H. ANDR ťEKA, I. N ťEMETI, I. SAIN

ALGEBRAIC LOGIC

We dedicate this work to J. Donald Monk who taught us algebraic logic and more.

CONTENTS

Introduction

Part I. Algebras of relations Getting acquainted with the subject 1. Algebras of binary relations 2. Algebras of relations in general

Connections with geometry Connections with algebras of binary relations Connections with logic Algebras of in^nitary relations Proof theoretical connections 3. Algebras for logics without identity

Part II. Bridge between logic and algebra: Abstract Algebraic Logic Introduction 4. General framework for studying logics 5. The process of algebraization 6. Equivalence theorems 7. Examples and applications

References

0The research of all three authors was supported by the Hungarian National Foundation for Basic Research, grant No’s T16448, T23234.

INTRODUCTION

Algebraic logic can be divided into two main parts. Part I studies algebras which are relevant to logic(s), e.g. algebras which were obtained from logics (one way or another). Since Part I studies algebras, its methods are, basically, algebraic. One could say, that Part I belongs to ŞAlgebra CountryŤ. Continuing this metaphor, Part II deals with studying and building the bridge between Algebra Country and Logic Country. Part II deals with the methodology of solving logic problems by (i) translating them to algebra (the process of algebraization), (ii) solving the algebraic problem (this really belongs to Part I), and (iii) translating the result back to logic. There is an emphasis here on step (iii), because without such a methodological emphasis one could be tempted to play the Şenjoyable gamesŤ (i) and (ii), and then forget about the Şboring dutyŤ of (iii). Of course, this bridge can also be used backwards, to solve algebraic problems with logical methods. We will give some simple examples for this in the present work.

Accordingly, the present work consists of two parts, too. Parts I and II of the paper deal with the corresponding parts of algebraic logic. More speci^cally, Part I deals with the algebraic theory in general, and with algebras of sets of sequences, or algebras of relations, in particular. Part II deals with the methodology of algebraization of logics and logical problems, equivalence theorems between properties of logics and properties of (classes of) algebras, and in particular, discusses concrete results about logics obtained via this methodology of algebraization. Since Part II deals with general connections between logics and algebras, a general de^nition of what we understand by a logic or logical system is needed. Of course, such a de^nition has to be broad enough to be widely applicable and narrow enough to support interesting theorems. The ^rst section of Part II is devoted to ^nding such a de^nition.

We need to make a disclaimer here. Algebraic logic, today, is an extremely broad subject. We could not cover all of it. In Part II we managed to be broader than in Part I. Even in Part II we could not come even close to discussing the important research directions, but the de^nitions in Part II are general enough to render the results applicable to all those logics which W. Blok and D. Pigozzi call algebraizable (cf. e.g. [BP89], [FJ94]). Most of what we say in Part II can be generalized even beyond this, e.g. to the equivalential logics of J. Czelakowski. Further possibilities of generalizing Part II beyond algebraizable logics are in recent works of Blok and Pigozzi, and others, cf. e.g. [BP86], [P91], [CzP], [ABNPS], [Cz97] .

In Part I we had to be more restrictive. We concentrated attention to those kinds of algebras which are connected to the idea of ŞrelationsŤ (one way or another), the idea of sets of pairs, or sets of triples, sets of sequences or something related to these. An important omission is the theory of Boolean Algebras with Operators (BAO’s). BAO’s are related to algebras of relations, and they provide an important unifying theory of many of the algebras we discuss here. Another important omission is Category Theoretic Logic. That branch of algebraic logic is not (at all) unrelated to what we are discussing here, but for various reasons we could not include an appropriate discussion here. In this connection more references are given in the survey [N91]. Here we mention only Makkai [Mk87], [MkR], [Z], [MkP]. We could not cover polyadic algebras, either. However, their (basic) theory is analogous to that of cylindric algebras which we do discuss in detail. There are a few exceptional points where the two theories wildly diverge, e.g. in [NS96] it was proved that the equational theory of representable polyadic algebras is highly non-computable (while that of cylindric algebras is recursively enumerable). We refer the reader to the survey paper [N91] and to [HMTII] for modern overviews of polyadic algebras. Cf. also [ST], [PS], [AGMNS]. Further important omissions are: (i) the ^nitization problem (cf. [N91, beginning with Remark 2], [S95], [Si93], [MNS97]); (ii) propositional modal logics of quanti^cation, and connections with the new research direction ŞLogic, Language and InformationŤ (cf. [V95], [MV], [MPM], [AvBN97], [vBtM], [vB97]); (iii) relativization as a methodology for turning negative results to positive (cf. [N96], [M93], [Ma95], [Mi95], [MV], [AvBN96]). Also there are strong connections between algebraic logic and computer science, we do not discuss these here.

On the history: The invention of Boolean algebras belongs to the ŞprehistoryŤ of Part I. Algebras of sets of sequences (as in Part I) were studied by De Morgan, Peirce, and Schrĺoder in the last century; and the modern form of their theory was created by Tarski and his school^1. The history of Part II also goes back to Tarski and his followers, but is, in general, more recent. For more on history we refer to [AH], [ABNPS], [BP91a], [BP89], [HMTII], [Ma91], [Pr92], [TG].

1Relation and cylindric algebras were introduced by Tarski, polyadic algebras were introduced by Halmos, algebras of sets of ^nite sequences were studied by Craig; for other kinds of algebras of sets of sequences cf. e.g. [N91], [HMTII].

PART I

ALGEBRAS OF RELATIONS

GETTING ACQUAINTED WITH THE SUBJECT OF PART I.

The algebraization of classical propositional logic, yielding Boolean algebras (in short BA’s), was immensely successful. What happens then if we want to extend the original algebraization yielding BA’s to other, more complex logics, among others, say, to predicate logic (^rstŰorder logic)?^2

Boolean algebras can be viewed as algebras of unary relations. Indeed, the elements of a BA are subsets of a set U, i.e. unary relations over U, and the operations are the natural operations on unary relations, e.g. intersection, complementation. The problem of extending this approach to predicate logics boils down to the problem of expanding the natural algebras of unary relations to natural algebras of relations of higher ranks, i.e. of relations in general. The reason for this is, roughly speaking, the fact that the basic building blocks of predicate logics are predicates, and the meanings of predicates can be relations of arbitrary ranks.^3 Indeed, already in the middle of the last century, when De Morgan wanted to generalize algebras of propositional logic in the direction of what we would call today predicate logic, he turned to algebras of binary relations.^4 That was probably the beginning of the quest for algebras of relations in general. Returning to this quest, the new algebras will, of course, have more operations than BA’s, since between relations in general there are more kinds of connections than between unary relations (e.g. one relation might be the converse, sometimes called inverse, of the other). So, our algebras in most cases will be Boolean algebras with some further operations.

The framework for the quest for the natural algebras of relations is universal algebra. The reason for this is that universal algebra is the ^eld which investigates classes of algebras in general, their interconnections, their fundamental properties etc. Therefore universal algebra can provide us for our search with a Şmap and a compassŤ to orient ourselves. There is a further good reason for using universal algebra. Namely, universal algebra is not only a unifying framework, but it also contains powerful theories. E.g. if we know in advance some general properties of the kinds of algebras we are going to investigate, then universal algebra can reward us with a powerful machinery for doing these investigations. Among the special classes of algebras concerning which universal algebra has powerful theories are the so called discriminator varieties and the arithmetical varieties. At the same

2The things we say here about predicate logic apply also to most logics having individual variables, hence to all quanti^er logics. However, the present paper need not be Şpredicate logic centeredŤ because our considerations apply also to many propositional logics, e.g. to Lambek Calculus, propositional dynamic logic, arrow logics, many-dimensional modal logics. C.f. e.g. [MV], [vB96], [vBtM], [Mi95], [TG]._3

For more on this see Part II, sections 4, 7 of the present paper.

4De Morgan illustrated the need for expanding the algebras of unary relations (i.e. BA’s) to algebras of relations in general (the topic of Part I of the present paper) by saying that the scholastics, after two millennia of Aristotelian tradition, were still unable to prove that if a horse is an animal, then a horse’s tail is an animal’s tail. (Şv_0 is a tail of v_1Ť is a binary relation.)

ALGEBRAS OF RELATIONS 7

time, algebras originating from logic turn out to fall in one of these two categories, in most cases. More concretely, more than half of these algebras are in discriminator varieties and almost all are in arithmetical ones. Certainly, all the algebras studied in the present paper are in arithmetical varieties. Therefore, awareness of these recent parts of universal algebra can be rewarding in algebraic logic. We will not assume familiarity with these theories of universal algebra, we will cite the relevant de^nitions and theorems when using them.^5

Moreover, as we already said, most of our algebras will be BA’s with some additional (extra-Boolean) operations. When these operations are distributive over the Boolean join, as will be the case most often, such algebras are called Boolean Algebras with Operators, in short BAO’s. Many of our important classes of algebras will be discriminator varieties of BAO’s. The theory of BAO’s is welldeveloped.^6

Let us return to our task of moving from BA’s of unary relations to expanded BA’s of relations in general. What are the elements of a BA? They are sets of ŞpointsŤ. What will be the elements of the expanded new algebras? One thing about them seems to be certain, they will be sets of sequences, because relations in general are sets of sequences. These sequences may be just pairs if the relation is binary, they may be triples if the relation is ternary, or they may be longer Ů or even more general kinds of sequences.^7 So, one thing is clear at this point, namely that the elements of our expanded BA’s of relations will be sets of sequences. Indeed, this applies to all known algebraizations of predicate logics or quanti^er logics.^8

At this point it might be useful to point out that the most obvious approach (to studying algebras of relations) based on the above observation (that the elements of the algebra are sets of sequences) leads to dif^culties right at the start.^9 So, what is the most obvious approach? Consider some set U; let^{<ω}U denote the set of all ^nite sequences over U, and consider the BA P(^{<ω}U) (the powerset

5Some good introductions to universal algebra and discriminator varieties are [HMT, Chapter 0], [BS], [C65], [Gr], [MMT], [W].

6Distributivity of the extra-Boolean operations over join is used in the theory to build a well-working duality-theory for it (atom-structures or Kripke-frames, complex algebras). This duality theory is a quite central part of algebraic logic. Because of the limited size of the present paper, we will not deal with this here. Some references are Jťonsson-Tarski [JT51], [HMT, section 2.5], Jťonsson [J95], Goldblatt [G90], [G91], Venema [V96],[V97], [AGiN95], [H97], [AGoN].

7There is another consideration pointing in the direction of sequences. Namely, the semantics of quanti^er logics is de^ned via satisfaction of formulas in models, which in turn is de^ned via evaluations of variables, and these evaluations are sequences. The meaning of a formula in a model is the set of those sequences which satisfy the formula in that model. So we arrive again at sets of sequences. For more on this see Part II, section 7 of the present paper.

8As mentioned earlier, this also applies to the more complex propositional logics, like e.g. manydimensional modal logic.

9With further work this approach can be turned into a fruitful approach to algebraizing logic, see [N91, §7 (2Ű4) and the section containing Facts 2, 3 at the end of §4]; see also [HMTII, §5.6.(A survey).3, p. 265], and the references therein. The approach originates with Craig, but already the algebras in Quine [Q36] consist of sets of ^nite sequences.

of^{<ω}U conceived as a BA the standard way). Now if we are given any ^nitary relation, say, R ⊆ U × U over U, then R ∈ P(^{<ω}U). So P(^{<ω}U) contains all relations over U independently of their ranks. Therefore it might be a candidate for being the universe of an algebra of relations. Before thinking about what the new, so called extra-Boolean operations on P(^{<ω}U) should be, let us have another look at its Boolean structure: If R is a binary relation, we would like to obtain its complement (U × U) r R as a result of applying a Boolean operation to R. However, in our algebra P(^{<ω}U), the complement of R is not (U × U) r R but something in^nitely bigger.

CHAPTER 1

ALGEBRAS OF BINARY RELATIONS

The above dif^culty with P(^{<ω}U) motivates our concentrating ^rst on the simplest nontrivial case, namely that of the algebras of binary relations (BRA’s). Actually, BRA’s will be strong enough to be called a truly ^rstŰorder (as opposed to propositional) algebraic logic, namely the logic captured by BRA’s is strong enough to serve as a vehicle for set theory and hence for ordinary metamathematics.^1

Throughout this paper, P(U) denotes the powerset of U, and P(U) denotes the Boolean algebra (in short BA) with universe P(U), for any set U. Thus P(U) is the set of all subsets of U, and P(U) = ⟨P(U), ∪, −⟩ where ∪ is the binary operation of taking union of two subsets of U, and − is the unary operation of taking complement (w.r.t. U) of a subset of U. Then P(U), as well as any of its subalgebras, is a natural algebra of unary relations on U, because a unary relation on U is just a subset of U, hence an element of P(U).

A binary relation is a set of pairs. Thus the usual set-theoretic (or in other words, Boolean) operations of union and complementation can be performed on binary relations. First we consider two natural operations on binary relations that use the fact that we have sets of pairs, namely relation-composition and relation conversion. Let R, S be binary relations. Then their composition^2 R ∘ S and the converse R^{−1} of R are de^ned as^3 R ∘ S = {⟨a, b⟩ : ∃c(aRc and cSb)} R^{−1} = {⟨b, a⟩ : ⟨a, b⟩ ∈ R}. 1A very interesting class of algebras of relations which is halfway between BA’s and BRA’s is the class RCA_2 of cylindric algebras of dimension 2. They will be discussed at the beginning of section 2.

2This is denoted by R|S in part of the literature, e.g. in [HMTII]. The reason for this is that in a large part of the literature, ∘ is reserved for the case when R and S are functions and is written backwards, i.e. what we denote by R ∘ S is denoted by S ∘ R.

3Throughout this paper we will use the convention that if R is a binary relation, then aRb means that ⟨a, b⟩ ∈ R.

By a concrete algebra of binary relations, a cBRA, we understand an algebra whose elements are binary relations having a greatest one among them, and whose operations are the Boolean ones: union and complementation (w.r.t. this greatest relation), relation-composition and relation conversion. Thus the universe of a cBRA is closed under these operations, e.g. the union and relation composition of any two elements of the algebra are also in the universe of the algebra^4.

Formally, a cBRA is of the form A = ⟨A, ∪, −, ∘,^{−1}⟩ where

A is a set of binary relations and A has a biggest element V ,

∪, −, ∘,^{−1} are total operations on A, which means that {R ∪ S, V ŰR, R ∘ S, R^{−1}} ⊆ A whenever R, S ∈ A.

An algebra of binary relations, a BRA, is an algebra isomorphic to a concrete algebra of binary relations. If A is a BRA, then 1A denotes the greatest element of

A, which we shall sometimes call the unit of A.

Throughout, we use abbreviations like BRA also for denoting the corresponding class itself, e.g. BRA also denotes the class of all BRA’s, and BA also denotes the class of all BA’s.

The similarity type, or language, of our BRA’s should contain two binary function symbols for ∪ and ∘, and two unary function symbols for − and^{−1}. In this paper, for simplicity and suggestiveness, we use the symbols ∪, ∘, −,^{−1} for these. We hope, this will cause no confusion^5. Typical equations holding in BRA are (x ∪ y) ∘ z = (x ∘ z) ∪ (y ∘ z), (x ∪ y)^{−1} = x^{−1} ∪ y^{−1}. In the literature ∨, + are often used as function symbols for ∪, and likewise ; , ‘ are used as function symbols for ∘,^{−1}. Using these symbols, the above equations look as (x ∨ y); z = (x; z) ∨ (y; z), (x ∨ y)‘ = x‘ ∨ y‘, or (x + y); z = (x; z) + (y; z), (x + y)‘ = x‘ + y‘.

So we will use the symbol ∪ also in abstract Boolean algebras. Moreover, in abstract Boolean algebras we also will use ∩ as derived operation: x ∩ y^{def}= −(−x ∪ −y). ≤, 0, 1 will denote the ordering x ≤ y^{def}⇐⇒ x ∪ y = y, smallest element and biggest element, respectively. Thus τ ≤ σ is an equation.

4To understand how (and why) the theory works, it would be enough to include only Ş∘Ť as Şextra- BooleanŤ operation. Inclusion of conversion is motivated by some of the applications. Cf. the discussion of BSR below Thm.1.9 (this section).

5When seeing, say Şx ∪ y,Ť the reader will have to decide whether this denotes a term of BRA’s built up from the variables x, y, or whether it denotes a set (the union of the sets x and y.)

Having a fresh look at our BRA’s with an abstract algebraic eye, we notice that they should be very familiar from the abstract algebraic literature. Namely, a BRA

A consists of two well known algebraic structures, a Boolean algebra ⟨A, ∪, −⟩

and an involuted semigroup ⟨A, ∘,^{−1}⟩ sharing the same universe A. The two structures are connected so that they form a normal Boolean algebra with operators, in short a normal BAO, which means that each extra-Boolean operation is distributive over ∪ (additivity) and takes the value 0 whenever at least one of the arguments is 0 (normality). Also^{−1} is a Boolean isomorphism and x → 1 ∘ x, where 1 is the Boolean 1, de^nes a complemented closure operation^6 on A. The properties listed in this paragraph de^ne a nice variety ARA containing BRA and is a reasonable starting point for an axiomatic study of the algebras of binary relations.^7

DEFINITION 1.1 (ARA, an abstract approximation of BRA) ARA is de^ned to be the class of all algebras of the similarity type of BRA’s which validate the following equations.

(1) The Boolean axioms^8 x ∪ y = y ∪ x, x ∪ (y ∪ z) = (x ∪ y) ∪ z, −[−(x ∪ y) ∪ −(x ∪ −y)] = x. (2) The axioms of involuted semigroups, i.e. (x ∘ y) ∘ z = x ∘ (y ∘ z), (x ∘ y)^{−1} = y^{−1} ∘ x^{−1}, x^{−1−1} = x.

(3) The axioms of normal BAO, i.e.^9

6Closure operations are unary functions f : U → U, where we have an ordering ≤ on U. f is called a closure operation if it is order preserving, idempotent, and increasing, i.e. if for all u, v ∈ U we have u ≤ f(u) = ff(u) and u ≤ v ⇒ f(u) ≤ f(v). Boolean orderings with closure operations on them are one of the central concepts of abstract algebra, for example topological spaces or subalgebras of an algebra are often represented as such. f is called a complemented closure operation if f(−fx) = −f(x), i.e. the complement of a closed element is closed. For more on these see e.g. [HMT, p.38].

7Most of these postulates already appear in De Morgan [D1864], and since then investigations of ARA’s have been carried on for almost 130 years.

8Problem 1.1 in [HMT, p.245], originating with H. Robbins, asks whether this is an axiom system for BA. This problem has recently been solved af^rmatively (by the theorem prover program EQP developed at Argonne National Laboratory, USA). We will use this axiom system for BA in Part II, section 7.1.

9We are omitting some axioms that follow from the already stated ones. E.g. here we omit x ∘ (y ∪ z) = (x ∘ y) ∪ (x ∘ z), x ∘ 0 = 0.

(x ∪ y) ∘ z = (x ∘ z) ∪ (y ∘ z), (x ∪ y)^{−1} = x^{−1} ∪ y^{−1}, 0 ∘ x = 0, 0^{−1} = 0.

(4)^{−1} is a Boolean isomorphism and x → 1 ∘ x is a complemented closure operation, i.e.

−(x^{−1}) = (−x)^{−1}, x ≤ 1 ∘ x, −(1 ∘ x) = 1 ∘ −(1 ∘ x). ■

If E is a set of equations, then Mod(E) denotes the class of all algebras (of a given similarity type) in which E holds. A class K of algebras is called a variety, or an equational class, if K = Mod(E) for some set E of equations. The following theorem is due to A. Tarski.

THEOREM 1.2 BRA is an equational class, i.e. there is a set E of equations such that BRA = Mod(E).

To prove the above theorem, we will use the machinery of universal algebra. First we prove that BRA is closed under taking subalgebras and direct products. If K is a class of algebras, then SK denotes the class of all subalgebras of elements of K, PK, IK, HK and UpK denote the classes of all algebras isomorphic to direct products, isomorphic copies, homomorphic images, and ultraproducts of elements of K respectively.^{10} Thus BRA = IcBRA.

LEMMA 1.3 BRA = SP{⟨P(U × U), ∘,^{−1}⟩ : U is a set}.

Proof. Let V be a binary relation. We say that V is an equivalence relation if V is symmetric and transitive, i.e. if V^{−1} = V and V ∘ V ⊆ V . The ^eld of V is the smallest set U such that V ⊆ U × U, i.e. U = {u : (∃v)[⟨u, v⟩ ∈ V or ⟨v, u⟩ ∈ V ]}. The following three statements (∗)Ű(∗∗∗) will not be dif^cult to check:

(∗) If A ∈ cBRA, then 1A is an equivalence relation.

10Note that S is different from P, I, H and Up in that S ≠ IS, while P = IP etc. For our reasons for de^ning S this way see the remark after the de^nition of Alg_m in Part II, Def. 5.1. We will use simple facts like IS = SI, IP = PI, SS = S, etc. without mentioning them.

(∗∗) If V is an equivalence relation, then

R(V )^{def}= ⟨P(V ), ∘,^{−1}⟩ ∈ cBRA.

(∗∗∗) Let I be a set and for all i ∈ I let V_i be an equivalence relation.

Assume that the ^elds of the V_i’s are pairwise disjoint. Then R ( ⋃ i∈I V_i ) ∼= P_{i∈I} R(V_i).

Indeed, to see (∗), let A ∈ cBRA and V^{def}= 1A. Then V ∈ A, hence V ∘V, V^{−1} are in A as well, hence V ∘ V ⊆ V and V^{−1} ⊆ V , because V is the biggest element of A. But V^{−1} ⊆ V is equivalent to V^{−1} = V , hence V is an equivalence relation.

To show (∗∗), one has to check that for any R, S ⊆ V also R ∘ S ⊆ V and R^{−1} ⊆ V . These follow from V ∘ V ⊆ V , V^{−1} ⊆ V .

To show (∗∗∗), we de^ne the function f : P( ⋃ i∈I V_i) → P_{i∈I} P(V_i) by letting

for all X ⊆ ⋃ i∈I V_i, f(X)^{def}= ⟨X ∩ V_i : i ∈ I⟩. Then it is easy to check that this f is the required isomorphism.

We are ready to prove the lemma. First we show that BRA = SPBRA. By de^nition, cBRA is closed under taking subalgebras, so BRA is also closed under taking subalgebras (because BRA = IcBRA). Let I be a set, and let A_i ∈ cBRA with unit V_i for each i ∈ I. We may assume that the V_i’s have disjoint ^elds. Then

Ai ⊆ R(Vi), so PAi ⊆ PR(Vi)^∼= R(^⋃ Vi) ∈ cBRA by (∗)Ű(∗∗∗). This shows

that PA_i is isomorphic to a cBRA, i.e. BRA is closed under taking direct products.

Now let A ∈ cBRA with greatest element V . Then V is an equivalence relation, let U_i, i ∈ I be the blocks of this equivalence relation. Then U_i ×U_i are also equivalence relations with pairwise disjoint ^elds, and V is the union of these. Hence by (∗∗)Ű(∗∗∗) we have that A ⊆ P⟨⟨P(U_i × U_i), ∘,^{−1}⟩ : U_i is a block of 1A⟩. This completes the proof of Lemma 1.3. ■

To formulate our next lemma, we need the notions of a subdirect product and a discriminator term.

