistic analysis II, in intuitionism, and proof theory, Ed. A. Kino, J. Myhill, and R. E. Vesley, North-Holland (1970), 235–255.

[Se85] Serény,G., Compact cylindric set algebras, Bull. Section of Logic (Warsaw-Łódz, June 1985), 57–64. [Se86] Serény,G., Compact cylindric set algebras, Dissertation with Eötvös Loránd Univ., Budapest (1986), 65pp. [Se92] Serény,G., A not locally finite, hereditarily compact cylindric set algebra. Dept. Math., Faculty Electrical Engineering, Techn. Univ. Budapest, 1992.

[Sha80] Shafaat,A., Homomorphisms, homomorphic relations and power algebras, Periodica Mathematica Hungarica Vol 11 (1980), 89–94.

[Sh91] Shelah,S., On a problem in cylindric algebra, In [AMN], 645–664.

[Si90] Simon,A., A finite schema completeness result for algebraic logic, Preprint Math. Inst. Hungar. Acad. Sci., Budapest (1990).

[Si91] Simon,A., Finite Schema Completeness for Typeless Logic and Representable Cylindric Algebras, Algebraic Logic (Proc. Conf. Budapest 1988) Colloq. Math. Soc. J. Bolyai Vol 54, North-Holland, Amsterdam, 665–670.

[Si93] Simon,A., What the Finitization Problem is Not. In: Algebraic Methods in Logic and in Computer Science (Proc. Banach Semester Fall 1991), Banach Center Publications, Vol 28, Warsaw, 1993. pp.95-116. (Improved verson available from author.)

[SSNK] Simon,A. Sain,I. Németi,I. and Kurucz,Á., Some classes of residuated Boolean algebras with operators, their equational undecidability. Abstract.. Math. Inst. Budapest, 1993.

[Sk87] Skornyakov,L.A., Matrix relation algebras (in Russian), Mat. Zametki Vol 41 (1987), 129–137. English translation: QA1.M424E. See Current Math. Publ., v.19, #12.

[Sm84] Smorynski,C., Fixed point algebras, Bull. Amer. Math. Soc. Vol 6 (1982), 317–356. (Errata: (1984), 407). [Sm85] Smorynski,C., Self Reference and Modal Logic, Springer-Verlag, Berlin (1985). [So76] Solovay,R.M., Provability interpretations of modal logic, Israel J. of Mathematics Vol 25 (1976), 287–304. [Ta86] Tarski,A., Collected papers. Vol’s 1-3 (eds.: S.Givant and R.McKenzie), Birkhauser Verlag, 1986. [Ta] Tarski,A.. see [TG87], [JT48], [JT51], [HMTII], [HMT], [HMTAN].

[TG87] Tarski,A. and Givant,S., A formalization of set theory without variables, AMS Colloquium publications, Providence, Rhode Island Vol 41 (1987).

[Te86] Tembrowski,B., B-varieties with normal free algebras, Studia Logica Vol XLVIII, 4 (1989), 555–564. [T81] Thompson,R.J., Transformational structure of algebraic logics, Ph. D. Dissertation, University of California, Berkeley (1981).

[T87] Thompson,R.J., Semigroups of finite transformations and cylindric algebras. In: Algebraic Methods in Logic and in Computer Science (Proc. 1991 Fall Banach Semester), Banach Center Publications Vol 28, Polish Academy of Sciences, Warszawa, 1993. pp.327-342.

[T90] Thompson,R.J., Noncommutative cylindric algebras and relativizations of cylindric algebras, in [BMP] 273–278 (1990).

[T74] Topencharov,V., Elements de la theorie des categories polyadiques, C.R. Acad. Bulgare Sci. Vol 27 (1974), 743–746.

[TR87] Trnková,V. and Reiterman,J., Dynamic algebras with test, J. Computer System Sciences Vol 35,2 (1987), 229–242.

[T91] Tuza,Zs., Graph coloring problems with applications in algebraic logic, Acta Universitatis Carolinae — Mathematica et Physica Vol 32, No. 2 (1991), in print.

[U73] Urquhart,A., Free Heyting algebras, Algebra Universalis Vol 3 (1973), 94–97.

[V91] Vakarelov,D., Arrow Logic, Lecture Notes for a talk at Banach Semester’91. Dept. of Math. Logic and its applications, Sofia Univ., Faculty of Math. and Informatics, Boul. Anton Ivanov 5, 1126 Sofia, Bulgaria, 1–22.