Subdirect products of algebras, and subdirectly irreducible algebras are de^ned in practically every textbook on universal algebra, cf. e.g. Grĺatzer’s book [Gr], or [BS], [HMT], [MMT]. By a subdirect product we mean a subalgebra of a product such that the projections of the product restricted to the subalgebra remain surjective mappings. An algebra A is subdirectly irreducible if it is not (isomorphic to) a subdirect product of algebras different from A. We note that the one-element algebra is not subdirectly irreducible. By Birkhoff’s classical theorem, every algebra is a subdirect product of some subdirectly irreducible ones. Therefore, the subdirectly irreducible algebras are often regarded as the basic building blocks of all the other algebras. In particular, when studying an algebra A, it is often enough to study its subdirectly irreducible building blocks. For a class K of algebras, Sir(K) denotes the class of subdirectly irreducible members of K. For K = BA, Sir(BA) consists of the 2-element Boolean algebra only (up to isomorphisms).

We say that a class K of algebras has a discriminator term iff there is a term τ(x, y, z, u) in the language of K such that in every member of K we have τ(x, y, z, u) = { z, if x = y, u, if x ≠ y. The term τ above is called a discriminator term. Sometimes instead of the four-ary τ, the ternary discriminator term t(x, y, z) = τ(x, y, z, x) is used. They are interde^nable, since τ(x, y, z, u) = t(t(x, y, z), t(x, y, u), u). Therefore, it does not matter which one is used. Moreover, in classes of algebras which have a Boolean algebra reduct, like our BRA’s or ARA’s, the discriminator term can be replaced with the so called switching term c(x) = { 1, if x ≠ 0, 0, if x = 0.

By this we mean that in such a class of algebras, if τ(x, y, z, u) is a discriminator term, then c(x) = τ(x, 0, 0, 1) is a switching term, and vica versa, if c(x) is a switching term, then τ(x, y, z, u) = [−c(x⊕y)∩z]∪[c(x⊕y)∩u] is a discriminator term. Here, and later on, ⊕ denotes symmetric difference, i.e. x ⊕ y^{def}= (x ∩ −y) ∪ (−x ∩ y).

LEMMA 1.4 Sir(BRA) = IS{⟨P(U × U), ∘,^{−1}⟩ : U is a nonempty set} and Sir(BRA) has a discriminator term.

Proof. Let K^{def}= IS{⟨P(U × U), ∘,^{−1}⟩ : U is a nonempty set}. Let A ∈ BRA. Then A is isomorphic to a subalgebra of PR(U_i ×U_i) for some system ⟨U_i : i ∈ I⟩ of sets, by Lemma 1.3. If U_i = ∅, then R(U_i × U_i) is the one-element algebra which can be left out from any product, so we may assume that each U_i above is nonempty. But then A is a subdirect product of some B_i, i ∈ I where each B_i is a subalgebra of R(U_i × U_i). This shows that Sir(BRA) ⊆ K.

It is not dif^cult to check that

c(x)^{def}= 1 ∘ x ∘ 1

is a switching term on R(U × U) for all U. Hence it is a switching term on K also. Thus, K has a discriminator term.

Finally, if A has a discriminator term, then A has no nontrivial congruences, i.e.

A is simple. This is a basic fact of discriminator theory.^{11} Clearly, any simple

algebra is subdirectly irreducible, so K ⊆ Sir(BRA). ■

We say that K is a pseudo-axiomatizable class if there are an expansion L of the language of K, a set Σ of ^rstŰorder formulas in this bigger language L and a unary relation symbol U of L such that

K = Rd_U ModΣ,

where ModΣ denotes the class of all models of Σ, and Rd_U denotes the operator of taking reducts to the language of K and restricting the universe to U at the same time. In more detail: Let M be a model of the language L. Then RdM denotes the reduct of M to the language of K, and Rd_U M denotes the restriction of the model RdM to the interpretation UM ⊆ M of U in M. I.e. while M is a model of the bigger language L, Rd_U M is a model of the smaller language of K. If N is a class of models of the language of L, then Rd_U N^{def}= {Rd_U M : M ∈ N}.

It is known that pseudo-axiomatizable classes are closed under ultraproducts, this is easy to show.

LEMMA 1.5 Sir(BRA) is a pseudo-axiomatizable class.

Proof. The expansion L of the language of BRA will be a many-sorted ^rst-order language with three sorts: S, P and R (for set, pairs, and relations), two unary functions p_0, p_1 from P to S (^rst and second projections), a binary relation ε between P and R (for Şis an element ofŤ), and binary functions ∪, ∘ on R, unary functions −,^{−1} on R. The variables x, y, z are of sort S, the variables u, v, w are of sort P , and the variables a, b, c are of sort R. We also consider S, P, R as unary relations.^{12} See Figure 1.1.

The set Σ of axioms is as follows: In the following formulas we will write ε in in^x mode, like uεa. Also we will write comma in place of conjunction ∧. There are free variables in the elements of Σ, validity of an open formula is meant in such a way that all the free variables are universally quanti^ed at the beginning of the formula. Σ is de^ned to be {(1a), (1b), . . . , (4)}, where

The Şpair-axiomsŤ are:

11The reason is the following. Assume that R is a nonidentity congruence of A. We will show that then R = A × A. Let u, v ∈ A, u ≠ v be such that uRv, and let a, b ∈ A be arbitrary. Then a = τ(u, u, a, b)Rτ(u, v, a, b) = b, so aRb. 12If one is not familiar with many-sorted models, then one can think of the above language as having S, P, R as unary relation symbols, and e.g. p_0 as a binary relation. Then to our axioms we have to add statements like p_0(x, y) → P (x), p_0(x, y) → S(y), p_0(x, y), p_0(x, z) → y = z, P (x) → (∃y)p_0(x, y). Then the fact that the variable x in the many-sorted language is of sort S while the variable u is of sort P means that one has to replace e.g. the formula ∀x∃up_0(x) = u with (∀x)(S(x) → ∃u(P (u) ∧ p_0(x, u)).

Figure 1.1.

(1a) (∃u)(p_0(u) = x, p_1(u) = y).

(1b) p_0(u) = p_0(v), p_1(u) = p_1(v) → u = v. Extensionality of sets of pairs: (2) ∀u(uεa ↔ uεb) → a = b. The de^nitions of the operations of cBRA: (3a) uε(a ∪ b) ↔ (uεa or uεb). (3b) uε(−a) ↔ ¬uεa. (3c) u ∈ (a ∘ b) ↔ (∃vw)(vεa, wεb, p_0(u) = p_0(v), p_1(v) = p_0(w), p_1(w) = p_1(u)).

(3d) u ∈ (a^{−1}) ↔ (∃v)(vεa, p_0(u) = p_1(v), p_1(u) = p_0(v)). There are at least two elements in the relations sort: (4) (∃ab)a ≠ b. This ^nishes the de^nition of Σ. We will show that Sir(BRA) = Rd_RModΣ.

Indeed, let A ∈ Sir(BRA), say A is isomorphic to a subalgebra of ⟨P(U × U), ∘,^{−1}⟩. We may assume that A ⊆ ⟨P(U × U), ∘,^{−1}⟩. We de^ne the threesorted model M as follows.

SM^{def}_{= U, P} M^{def}_{= U × U, R}M^{def}_{= A,} pM_{0 (⟨u, v⟩) = u, p}M_{1 (⟨u, v⟩) = v for all u, v ∈ U,} ⟨u, v⟩εMa iff ⟨u, v⟩ ∈ a, for all u, v ∈ U, a ∈ A, a ∪M_b^{def}_{= a ∪ b, −}M_a^{def}_{= −a, a ∘}M_b^{def}_{= a ∘ b, a}−1M_b^{def}_{= a}−1_.

Then it is easy to check that M |= Σ and Rd_RM = A. See Figure 1.2.

Figure 1.2.

Conversely, let M be such that M |= Σ. Let U^{def}= SM. De^ne the relation T between U × U and P M as follows: ⟨u, v⟩T x iff p_0(x) = u, p_1(x) = v. By (1a),(1b) in Σ then T is a bijection between U × U and P M. Therefore we will assume that U × U = P M and u = pM_0 (⟨u, v⟩), v = pM_1 (⟨u, v⟩). We de^ne now the function Q : RM → P(U × U) as Q(a) = {⟨u, v⟩ : ⟨u, v⟩εMa}. See Figure 1.3. Then Q is one-to-one by (2) in Σ. Axioms (3a)Ű(3d) in Σ say that^{13} Q(a ∪M b) = Q(a) ∪ Q(b), Q(−M_{a) = (U × U)} r_{Q(a),} Q(a ∘M b) = Q(a) ∘ Q(b), Q(a^{−1}M) = (Q(a))^{−1}.

This shows that Q is an isomorphism from Rd_RM into ⟨P(U × U), ∘,^{−1}⟩. Finally, (4) in Σ implies that U is nonempty, Rd_RM is nonempty. ■

We now are ready to apply the following theorem of universal algebra (cf. e.g. [BS, Thm.9.4 (b,c)]).

THEOREM (universal algebra) If SUpK has a discriminator term, then 13X r Y^{def}= {x ∈ X : x /∈ Y }.

Figure 1.3.

SPUpK is an equational class.

Indeed, let K = Sir(BRA). Then K = SK by Lemma 1.4, and K = UpK by Lemma 1.5, thus K = SUpK. Also, K has a discriminator term by Lemma 1.4. Thus SPUpK is an equational class by the above theorem of universal algebra. But SPUpK = SPK = SPSir(BRA) = BRA by Lemma 1.3, and we are done with proving that BRA is an equational class.

QED(Theorem 1.2) ■

In universal algebra, an equational class K such that SirK has a discriminator term is called a discriminator variety. So we proved that BRA is a discriminator variety.

The above proof of Theorem 1.2 uses techniques that can be applied in many cases in algebraic logic. E.g. these same techniques work for cylindric and polyadic algebras. See e.g. Thms 1.10, 2.3. ⟨P(U × U), ∘,^{−1}⟩ is called the full BRA over the set U. By Lemma 1.3 we could have de^ned BRA as

BRA = SP{⟨P(U × U), ∘,^{−1}⟩ : U is a set}, or as BRA = SP{⟨P(U × U), ∘,^{−1}⟩ : U is a nonempty set}. Set setBRA^{def}= S{⟨P(U × U), ∘,^{−1}⟩ : U is a nonempty set}.

Then BRA = SPsetBRA.^{14} This fact, and the class setBRA will be used in Part II (section 7.4) when translating our algebraic results to logic.

14Because SPS = SP, this is a basic theorem in universal algebra. See e.g. [HMT, 0.3.12].

In the following, we will de^ne our classes of algebras of relations in this style. So when de^ning new kinds of algebras of relations, we will ^rst de^ne the simplest version (e.g. the one with top element U × U × . . . × U), and then take all subalgebras of all direct products of these.

Let K = setBRA. Then, as we have seen, BRA = SPK is a variety because K has a discriminator term and K is pseudo-axiomatizable.^{15} In almost all our cases, K, where K is the class of the corresponding set algebras, will be pseudoaxiomatizable because K is de^ned to be a three-story structure like BRA, only the operations on the third level will vary (and instead of U × U we may have U × U × . . . × U), and in most cases K will have a discriminator term.^{16}

Theorem 1.2 indicates that BRA is indeed a promising start for developing a nice algebraization of stronger logics (like e.g. quanti^er logics), or in the nonlogical perspective, for developing an algebraic theory of relations. After Theorem 1.2, the question comes up naturally whether we can strengthen the postulates de^ning ARA to obtain a ^nite set E of equations describing the variety BRA, i.e. such that BRA = Mod(E) would be the case. The answer is due to J. D. Monk:

THEOREM 1.6 BRA is not ^nitely axiomatizable, i.e. for no ^nite set Σ of ^rstorder formulas is BRA = Mod(Σ).

The idea of one possible proof is explained in Remark 2.9 in section 2 herein. This idea is based on the proof of Thm 2.5 which is the reason why it is postponed to that part of the paper. See Monk [M64], and also [HMTII, 5.1.57, 4.1.3], for the original proof of Theorem 1.6 (in slightly different settings).

For a class K of algebras, let EqK denote the set of all equations valid in K.

THEOREM 1.7 Eq(BRA) is recursively enumerable but not decidable.

15We could have proved K = SUpK more directly, as follows. An ultraproduct of full BRA’s on some sets U_i is isomorphic to the full BRA on the ultraproduct of the U_i’s, namely if F is an ultra^lter on I, and F(U) denotes ⟨P(U × U), ∘,^{−1}⟩, then PF(U_i)/F ∼= F(PU_i/F ), and the isomorphism h is given by a/F → {⟨u/F, v/F ⟩ : {i ∈ I : ⟨u_i, v_i⟩ ∈ a_i} ∈ F }. The reader is invited to check that h is indeed an isomorphism. This method also is applicable in many places. We chose the method of pseudo-axiomatizability for proving that K is closed under ultraproducts, because we feel that this method reveals the real cause: our concrete algebras are usually pseudo-axiomatizable, because ŞconcreteŤ very much means this, i.e. ŞconcreteŤ means that there is some extra structure not coded in the operations, which means that this extra structure may disappear when taking isomorphic copies._{16}

Even if K would not have a discriminator term, then SPK would still be a quasi-variety, i.e. de^nable by equational implications, because K will be pseudo-axiomatizable, hence K = UpK, thus SPK = SPUpK will hold. It is a basic theorem of universal algebra that K is a quasi-variety iff K = SPUpK^′ for some K^′.

Proof. An equation holds in BRA iff it holds in Sir(BRA) by Lemma 1.3. Let Σ be the ^nite set of ^rst-order formulas such that Sir(BRA) = Rd_RMod(Σ), from the proof of Lemma 1.5. Thus an equation is valid in Sir(BRA) iff it is valid in Mod(Σ) (when all the variables of the original equation are considered to be of sort R). The consequences of any ^nite set of ^rst-order formulas is recursively enumerable by the completeness theorem of ^rst-order logic. Thus Eq(BRA) is recursively enumerable (and an enumeration is given by the present proof).

The proof of undecidability of Eq(BRA) goes via interpreting the quasi-equa-tional theory of semigroups into Eq(BRA). The proof consists of two steps:

(∗) An equational implication (i.e. a quasi-equation) about ∘ is valid in all semigroups iff it is valid in BRA.

(∗∗) To any equational implication q there is an equation e in the language of BRA such that BRA |= q iff BRA |= e.

Proof of (∗): If q is true in all semigroups, then it is true in BRA because ∘ is associative in BRA. If q fails in a semigroup ⟨S, ·⟩, then take the Cayley-representation of this semigroup, this is an embedding of ⟨S, ·⟩ into ⟨P(S^′ × S^′), ∘⟩ which is a reduct of R(S^′ × S^′) ∈ BRA. Thus q fails in BRA.

Proof of (∗∗): The reason is that BRA is a discriminator variety, and in every discriminator variety a quasi-equation q is equivalent to an equation e on the subdirectly irreducibles^{17}. Now, by BRA = SPSir(BRA) we have that BRA |= q iff Sir(BRA) |= q iff(by the above) Sir(BRA) |= e iff BRA |= e.

Now (∗) and (∗∗) above give an interpretation of the quasi-equations valid in all semigroups into the equations valid in BRA. Since it is known that the former is undecidable, we also have that the latter, Eq(BRA), is undecidable. ■

The above method of proof for undecidability is also widely applicable in algebraic logic. The above proof e.g. is in [CM]. For more re^ned uses of this technique see e.g. [Ma80], [N85a] (^nite dimensional part) [KNSS], [KNSS2], [AGiN97, chapter II], [K97]. For more on (un)decidability in algebraic logic we refer to the just quoted works together with Jipsen [Ji92], [Ma78a], [HMTII], [N86], [N87], [N92], [MV], [Mi95], [N91].

We turn to determining the logic Şcaptured byŤ BRA. We note that the connection with logic will be much more lucid in the case of cylindric (and polyadic) algebras of n-ary relations.

Let L^≠_{3,2} denote ^rst order logic without equality and using only three variables x, y, z, with countably many binary relation symbols R_0, R_1, . . . (so e.g.

17This is one of the basic facts of discriminator varieties. Assume that q is τ_1 = σ_1 ∧ . . . ∧ τ_n = σn → τ_0 = σ_0. Then c − (τ_1 ⊕ σ_1) ∩ . . . ∩ c − (τn ⊕ σn) ≤ −(τ_0 ⊕ σ_0) can be chosen for e , where c denotes the switching term and ⊕ denotes symmetric difference.

no ternary relation symbols), and the atomic formulas are R_i(u, v) with distinct variables u, v (so atomic formulas of the form R_i(u, u) are not allowed).

THEOREM 1.8 L^≠_{3,2} can be interpreted into Eq(BRA). I.e. there is a recursive function e mapping L^≠_{3,2} into the set of equations on the language of BRA such that for every φ ∈ L^≠_{3,2}

φ is valid iff BRA |= e(φ).

Theorem 1.8 will be a consequence of the following, stronger Theorem 1.9. We stated Theorem 1.8 because it states that L^≠_{3,2} can be interpreted into Eq(BRA), thus Eq(BRA) is Şat least as strongŤ as L^≠_{3,2}. Set Theory can be interpreted in L^≠_{3,2}, this is proved in Tarski-Givant [TG, §4.6, pp.127Ű134]. Thus the logic captured by BRA is strong enough to serve as a vehicle for set theory, and hence for ordinary mathematics, as we mentioned at the beginning of this chapter.^{18}

We can characterize the expressive power of BRA in terms of L^≠_{3,2}. This will be stated and proved as Theorem 1.9 below. We need some preparations for stating Theorem 1.9.

In the equational language of BRA let us use the variables v_i, i ∈ ω, where ω = {0, 1, 2, . . .} is the set of natural numbers. For any model M = ⟨M, RM_i ⟩_{i∈ω} of L^≠_{3,2} let kM denote the evaluation of the variables v_i, i ∈ ω such that kM(vi) = RMi for all i ∈ ω. Recall that R(M × M) = ⟨P(M × M), ∘,^{−1}⟩ ∈ setBRA.

If A is an algebra, k is an evaluation of the variables, τ is a term, and e is an

equation, then A |= e[k] denotes that the equation e is true in the algebra A under the evaluation k of the variables, and τA^{,k} denotes the element of A denoted by the term τ when the variables are evaluated according to k.

Let u, v be distinct elements of {x, y, z}. Then L^{uv}_3 denotes the set of those elements of L^≠_{3,2} which contain only u, v as free variables. If φ ∈ L^{xy}_3 and M is a model, then φM denotes the following binary relation on M: φM def_{= {⟨a, b⟩ ∈ M × M :} M_{|= φ[a, b]}.} The following Theorem 1.9 says^{19} that, in a way, the expressive power of BRA is L^{xy}_3 . We included (i) for its simple content, and (ii) states a correspondence between meanings of formulas in L^{xy}_3 and denotation of terms in elements of setBRA. For more on the background ideas of this see Part II of the present paper.

18This also gives another proof for undecidability of Eq(BRA), because Set Theory is undecidable. 19These statements and proofs are simpli^ed versions of those in [TG]. Cf. also [HMTII, §5.3, 4.3].

THEOREM 1.9 (the expressive power of Eq(BRA))

(i) For any φ ∈ L^≠_{3,2} there is an equation e such that for all models M of L^≠_{3,2}

M |= φ iff R(M × M) |= e[kM].

(ii) There are recursive functions t : L^≠_{3,2} → T erms and f : T erms → L^≠_{3,2} such that for any φ ∈ L^{xy}_3 and model M φM_{= t(φ)}⟨R(M×M),kM ⟩_{, and} for any term τ, set U, and evaluation k, τ^⟨R^{(U×U),k⟩} = f(τ)^{⟨U,k(vi )⟩i∈ω} . Proof. (i) follows from (ii), so it is enough to prove (ii).

The translation function f : T erms → L^≠_{3,2} is not hard to give. Let u, v ∈ {x, y, z} be distinct, and let w be the third variable, i.e. {u, v, w} = {x, y, z}. We will simultaneously de^ne the functions f_{uv} : T erms → L^≠_{3,2} as follows:

f_{uv} (v_i)^{def}= R_i(uv), f_{uv} (τ ∪ σ)^{def}= f(τ) ∨ f(σ), f(−τ)^{def}= ¬f(τ), f_{uv} (τ ∘ σ)^{def}= ∃w(f_{uw} (τ) ∧ f_{wv}(σ)), f_{uv} (τ^{−1})^{def}= f_{vu}(τ).

For the other direction, we want to de^ne, by simultaneous recursion, a term τ(φ, u, v) for all distinct variables u, v ∈ {x, y, z} and φ ∈ L^{uv}_3 such that for all models M we have (∗) {⟨a, b⟩ ∈ M × M : M |= φ(u/a, v/b)} = τ(φ, u, v)^⟨R^{(M×M),k}M^⟩. So let φ ∈ L^{uv}_3 .

Case 1. If φ is an atomic formula, then φ is R_i(uv) or R_i(vu) for some i ∈ ω (by φ ∈ L^{uv}_3 ).

τ(R_i(uv), u, v)^{def}= v_i, τ(R_i(vu), u, v)^{def}= v_i^{−1}.

Case 2. If φ is a disjunction of two formulas, say φ is ψ ∨ η, then ψ, η ∈ L^{uv}_3 , and τ(ψ ∨ η, u, v)^{def}= τ(ψ, u, v) ∪ τ(η, u, v). Case 3. If φ is a negation of another formula, then φ is ¬ψ for some ψ ∈ L^{uv}_3 , and we de^ne τ(¬ψ, u, v)^{def}= −τ(ψ, u, v). Case 4. If φ begins with ∃u, then φ is ∃uψ for some ψ ∈ L^{uv}_3 , and then we de^ne

τ(∃uψ, u, v)^{def}= 1 ∘ τ(ψ, u, v). Likewise we de^ne τ(∃vψ, u, v)^{def}= τ(ψ, u, v) ∘ 1. Case 5. Assume that φ begins with ∃w, i.e. φ is ∃wψ. Then ψ ∈ L^≠_{3,2} can be arbitrary. It is easy to prove by induction that every element of L^≠_{3,2} is a Boolean combination of formulas in L^{xy}_3 , L^{xz}_3 and L^{yz}_3 . Bring ψ into disjunctive normal form ψ_1 ∨ . . . ∨ ψ_n where each ψ_i is a conjunction of formulas with two free variables. Now ∃wψ is equivalent to (∃wψ_1) ∨ . . . ∨ (∃wψ_n), so by Case 2 we may assume that ψ is of form ψ^{uv} ∧ψ^{uw} ∧ψ^{vw} where ψ^{uv} ∈ L^{uv}_3 , etc. Now ∃wψ is equivalent to ψ^{uv} ∧ ∃w(ψ^{uw} ∧ ψ^{vw}). We now de^ne τ(∃w(ψ^{uw} ∧ ψ^{vw} ), u, v)^{def}= τ(ψ^{uw} , u, w) ∘ τ(ψ^{vw} , w, v). It is not dif^cult to check that the so de^ned τ(φ, u, v) satis^es our requirement (∗). ■

One can get very far in doing algebraic logic (for quanti^er or predicate logics) via BRA’s.^{20} As we have seen, the natural logical counterpart of BRA’s is classical ^rst-order logic restricted to three individual variables and without equality. As shown in [TG, §5.3], this system is an adequate framework for building up

20If we want to investigate nonclassical quanti^er logics, we can replace the Boolean reduct B of

A = ⟨B, ∘,^{−1}⟩ ∈ BRA with the algebras (e.g. Heyting algebras) corresponding to the propositional

version of the nonclassical logic in question.

set theory and hence metamathematics in it. One can illustrate most of the main results, ideas and problems of algebraic logic by using only BRA’s.

We do not know how far BRA’s can be simpli^ed without losing this feature. In this connection, a natural candidate would be the class BSR of Boolean semigroups of relations de^ned as

BSR = SP {⟨P(U × U), ∘⟩ : U is a set} .

So we require only one extra-Boolean operation Ş∘Ť.

The question is, how far BSR could replace BRA as the simplest, ŞintroductoryŤ example of Tarskian algebraic logic. We conjecture that the answer will be Şvery farŤ. BSR is a discriminator variety with a recursively enumerable but not decidable equational theory, and it is not ^nitely axiomatizable. Thus Theorems 1.2Ű1.7 remain true if BRA is replaced with BSR in them.^{21} We conjecture that, following the lines of [TG, §5.3], set theory can be built up in BSR instead of BRA with basically the same positive properties (e.g. ^nitely many axioms) as the present version [TG] has^{22}. It would be nice to know if this conjecture is true, and, more generally, to see a variant of algebraic logic elaborated on the basis of BSR. We do not know what natural fragment of ^rst-order logic with three variables corresponds to BSR (if any). It certainly is dif^cult to simulate substitution of individual variables using only ∘. The converse operation,^{−1}, is the algebraic counterpart of substitution because, intuitively, R(v_0, v_1)^{−1} = R(v_1, v_0). One can simulate quanti^cation by ∘, and it is easily seen that ∘ is stronger than quanti^cation but without^{−1} it is not clear exactly how much stronger^{23}. Curiously enough, these issues are better understood in the case of cylindric algebras to be discussed in section 2.

If we want to algebraize ^rst-order logic with equality, we have to add an extra constant Id, representing equality, to the operations. RRA denotes the class of algebras embeddable into direct products of algebras of the form ⟨P(U × U), ∘,^{−1}, Id⟩ where Id = Id ↾ U = {⟨u, u⟩ : u ∈ U} is a constant of the expanded algebra. I.e.

RRA = SP { ⟨P(U × U), ∘,^{−1}, Id⟩ : U is a set^} .

RRA abbreviates representable relation algebras. RRA’s have been investigated more thoroughly than BRA’s; actually, Theorems 1.2, 1.6 above were proved ^rst for RRA’s.

21The proofs of Theorems 1.2, 1.7 given here go through for BSR with the obvious modi^cations. Non^nite axiomatizability of BSR will follow from the later Thm.s 1.10, 1.11.

22Perhaps here [N85], [N86] can be useful, because an analogous task was carried through there. The last 12 lines of Jťonsson [J82, p. 276], seem to be also useful here.

23For applications in propositional dynamic logic, BSR seems to be more relevant than BRA, because there converse (of programs or actions) is not an essential feature of the logic.

Let L^=_{3,2} denote ^rst-order logic with three individual variables x, y, z, with equality, and with in^nitely many binary relation symbols. (Thus the atomic formulas are R(uv), u = v for any variables u, v ∈ {x, y, z} and the logical connec- tives are ∨, ¬, ∃x, ∃y, ∃z.)

THEOREM 1.10 (basic properties of RRA)

(i) RRA is a non^nitely axiomatizable discriminator variety with a recursively enumerable but undecidable equational theory.

(ii) The logic captured by RRA is L^=_{3,2}, i.e. there are recursive functions t :

L^=_{3,2} → T erms, and f : T erms → L^=_{3,2} such that the ŞmeaningsŤ of φ and t(φ) as well as those of τ and f(τ) coincide, i.e. for any model M, φ ∈ L^=_{3,2} with free variables x, y, term τ and evaluation k of variables, φM_{= t(φ)}⟨R(M×M),kM⟩_{and τ} ⟨R(U×U),k⟩_{= f(τ)}⟨U,k(vi )⟩i∈ω_. Proof. Obvious modi^cations of the proofs of Theorems 1.2, 1.7, 1.8 prove Theorem 1.10, except for non^nite axiomatizability of RRA. For the proof of non^nite axiomatizability of RRA see Remark 2.9. ■

The classes of algebras RRA, BRA, BSR have less operations in this order, they form a chain of subreduct classes. Note that Eq(K) denotes the set of all equations in the language of K holding in K. Thus

Eq(BSR) ⊂ Eq(BRA) ⊂ Eq(RRA).

The next theorem says that these classes are ^nitely axiomatizable over the bigger ones.

THEOREM 1.11 Let E_0 denote the following set of equations:

(x ∪ y)^{−1} = x^{−1} ∪ y^{−1}, (x ∘ y)^{−1} = y^{−1} ∘ x^{−1}, x^{−1−1} = x x ∘ −(x^{−1} ∘ −y) ≤ y x ≤ x ∘ [−(y^{−1} ∘ −y) ∩ ((−y)^{−1} ∘ y)^{−1}]. Then Eq(BSR) ∪ E_0 axiomatizes BRA, and Eq(BSR) ∪ E_0 ∪ {Id ∘ x = x} axiomatizes RRA.

The proof can be found in Andrťeka-Nťemeti [AN93]. ■

Theorem 1.11 talks about interconnections between the operations of RRA. It says, in a way, that the sole cause of non^nite axiomatizability of RRA is the operation ∘, it is so strong that the other operations,^{−1} and Id, are ^nitely axiomatizable with its help. This is in contrast with the case of cylindric algebras of n-ary relations, where the strength of the operations are Şevenly distributedŤ.

The next ^gure, taken from [AN93] describes completely the interconnections between the operations ∘,^{−1}, Id (in the presence of the Boolean operations). On Figure 1.4, all classes represented by the nodes are varieties, except the ones inside a box (those are only quasi-varieties), and the classes inside a circle are not ^nitely axiomatizable, except BA.^{24}

More on the equational theories of RRA, BRA and BSR:

Theorem 1.2 says that there is a set E of equations which de^nes BRA. Let E be an arbitrary set of equations de^ning BRA. What do we know about E? Theorem 1.6 says that E is not ^nite, and Theorem 1.7 says that E can be chosen to be recursively enumerable. By using the fact that BRA is a discriminator variety and that Eq(BRA) is recursively enumerable, and by using an argument of W. Craig, one can show that E can be chosen to be decidable^{25} , i.e. there is a decidable set E de^ning BRA. On the other hand, we know that E has to be complex in the following sense: to any number k, E must contain an equation that uses more than k variables and all of the operation symbols ∪, −, ∘. There is an E such that −1 occurs only in ^nitely many members of E, by Theorem 1.11. The analogous statements are true for BSR, RRA.^{26}

Concrete decidable sets E de^ning RRA are known in the literature, cf. e.g. Monk [M69]. Lyndon [Ly] outlines another recipe for obtaining a different such E. HirschŰHodkinson [HH] also contains such a set E. Some of these work for BSR, BRA. However, the structures of these E’s are rather involved.^{27} In this connection, we note that the following is still one of the most important open problems of algebraic logic:

24In Pratt [Pr90], the class RBM of representable Boolean monoids is obtained from our BSR’s by adding Id as an extra distinguished constant. So the extra-Boolean operations of the RBM’s are ∘, Id, and thus BSR’s are the Id-free subreducts of RBM’s. All the results mentioned above for BSR’s carry over to RBM’s; e.g. RBM is a discriminator variety, hence the simple RBM’s form a universally axiomatizable class, Theorems 1.2, 1.6 above apply to RBM. RRA, BRA, BSR, RBM, BA all occur as nodes on Figure 1.4.

25The idea is as follows. Let E be recursively enumerable, say E = {e(1), e(2), . . .} for a recursive function e. For each number n, let η(n) denote the conjunction of n copies of e(n). Since BRA is a discriminator variety, there is an equation ε(η(n)) which is equivalent to η(n) in SirBRA. Moreover,

from ε(η(n)) we can compute back η(n), see an earlier footnote. Then E^′ def= {ε(η(1)), ε(η(2)), . . .} is equivalent to E and E^′ is decidable. The decision procedure for E^′ is as follows: Take any equation g. Decide whether g is ε(f) for some f or no, and if yes, compute the f. If we get an f, check whether f is the conjunction of some, say n, copies of an equation h. If yes, compute e(n) and check whether h is e(n). If yes, g is in E^′, otherwise not.

26The need of in^nitely many variables in any axiom system for RRA was proved in Jťonsson [J91], the need of all the operation symbols ∪, −, ∘ in addition is proved in Andrťeka [A94]. By Theorem 1.11 then the same hold for BRA, BSR.

27Cf. [HMTII, pp. 112Ű119], for an overview.

Figure 1.4.

PROBLEM 1.12 Find simple, mathematically transparent, decidable sets E of equations axiomatizing BSR, BRA, RRA. (A solution for this problem has to be considerably simpler than, or at least markedly different from the E’s discussed above.)

Equational axiom systems for algebras of relations like for RRA, BRA, BSR are interesting not only because of purely aesthetical reasons, but also because such an axiom system gives an inference system for the corresponding logic. About this logical connections see e.g. Theorems 5.4, 5.5, 6.3 in Part II.

Since the classes RRA, BRA, BSR are not ^nitely axiomatizable, ^nitely axiomatizable approximations, or Şcomputational coresŤ are used for them. For BRA we can take ARA as such an approximation. For RRA, the variety RA of relation algebras, de^ned by Tarski, is used in the literature as such an approximation. We get the de^nition of RA from the de^nition of ARA by replacing (4) with one stronger equation (5), and by adding the equation Id ∘ x = x.

DEFINITION 1.13 (RA, an abstract approximation of RRA) RA is de^ned to be the class of all algebras of the similarity type of RRA’s which satisfy the equations (1)Ű(3) from the de^nition of ARA, together with (5), (6) below.

(5) x^{−1} ∘ [−(x ∘ y)] ≤ −y. (6) Id ∘ x = x. ■ Equation (5) is equivalent, in the presence of the other RA-axioms^{28} with the following so called triangle-rule (5’)

(5^′) x ∩ (y ∘ z) = 0 iff y ∩ (x ∘ z^{−1}) = 0 iff z ∩ (y^{−1} ∘ x) = 0.

Intuitively, (5’) says that the three ways of telling that no triangle

exists, are equivalent.^{29} Thus, a relation algebra is a Boolean algebra together with an involuted monoid sharing the same universe, and the interconnection between the two structures is that they form a normal BAO and the triangle rule (5’) holds.

Equation (6) says that Id is the neutral element of the semigroup operation Ş∘Ť. We note that in algebraic logic this translates to the so called Leibniz law of equality in logic which says that equals cannot be distinguished^{30}.

28We note that 0 ∘ x = 0, 0^{−1} = 0 are usually omitted from the axiomatization of RA, because they follow from the rest of the axioms.

29In a more algebraic language, (5’) says that the maps x → a ∘ x and y → a^{−1} ∘ y are conjugates of each other, and likewise the maps x → x ∘ a and y → y ∘ a^{−1} are conjugates. We recall from [JT51] that in a BAO the functions f, g are conjugates of each other means that x ∩ f(y) = 0 iff y ∩ g(x) = 0 for all x, y.

30For more on this see [BP89, p.10].

RA is a very strong computational core for RRA, almost all natural equations about RRA hold also in RA.^{31} An RA which is not in RRA is called a nonrepresentable RA. Equations holding in RRA and not in RA can be obtained from each ^nite nonrepresentable RA by using that RA is a discriminator variety of BAO’s, as follows. Let A ∈ RA − RRA be ^nite. Then A cannot be embedded in any RRA, and this can be expressed with a universal formula because A is ^- nite. Now using the switching function, this universal formula can be coded as an equation e. Then e does not hold in A ∈ RA, while it holds in RRA. Many ^nite nonrepresentable RA’s are known in the literature. The smallest such has 16 elements.^{32} A source for examples of ^nite nonrepresentable RA’s is the so called Lyndon algebras. A ^nite Lyndon algebra is a ^nite RA such that Id is an atom, a^{−1} = a, a∘a = a∪Id, and a∘b = 1−(a∪b) hold for all other distinct atoms a, b. In^nitely many of the ^nite Lyndon algebras are nonrepresentable (and in^nitely many are representable). Another way of getting ^nite nonrepresentable RA’s is to ŞdistorteŤ a representable one. There are some known methods, like splitting and dilating^{33} with which we can obtain nonrepresentable RA’s from representable ones. Nonrepresentable RA’s are almost as important as representable ones.^{34}

Some special, interesting classes of RRA’s turn out to be ^nitely axiomatizable, below we list two such classes. These ^nite axiomatizations give (non-standard) ^nitary inference systems for L^=_{3,2}, cf. Mikulťas [Mi96], [Mi95]. The elegant, purely algebraic proofs for the items in the next theorem are examples for significant applications of algebra to logic, via connections between algebra and logic indicated in Part II of this paper.

THEOREM 1.14 Let φ and ψ denote the following formulas, respectively.

∃xy(x^{−1} ∘ x ≤ Id ∧ y^{−1} ∘ y ≤ Id ∧ x^{−1} ∘ y = 1) ∀x∃y(x ≠ 0 → [0 ≠ y ∧ y ≤ x ∧ y^{−1} ∘ y ≤ Id]). Then RRA ∩ ModΣ = RA ∩ ModΣ for Σ = {φ} and Σ = {ψ}. ■

For the proofs see Maddux [Ma78], Tarski-Givant [TG]. An RA in which φ is true is called a quasi-projective RA, or a QRA, and an RA in which ψ is true is called a functionally dense RA.^{35} We can look at Theorem 1.14 in two ways: on one hand

31In other words, only complicated equations can distinguish RRA and RA. 32This was found by McKenzie [McK].

33For splitting in RA see Andrťeka-Maddux-Nťemeti [AMN], for dilation in RA see Nťemeti [N86], Nťemeti-Simon [NSi], Simon [Si97].

34E.g. one proof of non^nite axiomatizability of RRA goes by ^nding in^nitely many nonrepresentable RA’s whose ultraproduct is representable. Investigating the structure of possible axiom systems for RRA often boils down to ^nding suitable nonrepresentable RA’s.

35That any QRA is representable is a theorem of Tarski, an elegant algebraic proof was given by Maddux [Ma78]. A different, illuminating proof is given in Simon [Si96]. For logical applications of this area see [TG]. The proof that every functionally dense RA is representable is in Maddux [Ma78]. See also [AGMNS].

it says that the class of quasi-projective RRA’s is ^nitely axiomatizable (while RRA is not), and on the other hand it says that quasi-projective RA’s are representable (while RA’s in general are not). (And the same for functionally dense RA’s.)

CHAPTER 2

ALGEBRAS OF RELATIONS IN GENERAL

By this point we might have developed some vague picture of how algebras of binary relations are introduced, investigated etc. One might even sense that they give rise to a smooth, elegant, exciting and powerful theory. However, our original intention was to develop algebras of relations in general, which should surely incorporate not only binary but also ternary, and in general nŰary relations.

Let us see how to generalize our RRA’s and BRA’s to relations of higher ranks. Let us ^rst ^x n to be a ^nite ordinal. As we said, we would like the new algebras to be expansions of RRA’s (and BRA’s). However, de^ning composition of nŰary relations for n > 2 is complicated^1 . Therefore the following sounds like a more attractive idea: We single out the simplest basic operations on nŰary relations, and hope that composition will be derivable as a termŰfunction from these. Let us see how we could generalize our generic or full RRA’s ⟨P(U × U), ∘,^{−1}, Id⟩ to relations of rank n. The obvious part is that these algebras will begin with ⟨P(U × U × . . . × U), Id, . . .⟩, where Id = {⟨u, u, . . . , u⟩ : u ∈ U} is the nŰary identity relation. Again, Id is a constant, just as it was in the RRA case. Let^nU denote U × U × . . . × U, e.g.^3U = U × U × U. The new operations (besides the Boolean ones and Id) we will need are the algebraic counterparts of quanti^cation ∃v_i, for i < n. So, we want an operation that sends the relation de^ned by R(v_0, v_1) to the one de^ned by ∃v_0R(v_0, v_1), and similarly for ∃v_1. For R ⊆ U × U let Dom(R) and Rng(R) denote the usual domain and range of R. For n = 2 we de^ne

c_0(R) = U × Rng(R) and c_1(R) = Dom(R) × U. Now ⟨P(U × U), c0, c1, Id⟩ is the full cylindric set algebra of binary relations over U, for short the full Cs_2.

Before turning seriously to nŰary relations, we need the following:

1Composition for n-ary relations is studied in MarxŰNťemetiŰSain [MNS], Marx [Ma95]. The de^nition is ∘(R_1, . . . , R_n) = {⟨a_1, . . . , a_n⟩ : ∃x(⟨a_1, . . . , a_{n−1}, x⟩ ∈ R_1 & ⟨a_1, . . . , a_{n−2}, x, an⟩ ∈ R_2 & . . . & ⟨x, a_2, . . . , an⟩ ∈ Rn)}.

CONVENTION 2.1 Throughout we will pretend that Cartesian products and Cartesian powers are associative such that^nU ×^mU =^{n+m}U, and if e.g. R ⊆^3U then^2U × R ⊆^5U ⊇ R ×^2U.

The full Cs_n, i.e. the full cylindric set algebra of nŰary relations, is the natural generalization of Cs_2 as follows. Let R ⊆^nU. If Rng(R) = {⟨b_1 . . . b_{n−1}⟩ : ⟨b_0b_1 . . . b_{n−1}⟩ ∈ R for some b_0}, then c_0(R) = U × Rng(R) considered as a set of n-tuples. Similarly, let Dom(R) = {⟨b_0 . . . b_{n−2}⟩ : ⟨b_0 . . . b_{n−2}b_{n−1}⟩ ∈ R for some b_{n−1}}, and let c_{n−1}(R) = Dom(R) × U. Generalizing this to c_i with i < n arbitrary, we obtain

c_i(R) = {⟨b_0, . . . , b_{i−1}, a, b_{i+1}, . . . , b_{n−1}⟩ : ⟨b_0, . . . , b_{n−1}⟩ ∈ R and a ∈ U} . c_i is one of the most natural operations on relations. It simply forgets the i-th argument of the relation, or in other words, deletes the i-th column. However, since deleting the i-th column would leave us with an (n − 1)Űary relation, Dom(R) if i = n − 1, we replace the i-th column with a dummy column i.e. in the i = n − 1 case we represent Dom(R) with the Şpseudo nŰary relationŤ Dom(R) × U. The Şreal rankŤ of an R ⊆^nU is always easy to recover, namely it is Δ(R) = {i < n : c_i(R) ≠ R}. So c_i is the natural operation of removing i from the (real) rank of a relation.

For example, c_{father} when applied to the Şfather, mother, childŤ relation gives back the Şmother, childŤ relation coded as Şanybody, mother, childŤ (in which the anybody argument carries no information i.e. is dummy). By a full Cs_n we understand an algebra

Reln(U)^{def}= ⟨P(^nU), c0, . . . , cn−1, Id⟩

for some set U. By a Cs_n we understand a subalgebra of a full Cs_n with nonempty 2 base set U i.e.

Cs_n^{def}= S{Rel_n(U) : U is a nonempty set}.

By a representable cylindric algebra of nŰary relations, (an RCA_n) we understand a subalgebra of a direct product of full Cs_n’s (up to isomorphism), formally:

RCA_n = SP{⟨P(^nU), c_0, . . . , c_{n−1}, Id⟩ : U is a set}.

Note that RCA_n = SP{Rel_n(U) : U is a set} = SP(full Cs_n) = SPCs_n. By the same argument as in the case of BRA’s, every RCA_n is directly representable as an algebra of nŰary relations (with the greatest relation a disjoint union of Cartesian spaces). RCA_n is one of the Şleading candidatesŤ for being the natural algebra of nŰary relations.

2Excluding the empty base set here is not essential, it serves easier applicability in the second part of this paper, in section 7.

The abstract algebraic picture is simple: an RCA_n is a BA together with n closure operations and an extra constant. Accordingly, an (abstract) cylindric algebra of dimension n, a CA_n, is de^ned as a normal BAO with n self-conjugated and commuting closure operations, and with a constant satisfying two equations. In more detail:

DEFINITION 2.2 (CA_n, an abstract approximation of RCA_n) CA_n is de^ned to be the class of all algebras of the similarity type of Rel_n(U) which satisfy the following equations for all i, j < n. (1) The axioms for normal BAO, i.e.

the Boolean axioms,

c_i0 = 0, c_i(x ∪ y) = c_i(x) ∪ c_i(y).

(2) Axioms expressing that c_i’s are self-conjugated commuting closure operations, i.e.

(i) x ≤ c_ix = c_ic_ix,

(ii) y ∩ c_ix = 0 iff c_iy ∩ x = 0,

(iii) c_ic_j x = c_j c_ix.

Because of the above axioms, the notation c_{(Γ)}x = c_{i1} . . . c_{ik} x where Γ = {i_1, . . . , i_k} makes sense. We will use that notation from now on. We will also use the convention^3 that n = {0, 1, . . . , n − 1}.

(3) The constant Id has domain 1 and satis^es the ŞLeibniz-lawŤ, i.e.

(i) c_{(n}r_{{i})}Id = 1,

(ii) c_{(n}r_{{i,j})}Id ∩ c_ix = x whenever x ≤ c_{(n}r_{{i,j})}Id and i ≠ j. ■

An equivalent form of saying that c_i is self-conjugated^4 is to say that the complement of a closed element is closed. Thus, in the above de^nition, (2)(ii) can be replaced with

c_i − c_ix = −c_ix.

3For more on this see e.g. [HMT, Part I. pp. 31Ű32].

4I.e. that it is the conjugate of itself, cf. the footnote to the triangle-rule (5)’ in section 1.

Note that (2)(ii) is an analogon of the triangle rule (5)’ in the de^nition of RA. (3)(ii) expresses that the closure operator c_i is ŞdiscreteŤ, or is the identity, when relativized to Id_{ij}^{def}= c_{(n}r_{{i,j})}Id,

i ≠ j. Both (2)(ii) and (3)(ii) have equivalent equational forms, e.g. an equivalent form of (3)(ii) is

Id_{ij} ∩ c_i(Id_{ij} ∩ x) = Id_{ij} ∩ x when i ≠ j

and an equivalent (together with the other axioms) form of (2)(ii) is

c_i(x ∩ c_iy) = c_ix ∩ c_iy.

Connection with geometry: The names in cylindric algebra theory come from connection with geometry. Namely, an n-ary relation is a set of n-tuples, while an n-tuple is a point of the n-dimensional space. E.g. ⟨a, b⟩ is a point in the 2- dimensional space with coordinates a and b, while ⟨a, b, c⟩ is a point in the 3- dimensional space with coordinates a, b and c. Thus a binary relation is a subset of the 2-dimensional space, while an n-ary relation is a subset of the n-dimensional space. Hence the name Şcylindric algebra of dimension nŤ.

If R is a subset of the n-dimensional space, then c_i(R) is the cylinder above R parallel to the i-th axis, and Id is the main diagonal. Hence the name Şcylindric algebraŤ. The operations c_i and Id are called Şcylindri^cationsŤ and ŞdiagonalsŤ in CA-theory, and Id_{ij} is usually denoted by d_{ij} (for diagonal). Because of these geometrical meanings, also the operations of RCA_n are easy to draw. This is illustrated on Figure 2.1, see also Figure 2.3.

How can we draw the operations of RRA? Converse is easy to draw: the converse of R is the mirror image of R w.r.t. the diagonal. However, relation composition of two relations R, S is not so easy to draw. See Figure 2.2.

Thus cylindric algebras (CA’s) are simpler than relation algebras RA’s in two ways: CA’s have only unary operations c_i, while the central operation of RA is the binary composition operation ∘; and secondly, cylindri^cations are easy to draw, while composition is not so easy to draw. There are furher connections with geometry, e.g. via projective planes. We do not discuss these herein, but cf. Monk [M74], [Gi97], [NS97], [NS97], [AGiN97, Chapter II].

Connection between CA’s and RA’s: A natural question comes up: can these ŞsimpleŤ CA’s recapture the power of RA’s? This was a requirement we expected to meet, namely we expected that the theory of n-ary relations should be an extension of that of binary relations. The answer is that RCA_n with n ≥ 3 is strong enough to recapture RRA, while RCA_2 is not strong enough. In more detail:

Mirroring cannot be expressed by the diagonal and the cylindri^cations in the plane (i.e. in 2-dimensional space), but it can be expressed if we can move out to 3-dimensional space, see Figure 2.3.