[V86] Vardanyan,V.A., Arithmetic complexity of predicate logics of provability and their fragments, Soviet Mathematics Doklady Vol 33,3 (1986), 569–572.

[VH91] Veloso,P.A.S. and Haeberer,A.M., A finitary relational algebra for classical first order logic, Preprint, Dept. Informatics, Potifica Univ. Catolica, Rio de Janeiro (1991).

[V89] Venema,Y., Two-dimensional modal logics for relational algebras and temporal logic of intervals, University of Amsterdam (1989), 72pp.

[V90] Venema,Y., Cylindric modal logic, Journal of Symbolic Logic 60,2 (1995), 591-623. [V91] Venema,Y., Many–dimensional modal logic, Doctoral dissertation, University of Amsterdam, ITLI (Institute for Language, Logic, and Information) (1991), vii+178pp.

[V96] Venema,Y., Atom structures and Sahlqvist equations. Algebra Universalis, to appear. [VM96] Venema,Y. and Marx,M., Many-dimensional Modal Logic and Arrow Logic. Oxford University Press, to appear [V65] Venne,M., Languages, theories et algebres polyadiques d’ordres superieurs, Doctoral dissertation, Université de Montréal, Montreal (1965), viii+110pp.

[V66] Venne,M., Algebres polyadiques d’ordres supérieurs, C.R. Acad. Sci. Paris Sér. A-B Vol ser. A, 262 (1966), 1236–1238, 1293–1294.

[Ve86] Verdú,V., Modal Heyting algebras with comodal operators, Commentarii Mathematici Universitatis Sancti Pauli Vol 35 (1986), 59–64.

[V75] Volger,H., Completeness theorem for logical categories, Lecture Notes in Mathematics Vol 445, Springer- Verlag, Berlin (1975), 51–86.

[Vo86] Volkov,N.D., Halmos algebras and relation algebras (in Russian), Latv. Mat. Ezhegodnik Vol 30 (1986), 110–123.

[Vo86a] Volkov,N.D., The transition from a relation algebra to a Halmos algebra, In: “Algebra and Discrete Mathematics: Theoretical Foundations of Software”, (in Russian), Latv. Gos. Univ., Riga (1986). See Current Math. Publ., v.19, #17.

[Vo88] Volkov,N.D., Operations of Halmos polyadic algebras in relational algebras (in Russian), Latv. Mat. Ezhegodnik Vol 31 (1988), 103–114.

[Vo88a] Volkov,N.D., Filters in relational algebras and in Halmos polyadic algebras (in Russian), Latv. Mat.

Ezhegodnik Vol 32 (1988), 60–67.

[Vo93] Volkov,N.S., On equivalence between categories of Halmos algebras and of relational algebras, Latv. Mat.

Ezhegodnik 34 (1993), 171-180. (In Russian.)

[W78] Werner,H., Discriminator algebras, Akademie Verlag, Berlin (1978).

[W84] Wronski,A., On a form of equational interpolation property, Foundations in logic and linguistics, Problems and solutions, Selected contributions to the 7th International Congress, Plenum Press, London (1984).

[W88] Wadge,W.W., A complete natural deduction system for the relation calculus, University of Warwick, Theory of Computation Report No 5 (1988).

[Zi83] Zierer,H., Relationale Semantik, Diplomarbeit, Institut für Informatik, Technische Universität, München (1983).

[Z83] Zlatoš,P., Two notes on locally finite cylindric algebras, Comment. Math. Univ. Carol. Vol 25,1 (1984), 181–199.

[Z84] Zlatoš,P., On conceptual completeness of syntactic-semantical systems, Periodica Math. Hungar. Vol 16,3 (1985), 145–174.

Keywords. Algebraic logic, predicate logics, cylindric algebras, relation algebras, polyadic algebras, quantifier logics, model theoretic logics, algebraic model theory, algebras of general relations, first order algebraic logic, abstract model theory, finitizability 1980 Mathematics subject classifications: 03G15, 03G35, 03G99, 03B99, 03C95, 03C99, 06F05, 08C10, 08C99

István Németi Mathematical Institute of the Hungarian Academy of Sciences Budapest, PF.127 H-1364, Hungary