Namely, by letting

s^i_j (x)^{def}= c_i(Id_{ij} ∩ x) and P = U × U × {u} for some ^xed u ∈ U, we have

R^{−1} = P ∩ s^2_1s^1_0s^0_2c_2R

for R ⊆ P . Here, we identi^ed the binary R ⊆ U × U with the ternary R × {u}, and similarly for R^{−1}. Composition also can be expressed:

R ∘ S = P ∩ c_2(s^1_2c_2R ∩ s^0_2c_2S).

A more natural approach is based on identifying a binary relation R ⊆ U × U with the ternary relation Dr(R)^{def}= R × U;

we call Dr(R) the dummy representation of R as a ternary relation. Then Dr : P(U × U) → P(U × U × U); and Dr(R^{−1}) = s^2_1s^1_0s^0_2Dr(R), Dr(R ∘ S) = c_2(s^1_2Dr(R) ∩ s^0_2Dr(S)).

So in a sense, RRA’s form a kind of a reduct of RCA_n’s for n ≥ 3. In more detail: Let A ∈ CA_n, n ≥ 3. The relation-algebra reduct RaA of A is de^ned as

RaA^{def}= ⟨RaA, ∪A, −A, ∘,^{−1}, IdA_{01}⟩,

where

RaA = {a ∈ A : cA_j a = a for all 2 ≤ j < n}

and if a, b ∈ RaA, then a^{−1 def}= s^2_1s^1_0s^0_2a, a ∘ b^{def}= c_2(s^1_2a ∩ s^0_2b).

Now, Dr : ⟨P(U × U), ∘,^{−1}, Id⟩ ↣→ RaRel_n(U) is an isomorphism for n ≥ 3. We de^ne RaCA_n^{def}= {RaA : A ∈ CA_n} for 3 ≤ n.

For K ⊆ CA_n, RaK is de^ned similarly.

Then RRA = SRaRCA_n for all n > 2. The classes SRaCA_n (n > 3) form a chain between RA and RRA, providing a Şdimension-theoryŤ for^5 RA. In more detail, SRaCA_3 ) RA (Monk [M61]), SRaCA_4 = RA (Maddux, [Ma78a]), RA ⊃ SRaCA_5 ⊇ . . . ⊇ RRA (Monk [M61]), and^6

RRA = ∩{SRaCA_n : 3 ≤ n < ω} = SRaCA_ω.

Investigating the connection between RRA (RA) and RCA (CA) is an interesting subject. Some of the references are Monk [M61], Maddux [Ma78a], [Ma89], [HMTII, §5.3], NťemetiŰSimon [NSi], [Si96], [Si97], HirschŰHodkinson [HH97]. Recent developments in the RA−CA (Ű polyadic algebras) connection are reported in [Si97], [NSi].

Thus the answer is that RCA_n’s, n > 2, do recapture the power of RRA’s. (On the other hand, RCA_2’s do not^7.)

Connection with logic: Cylindric algebras have a very close and rich connection with logic. This connection is partly described in [HMTII, §4.3], and in Examples 6, 8, 9 in section 7 herein.

Summing up this connection very brie~y: RCA-theory corresponds to model theory of ^rst-order like languages (or quanti^er logics), while abstract CA-theory corresponds to their proof theory. Individual CA’s correspond to theories in such logics, homomorphisms between CA’s correspond to interpretations between theories, while isomorphism of CA’s corresponds to de^nitional equivalence of models and/or theories. CA-theoretic terms and equations correspond to ^rst-order formula schemas, an equation e is valid in RCA if its corresponding formula schema is valid, an equational derivation of e corresponds to a proof of the formula (schema) corresponding to e. More on this is written in section 7, Examples 6,8,9. Here, ^rst-order like languages encompass ^nite-variable fragments of ^rst-order language (FOL for short), usual FOL, FOL with in^nitary relation symbols but with ^nitary logical connectives, FOL considered as a propositional multi-modal logic, FOL with several modi^ed semantics etc.

Most of the above is discussed in [HMTII, §4.3], especially when taken together with [vB96]. Some other references illustrating the rich connection of CA’s with logic are the following. In Monk [M93] the connection with FOL is treated. In [N87] and in [R] valid formula-schemas, in [N90] model theory of FOL with in- ^nitary relation symbols, in [N96] FOL with generalized semantics, in [A], [SA] algebras of sentences, in [Se85] and Biro-Shelah [BiSh] model theoretic notions like saturated, universal, atomic models are investigated with the help of CA’s, respectively. [AvBN96], [vB96], [MV] connect CA’s with modal logic, [S95], [SGy]

5As later, in Thm. 2.14(ii), we will see, this is analogous to the chain SNr_nCA_{n+k} (k ≥ 0) between CA_n and RCA_n.

6For the de^nition of CA_ω see Def. 2.12.

7For example, EqRRA is undecidable, while EqRCA_2 is decidable, see Thm. 1.10(i), Thm. 2.3(iii).

use CA’s for searching for a FOL with nicer behaviour. Further references on this line are e.g. [vB97], [V95a].

The connection of CA’s with logic also sheds light on the above ways of expressing composition and converse of binary relations in CA. Namely, RCA_n is the algebraic counterpart of ^rst-order logic with n variables (see Part II, example 6 in section 7), and in particular n-variable ^rst-order formulas and terms in the language of RCA_n are in strong correspondence with each other (see Corollary 5.5 in Part II). The RCA-terms in the de^nition of an RA-reduct are just the transcripts of the 3-variable formulas de^ning composition and conversion of binary relations. (On the intuitive meaning of the terms s^i_j see the remark after Example 7 in section 7.)

At this point we can state the counterparts of Theorems 1.2Ű1.10.^8

THEOREM 2.3 (basic properties of RCA_n) Let n be ^nite.

(i) RCA_n is a discriminator variety, with a recursively enumerable equational theory.

(ii) RCA_n is not axiomatizable with a ^nite set of equations and its equational theory is undecidable if n > 2.

(iii) RCA_2 is axiomatizable with a ^nite set of equations, and its equational theory is decidable. The same is true for RCA_1. Any CA_2 satisfying for all i, j < 2, i ≠ j c_ix · s^j_i c_ix ≤ Id → x = c_0x · c_1x, or

c_0x · c_1x − x ≤ c_i(s^j_i c_ix − Id) is representable^9.

(iv) The logic captured by RCA_n is ^rst-order logic with equality restricted to n individual variables.

Proof. The proof of (i) goes exactly as in the previous section, cf. the proofs of Thm. s 1.2, 1.7.: The subdirectly irreducible members of RCA_n are exactly the isomorphic copies of the nontrivial Cs_n’s (i.e. those with nonempty base set U), and a switching term is c_{(n)}x, i.e. in Cs_n we have^{10}

c_{(n)}x = { 1 if x ≠ 0 0 if x = 0.

8L. Henkin and A. Tarski proved that RCA_n is a variety, J. D. Monk [M69] proved that RCA_n is not ^nitely axiomatizable, L. Henkin gave a ^nite equational axiom system for RCA_2, and D. Scott proved that Eq(RCA_2) is decidable.

9The above quasi-equation and equation then are equivalent to the so-called Henkin-equation (see [HMTII, 3.2.65]), which was further simpli^ed in Venema [V91, §3.5.2]. On the intuitive meaning of these see the paragraph preceding Thm.7.8 in this work.

10Recall that n = {0, 1, 2, . . . , n − 1}. Thus n r 2 = {2, 3, . . . , n − 1}.

The proof of undecidability of BRA can be adapted here, too, by using the above outlined connection between RA and CA. Namely, the quasi-equational theory of semigroups can be interpreted in RCA_n, e.g. by using the term

x; y = c_2(s^1_2c_{(n}r_{2)}x ∩ s^0_2c_{(n}r_{2)}y).

The proof for non^nite axiomatizability of RCA_n, n > 2 will be discussed in Remark 2.9. The proof of the ^rst part of (iii) can be found in [HMTII, 3.2.65, 4.2.9]. It is not hard to check that in all CA_2’s, the quasi-equation and the equation in (iii) are equivalent to each other. Also, the equation in (iii) is equivalent to

(∗) c_0x · c_1x ≤ x + c_i(s^j_i c_ix − Id)

which is then preserved under taking perfect extensions (because negation Ű occurs only in front of a constant). Thus it is enough to show that any simple atomic A ∈ CA_2 satisfying (∗) is representable. Now, (∗) implies that there are no defective atoms in A, in the sense of [HMTII, 3.2.59], and then A ∈ RCA_2 by [HMTII, 3.2.59]. For (iv) see example 6 in section 7 of Part II. ■

More on the ^ne-structure of the equational theory of RCA_n will be said later, after Problem 2.11.

How far did we get in obtaining algebras of relations in general (binary, ternary, . . ., nŰary, . . .)? RCA_n is a smooth and satisfactory algebraic theory of nŰary relations. So, can our theory handle all ^nitary relations? The answer is both yes and no. Namely, since n is an arbitrary ^nite number, in a sense, we can handle all ^nitary relations. But, we cannot have them all in the same algebra or in the same variety. For any ^nite family of relations, we can pick n such that they are all in RCA_n. But this does not extend to in^nite families of relations. To alleviate this, we could try working in the system ⟨RCA_n : n ∈ ω⟩ of varieties instead of using just one of these. To use them all together, we need a strong coordination between them. This coordination is easily derivable from the embedding function Dr sending R to R × U for R ⊆^nU de^ned above. Let A ⊆ Rel_n(U) =

⟨P(^nU) · · ·⟩ be a Csn and let B be the Csn+1 generated by the Dr image of A,

i.e. B ⊆ Rel_{n+1}(U) = ⟨P(^{n+1}U) · · ·⟩ is generated by {Dr(R) : R ∈ A}. The biggest A yielding the same B is called the nŰary neat-reduct of B, formally

A = Nrn(B). Then

Nr_n(B) = {b ∈ B : c_n(b) = b}.

Intuitively, Nr_n(B) is the algebra of nŰary relations Şliving inŤ the algebra B of n + 1Űary relations. It is not hard to see that Nr_n : RCA_{n+1} −→ RCA_n is a functor, in the category theoretical sense, for every n. Now, we can use the collection of varieties RCA_n for all n ∈ ω, synchronized via the functors ⟨Nr_n : n ∈ ω⟩, as a single mathematical entity containing all ^nitary relations.

Another possibility is to insist that we want all ^nitary relations over U represented as elements of a single algebra. In other words, this goal means that instead of a system of varieties we want to consider a single variety that in some sense incorporates all the original varieties taken together. Indeed, each RCA_n can be viewed as incorporating all the RCA_k’s for k ≤ n, since the latter can be recovered from RCA_n by using the functors Nr_{n−1}, Nr_{n−2} etc. So as n increases, RCA_n gets closer and closer to the variety we want. Indeed, we take the limit of this sequence. There are two ways of doing this, the naĺ”ve way we will follow here and the category theoretical way we only brie~y mention. It is shown in the textbook AdamekŰHerrlichŰStrecker [AHS] that the system or ŞdiagramŤ

RCA_1 Nr^1←− RCA_2 Nr^2←− · · · RCA_n Nr^n←− RCA_{n+1} · · ·

is ŞconvergentŤ in the category theoretic sense, i.e. that it has a limit L. Indeed, it is this class L of algebras that we will construct below in a naĺ”ve way that does not use category theoretic tools or concepts.

We ^rst extend our Convention 2.1, stated at the beginning of the present section concerning associativity of Cartesian products and powers. In the sequel, ω is the smallest in^nite ordinal, as well as the set of all ^nite numbers, and^ωU is the set of ω-sequences over U. Furthermore,^nU ×^ωU =^ωU, and if R ⊆^nU then R ×^ωU ⊆^ωU, for n < ω. We will also have to distinguish the constant Id of RCA_3 from that of RCA_4. Therefore we let Id^{n def}= {⟨a, . . . , a⟩ : a ∈ U} denote the nŰary identity relation on U.

How do we obtain an algebra containing all ^nitary relations over U? If R is binary, but we want to treat it together with a 5Űary relation, then we represent R by R×U ×U ×U = R×^3U in a Cs_5. Taking this procedure to the limit, if we want to treat R together with relations of arbitrary high ranks, then we can represent R with R ×^ωU. This way we can embed all ^nitary relations into relations of rank ω, and relations of different ranks become ŞcomparableŤ and ŞcompatibleŤ.^{11} We still haven’t obtained the de^nition of Cs_ω’s from that of Cs_n’s because we do not know what to do with the constant Id. More speci^cally, we want to be able to use the neat reduct functor Nr_n, as the inverse of R → R ×^ω U for R ⊆^nU, in order to recover the original Cs_n’s from the new Cs_ω. This means that for Id^n ⊆^nU we want Id^n ×^ω U to be a derived constant (distinguished element) in our algebra.

11In particular we avoid the problem we ran into at the end of the introduction to this part in connection with the Boolean algebra P(^{<ω} U), because e.g. the complement of R ×^ωU is R ×^ωU where R denotes^nU r R if R is an n-ary relation. Instead of trying to tame the Boolean-like algebra {R : R ⊆^nU for some n} ⊆ P(^{<ω}U), we simply represent R ⊆^nU by R ×^ωU which is an element of ⟨P(^ω U), c_0, . . . , c_n, . . .⟩_{n<ω} .

Adding Id^ω = {⟨a, . . . , a, . . .⟩ : a ∈ U} as an extra constant does not ensure this any more. One of the most natural solutions is letting

Id^ω_{ij} = Id_{ij} = {q ∈^ωU : q_i = q_j }

and de^ning a full Cs_ω as Relω(U)^{def}= ⟨P(^ωU), ci, Idij ⟩i,j<ω , where the Id_{ij} ’s are constants. The price we had to pay for replacing the ^nite bound n on the ranks of relations we can treat with the in^nite bound ω is that we had to break up our single constant Id to in^nitely many constants Id_{ij} (i, j ∈ ω).

RCA_ω is de^ned to consist of all subalgebras of direct products of full Cs_ω’s (up to isomorphisms),

RCA_ω = SP{⟨P(^ωU), c_i, Id_{ij} ⟩_{i,j<ω} : U is a set}.

Again, as it was the case with BRA’s and RCA_n’s, RCA_ω’s are directly representable as algebras whose elements are ωŰary relations.

The elements of P(^ωU) are all the ω-ary relations over U, and not only the ŞrepresentationsŤ R ×^ωU of ^nitary relations R over U. Can we actually recover the algebras of ^nitary relations from the huge full Cs_ω’s? Let

Rf(U) = {R ×^ωU : R ⊆^nU for some n ∈ ω}.

Then Rf(U) ⊆ P(^ωU); moreover it is a subalgebra of the full Cs_ω Rel_ω(U) with universe P(^ωU). We will denote this subalgebra by Rf(U). Now, we set

Csf_ω^{def}= S{Rf(U) : U is a nonempty set}.

In a sense, Csf_ω is the narrowest reasonable class of algebras of ^nitary relations.^{12}

If R ∈ Rf(U), then Δ(R) = {i ∈ ω : c_iR ≠ R} is ^nite, in short R is ^nite-dimensional. We note that the converse is not true, there are R ⊆^ωU with Δ(R) = ∅, yet R /∈ Rf(U). Indeed, ^x u ∈ U and set R = {s ∈^ωU : {i < ω : s_i ≠ u} is ^nite}. 12The letters Rf (and Rf) refer to Şfinitary relationsŤ. Csf_ω is the above mentioned category theoretical limit L. More precisely, for this equality to be literally true, when forming the category theoretic limit L, instead of the varieties RCA_n we have to start out from their subdirectly irreducible members, which are nothing but Cs_n’s. So Csf_ω is the limit of the sequence Cs_1, . . . , Cs_n, . . .. The class Csfω and its relationship with RCAω was systematically investigated in Andrťeka [A73], [AGN73], [AGN77], [HMTAN], [HMTII]. In the ^rst three works the class was denoted by Lv or Lr, while in the last two by Cs^{reg}_ω ∩ Lf_ω, the latter being the standard notation today.

Then R /∈ Rf(U) if |U| ≥ 2, while c_iR = R for all i < ω. A relation R ⊆^ωU is called regular if

(s ∈ R iff z ∈ R) whenever s, z ∈^ωU, s ↾ Δ(R) = z ↾ Δ(R).

Then the elements of Rf(U) are exactly the ^nite-dimensional regular relations on U. Now we turn to the connections between the classes Csf_ω, Cs_ω and RCA_ω. Intuitively, the elements of Csf_ω are algebras of ^nitary relations, while the elements of Cs_ω (as well as those of RCA_ω) are algebras of ωŰary relations^{13}.

THEOREM 2.4 (basic properties of RCA_ω)

(i) RCA_ω is a variety with recursively enumerable and undecidable equational theory.

(ii) Eq(RCA_ω) = ⋃ {Eq(RCA_n) : n ∈ ω}. I.e. in the language of RCA_n, the same equations are true in RCA_n and in RCA_ω.

(iii) RCA_ω = SPCs_ω = SPUpCsf_ω ≠ SPCsf_ω. I.e. RCA_ω is both the variety and quasi-variety generated by Csf_ω; the same equations and quasiequations are true in Csf_ω and in Cs_ω, but there is an in^nitary quasiequation distinguishing Csf_ω and Cs_ω.

Proof. (ii) follows from [HMTII, 3.1.126]. Recursive enumerability and undecidability of Eq(RCA_ω) follows from (ii) and Thm. 2.3 (for recursive enumerability one also has to use the proof of Thm. 2.3, namely that the recursive enumerations of Eq(RCA_n) given there are ŞuniformŤ in n). That RCA_ω is a variety follows e.g. from [HMTII, 3.1.103], (where it is proved directly that RCA_ω is closed under taking homomorphic images). RCA_ω = SPUpCsf_ω follows from [HMTII, 3.2.8, 3.2.10, 2.6.52]. To show RCA_ω ≠ SPCsf_ω consider^{14} the following in^nitary quasi-equation q: ⋀ {c_ix = x : i < ω} ∧ Id_{01} ≤ x → x = 1.

Then q is valid in SPCsf_ω while it is not valid in RCA_ω . ■

We note that SUpCsf_ω ≠ RCA_ω. Indeed, consider the following universal formula η

Id_{(3)} ≠ 0 → −Id_{01} ≤ c_2Id_{(3)}, where

Id_{(3)}^{def}= −Id_{01} ∩ −Id_{02} ∩ −Id_{12}.

13Thm. 2.4(i) is due to L. Henkin and A. Tarski. For the rest of the credits in connection with Thm 2.4 we refer the reader to [HMT, I, II] and [HMTAN].

14Another proof, exporting logical properties to algebras, can be found at the end of Example 9 in section 7.

(The intuitive content of η is that if there is a ŞsubbaseŤ of cardinality ≥3, then there are no subbases of size 2.)

RCA_ω is not a discriminator variety, e.g. because there are subdirectly irreducible but not simple RCA_ω’s. But it is still an arithmetical variety of BAO’s, from which many properties of RCA_ω follow by using theorems of universal algebra. It is not true that Sir(RCA_ω) = ICs_ω , in fact no intrinsic characterization of Sir(RCA_ω) is known.^{15} The variety RCA_ω is very well investigated, perhaps the most detailed study is in [HMTAN], [HMTII]. For more recent results see e.g. Goldblatt [G95], Monk [M93], Shelah [Sh], Serťeny [Se85], [Se97], Hodkinson [H97].

The theorems which say that BRA, RRA, and RCA_n are not ^nitely axiomatizable, carry over to RCA_ω too. However, to avoid triviality, instead of non-^nite axiomatizability we have to state something stronger, because RCA_ω has in^nitely many operations and ^nitely many axioms can speak about only ^nitely many operations. Taking this into account, when trying to axiomatize RCA_ω, one could still hope for a ^nite ŞschemaŤ (in some sense) of equations treating the in^nity of the RCA_ω-operations uniformly. A possible example for a ^nite schema is c_ic_j x = c_j c_ix (i, j ∈ ω). The following theorem^{16} implies that it will be hard to ^nd such a schema, and that certain kinds of schemata are ruled out to begin with.

THEOREM 2.5 (non^nite axiomatizability of RCA_ω) The variety RCA_ω is not axiomatizable by any set Σ of universally quanti^ed formulas such that Σ involves only ^nitely many variables.

Proof. Plan: For all m < ω we will construct an algebra A_m such that

a) Am /∈ RCAω

b) every mŰgenerated subalgebra of A_m is in RCA_ω.

This will prove the theorem because of the following. Assume that Σ is a set of quanti^er-free formulas such that Σ involves at most m variables (|var(Σ)| ≤ m < ω) and RCA_ω |= Σ. Then Σ is valid in an algebra B iff Σ is valid in every mgenerated subalgebra of B, because |var(Σ)| ≤ m and Σ contains no quanti^ers. Thus A_m |= Σ by b) and by RCA_ω |= Σ. Then A_m /∈ RCA_ω shows that Σ does not axiomatize RCA_ω.

Construction of A_m: Let κ ≥ 2^m be ^nite, and let ⟨U_i : i < ω⟩ be a system of pairwise disjoint sets each of cardinality κ. Let

15It is known that Sir(RCA_ω) is a proper subclass of IWs_ω. More on this see [HMTII, 3.1.83- 3.1.88], [ANT].

16Monk [M69] proves that RCA_ω cannot be axiomatized with a ^nite number of schemas of equations like those in the de^nition of CA_ω. See [HMTII, 4.1.7]. Thm. 2.5, due to Andrťeka, is a generalization of that result and can be found in [A97] or in [M93].

U = ⋃ {U_i : i ∈ ω}, let q ∈ P_{i∈ω}U_i^{def}= {s ∈^ωU : (∀i ∈ ω)s_i ∈ U_i} be arbitrary, R = {z ∈ P_{i∈ω}U_i : |{i ∈ ω : z_i ≠ q_i}| < ω}, and let A^′ be the subalgebra of ⟨P(^ω U), ci, Idij ⟩i,j∈ω generated by the element R.

Then R is an atom of A^′ because of the following. For any two sequences s, z ∈ R there is a permutation σ : U ↣→ U of U taking s to z and ^xing R, i.e. s ∘ σ = z and R = {p ∘ σ : p ∈ R} (the obvious choice for σ, interchanging s_i and z_i for all i ∈ ω and leaving everything else ^xed, works). If σ is a permutation of U ^xing R, then σ ^xes all the elements generated by R because the operations of RCA_ω are permutation invariant. Thus if ∅ ≠ a ∈ A^′ and s ∈ a ∩ R then R ⊆ a, showing that R is an atom of A^′.

We now Şsplit R into κ + 1 new atoms R_j each imitating RŤ obtaining a new, bigger algebra A from our old A^′. I.e. we choose a larger algebra A such that A satis^es the conditions below and is otherwise arbitrary.

A^′ ⊆ A, the Boolean reduct of A is a Boolean algebra,

R_j are atoms of A and c_iR_j = c_iR for j ≤ κ, i < ω,

each element of A is a Boolean join of an element of A^′ and of some R_j ’s

c_i distributes over joins, for any i < ω, i.e. A |= c_i(x ∪ y) = c_ix ∪ c_iy.

Note that in A Ş∪Ť is only an abstract algebraic operation and not necessarily set theoretical union. It is easy to see that such an extension A of A^′ exists. See Figure 2.4.

By the above, we have constructed our algebra A_m which in the following we will denote just by A. ■

CONVENTION 2.6 In this proof we use the symbols ∩, ∪ denoting the concrete operations of our set algebras (Cs_ω’s) also as the corresponding abstract algebraic operation symbols (denoting themselves in Cs_ω’s). So, if x, y are variable symbols, then x ∩ y is a term. We hope context will help in deciding whether x ∩ y is meant to be a term or a concrete set. x − y is the Boolean term (x ∩ −y) denoting the set x r y in Cs_ω’s. It is especially important to note that since, for the algebra

A constructed above, A /∈ RCAω was not excluded, the operations denoted by ∪,

∩, c_i etc. in A are not assumed to be the real, set theoretic ones. They are just abstract operations despite of the notation Ş∪Ť etc. The Boolean ordering on A will be denoted by ≤.

CLAIM 2.7 A /∈ RCA_ω .

Proof. For i, j < ω, i ≠ j, let s^i_j (x) = c_i(Id_{ij} ∩ x) and s^i(x) = x. Let the term τ be de^ned by τ(x)^{def}= ⋂ i≤κ s^0_i c_1 . . . c_κx ∩ ⋂ i<j≤κ −Id_{ij} . Let^ωU^{(q)} = {z ∈^ωU : {i ∈ ω : z_i ≠ q_i} is ^nite}. (^ωU^{(q)} is usually called the weak Cartesian space determined by U and q.) Then, for our concrete choice of

R, A^′ |= τ(R) = 0 because of the following:

c_1 . . . c_κR = (U_0 ×^κU × U_{κ+1} × . . .) ∩^ω U^{(q)},

s^0_i c_1 . . . c_κR = (_i U × U_0 ×^{(κ−i)}U × U_{κ+1} × . . . ) ∩^ωU^{(q)}, ⋂ i≤κ s^0_i c_1 . . . c_κR =

(_{(κ+1)} U_0 × U_{κ+1} × . . . ) ∩^ωU^{(q)} .

Then by |U_0| ≤ κ we have that there is no repetitionŰfree sequence in^{(κ+1)}U_0. Thus A^′ |= τ(R) = 0.

Then A |= τ(R) = 0 by A^′ ⊆ A and R ∈ A^′. Assume that A ∈ RCA_ω. Then there is a homomorphism h : A → B ∈ Cs_ω such that h(R) ≠ 0, for some B. By h(R) ≠ 0, there is s ∈ h(R). By R ≤ c_0R_j we have h(R) ⊆ c_0h(R_j ), so there is u_j such that ⟨u_j , s_1, s_2, . . . s_i . . .⟩ ∈ h(R_j ), for all j ≤ κ. These u_j ’s are different from each other since the R_j ’s are disjoint from each other, and so the h(R_j )’s are disjoint from each other. Consider the sequence z = ⟨u_0, u_1, . . . , u_κ, s_{κ+1}, . . .⟩. Then z ∈ τ(h(R)) is easily seen as follows. Obviously z ∈ −Id_{ij} , if i < j ≤ κ. Further ⟨u_i, z_1, . . . z_j . . .⟩ ∈ Id_{0i} ∩ c_1 . . . c_κh(R), hence z ∈ s^0_i c_1 . . . c_κh(R) if i ≤ κ. Thus z ∈ τ(h(R)), a contradiction. ■

CLAIM 2.8 The mŰgenerated subalgebras of A are in RCA_ω.

Proof. Let G ⊆ A, |G| ≤ m. For all i, j ≤ κ de^ne R_i ≡ R_j iff (∀g ∈ G)[R_i ≤ g ↔ R_j ≤ g]. Then ≡ is an equivalence relation on {R_j : j ≤ κ} which has ≤ 2^m blocks by |G| ≤ m. Let p denote the number of blocks of ≡, i.e. p = |{R_j / ≡ : j ≤ κ}| ≤ 2^m ≤ κ. De^ne B = {a ∈ A : (∀i, j ≤ κ)([R_i ≡ R_j and R_j ≤ a] ⇒ R_i ≤ a)}. We now show that B is closed under the operations of A.: Let k < l < ω.

1) B clearly is closed under the Boolean operations.

2) Id_{kl} ∈ B since (∀j ≤ κ)R_j ≰ Id_{kl}.

3) Clearly, A^′ ⊆ B (since R is an atom of A^′), and c_ka ∈ A^′ for all a ∈ A.

Thus c_kb ∈ B (for all b ∈ A).

Let B ⊆ A be the subalgebra of A with universe B. By G ⊆ B, it is enough to

show that B ∈ RCA_ω.

We will de^ne an embedding h : B ↣ ⟨P(^ωU), c_i, Id_{ij} ⟩_{i,j<ω} . Let {y_j : j < p} = { ∑ (R_j / ≡) : j ≤ κ}. Then {y_j : j < p} is a partition of R in B, i.e. they are pairwise disjoint and sum up to R, c_iy_j = c_iR for all j < p and i < ω and every element of B is a join of some element of A^′ and of some y_j ’s. So, B looks like the algebra on Figure 2.5.

First we de^ne the images of the y_j ’s. Let Q = {0, 1, . . . , κ − 1} and let (Q, +, 0) be a commutative group. For each i < ω let f_i : U_i ↣→ Q be a bijection such that f_i(q_i) = 0. For j < κ de^ne R^{′′}_j = { z ∈ R : ∑ ⟨f_i(z_i) : i < ω⟩ = j } , where ∑ denotes the group theoretic sum in (Q, +, 0). Then it is not dif^cult to check that the R^{′′}_j ’s are disjoint from each other and

c_iR^{′′}_j = c_iR for all i < ω

for the concrete set theoretic c_i’s. De^ne for all j < p − 1 R^′_j = R^{′′}_j R^′_{p−1} = ⋃ { R^{′′}_j : p − 1 ≤ j < κ } .

We are ready to de^ne the embedding h of B.: We de^ne for all b ∈ B h(b) = (b − R) ∪ ⋃ {R^′_j : j < p, y_j ≤ b}, where b − R is computed in A, and since (b − R) ∈ A^′ ⊆ P(^ωU), the rest of the operations are the concrete set theoretic ones. Now it is not dif^cult to check that h is an embedding h : B ↣ ⟨P(^ωU), c_i, Id_{ij} ⟩_{i,j<ω} as follows.

Clearly h preserves ∪, −. h(b) = 0 implies b = 0, hence h is oneŰone. h(Id_{kl}) = Id_{kl}. Now we check c_kh(b) = h(c_kb).

c_kh(b) = c_k[(b − R) ∪ ⋃ {R^′_j : y_j ≤ b}]

= c_k(b − R) ∪ ⋃ {c_kR^′_j : y_j ≤ b} = c_k(b − R) ∪ ⋃ {c_ky_j : y_j ≤ b} = c_k[(b − R) ∪ ⋃ {y_j : y_j ≤ b}] = c_kb,

where the operations in the ^rst two lines are set theoretic while those in the last three lines are understood in the abstract algebra A. h(c_kb) = (c_kb − R) ∪ ⋃ {R^′_j : y_j ≤ c_kb} = c_kb, since (∃j)y_j ≤ c_kb iff R ≤ c_kb, and R ≰ c_kb iff c_kb = c_kb − R. QED(Theorem 2.5) ■

Remark 2.9 below describes the modi^cations needed for obtaining proofs for the analogous (with Thm. 2.5) non-^nitizability theorems for RCA_n (n > 2) and RRA.

REMARK 2.9 Here we outline the modi^cations of the above proof of Theorem 2.5 yielding proofs for non-^nite axiomatizability of RCA_n and RRA.

Let α be n or ω. An algebra A similar to RCA_α’s is said to be representable if

A ∈ RCAα. Thus representability means that A is isomorphic to an algebra A^+

whose elements are αŰary relations and whose greatest element is a disjoint union of Cartesian spaces. A^+ is called a representation of A and sometimes the isomorphism h : A ↣→ A^+ too is called the representation of A. By a homomorphic representation we understand a homomorphism mapping A into some Cs_α. This concept receives its importance from the simple but useful fact that representability

of A is equivalent with the existence of a set H of homomorphic representations of A such that (∀nonzero x ∈ A)(∃h ∈ H)h(x) ≠ 0.

The intuitive idea of the above proof of Theorem 2.5 was the following. We found two different ways of ŞcountingŤ the elements of the domain {s_0 : s ∈ R} of the relation R. This counting was done by looking only at the abstract, i.e. isomorphism invariant properties of A. The two ways of counting were: (1) Looking at the number of the disjoints elements R_j below R. This allowed us to conclude that the domain of R must be big. (2) Using the Id_{ij} ’s exactly as one uses equality in ^rstŰorder logic to express that a certain ^nite set is smaller than some κ, we concluded that the domain of R must be small. (This was done by the term τ(R) in the proof of Claim 2.7.)

We started out from an A^′ ∈ RCA_ω in which the counting (2) said that ŞDom(R)Ť is small. Then by splitting, we enlarged A^′ to A, such that in this bigger algebra A the counting (1) said that ŞDom(R)Ť is big. Thus in A the two countings (1) and (2) contradict each other, ensuring A /∈ RCA_ω.

This is how we constructed one nonrepresentable algebra (A_m). We were able to construct an in^nite sequence of such algebras in such a way that as m increases, the contradiction between (1) and (2) becomes weaker and weaker. Actually, as m approaches in^nity, the contradiction between (1) and (2) vanishes. So in the ultraproduct of the A_m’s, (1) and (2) do not contradict each other any more, and this ultraproduct is in RCA_ω . In our construction the con~ict between (1) and (2) became weaker and weaker in the sense that more and more elements had to be inspected for discovering this contradiction.^{17} This ^nishes the intuitive idea of the proof of Theorem 2.5.

Next we would like to repeat this proof for RCA_n in place of RCA_ω , with 2 < n < ω. If we simply replace ω everywhere with n, the proof does not go through because the counting in (2) needs an arbitrarily large number of Id_{ij} ’s and we have only n × n many.^{18} So we need a new method for doing (2). This amounts to looking for an abstract algebra A together with its element R and concluding that in any (homomorphic) representation h : A → B ∈ Cs_n of A, the domain U_0 of h(R) must be of smaller size than a certain κ. (The dif^culty is that we have to be able to repeat this for arbitrarily large κ ∈ ω.) We also need to keep in mind that we will want to have a contradiction with (1), which means that we will want to split R. In order to be able to do this, we only need that R remain an atom. There are many natural ways for ensuring (by abstract properties) smallness of a set. Perhaps the simplest way is the following. If we could ŞseeŤ by looking at

A ŞabstractlyŤ that U0 × U0 is a union of fewer than κ functions fi (i < κ − 1)

each of which is coded by an element of A, then the domain U_0 of R must be of smaller cardinality than κ in any representation of A. E.g. we can take these functions (the f_i’s) to be powers of a single suitable permutation f of U_0; say let U_0 = κ, and let f be the usual successor modulo κ. Let F^{def}= f ×^{n−2}U. Then F ⊆^nU. We include into our algebra A^′, besides R, also F as a new generator element. It can be checked that R remains an atom (because no subset of U_0 became Şde^nableŤ). Now, similarly to the way we used the equation τ(R) = 0 in the proof of Claim 2.7, by studying the abstract properties of F and R in the new

A^′ we can conclude that in any homomorphic representation h of A^′, the Cartesian

square of the domain of h(R) is contained in the union of fewer than κ powers of a function coded by h(F ). But then this domain must be of cardinality ≤ κ. (Exactly what we proved in Claim 2.7 of the old proof. So we can prove our new Claim 2.7.) After this modi^cation, the whole proof goes through by replacing all occurrences of ω with n.^{19} This completes the outline of the proof that RCA_n cannot be axiomatized with quanti^er free formulas using ^nitely many variables, if n > 2.

Let us turn to the RRA case, i.e. to Theorems 1.6, 1.10. The idea is basically the

17This allowed us to avoid ultraproducts in the ^nal argument. We ^nd it more natural to explain the intuitive idea in terms of ultraproducts, which incidentally happens to be the way the original proof of non^nitizability went.

18We can construct the algebras A_m as in the proof of Thm. 2.5 for m < log_2(n). But for the contradiction to vanish, we need A_m for arbitrarily large m.

19We need n ≥ 3 to be able to see abstractly that the f_i’s are functions. This proof is worked out in detail in [A97, Thm.1].

same as in the above outlined RCA_n case. Exactly as in the RCA_n case, here too we use two counting principles (1), (2) and construct algebras A_m in which (1) and (2) contradict each other. Again we want a controllable contradiction such that as m approaches in^nity the contradiction vanishes. Here we have to take a less obvious principle for counting in (2), because in RRA, functions interfere with splitting^{20} elements R = U_0 × U_1. E.g. we can use colorings of the full graph U_0 × U_0 with ^nitely many colors without monochromatic triangles, and then apply Ramsey’s theorem. This means that we arrange U_0 × U_0 to be a disjoint union of symmetric relations G_0, . . . , G_r such that G_r = Id ↾ U_0 (symmetric means G_i = G^{−1}_i ) and (G_i ∘G_i)∩G_i = 0. To ensure splittability of R we also arrange that G_i ∘G_j ⊇ G_k whenever |{i, j, k}| > 1, i, j, k < r. We let our A^′ be generated in this case by {G_0, . . . , G_r, R}. All these properties of the G_i’s were abstract, ŞequationalŤ ones.^{21} This ensures that in every representation of A^′, the domain U_0 of R must be ^nite (by Ramsey’s theorem). We split R into ω many R_i’s obtaining A from A^′ as we did in the RCA_ω, RCA_n cases before. The rest of the proof goes through as before with replacing ω (or n) everywhere by 2, except for the following change. In the RRA case we have to look at the ultraproduct of the A_m’s and observe that it is representable (since the contradiction between (1) and (2) disappeared as both counting gives us continuum many elements). Therefore this proof gives only non- ^nite axiomatizability of RRA (i.e. Monk’s theorem) without proving (Jťonsson’s result saying) that in^nitely many variables are needed. For the latter, one has to ^ne-tune the construction some more.^{22} ■

In section 1, Theorem 1.6 leads to Problem 1.12 in a natural way. Exactly the same way our present Theorem 2.5 leads to the following important open problem.

PROBLEM 2.10 Find simple, mathematically transparent, decidable sets E of equations axiomatizing RCA_ω. The RCA_n, 2 < n < ω version of this problem is open and interesting, too.

The RCA_n version is strongly related to Problem 1.12 in section 1. On the other hand, the present, RCA_ω version has a logical counterpart, cf. e.g. [HMTII, Prob.4.16, p.180]. This is one of the central problems of Algebraic Logic, cf. [HMTII, Prob.4.1], HenkinŰMonk [HM74, Prob.5], etc. For strongly related results (or for partial solutions) see [HMTII, pp.112Ű119], [V91], [V95], [Si91], [Si93], [HH].

20Splitting in RA is de^ned, and the conditions for splittability are described, in [AMdN]. 21In fact, it is an open problem in RA-theory (see e.g. [AMN, section on open problems], whether there are such concrete relations G_0, . . . , G_r on some set U_0 or not. What we should do here is that we state these properties abstractly on some abstract relations G_0, . . . , G_r. The only difference from the previous proof will then be that we do not know whether A^′ ∈ RRA. But this does not matter, what we need is that A_m /∈ RRA and PA_m/F ∈ RRA.

22This is done in [AN90], where we use projective geometries for the purposes of counting in (2).

PROBLEM 2.11 Is there a ^nite schema axiomatizable quasi-variety K such that Eq(K) = Eq(RCA_ω), i.e. the variety generated by K is RCA_ω? The same for RCA_n for n < ω. I.e. is there a ^nitely axiomatizable quasi-variety K ⊆ RCA_n such that RCA_n = HK?

This problem is related to the existence of weakly sound Hilbert-style inference systems for ^rst-order logic, see Part II, Thm.6.5 and Open Problem 7.2.

On the structure of the equational axiomatizations of RCA_n, RCA_ω:

Let E be an arbitrary set of equations axiomatizing RCA_n. As in the RRA-case, E must be in^nite, but it can be chosen to be decidable. Unlike the RRA-case, here every operation symbol has to occur in^nitely many times in E (in the RRA-case, only the Booleans and ∘ had to occur in^nitely many times). A similar statement is true for RCA_ω in place of RCA_n. For more on this see Figure 3.1 and [A97], [A94]. Concrete decidable sets E are known, see e.g. [HMTII, pp.112-119], cf. also [V91], [V95], [Si91], [Si93], [HH97]. However, it would be important to ^nd choices of E with more perspicuous structures, see Problem 2.10.

Let us turn to the relationship between RCA_ω and its abstract approximation CA_ω. These investigations yield information on proof theoretical properties of ^rst-order logic and of some related logics. See Examples 6, 8, 9 in section 7, especially theorems 7.4 - 7.7.

DEFINITION 2.12 (CA_ω, an abstract approximation of RCA_ω) A CA_ω is a normal BAO of the same similarity type as RCA_ω in which the c_i’s are self-conjugated commuting closure operations, and in which the constants Id_{ij} satisfy the following equations:

(3)’ For all i, j, k < ω

(i) c_iId_{ij} = 1, c_kId_{ij} = Id_{ij} if k ≠ i, j, Id_{ii} = 1, Id_{ij} = Id_{ji}, and Id_{ij} ∩ Id_{jk} ≤ Id_{ik}.

(ii) Id_{ij} ∩ c_ix = x whenever x ≤ Id_{ij} and i ≠ j. ■ To treat RCA_n, CA_n and RCA_ω, CA_ω in a uni^ed manner, we replace ω in the de^nitions of RCA_ω and CA_ω with an arbitrary but ^xed ordinal α, obtaining RCA_α, CA_α (here α = n and α = ω are of course permitted).^{23}

23This generalization will also be useful in algebraizing various quanti^er logics different from classical ^rstŰorder logic.

If α = n < ω, then the newly de^ned RCA_n and CA_n are only de^nitionally equivalent with the previously de^ned ones, because in Def. 2.2 we had only one constant Id in place of the present n × nŰmany constants Id_{ij} . This de^nitional equivalence is given by Id = ⋂ i,j<n Id_{ij} and Id_{ij} = c_{(n}r_{{i,j})}Id.

Since de^nitional equivalence is a very close connection between classes of algebras, we did not give new names for RCA_n and CA_n.

DEFINITION 2.13 (Locally ^nite, dimension-complemented CA’s, and neat-re-ducts) Let α, β be any ordinals.

(i) Let A ∈ CA_α, x ∈ A. Then Δ(x)^{def}= {i ∈ α : c_ix ≠ x}.

Lf_α^{def}= {A ∈ CA_α : (∀x ∈ A)(Δ(x) is ^nite)}.

Dc_α^{def}= {A ∈ CA_α : (∀x ∈ A)(α r Δ(x) is in^nite)}.

(ii) Assume α ≤ β and A ∈ CA_β . Then

Nr_αA^{def}= {x ∈ A : Δ(x) ⊆ α}, Nr_αA^{def}= ⟨Nr_αA, cA_i , IdA_{ij} ⟩_{i,j<α}.

In the above, cA_i , IdA_{ij} denote the corresponding operations of A. It can be checked that Nr_αA ∈ CA_α.

Nr_αCA_β^{def}= {Nr_αA : A ∈ CA_β }. ■

The elements of Lf_α and Dc_α are called locally ^nite and dimensionŰcomplemented CA_α’s respectively. Nr_αA is called the α-neat reduct of A. We note that Dc_α = {A ∈ CA_α : (∀x ∈ A)(α r Δ(x) ≠ ∅)}.

THEOREM 2.14 (Relationships^{24} between Lf_a, Dc_α, Nr_αCA_β and RCA_α.)

24The classes SNr_αCA_β were introduced by Henkin, and Monk [M61] proved that they are varieties. Thm. 2.14(i) is due to J. D. Monk. The equalities in (ii) are due to L. Henkin [H55], while the inequality in (ii) was proved by J. D. Monk [M69].

(i) RCA_ω = SUpLf_ω ≠ SPLf_ω and Dc_ω ⊆ RCA_ω. I.e. there is no universal formula distinguishing RCA_ω from Lf_ω, and every Dc_ω is representable. The same hold for all α ≥ ω in place of ω.

(ii) RCA_α = SNr_αCA_{α+ω} = ⋂ {SNr_αCA_{α+m} : m ∈ ω} ≠ SNr_aCA_{α+m} for all α and for all ^nite m. SNr_αCA_{α+m} is a variety for all α and m.

Proof. The positive statements follow from [HMTII, 3.2.10, 2.6.32(ii), 2.6.50, 2.6.52 3.2.11]. The negative statements are also proved in [HMTII] taken together with [HMTAN]. ■

The above theorem gives information on the proof theory of ^rst order logic (FOL) and on its n-variable fragment L_n. Intuitively, it says (in several different forms) that the important feature of FOL is not that each formula involves only ^nitely many variables, but that given any formula, there are in^nitely many variables it does not involve^{25}.

Based on the above theorem, an inference system is given both for FOL and L_n which uses the ^nite-schema axiomatization of CA_α together with a supply of variables which do not occur in our original formulas.^{26} I.e. these variables can occur in a proof, but not in the ^nal formula we want to prove.

25The earlier mentioned theorem saying that quasi-projective RA’s are representable, also speaks about this phenomenon: the projections are used for coding together the already involved variables, so that we get one more ŞunusedŤ variable. This idea comes through clearly in [Si96]. The same idea is used for proving ^nite schema axiomatizability (i.e. completeness of the corresponding logic) in [S95], [SGy]. The same idea is used for obtaining an unorthodox completeness theorem in [Si91].

26Cf. e.g. [HMTII, p.157], [N96], [AGN77, Thm. 3.15] and [Si91]. Cf. also section 7 herein.

-_1

6^0

�

  �

    �

     �

       �

         �

œ_{c1(⊓}⊓_)

? c_0(⊓^⊓)

œ_{Id2}

-_0

6^2

@@
  @@
    @@
     @R_1

    @@

  @@

 @@
              @@

            @@

           @@

@@ @@ @@ ıııı

    ıııı

       ıııı

          ıııı

              ı

œ_{Id3}

@@ @@ @@ @@ @@ @@ @@ @@ @@ @@ @@ @@ @@ @@ @@ - c_1(⊓^⊓)

Figure 2.1.

Figure 2.2.

-_0

6^2

@@
  @@
    @@
     @R_1

    @@

  @@

 @@

              @@

            @@

           @@

@@ @@ @@ PPP PPP PPP P

   HHH

HH

       ‘‘‘‘‘‘

�` @@I R

R^{−1}

-_0

6^2

@@
  @@
    @@
     @R_1

    @@

  @@

 @@

              @@

            @@

           @@

@@ @@ @@ � � � � � � PPPP

PPPP

PPPP

PPPP P

PPP PPP PPP P

   HHH

HH HHHHH HHHH

H HHH HH HHHHH HHHH H HHH HH HHHHH HHHH H HHH HH HHHHH HHHH H HHH HH HHHHH HHHH H HHH HH HHHHH HHHH H HHH HH HHHHH HHHH H

‘‘‘‘‘‘ ‘‘‘‘

‘‘ ‘‘‘‘‘‘ ‘‘‘‘‘

‘ ‘‘‘‘‘‘ ‘‘‘‘‘‘ ‘‘

‘‘‘‘ ‘‘‘‘‘‘ ‘‘‘

‘‘‘ ‘‘‘‘‘‘ ‘‘‘‘

‘‘ ‘‘‘‘‘‘ ‘‘‘‘‘

‘ ‘‘‘‘‘‘ ‘‘‘‘‘‘ ‘‘

‘‘‘‘ ‘‘‘‘‘‘ ‘‘‘

‘‘‘ ‘‘‘‘‘‘ ‘‘‘‘ ‘‘

       ‘‘‘‘‘‘

   �
� �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � @@@ @@ @

@@ @@ @@ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

      ""

        ""

          ""
�

  �-

- -

� �* �`

� œ œ @@I

Id_{01} ∩ c_1(. . .)

c_1(Id_{12} ∩ c_2R)

Id_{12} ∩ c_2R

c_2R R c_0(Id_{01} ∩ c_1(Id_{12} ∩ c_2R))

Id_{20} ∩ c_0(. . .)

c_2(Id_{20} ∩ . . .)

R^{−1}

Mirroring in 3-dimensional space can be expressed by c_i, Id_{ij} , ∩.

Figure 2.3.

Figure 2.4.

Figure 2.5.

CHAPTER 3

ALGEBRAS FOR LOGICS WITHOUT IDENTITY

We start from RCA_α, and would like to consider its ŞnaturalŤ Id-free reducts. If we simply omit Id (or Id_{ij} ), then we lose not only identity (or equality), but also our ability to ŞalgebraizeŤ substitution of individual variables like φ → φ[v_i/v_j ] in the logic to be algebraized. Therefore, before dropping the Id_{ij} ’s, we ^rst add our term functions s^i_j (x) = c_i(Id_{ij} ∩ x) for i ≠ j, s^i(x) = x. Now,

RSC_α^{def}= SP{⟨P(^αU), c_i, s^i_j ⟩_{i,j<α} : U is a set}.

RSC_α’s are called representable substitution-cylindric algebras, cf. [N91], [AGMNS]. They are the simplest kind in the family of polyadic-style algebras. The theory of RSC_α is analogous with that of RCA_α, in particular, if α > 2, then RSC_α is not ^nitely axiomatizable, cf. [ST].

Let Rd_{sc} be the operator which to any cylindric-type algebra A = ⟨A, ∪, −, c_i, Id_{ij} ⟩_{i,j<α} associates the RSC_α-type algebra Rd_{sc}(A)^{def}= ⟨A, ∪, −, c_i, s^i_j ⟩_{i,j<α} where s^i_j is the derived operation of A de^ned above. Now, RSC_α = SRd_{sc}RCA_α. The ^nitely axiomatizable approximation SC_α of RCA_α is de^ned analogously,

SC_α^{def}= SRd_{sc}CA_α.

SC_α’s are called substitution-cylindric algebras.

THEOREM 3.1 SC_α is a ^nite schema axiomatizable variety containing RSC_α. ■ For the simple set of axioms, and for information on the proof we refer the reader to [AGMNS]. Cf. also [N91, §8].

The theory of the pair SC_α, RSC_α is almost completely analogous with that of CA_α, RCA_α. The connection between SC_α-theory and ^rst order logic without equality is analogous with the connection between CA_α-theory and logic with equality. In particular, the logic counterpart of the algebraic operation s^i_j is the 57

Şsubstitution-modalityŤ [v_i/v_j ], cf. Part II, section 7. The logics L^s_n and L^{s=}_n are introduced in section 7, example 7. Let L^z_n and L^{z=}_n denote the fragments of these logics obtained by dropping the connective [v_i, v_j ]. Then the CA_n, RCA_n pair is strongly connected to L^{z=}_n while the SC_n, RSC_n pair is completely analogously connected to L^z_n. More on the connection between SC_α and logic can be found in [SN], [MV], [V95a], [vB96], [N91].

The classes CA_α, RCA_α and SC_α, RSC_α introduced so far constitute the hearts of the following two ŞworldsŤ: the algebraic counterpart of logics with equality (the Şcylindric worldŤ), and the algebraic counterpart of logics without equality (the Şpolyadic worldŤ). In both worlds one can introduce natural extra operations like e.g. cardinality quanti^ers, generalized cylindri^cations, but what determines the most basic theorems (remaining true for the expanded algebras) remains the CA_α-structure or the SC_α-structure. Therefore it seems reasonable to pay somewhat more attention (say, as a default) to CA_α and SC_α than to their versions enriched with extra operators.^1

SC_α’s with extra operators (like e.g. [v_i, v_j ]) are discussed in the literature under the names quasi-polyadic algebras (QPA_α’s) and polyadic algebras respectively.^2 The most important extra operator p_{ij} is a substitution operator like s^i_j (p_{ij} corresponds to the logical connective [v_i, v_j ] in section 7, Example 7). Let X ⊆^αU. Then p_{01}(X)^{def}= {⟨q_1, q_0, q_2, . . .⟩ : q ∈ X}.

I.e., p_{01} interchanges q_0 and q_1 in a sequence q. For i, j < α, p_{ij} is de^ned completely analogously. Now, RQPA_α’s are de^ned to be RSC_α’s enriched with the p_{ij} ’s (i, j < α):

RQPA_α^{def}= SP{⟨P(^αU), c_i, s^i_j , p_{ij} ⟩_{i,j<α} : U is a set}.

The abstract class QPA_α approximating RQPA_α is de^ned by ^nitely many axiomschemes analogously to the de^nition of CA_α or SC_α, cf. [N91], [ST], [AGMNS].

Polyadic algebras (RPA_α and PA_α) are obtained from RSC_α and SC_α by adding in^nitary substitutions and in^nitary cylindri^cations denoted as s_τ , c_{(Γ)}, for τ : α → α and Γ ⊆ α. For the theory of these algebras we refer to [Ha62], [HMTII], [N91]. Cf. also [NS96].

We note that the theory of QPA’s seems to be very strongly analogous with that of SC_α’s. (However, in certain studies, e.g. when investigating the connection between RA’s and CA’s, CA’s enriched with the p_{ij} ’s play a very illuminating role

1Of course, no such rule is valid in general. Actually, pushing the above considerations further, SCα’s seem to be at the heart of CAα-theory, too, therefore they could be considered as the core of (or basis for) the algebraizations of quanti^er logics in general. This uni^ed perspective for algebraic logic has not been elaborated yet.

2PA’s, QPA’s, and their versions with equality like QPEA’s, originate with P. Halmos (cf. [Ha62]). SC’s originate with C. Pinter, cf. e.g. [AGMNS] or [N91].

3. ALGEBRAS FOR LOGICS WITHOUT IDENTITY 59

(cf. [NSi]). The latter algebras are called QPA’s with equality, or QPEA’s. Cf. e.g. [HMTII] for their theory.)

For lack of space, we do not discuss further the theory of SC_α’s with extra operators (like QPA’s, PA’s, etc).

The next ^gure, taken from [A97] describes the interconnections between the operations c_i, Id_{ij} , s^i_j and p_{ij} (in the presence of the Boolean operations). (On the ^gure, Id_{ij} , s^i_j are denoted as d_{ij} , s_{ij} , respectively.) On Figure 3.1, nodes represent classes of algebras of relations where the units are Cartesian spaces^nU (3 ≤ n < ω), and the operations are those along the path leading to the node. A broken edge between two nodes means that the second class is ^nitely axiomatizable over the ^rst one, a bold edge means non-^nite axiomatizability over, and a normal line means that it is unknown (to the authors) whether ^nite or non-^nite axiomatizability holds.

Figure 3.1.

PART II

BRIDGE BETWEEN LOGIC AND ALGEBRA:

ABSTRACT ALGEBRAIC LOGIC

INTRODUCTION TO PART II

Let us start by putting the subject matter of the present part (i.e. Part II of the present paper) into perspective.

The idea of solving problems in logic by ^rst translating them to algebra, then using the well developed methodology of algebra for solving them, and then translating the solution back to logic, goes back to Leibnitz and Pascal. Papers on the history of Logic (e.g. AnellisŰHouser [AH], Maddux [Ma91]) point out that this method was fruitfully applied in the 19th century not only to propositional logics but also to quanti^er logics (De Morgan, Peirce, etc. applied it to quanti^er logics too). The number of applications grew ever since. (Though some of these remained unnoticed, e.g. the celebrated KripkeŰLemmon completeness theorem for modal logic w.r.t. Kripke models was ^rst proved by Jťonsson and Tarski in 1948 using algebraic logic.)

For brevity, we will refer to the above method or procedure as Şapplying Algebraic Logic (AL) to LogicŤ. This expression might be somewhat misleading since AL itself happens to be a part of logic, and we do not intend to deny this. We will use the expression all the same, and hope, the reader will not misunderstand our intention.

In items (i) and (ii) below we describe two of the main motivations for applying AL to Logic.

(i) This is the more obvious one: When working with a relatively new kind of problem, it often proved to be useful to ŞtransformŤ the problem into a well understood and streamlined area of mathematics, solve the problem there and translate the result back. Examples include the method of Laplace Transform in solving differential equations (a central tool in Electrical Engineering).^3

In the present part we de^ne the algebraic counterpart Alg(L) of a logic L together with the algebraic counterpart Alg_m(L) of the semantical-model theoretical ingredients of L. Then we prove equivalence theorems, which to essential logical properties of L associate natural and well investigated properties of Alg(L) such that if we want to decide whether L has a certain property, we will know what to ask from our algebraician colleague about Alg(L). The same devices are suitable for ^nding out what one has to change in L if we want to have a variant of L having a desirable property (which L lacks). To illustrate these applications we include several examples (which deal with various concrete logics) in section 7. For all this, ^rst we have to de^ne what we understand by a logic L in general (because

3At this point we should dispell a misunderstanding: In certain circles of logicians there seems to be a belief that AL applies only to syntactical problems of logic and that semantical and model-theoretic problems are not treated by AL or at least not in their original model theoretic form. Nothing can be as far from the truth as this belief, as e.g. looking into the present part (i.e. Part II) should reveal. A variant of this belief is that the main bulk of AL is about offerring a cheap pseudo semantics to Logics as a substitute for intuitive, model theoretic semantics. Again, this is very far from being true.

BRIDGE BETWEEN LOGIC AND ALGEBRA: ABSTRACT ALGEBRAIC LOGIC 63

otherwise it is impossible to de^ne e.g. the function Alg associating a class Alg(L) of algebras to each logic L).

(ii) With the rapidly growing variety of applications of logic (in diverse areas like computer science, linguistics, AI, law, physics, etc.) there is a growing number of new logics to be investigated. In this situation AL offers us a tool for economy and a tool for uni^cation in various ways. One of these is that Alg(L) is always a class of algebras, therefore we can apply the same machinery, namely universal algebra, to study all the new logics. In other words, we bring all the various logics to a kind of Şnormal formŤ where they can be studied, compared, and even combined by uniform methods. Moreover, for most choices of L, Alg(L) tends to appear in the same ŞareaŤ of universal algebra, hence specialized powerful methods lend themselves to studying L. There is a fairly well understood ŞmapŤ available for the landscape of universal algebra. By using our algebraization process and equivalence theorems, we can project this ŞmapŤ back to the (far less understood) landscape of possible logics.

In section 7, we will illustrate the above outlined Şapplication of AL to logicŤ by using the AL-results of Part I, as follows. In Part I, we studied various distinguished classes of algebras, like e.g. RCA_n. Here, after studying the bridge (L → Alg(L) etc.) between the world of logics and that of algebras, we look up those distinguished logics to which the distinguished algebras of Part I belong. E.g. we will ^nd a certain logic L_n for which RCA_n = Alg(L_n). Then we will use results in Part I about RCA_n to establish properties of L_n. For this, we will use the Şequivalence theoremsŤ established in section 6 (of Part II). Besides RCA_n and L_n, a similar procedure will be applied to other distinguished classes of algebras (from Part I) and other distinguished logics.

The approach reported here is part of a broader, joint approach with W. Blok and D. Pigozzi outlined in [ABNPS]. The present part contains only a somewhat specialized version of that general approach, in order to suit the special needs of the present work. Besides [ABNPS], we refer to [BP89], [BP91], [Cz97], [P91], [FJ94], [FJ97], [PP], [CzP], as well as [ANSK], [HMTII, sections 5.6, 4.3], [AKNS], [NA], [M96], [H96], [Mi95] for the more general approach. The semantic aspect of this approach goes back to e.g. [AN75], [AGN77], [AS].

CHAPTER 4

GENERAL FRAMEWORK FOR STUDYING LOGICS

DEFINITION 4.1 (logic) By a logic L we mean an ordered quadruple L^{def}= ⟨F, ⊢, M, |=⟩, where (i)Ű(iv) below hold.

(i) F (called the set of formulas of L) is a set of ^nite^1 sequences (called words) over some set X (called the alphabet of L).

(ii) ⊢ (called the provability relation of L) is a relation between sets of formulas and formulas, that is, ⊢ ⊆ P(F ) × F . Following tradition^2, instead of Ş⟨Σ, φ⟩ ∈ ⊢Ť we write ŞΣ ⊢ φŤ.

(iii) M is a class^3 (called the class of models of L).

(iv) |= (called the validity relation) is a relation between M and F that is, |= ⊆ M × F . Instead of Ş⟨M, φ⟩ ∈ |=Ť we write ŞM |= φŤ.

If L is a logic, then by F_L, ⊢_L, M_L, |=_L we denote its corresponding parts. ■

Intuitively, F is the collection of ŞtextsŤ or ŞsentencesŤ or ŞformulasŤ that can be ŞsaidŤ in the language L. For Γ ⊆ F and φ ∈ F , the intuitive meaning of Γ ⊢ φ is that φ is provable (or derivable) from Γ with the syntactic inference system (or

1With this we exclude in^nitary languages like L_{κ,λ}, L^n_{∞,ω}. This exclusion is not necessary, all the methods go through with some modi^cations. Actually, occasionally we will look into properties of the ^nite variable fragment L^n_{∞,ω} of in^nitary logic, because it naturally admits applications of our methods and plays an essential role in ^nite model-theory and in theoretical computer science.

2This tradition is used for all binary relations: if R is a binary relation, then instead of ⟨a, b⟩ ∈ R we sometimes write a R b.

3Although it is not automatically permitted in the Şmost of^cialŤ version of set theory (ZF), we may assume that for any four classes M_1, . . . , M_4 the tuple ⟨M_1, . . . , M_4⟩ exists and is again a class. This does not lead to set theoretical paradoxes. What one should avoid is assuming that the collection of all classes would (exist and) form a class again (and variants of this). For more on this cf. [HMT, p.34, ^rst 10 lines], [HMT, p.25], [AHS, §2, pp.5-8], or almost any work on abstract model theory. 65 deductive mechanism) of L. In all important cases, ⊢ is subject to certain (wellknown) conditions like Γ ⊢ φ and Γ ∪ {φ} ⊢ ψ imply Γ ⊢ ψ for any Γ ⊆ F and φ, ψ ∈ F . The class M of models is understood in the spirit of model theory: The models M ∈ M of L are thought of as Şpossible environmentsŤ or Şpossible interpretationsŤ or Şpossible worldsŤ, cf. Allťen [Al]. Here a possible world is not the same as the technical devices called possible worlds in a Kripke model. The validity relation tells us which texts are ŞtrueŤ in which possible environments (or worlds or models) under what conditions. Usually F and ⊢ are de^ned by what are called grammars in mathematical linguistics. ⟨F, ⊢⟩ together with the grammar de^ning them is called the syntactical part of L, while ⟨M_L, |=⟩ is the semantical part or model theoretical part of L^4.

As a binary relation between M and F , |= induces a Galois-connection between M and F , and in particular, it de^nes two closure operators, one on M and one on F . Next, we collect some of the relevant de^nitions.

DEFINITION 4.2 (theory, models, consequences)

(i) Let K ⊆ M and Σ ⊆ F . Then

K |=_L Σ iff (∀M ∈ K)(∀φ ∈ F )M |=_L φ.

We will write K |= φ in place of K |= {φ} and similarly when K = {M}. Th_L(K)^{def}= {φ ∈ F : K |= φ}, the theory of K, and Mod_L(Σ)^{def}= {M ∈ M : M |= Σ}, the class of models of Σ.

(ii) Semantical consequence, valid formulas: Let Σ ∪ {φ} ⊆ F . Then

Σ |^•=_L φ iff Mod(Σ) |=_L φ,

φ is a semantical consequence of Σ.

|=_L φ iff M |=_L φ. In this case we say that φ is a valid formula of L.

4Cf. Sections 14, 15 of Gabbay [Gab3] for more intuitive motivation on how and why these parts are highlighted in a logic.

At this point a natural objection suggests itself: Why is M_L an arbitrary class? Why did we not assume (like in Barwise-Feferman [BF]) that M_L is a class of ^rst order structures or of algebraic systems? The answer is (i)-(iii) below. (i) In institutions theory they do the same what we do and for the same reasons. Cf. the subsection ŞConnections with the literatureŤ at the very end of the present section. (ii) We are developing a general theory, and we do not know in advance what kinds of structures will be the models of our L. E.g. they may be classical ^rst order models, they may or may not have a topological structure too, they may be propositional Kripke-models, they may have in^nitary relations on them (cf. [HMT, §4.3]), they may be models of intensional logic in the sense of Montague etc. Therefore, at the very beginning, we do not want to commit ourselves on exactly what kinds of mathematical objects will the elements of M_L be. (iii) All the same, during the development of our theory, we will impose some structure on M_L (but only gradually). This structure-imposing process is carried even further in [ABNPS], cf. e.g. Şconcrete semantical systemsŤ therein.

(iii) Axiomatizable classes of models:

Mod_LTh_L(K) is called the axiomatizable hull of K. K is axiomatizable iff K = Mod_L(Σ) for some Σ ⊆ F . In this case we also say that Σ describes or de^nes K.

(iv) Provability, or derivability:

⊢_L φ iff ∅ ⊢_L φ, in this case we say that φ is provable or derivable in L. If Σ ⊢_L φ, then we say that φ is provable from Σ (in L).

If there is no danger of confusion, we will omit the subscript L from |^•=_L, Th_L, Mod_L etc. ■

REMARK ThMod and ModTh are the two closure operators induced by |=. The semantical consequence relation |^•= is a binary relation between P(F ) and F , just like ⊢ is. To treat ⊢ and |^•= uniformly, in some places a logical system is de^ned to be ⟨F, |≡ ⟩ where |≡ ⊆ P(F ) × F . E.g. Blok-Pigozzi [BP89] uses this de^nition. In this notion, |≡ can mean either the derivability relation or the semantical consequence relation |^•= . Connections between our conception of a logic and the literature will be discussed at the end of this section. ■

The de^nition of a logic in Def. 4.1 is very broad. Actually, it is too broad for proving interesting theorems about logics. Now we will de^ne a subclass of logics which we will call algebraizable semantical logics. The notion of an algebraizable logic is broad enough to cover a very large part of the logics investigated in the literature^5. On the other hand, the class of algebraizable logics is narrow enough for proving interesting theorems about such logics, that is, we will be able to establish typical logical facts that hold for most logics studied in the literature.

Below, in De^nitions 4.3Ű4.10, we collect some common features of logics.

We will discuss the usual extra assumptions one usually makes about a logic L in the following order. First we discuss (assumptions on) the distinguished parts of L beginning with F_L and ending with |=_L. Then in Def. 4.10, we will discuss (assumptions on) how these parts are put together. Often, what we call Şextra assumptionsŤ here will also imply Şextra structureŤ.

The set F of formulas is usually de^ned by ^xing a set Cn of logical connectives and a set P of atomic formulas:

5Moreover, in Remark 4.11 we will indicate how to extend the methods of the present work from algebraizable logics to a broader class called protoalgebraic semantical logics. The latter is really broad enough to cover most logics in the literature.

DEFINITION 4.3 (L has connectives) (i) Assume that two sets, P and Cn are given, such that every element of Cn has a ^nite rank. Then F (P, Cn) denotes the smallest set H satisfying (1),(2) below:

(1) P ⊆ H, and

(2) for every φ_1, . . . , φ_k ∈ H and c ∈ Cn of rank k, c(φ_1, . . . , φ_k) ∈ H.

Note that F (P, Cn) is the universe of the word-algebra of type Cn generated by P . (ii) We say that F_L is given by ⟨P, Cn⟩ if F_L = F (P, Cn). In this case we say that P is the set of atomic formulas or atomic propositions of L, and Cn is the set of logical connectives of L. P is also called the vocabulary of L^6. The word-algebra generated by P and using the logical connectives of Cn as algebraic operations is denoted by F, and is called the formula algebra of L. Note that F = ⟨F, cF⟩_{c∈Cn} where cF(φ_1, . . . , φ_k )^{def}= c(φ_1, . . . , φ_k ) ∈ F for all φ_1, . . . , φ_k ∈ F and k-ary connective c ∈ Cn.

(iii) We say that L has connectives if F_L is given by ⟨P, Cn⟩ for some P, Cn. In this case usually we assume that ⟨P, Cn⟩ is given together with L. ■

Next we turn to inference systems ⊢_L. Inference systems (usually denoted as ⊢) are syntactical devices serving to recapture (or at least to approximate) the semantical consequence relation of the logic L. The idea is the following. Suppose Σ |^•= φ. This means that, in the logic L, the assumptions collected in Σ semantically imply the conclusion φ. (In any possible world or model M of L whenever Σ is valid in M, then also φ is valid in M.) Then we would like to be able to reproduce this relationship between Σ and φ by purely syntactical, Ş^nitisticŤ means. That is, by applying some formal rules of inference (and some axioms of the logic L) we would like to be able to derive φ from Σ by using Şpaper and pencilŤ only. In particular, such a derivation will always be a ^nite string of symbols. If we can do this, that will be denoted by Σ ⊢ φ.

Inference systems are usually given by axioms and inference rules. These axioms and rules use formula-schemes in place of concrete formulas. A formulascheme is just like a formula, the only difference is that it is built up from formulavariables (i.e. metavariables ranging over formulas) in place of atomic formulas.

DEFINITION 4.4 (formula-scheme, Hilbert-style inference system) (i) Assume that F_L is given by ⟨P, Cn⟩. We will call ϕ_i, i < ω formula-variables, and F V will

6Sometimes, informally, P is also called the set of Şpropositional variablesŤ. Here one should emphasize that the connotations of this name are misleading.

denote the set of all formula-variables, i.e. F V = {ϕ_i : i < ω}. The elements of F (F V, Cn) are called formula-schemes, and F s will denote the set of formulaschemes of L. I.e. F s^{def}= F (F V, Cn). An instance of a formula-scheme is obtained by substituting formulas for the formula variables in it. A formula-scheme is called valid if all of its instances are valid.

(ii) An inference-rule for L is a pair ⟨ ⟨Φ_1, . . . , Φ_k⟩, Φ_0 ⟩ , where every Φ_i (i ⩽ k) is a formula scheme of L. This inference rule will be denoted by

Φ_1, . . . , Φ_k Φ_0 . An instance of an inference rule is obtained by substituting formulas for the formula variables in the formula schemes occurring in the rule. An inference rule ⟨⟨Φ_1, . . . , Φ_k⟩, Φ_0⟩ is called valid if {φ_1, . . . , φ_k} |^•= φ_0 for all instances ⟨⟨φ_1, . . . , φ_k⟩, φ_0⟩ of it. Valid inference rules are also called admissible rules or strongly sound rules in the literature.

(iii) A Hilbert-style inference system (or calculus) for L is a pair ⟨Ax, Ru⟩ where Ax is a ^nite set of formula-schemes and Ru is a ^nite set of inference rules for L.

(iv) A Hilbert-style inference system I = ⟨Ax, Ru⟩ de^nes a provability or derivability relation ⊢ as follows. Assume Σ ∪ {φ} ⊆ F . We say that φ is ⊢- derivable (or ⊢-provable) from Σ iff there is a ^nite sequence ⟨φ_1, . . . , φ_n⟩ of formulas (an ⊢-proof of φ from Σ) such that φ_n is φ and for every 1 ⩽ i ⩽ n

• φ_i ∈ Σ or

• φ_i is an instance of an axiom scheme (an axiom for short) of I or

• there are j_1, . . . , j_k < i, and there is an inference rule of I such that φ_j1 ,...,φ_{jk} φ_i is an instance of this rule.

We write Σ ⊢ φ if φ is ⊢-provable from Σ. Now ⊢= {⟨Σ, φ⟩ : Σ ⊢ φ}. We say that ⊢ is given by ⟨Ax, Ru⟩. Throughout, we identify I with ⊢, e.g. we say that φ is an axiom of ⊢. ■

Next, we turn to the semantics M_L, |=_L of L. Usually, validity of formulas in models, i.e. |=_L is de^ned indirectly by ^rst de^ning something more basic, namely the meanings or denotations of formulas (and of other kinds of syntactic entities belonging to the language) in models. The idea is that the meaning of some syntactic entity (like a noun-phrase, or a sentence) need not always be a truth value. Therefore, ^rst we de^ne a so-called meaning function which to each syntactic entity φ and each model M associates some semantic entity mng(φ, M) called the meaning of φ in M. After knowing what the syntactic entities mean in the models, one may be able to derive information about which sentences are true or valid in which models.

DEFINITION 4.5 (meaning function, L is compositional) (i) Let mng be any function mapping F × M into a class; and let us call mng(φ, M) the meaning of φ in

M. For a ^xed M ∈ M, the function mngM mapping F to the set of meanings^7

is de^ned by letting for all φ ∈ F mngM(φ)^{def}= mng(φ, M). We say that mng is a meaning-function for L, if validity of a formula depends only on its meaning, i.e. if (∗) below holds: (∗) mngM(φ) = mngM(ψ) =⇒ [M |= φ iff M |= ψ]. (ii) Assume that L has connectives. We say that the meaning-function mng is compositional if the meanings of formulas are built up from the meanings of their subformulas, i.e. if the condition below is satis^ed for all φ_i, ψ_i ∈ F , 1 ≤ i ≤ k and k-ary connective c ∈ Cn: k⋀ i=1 mngM(φi) = mngM(ψi) =⇒ mngM(c(φ1, . . . , φk)) = mngM(c(ψ1, . . . , ψk)). This condition says exactly that mngM is a homomorphism on the formula algebra. We say that L is compositional if it has connectives and a compositional meaning-function (w.r.t. the connectives of L). This property is traditionally called Frege’s principle of compositionality.

(iii) From now on, by a logic L we understand a logic with a meaning-function, i.e. L = ⟨F ⊢, M, mng, |=⟩, where mng is a meaning-function for the rest of L. ■

On the ingredients of a logic: Let L = ⟨. . . mng, |=⟩ be a logic. Then, using the terminology of Frege, Carnap, Montague as in [vBtM], mng represents the intensional (or denotational) aspects of semantics, while |= represents the extensional

7We use the word ŞmeaningŤ in the sense Frege used ŞintensionŤ or ŞsenseŤ. It is important to emphasize that ŞmeaningŤ is much more general than ŞextensionŤ or truthvalue (though for some logics the two may coincide). Further denotation (e.g. in Partee [Pa]) can be identi^ed with what we call ŞmeaningŤ. As an example, let L be Richard Montague’s intensional logic. Then mng(φ, M) is exactly what Montague calls the intension of φ in M. See also [Pa, pp. 1Ű18] on meaning(s). It seems that we are using the word ŞmeaningŤ in the same sense as Janssen [Ja, pp. 419Ű470] does. What we call the meaning function mngM is called a meaning assignment in [Ja, p. 423].

(or truth-value oriented) aspect of semantics, in L. Therefore, those approaches to general logics in which mng is repressed, seem to be extensionally oriented (cf. e.g. institutions theory e.g. in Gabbay [Ga94, p. 359]), while the ones emphasizing mng (e.g. Andrťeka-Sain [AS], [HMTII], Epstein [E], Sain [S79]) seem to be intensions-oriented (or sense or denotations oriented).

In many logics we have a derived connective ↔ and a formula denoted as T rue which establish a strong connection between mng and |=, namely

(i) mngM(φ) = mngM(ψ) iff M |= φ ↔ ψ, and (ii) M |= φ iff mngM(φ) = mngM(T rue). In these logics there is a strong connection between Th(M) ⊆ F and the kernel of the meaning function ker(mngM) ⊆ F × F , namely the kernel of mngM and

Th(M) are recoverable from each other.^8 We will say that L has the ^lter-property

iff there are derived connectives that generalize the above situation.

DEFINITION 4.6 (L has the ^lter-property) (i) A k-ary derived connective is a formula-scheme Δ ∈ F s using the formulavariables ϕ_0, . . . , ϕ_{k−1} only. If φ_0, . . . , φ_{k−1} are formulas, then Δ(φ_0, . . . , φ_{k−1}) denotes the instance of Δ when we replace ϕ_0, . . . , ϕ_{k−1} by φ_0, . . ., φ_{k−1} respectively.^9

(ii) We say that L has the ^lter-property iff there are derived connectives ε_0, . . . , ε_{m−1} and δ_0, . . . , δ_{m−1} (unary) and Δ_0, . . ., Δ_{n−1} (binary) (m, n ∈ ω) of L with the following properties: For all φ, ψ ∈ F and for all M ∈ M (1) mngM(φ) = mngM(ψ) ⇐⇒ (∀i < n)[M |= φΔ_iψ]. (2) M |= φ ⇐⇒ (∀j < m)[mngM(εj (φ)) = mngM(δj (φ))]. ■

In the case of classical logic, we can choose the above derived connectives such that Δ is Ş↔Ť, ε(φ) is φ, and δ(φ) is ŞTrueŤ.

Finally, most logics have some substitution-invariance properties. In this respect we usually expect a logic to be substitutional in the sense of Def. 4.7 below. If it is not, then we rather treat it as a ŞtheoryŤ of a substitutional logic. For such examples see section 7 (Examples) or [AKNS].

8If f is a function, then ker(f) = {⟨a, b⟩ : f(a) = f(b)}.

9The algebraic counterpart of Şderived connectiveŤ is Şterm functionŤ. If Δ is binary, then we will write φΔψ in place of Δ(φ, ψ).

DEFINITION 4.7 (L has the substitution property) (i) By a substitution s we understand a function s : P → F (we will ŞsubstituteŤ p ∈ P with s(p) ∈ F ). If φ ∈ F , then φ(p/s(p)) denotes the formula we obtain from φ after simultaneously substituting s(p) for every occurrence of p, for all p ∈ P in φ. In other words, φ(p/s(p))^{def}= ŝ(φ), where ŝ is the (unique) extension of s : P → F to a homomorphism ŝ : F → F.^{10}

(ii) L has the (syntactic) substitution property (or L is substitutional) iff for any formula φ ∈ F and substitution s : P → F |= φ implies |= φ(p/s(p)). This means that a formula of L is valid iff the corresponding formula scheme of L is valid (where we get the corresponding formula scheme by substituting atomic formulas p_i ∈ P with formula variables ϕ_i ∈ F V ).

(iii) L has the semantical substitution property iff for any model M ∈ M and substitution s : P → F there is another model N ∈ M such that mngN(p) = mngM(s(p)) for all p ∈ P. Intuitively, the model N is the substituted version of M along s. ■

The semantical substitution property says that the atomic formulas can have the meanings of any other formulas. (This statement will be made precise in Proposition 5.2.) Examples where we have and do not have this property are given in section 7. We state the next proposition without its simple proof.

PROPOSITION 4.8 If a logic L has the ^lter-property and the semantical substitution property, then it has the syntactic substitution property, too. ■

Thus, a Şfully-~edgedŤ logic L = ⟨F, ⊢, M, mng, |=⟩ sometimes is given as L = ⟨⟨P, Cn⟩, ⟨Ax, Ru⟩, M, mng, |=⟩. Often, not all parts of a logic are given. Sometimes we have only ⟨F, ⊢⟩ and we are searching for a ŞsemanticsŤ ⟨M, mng, |= ⟩ for it such that e.g. ⟨F, ⊢, M, mng, |=⟩ is complete.^{11} Or, even more often, we have ⟨F, M, mng, |=⟩ and we are searching for a provability relation ⊢ such that ⟨F, ⊢, M, mng, |=⟩ would be complete. Sometimes ⟨F, ⊢⟩ is called a Şdeductive logicŤ (or syntactic one), while ⟨F, M, mng, |=⟩ is called a Şsemantic logicŤ (cf. e.g. [ABNPS]). (Though, one should keep in mind that ⟨F, |^•= ⟩ is a Şdeductive logicŤ in this sense.) From now on we will often omit some parts of a logic. Most

10Such a unique extension exists because F is the word-algebra generated by P , i.e., in algebraic terms, it is freely generated by P .

11Completeness of a logic will be de^ned in Def. 6.1 in section 6.

often we will deal with ⟨F, M, mng, |=⟩ and we will say that L = ⟨F, M, mng, |=⟩ is a logic or more carefully, a semantical logic. Most of the notions are meaningful for it, e.g. that L is compositional etc.

DEFINITION 4.9 (Algebraizable semantical logic, structural logic) Let L = ⟨F, M, mng, |=⟩ be a logic in the above sense.

• We say that L is structural if L is compositional and has the semantical substitution property.

• We say that L is an algebraizable^{12} semantical logic if L is structural and has the ^lter-property. ■ In most cases, the set P of atomic formulas is a parameter in the de^nition of the logic L. Namely, P is a ^xed but arbitrary set. So in a sense, L is a function of P , and we could write L^P (instead of L) to make this explicit. Most often the choice of P has only limited in~uence on the behaviour of L. However, we will have to remember that P is a freely chosen parameter because in certain investigations, the choice of P does in~uence the behaviour of L^P .

DEFINITION 4.10 (General logic, algebraizable general logic)

(i) A general logic is a function (or indexed family)

L^{def}= ⟨L^P : P is a set⟩,

where for each set P , L^P = ⟨F^P , M^P , mng^P , |=^P ⟩ is a logic in the above sense.

(ii) We say that L has connectives iff there is a set Cn of connectives such that for every set P , Cn is the set of connectives of L^P in the sense of Def. 4.3 and P is the set of atomic formulas^{13} of L^P , i.e. F^P = F (P, Cn) for all P . Sometimes P is called the vocabulary of L^P .

(iii) L is compositional if it has connectives and L^P is compositional for all P .

(iv) L has the ^lter-property iff there are derived connectives ε_0, . . . , ε_{m−1}, δ_0, . . . , δ_{m−1}, Δ_0, . . . , Δ_{n−1} (common for all possible choices of P ) such that L^P has the ^lter-property with these, for all P .

12The de^nition of algebraizability originates with Blok and Pigozzi, cf. e.g. [BP89]. 13We are making simpli^cations now. It is not necessary to have L^P in L for all sets P . What is needed for our investigations is that for all cardinality κ there be a P such that the set of atomic formulas of L^P has cardinality at least κ.

(v) L has the substitution property iff for all P, Q, s : P → F^Q, and φ ∈ F^P ,

|=^P φ implies |=^Q φ(p/s(p)).

(vi) L has the semantical substitution property iff for all sets P, Q, s : P → F^Q

and M ∈ M^Q there is N ∈ M^P such that mng^QM ∘ ŝ = mng^PN.

(vii) L is an algebraizable general logic iff L is compositional, has the ^lterproperty, and has both substitution properties, L is structural if it is compositional and has the semantical substitution property.

(viii) The notions of a formula-scheme, valid formula-scheme, valid rule, and Hilbert-style inference system for a general logic are the obvious generalizations of their versions given for (non-general) logics L, cf. e.g. Def. 4.4.

(ix) By a fully ~edged general logic we understand a function

L = ⟨L^P : P is a set ⟩

such that for each set P , L^P = ⟨F^P , ⊢^P , M^P , mng^P , |=^P ⟩ is a fully ~edged logic i.e. ⟨F, ⊢⟩ is a deductive logic, ⟨F, M, mng, |=⟩ is a semantical logic, and ⊢^P ⊆ |^•=^P . Items (ii)Ű(vii) above extend to the fully ~edged case the natural way. ■

REMARK 4.11 We note that L is an algebraizable general logic iff L^P is an algebraizable semantical logic for all P , the connectives and the derived connectives for the ^lter-property are the same for all P , and the condition below holds for all P ⊆ Q: { mng^PM : M ∈ M^P } = { (mng^QM) ↾ F^P : M ∈ M^Q } . Intuitively, this condition says that L^P is the natural restriction of L^Q. ■

REMARK 4.12 The theories of semantical logics L_s = ⟨F, M, mng, |=⟩ and deductive logics L_d = ⟨F, ⊢, ⟩ are best when developed in a parallel fashion, cf. e.g. [ABNPS]. Throughout this remark we assume that L_s is structural (cf. Def.4.9).

We called L_s algebraizable iff it has the ^lter property. An analogous de^nition for algebraizability of L_d was given in the papers of Blok and Pigozzi, cf. [BP89]. There are weaker properties of L_d studied in the Blok and Pigozzi papers which properties already enable one to apply (at least part of) the methodology of algebraic logic to the logics in question.

Logics with these properties are called ŞprotoalgebraicŤ, ŞequivalentialŤ, and Şweakly algebraizableŤ.^{14} (There are other such properties in the literature, but the weakest one facilitating application of our methodology seems to be being protoalgebraic.) As we implied, the properties of being protoalgebraic and equivalential naturally extend to semantical logics.

We call a semantical logic L_s protoalgebraic iff there is a set Δ(φ, ψ) = {Δ_i(φ, ψ) : i ∈ I} of derived connectives such that

(∗) |= Δ(φ, φ) and M |= Δ(φ, ψ) ⇒ [M |= φ ⇔ M |= ψ],

for all M ∈ M, and φ, ψ ∈ F .

L_s is called equivalential iff there is Δ as in (∗) above, but such that Condition (1) in Def.4.6 holds for this Δ and L_s.

L_s is called weakly algebraizable iff it is protoalgebraic and there are sets ε(x) = {ε_i(x) : i ∈ I} and δ(x) = {δ_i(x) : i ∈ I} as in Def.4.6(2).

Clearly, if L_s is both equivalential and weakly algebraizable, then L_s is in- ^nitely algebraizable, where Şin^nitelyŤ means that Δ, ε, δ may be in^nite sets of derived connectives. (If they are ^nite, then L_s is algebraizable.) To keep the rest of this discussion short, we concentrate on protoalgebraic and equivalential (but all what we say can be extended to weakly algebraizable, too).

We note that if L_s is protoalgebraic (or equivalential), then so is its deductive counterpart ⟨F, |^•= ⟩ in the sense of e.g. [CzP]. Moreover, L_d is protoalgebraic/equivalential in the sense of [CzP] iff there is a semantical logic L_s such that L_d = ⟨F, |^•=_{Ls} ⟩ and L_s is protoalgebraic/equivalential, respectively. For the method of proving such equivalence theorems we refer to Font-Jansana [FJ94] and [ABNPS]. We also note that

protoalgebraic ) equivalential ) algebraizable

for semantical logics (the same applies to deductive ones, too). The machinery (algebraization process, equivalence theorems etc) developed in the present work does extend to protoalgebraic and equivalential semantical logics (from algebraizable ones). Cf. e.g. Hoogland [H96], Hoogland-Madarťasz [HoM] for part of this extension. For brevity, in this work we present the above mentioned machinery for the case of algebraizable logics only, at the same time inviting the interested reader to extend this machinery to the protoalgebraic and/or equivalential cases, too. ■

Connections with the literature: What we call a fully ~edged logic L = ⟨F, ⊢ , . . . , |=⟩ was called^{15} a ŞformalismŤ in Tarski-Givant [TG, p.16 (section 1.6)], an Şaxiomatic system with semantics ⟨A, ⊢, Mod, |=⟩Ť in Aczel [Ac, p.265] (here

14Cf. Czelakowski-Pigozzi [CzP].

15A difference is that the intensional part mng is suppressed in most of the quoted works but it is not suppressed in e.g. Epstein [E].

A coincides with our F ), and a Şlogic ⟨Sign, sen, Mod, ⊢, |=⟩Ť in Marti-OlietŰ Meseguer [MOM]. More precisely, the latter corresponds to our fully ~edged general logics (cf. the subitem below).

What we call a semantic logic was called a Şsemantical systemŤ in [ABNPS], a Şsemantical system ⟨A, Mod, |=⟩Ť in Aczel [Ac, p.265]; and our general logic L = ⟨L^P : . . .⟩ corresponds to an institution ⟨Sign, sen, Mod, |=⟩ in Marti-OlietŰ Meseguer [MOM, p.358] (the latter will be elaborated below).

Connection with institutions: Institutions theory (e.g. [MOM]) emphasizes the category theoretic aspects of a general logic L = ⟨L^P : . . .⟩ (which are downplayed here), and suppresses the intensional aspects represented by mng. To see that such a general logic is a category whose objects are the logics L^P , let Sign = {P : P occurs as a set of atomic formulas in L} be ^xed^{16}. (We know that according to our conventions, Sign = “all setsŤ, but let us abstract away from this, and just assume that Sign is a ^xed proper class.) Let P, P_1 ∈ Sign. Next we de^ne what a logic morphism h : L^P → L^{P1} is. A logic morphism is a pair h = ⟨f, μ⟩ such that f : F^P → F^{P1} is a homomorphism of the formula-algebras and μ : M^{P1} → M^P Şmakes everything commuteŤ, e.g. M |= f(φ) ⇐⇒

μ(M) |= φ.^{17} Now, if ⟨f, μ⟩ is such a logic morphism, then (f ↾ P ) is called

a signature morphism. Let Sign be the category of these signature-morphisms (as arrows, and Sign itself is the class of objects).

Let Log be the category of logics L^P and logic morphisms h = ⟨f, μ⟩ occurring in L. Then there is a functor F : Sign → Log sending P to L^P . This F is almost the institution we are looking for. There is one ingredient missing, though. Namely, M^P is not only an arbitrary class, but is a category in all the applications we know of. This category character of M^P is de-emphasized in the present paper, but it does show up in the theory later, cf. e.g. the category of concrete semantical systems in [ABNPS]. So, let us assume that each M^P is a category. Then our functor F above induces two functors fml : Sign → Fmla and Mod : Sign → Cat^{op}, where Fmla is the category of formula-algebras (of the form F^P ), and for each P , F(P ) = ⟨fml(P ), Mod(P ), |=^P ⟩, while F(σ) = ⟨fml(σ), Mod(σ)⟩ for the morphisms σ of Sign. Now the tuple I(L) = ⟨Sign, fml, Mod, |=⟩ is called an institution, where

|= = ⟨|=^P : P ∈ Sign⟩.

16What we call here a set P of atomic formulas is called a signature in institutions theory. 17If meaning functions are also present, then μ should induce a function μ^+ on the meanings such that mng_{μ(}M_)(φ) = μ^+(mngM(f(φ))), cf. [ABNPS].

At this point one can see that to a general logic L there is an equivalent institution I(L), and conversely to an institution I there is a general logic L(I) such that the two can be recovered from each other. (Here we assumed that in L(I) the models still form a category.) Therefore, institutions and general logics can be studied interchangeably, depending on the kind of mathematical tools (universal algebra or categories) one wants to use.^{18}

In institutions theory, our ŞfmlŤ is denoted by ŞsenŤ, exactly because there mng is suppressed and therefore meanings are replaced by truthvalues. So, when the theory is applied to e.g. ^rst-order logic, then attention has to be restricted to sentences (=closed formulas) because meanings of open formulas are more complex objects than just truthvalues.

We do not treat here the different notions of equivalence of logics, morphisms acting between logics, concrete semantical logics, cf. e.g. [ABNPS]. Also, we do not treat here interpretability between logics, and combining logics, [Gab], [Gab2], [JKE], [ABNPS]. These are important and very interesting subjects.

For the rest of this work, one of the most important de^nitions of section 4 is that of an algebraizable general logic. It is summarized in Remark4.11.

18To make this statement hundred percent true, one should include the intensional aspect mng into institutions and make M^P into a category in general logics. We do not see why one would not do these amendments.

CHAPTER 5

THE PROCESS OF ALGEBRAIZATION

The algebraic counterpart of classical sentential logic L_S is the variety BA of Boolean algebras. Why is this so important? The answer lies in the general experience that sometimes it is easier to solve a problem concerning L_S by translating it to BA, solving the algebraic problem, and then translating the result back to L_S (than solving it directly in L_S ).

In this section we extend applicability of BA to L_S to applicability of algebra in general to logics in general. We will introduce a standard translation method from logic to algebra, which to each logic L associates a class Alg(L) of algebras. (Of course, Alg(L_S ) will be BA.) Further, this translation method will tell us how to ^nd the algebraic question corresponding to a logical question. If the logical question is about L, then its algebraic equivalent will be about Alg(L). For example, if we want to decide whether L has the property called Craig’s interpolation property, then it is suf^cient to decide whether Alg(L) has the so called amalgamation property (for which there are powerful methods in the literature of algebra). If the logical question concerns connections between several logics, say between L_1 and L_2, then the algebraic question will be about connections between Alg(L_1) and Alg(L_2). (The latter are quite often simpler, hence easier to investigate.) This ŞbridgeŤ also enables us to solve algebraic problems by logical methods (for an example see section 7).

DEFINITION 5.1 (meaning algebra, Alg_m, Alg) Let L = ⟨F, M, mng, |=⟩ be a compositional logic with F ≠ ∅.

(i) First we turn every model into an algebra. Compositionality of mngM means that we can de^ne an algebra of type Cn on the set {mngM(φ) : φ ∈ F } of meanings. This algebra is mngM(F), it will be called the meaning algebra of M and it will be denoted by Mng(M). In more detail, to any logical connective c of arity k we can de^ne a k-ary function cM on the meanings in M by setting for all formulas φ_1, . . . , φ_k cM_{(mng}M_{(φ1), . . . , mng}M_{(φk ))} def_{= mng}M_{(c(φ1, . . . , φk)).} (We could say that cM is the meaning of the logical connective c.) Then Mng(M) def= ⟨{mngM(φ) : φ ∈ F }, cM⟩_{c∈Cn}.

(ii) Alg_m(L) denotes the class of all meaning-algebras of L, i.e.

Alg_m(L)^{def}= {mngM(F) : M ∈ M_L} = {Mng(M) : M ∈ M_L}.

(iii) Let K ⊆ M_L. Then for every φ, ψ ∈ F φ ∼_K ψ def ⇐⇒ (∀M ∈ K) mngM(φ) = mngM(ψ). Then ∼_K is an equivalence relation, which is a congruence on F by compositionality of L. F/∼_K denotes the factor-algebra of F, factorized by ∼_K . It is called the Lindenbaum-Tarski algebra of K. Now,

Alg(L)^{def}= I {F/∼_K : K ⊆ M_L} .

Thus, Alg(L) is the class of isomorphic copies of the Lindenbaum-Tarski algebras of L.

(iv) Let L = ⟨L^P : P is a set⟩ be a general logic. Then

Alg_m(L)^{def}= ⋃ {Alg_m(L^P ) : P is a set, F^P ≠ ∅}, and Alg(L)^{def}= ⋃ {Alg(L^P ) : P is a set, F^P ≠ ∅}. ■

REMARK In the de^nition of Alg_m(L) above, it is important that Alg_m(L) is not an abstract class in the sense that it is not closed under isomorphisms. The reason for de^ning Alg_m(L) in such a way is that since Alg_m(L) is the class of algebraic counterparts of the models of L, we need these algebras as concrete algebras and replacing them with their isomorphic copies would lead to loss of information (about semantic-model theoretic matters). See e.g. the algebraic characterization of the weak Beth de^nability property, Theorem 6.12 in the next section. ■

For a logic L, let Mng_L^{def}= {mngM : M ∈ M_L}. That is, Mng_L is the class of Şmeaning-homomorphismsŤ of the logic L (or equivalently, the unary meaningfunctions induced by the models of L). If A is an algebra and K is a class of algebras, then Hom(A, K) denotes the class of all homomorphisms h : A → B where B ∈ K.

PROPOSITION 5.2 (characterization of structural logics) Let L and L be a compositional logic and a compositional general logic, respectively. Then (i)Ű(ii) below hold.

(i) L has the semantic substitution property iff

Mng_L = Hom(F, Alg_m(L)), iff Mng_L = Hom(F, K) for some class K of algebras.

(ii) L has the semantic substitution property iff

Mng^P = Hom(F^P , Alg_m(L)), for all P , iff Mng^P = Hom(F^P , K), for all P , for some K.

Proof. To prove the ^rst equivalence in (i), assume that L has the semantic substitution property, and h : F → mngM(F) for some M ∈ M_L. We want to show that h = mngN for some N ∈ M_L. For each p ∈ P let φ_p ∈ F be such that h(p) = mngM(φ_p), and let s : P → F be de^ned such that s(p) = φ_p for all p ∈ P . By the semantical substitution property of L, there

is N ∈ ML such that for all φ, mngN(φ) = mngM(ŝφ). Then for all p ∈ P , mngN(p) = mngM(s(p)) = h(p), i.e. mngN and h agree on P . Since F is

generated by P , this implies that h = mngN. The other direction of the ^rst part of (i) is trivial: Let M ∈ M_L and s : P → F . We have to show that

mngM ∘ ŝ ∈ Mng, which is true by mngM ∘ ŝ : F → mngM(F) ∈ Algm(L).

To prove the equivalence of the second and third statements in (i), assume that Mng_L = Hom(F, K). We want to show that Mng_L = Hom(F, Alg_m(L)). Notice ^rst that Mng_L = Hom(F, K) implies that Alg_m(L) ⊆ SK. So let

h : F → A, A ∈ Alg_m(L). Then h : F → B for some B ∈ K, by Alg_m(L) ⊆ SK. Thus h ∈ Mng_L by Mng_L = Hom(F, K). The proof of (ii) is completely analogous, we omit it. ■

THEOREM 5.3 (connection between Alg_m and Alg)

(i) Let L be a compositional logic. Then

SPAlg(L) = SPAlg_m(L).

(ii) Let L be a structural general logic. Then

Alg(L) = SPAlg_m(L).

Proof. Proof of (i): First we show Alg_m(L) ⊆ IAlg(L). Let A ∈ Alg_m(L),

say A = mngM(F). Set K = {M}. Then ∼K = ker(mngM), so F/ ∼K is

isomorphic to A. To show the other direction, let A ∈ Alg(L), say A = F/∼_K for some K ⊆ M_L. Then there is a subset K^′ ⊆ K such that F/∼_K = F/∼_K′ (this holds because F is a set). Thus we may assume that K ⊆ M_L is a set. We de^ne for all φ ∈ F h (φ/∼_K )^{def}= ⟨mngM(φ) : M ∈ K⟩. This is a sound de^nition by the de^nition of ∼_K . It is not dif^cult to check that h is one-to-one and a homomorphism, so h : A ↣ P⟨mngM(F) : M ∈ K⟩, showing that A ∈ SPAlg_m(L). Since SP is a closure operator, we are done with proving (i).

Proof of (ii): First we note that, by (i), Alg(L^P ) ⊆ SPAlg_m(L^P ) for any set P , thus Alg(L) ⊆ SPAlg_m(L) holds.

We are going to prove SPAlg_m(L) ⊆ Alg(L). Let A ∈ SPAlg_m(L), say

A ⊆ Pi∈I Ai for a set I and algebras Ai ∈ Alg_m(L). Let h : F^A ↠ A be any onto

homomorphism (e.g. we can take for h the homomorphic extension of the identity mapping h^′ : A → A). For each i ∈ I let π_i denote the projection function onto

Ai, and let hi^{def}= πi ∘ h. Then hi : F^A → Ai ∈ Alg_m(L). By Proposition 5.2 (ii)

then h_i = mngM_i for some M_i ∈ M^A. Let K = {M_i : i ∈ I}. Then it is easy to check that h(φ) = h(ψ) iff φ ∼_K ψ for all φ, ψ ∈ F^A. Thus A is isomorphic to

F^A/∼K ∈ Alg(L), and we are done. ■

We note that we also proved that for structural logics L,

Alg(L) = SPAlg_m(L) ∩ {A : |A| ≤ |F_L|}.

Now we turn to proving that the equations valid in Alg(L) correspond to the valid formula-schemes of L, and the quasi-equations valid in Alg(L) correspond to the valid rules of L. Here we will use the ^lter-property. If L is algebraizable, then the equational and quasi-equational theories of Alg(L) recapture the validities and the semantical consequence relation |^•= of L, respectively. Thus, when a logic L is given, it is interesting to investigate the equational and quasi-equational theories of Alg(L). Note that by Theorem 5.3 above, Alg(L) and Alg_m(L) have the same equational and quasi-equational theories.

First we note that formulas and formula-schemes are terms in the language of Alg(L). Hence if φ, ψ ∈ F s, then φ = ψ is an equation in the language of Alg(L) where we consider the formula-variables ϕ_i as algebraic variables (ranging over the elements of the algebras). Similarly, if φ, ψ ∈ F , then φ = ψ is also an equation in the language of Alg(L), where we consider the elements of P as algebraic variables.

THEOREM 5.4 (valid rules of L and quasi-equations of Alg(L)) Let L be a compositional logic with ^lter-property. Let ε, δ, Δ, m, n be as in the de^nition of ^lter-property. Then (i)Ű(ii) below hold.

(i) A rule ⟨⟨φ_0, . . . , φ_{k−1}⟩, φ_k⟩ of L is valid (or admissible) iff

Alg(L) |= ⋀ ℓ<k i<m ε_i(φ_ℓ) = δ_i(φ_ℓ) → ε_j (φ_k ) = δ_j (φ_k) for each j < n.

(ii) A quasi-equation φ_0 = ψ_0 ∧. . .∧φ_{k−1} = ψ_{k−1} → φ_k = ψ_k (with variables from F V ) is valid in Alg(L) iff

the rules

φ_0Δ_0ψ_0, . . . , φ_0Δ_{n−1}ψ_0, . . . , φ_{k−1}Δ_0ψ_{k−1}, . . . , φ_{k−1}Δ_{n−1}ψ_{k−1} φ_kΔ_j ψ_k

are valid in L for all j < n.

Proof. Assume that ρ is a valid rule of L of the form ⟨⟨φ_0, . . ., φ_{k−1}⟩, φ_k⟩. Let qeq_j denote the quasi-equation associated to it in (i). We want to show that qeq_j is valid in Alg(L). By Theorem 5.3 it is enough to prove that it is valid in Alg_m(L). Let A ∈ Alg_m(L), and let h : F V → A be an evaluation of the variables in qeq_j such that the hypothesis part of qeq_j is true in A under the evaluation h, i.e. assume that (⋆) A |=^⋀_{ℓ<k} i<m ε_i(φ_ℓ) = δ_i(φ_ℓ)[h].

We want to show A |= εj (φk) = δj (φk )[h]. By A ∈ Alg_m(L), there is M ∈ ML such that A = mngM(F). For any ϕi ∈ F V

take ψ_i ∈ F such that h(ϕ_i) = mngM(ψ_i) and let ⟨⟨φ^′_0, . . . , φ^′_{k−1}⟩, φ^′_k⟩ be the instance of our rule ρ by replacing each ϕ_i with ψ_i. Then for each i < m and ℓ ≤ k we have that ĥ(ε_i(φ_ℓ)) = mngM(ε_i(φ^′_ℓ)) and the same for δ, i.e. ĥ(δ_i(φ_ℓ)) =

mngM(δi(φ^′ℓ)). (Here^^h denotes the homomorphic extension of h to F s.) Then

by the ^lter-property of L, and by our assumption (⋆), we have M |=_L φ^′_ℓ for all ℓ < k. Since ⟨⟨φ_0, . . . , φ_{k−1}⟩, φ_k ⟩ is a valid rule, and ⟨⟨φ^′_0, . . . , φ^′_{k−1}⟩, φ^′_k ⟩ is an instance of it, this implies M |=_L φ^′_{k−1}. Then by the ^lter-property again,

mngM(εj (φ^′k )) = mngM(δj (φ^′k )), i.e.^^h(φk)) =^^h(δj (φk )) and we are done.

Conversely, assume that the quasi-equation is valid in Alg(L), and we want to show that the rule is valid. Let ⟨⟨φ^′_0, . . . , φ^′_{k−1}⟩, φ^′_k⟩ be an instance of the rule that we got by substituting ψ_i to the formulavariables ϕ_i, for all i < ω. Assume

M ∈ ML and M |=L {φ^′_0, . . . , φ^′_{k−1}}. We want to show M |=L φ^′_k. By the

^lter-property we have mngM(ε_i(φ^′_ℓ)) = mngM(δ_i(φ^′_ℓ)). Let h : F s → F be a homomorphism such that h(ϕ_i) = ψ_i for all i < ω. Then h(ε_i(φ_ℓ)) =

mngM(εi(φ^′ℓ)) and the same for δi, thus (⋆) above holds with A = mngM(F).

Thus A |= ε_j (φ_k) = δ_j (φ_k )[h], since the quasi-equation is valid in A ∈ Alg(L), i.e. mngM(ε_j (φ^′_k)) = mngM(δ_j (φ^′_k)), for all j < m. By the ^lter-property then

M |=L φ^′_k as was to be shown.

We omit the proof of (ii). It is analogous to the above proof of (i). ■

COROLLARY 5.5 (Valid formula-schemes, validities, and Eq(Alg(L))) (i) Let L be a compositional logic with ^lter-property. Let ε, δ, Δ, m, n be as in the de^nition of the ^lter-property. Then for every formula-scheme φ of L

φ is a valid formula-scheme of L iff

Alg(L) |= ε_j (φ) = δ_j (φ) for all j < m.

(ii) Assume further that L is algebraizable. Then for any formulas φ, φ_0, . . . , φ_k of L,

|=_L φ iff

Alg(L) |= ε_j (φ) = δ_j (φ) for each j < m.

{φ_0, . . . , φ_{k−1}}|^•=_L φ_k iff

Alg(L) |= ⋀ ℓ<k i<m ε_i(φ_ℓ) = δ_i(φ_ℓ) → ε_j (φ_k ) = δ_j (φ_k) for each j < m.

(iii) The set of valid formula-shemes of L is decidable (recursively enumerable) iff Eq(Alg(L)) is decidable (recursively enumerable). The set of valid (admissible) rules of L is decidable (recursively enumerable) iff the quasi-equational theory of Alg(L) is decidable (recursively enumerable).

(iv) Statements (i) and (ii) above hold for general logics L in place of L. ■

We say that the validity problem of the logic L is decidable iff the set of valid formulas of L is decidable. If L = ⟨L^P : P is a set⟩ is a general logic, then the validity problem of L is decidable iff it is decidable for L^P , for all P .

COROLLARY 5.6 Let L be an algebraizable logic with |P | ≥ ω or an algebraizable general logic. Then the validity problem of L is decidable iff Eq(Alg(L)) is decidable. ■

CHAPTER 6

EQUIVALENCE THEOREMS

In this part we give algebraic characterizations of some logical properties. In the next section we will apply these theorems to some well known logics. Instead of giving the proofs of the theorems in this section, we will refer to where they can be found. First we characterize completeness and compactness properties.

DEFINITION 6.1 (complete, sound inference systems) Let L = ⟨F, M, mng, |=⟩ be a logic, and let ⊢ ⊆ P(F ) × F .

• ⊢ is weakly complete for L iff each valid formula is derivable, i.e. iff (∀φ ∈ F ) (|= φ =⇒ ⊢ φ) . • ⊢ is ^nitely complete for L iff consequences of ^nite sets are derivable, i.e.

iff^1 (∀Σ ⊆_ω F )(∀φ ∈ F ) ( Σ |^•= φ =⇒ Σ ⊢ φ ) . • ⊢ is strongly complete for L iff any semantical consequence is derivable (not only consequences of ^nite sets), i.e. iff (∀Σ ⊆ F )(∀φ ∈ F ) ( Σ |^•= φ =⇒ Σ ⊢ φ ) .

• ⊢ is weakly sound for L iff derivable formulas are valid, i.e. iff (∀φ ∈ F ) (⊢ φ =⇒ |= φ) . • ⊢ is strongly sound for L iff derivable consequences are valid consequences, i.e. iff (∀Σ ⊆ F )(∀φ ∈ F ) ( Σ ⊢ φ =⇒ Σ |^•= φ ) . 1X ⊆ω Y denotes that X is a ^nite subset of Y .

• ⊢ is strongly complete and sound for L iff the derivability and semantic consequence relations coincide, i.e. iff (∀Σ ⊆ F )(∀φ ∈ F ) ( Σ ⊢ φ iff Σ |^•= φ ) . Let I = ⟨Ax, Ru⟩ be a Hilbert-style inference system. We say that I is (weakly, ^nitely, strongly) complete for L if the derivability relation ⊢ given by ⟨Ax, Ru⟩ is such for L. We say that I is (weakly, ^nitely, strongly) complete for a general logic L = ⟨L^P : P is a set⟩ if I is such for all L^P . We use an analogous terminology for the soundness properties. ■

The next theorem is a characterization of existence of strongly complete and sound Hilbert-style inference systems for general logics. It is proved in [AKNS, Thm.3.2.21]. A class K is a quasi-variety iff it can be axiomatized with a set of quasi-equations, i.e. equational implications. See a footnote in section 1.

THEOREM 6.2 Assume that L is an algebraizable general logic. Then there is a strongly complete and sound Hilbert-style inference system for L iff Alg(L) is a ^nitely axiomatizable quasi-variety. ■

In Theorem 6.3 below we give a suf^cient and necessary condition for an algebraizable semantic logic to have a ^nitely complete Hilbert-style inference system. Its proof can be found in [AKNS, Thm.3.2.3].

THEOREM 6.3 Assume that L is an algebraizable semantic logic and Cn(L) is ^nite^2. Then there is a ^nitely complete and strongly sound Hilbert-style inference system for L iff Alg(L) generates a ^nitely axiomatizable quasi-variety. ■

The following theorem is a characterization of existence of weakly complete and strongly sound Hilbert-style inference systems. It is [AKNS, Thm.3.2.4].

THEOREM 6.4 Assume that L is an algebraizable semantic logic and Cn(L) is ^nite. Then there is a weakly complete and strongly sound Hilbert-style inference system for L iff there is a ^nitely axiomatizable quasi-variety K such that Alg_m(L) ⊆ K ⊆ HSPAlg(L). The same is true for algebraizable general logics. ■ 2One can eliminate the assumption of Cn(L) being ^nite. Then the ^nitary character of a Hilbertstyle inference system has to be ensured in a more subtle way. Also, Ş^nitely axiomatizable quasivarietyŤ must be replaced by Ş^nite-schema axiomatizable quasi-varietyŤ in the second clause, cf. e.g. Monk [M69], or Nťemeti [N91].

The following theorem, due to J. Madarťasz, is a characterization of existence of weakly complete and weakly sound Hilbert-style inference systems. Such an inference-system is sometimes called a Gabbay-style inference system. Its rules are not necessarily valid, but the formula-schemes they derive (from the empty set Σ = ∅ of premises) should be valid.^3

THEOREM 6.5 Assume that L is an algebraizable general logic and Cn(L) is ^nite. Assume that HAlg(L) |= ε(xΔy) = δ(xΔy) → x = y. Then there is a weakly complete and weakly sound Hilbert-style inference system for L iff there is a ^nitely axiomatizable quasi-variety K such that HK = HAlg(L)^4. ■

DEFINITION 6.6 (compactness)

• L is satis^ability compact iff a set Γ has a model whenever all of its ^nite subsets Σ have models, i.e.

(∀Σ ⊆_ω Γ)Mod(Σ) ≠ ∅ =⇒ Mod(Γ) ≠ ∅.

• L is consequence compact if a consequence of Γ is always a consequence of a ^nite subset Σ already, i.e. iff

Γ |^•= φ =⇒ (∃Σ ⊆_ω Γ)Σ |^•= φ.

A general logic L = ⟨L^P : P is a set⟩ is (satis^ability, consequence) compact if L^P is such for all P . ■

We note that in general, consequence compactness and satis^ability compactness are independent properties, i.e. neither of them implies the other. However, for algebraizable general logics, consequence compactness implies satis^ability

3Cf. e.g. [Mi95], [MV], [Si91]. We note that many Gabbay-style rules are even more ŞliberalŤ than not being strongly sound in that in addition their form does not satisfy Def. 4.4 (ii). (It is not known yet which of these two liberties is responsible for their behaviour. Our feeling is that non-strongly soundness is the more essential.) These extremely liberal (Gabbay-style) inference systems correspond to classes K ⊆ Alg(L) such that K is ^nitely axiomatized by ∀∃-formulas (of a certain form) and HSK = HAlg(L). An example for such K is the class of rectangularly dense cylindric algebras, the representation theorem of which ([AGMNS]) was used in [Mi95] for obtaining a weakly-sound completeness theorem for L_n (which will be de^ned in section 7). Cf. also the open problem below [Mi95, Thm.1.3.11, p.27].

4Here, xΔy = {xΔ_iy : i < n} and for a set H of formulas, ε(H) = δ(H) denotes {ε_i(φ) = δ_i(φ) : i < m, φ ∈ H}. We do not know whether the condition ŞHAlg(L) |= . . .Ť is needed for this theorem. It is not needed for direction Ş=⇒Ť. In the other direction, we can always obtain a weakly complete and weakly sound Ş⊢Ť, but this ⊢ may not be completely Hilbert-style (this ⊢ is more into the ŞGabbay-Venema-Simon-MikulťasŤ direction).

compactness. Also, if we have some kind of negation, then the two notions of compactness coincide.^5 In all our examples in section 7, the two notions of compactness coincide.

Our next theorem characterizes consequence compactness of algebraizable general logics. For a proof see [AKNS, Thm.3.2.20], or [ANSK, Cor.3.10].

THEOREM 6.7 (characterization of compactness) Assume that L is an algebraizable general logic. Then L is consequence compact iff Alg(L) is closed under taking ultraproducts, i.e. iff Alg(L) = UpAlg(L). ■

Now we turn to characterization of some de^nability properties. Beth’s de^nability properties of logics were de^ned e.g. in Barwise-Feferman [BF]. Here we give the de^nitions in the framework of the present paper.

DEFINITION 6.8 (implicit de^nition, explicit de^nition) Let ⟨L^P : P is a set⟩ be a general logic. Let P $ Q be sets with F^P ≠ ∅, and let R^{def}= Q r P .

• A set Σ ⊆ F^Q of formulas de^nes R implicitly in Q iff a P -model can be extended to a Q-model of Σ at most one way, i.e. iff

(∀M, N ∈ Mod^Q(Σ))[mng^QM ↾ F^P = mng^QN ↾ F^P −→ mng^QM = mng^QN].

• Σ de^nes R implicitly in Q in the strong sense iff, in addition, any P -model that in principle can, indeed can be extended to a Q-model of Σ, i.e. iff

Σ de^nes R implicitly in Q and

(∀M ∈ Mod^P ([Th^QMod^QΣ] ∩ F^P ))(∃N ∈ Mod^Q(Σ)) mng^QN ↾ F^P = mng^PM.

• Σ de^nes R explicitly in Q iff any element of R has an Şexplicit de^nitionŤ that works in all models of Σ, i.e. iff

(∀r ∈ R)(∃φ_r ∈ F^P )(∀M ∈ Mod^Q(Σ))mng^QM(r) = mng^QM(φ_r).

5More on this can be found in [AKNS],[ANSK].

• Σ de^nes R local-explicitly in Q iff the above de^nition can vary from model to model, i.e. iff (∀M ∈ Mod^Q(Σ))(∀r ∈ R)(∃φr ∈ F^P )mng^QM(r) = mng^QM(φr). ■

DEFINITION 6.9 (Beth de^nability properties) Let L be a general logic.

• L has the (strong) Beth de^nability property iff for all P, Q, R and Σ as in Def. 6.8, (Σ de^nes R implicitly in Q =⇒ Σ de^nes R explicitly in Q).

• L has the local Beth de^nability property iff for all P, Q, R and Σ as in Def. 6.8, (Σ de^nes R implicitly in Q =⇒ Σ de^nes R local-explicitly in Q).

• L has the weak Beth de^nability property iff for all P, Q, R and Σ as in Def. 6.8, (Σ de^nes R implicitly in Q in the strong sense =⇒ Σ de^nes R explicitly in Q). ■

DEFINITION 6.10 (patchwork property of models) Let L be a general logic. L has the patchwork property of models iff for all sets P, Q, and models M ∈ M^P , N ∈ M^Q, F^{P ∩Q} ≠ ∅ and mng^PM ↾ (P ∩ Q) = mng^QN ↾ (P ∩ Q) =⇒ (∃P ∈ M^{P ∪Q})(mng^{P ∪Q}P ↾ F^P = mng^PM and mng^{P ∪Q}P ↾ F^Q = mng^QN). ■

Recall that if K is a class of algebras, then by a morphism of K we understand a triple ⟨A, h, B⟩, where A, B ∈ K and h : A → B is a homomorphism. A morphism ⟨A, h, B⟩ is an epimorphism of K iff for every C ∈ K and every pair f, k : B → C of homomorphisms we have f ∘ h = k ∘ h implies f = k. Typical examples of epimorphisms are the surjections. But for certain choices of K there are epimorphisms of K which are not surjective. Such is the case, e.g., when K is the class of distributive lattices.

Let K_0 ⊆ K be two classes of algebras. Let ⟨A, h, B⟩ be a morphism of K. h is said to be K_0-extensible iff for every algebra C ∈ K_0 and every homomorphism

f : A → C there exists some N ∈ K0 and g : B → N such that C ⊆ N and

g ∘ h = f. It is important to emphasize here that C is a concrete subalgebra of N and not only is embeddable into N.

THEOREM 6.11 (characterization of Beth properties)^6 Let L be an algebraizable general logic which has the patchwork property of models.

(i) L has the Beth de^nability property iff all the epimorphisms of Alg(L) are surjective.

(ii) L has the local Beth de^nability property iff all the epimorphisms of Alg_m(L) are surjective.

(iii) L has the weak Beth de^nability property iff every Alg_m(L)-extensible epimorphism of Alg_m(L) is surjective. ■

In the formulation of Thm. 6.11 (ii),(iii) above, it was important that Alg_m(L) is not an abstract class in the sense that it is not closed under isomorphisms, since the de^nition of K-extensibility strongly differentiates isomorphic algebras.

If K is a class of algebras, then maxK denotes the class of all ⊆-maximal elements of K:

maxK^{def}= {A ∈ K : (∀B ∈ K)(A ⊆ B =⇒ A = B)}.

We note that e.g. maxCs_n is the class of all full Cs_n’s.

6The proof of (i) is in Nťemeti [N82] and in Hoogland [H96]. A less general version of (i) is proved in [HMTII, Thm.5.6.10]. Part (ii) is due to J. Madarťasz. An early version of (iii) is in Sain [S90], and the full version is proved in [H96]. The ^nite Beth property is obtained from the Beth property by restricting R to be ^nite. The emphasis in [N82] and [HMTII] was on the ^nite Beth property. E. Hoogland and J. Madarťasz [HoM] extended the characterization of Thm.6.11(i) to the broader (than algebraizable) class of equivalential logics.

We will use the notions of Şre~ective subcategoryŤ, and Şlimits of diagrams of algebrasŤ as in Mac Lane [MacL]. We will not recall these. Throughout, by a re~ective subcategory we understand a full and isomorphism closed one.

The weak Beth property was introduced in Friedman [Fr] (cf. references of [BF]) and has been investigated since then, cf. e.g. [BF] pp.73Ű76, 689Ű716.

THEOREM 6.12 (characterization of weak Beth property)^7 Let L be an algebraizable general logic which has the patchwork property of models. Assume that every element of Alg_m(L) can be extended to a maximal element of Alg_m(L), i.e. that Alg_m(L) ⊆ SmaxAlg_m(L). Then conditions (i)Ű(iii) below are equivalent.

(i) L has the weak Beth de^nability property.

(ii) Alg(L) is the smallest full re~ective subcategory of Alg(L) containing maxAlg_m(L).

(iii) maxAlg_m(L) generates Alg(L) by taking limits of diagrams of algebras.

I.e. there is no limit-closed proper subclass separating these two classes of algebras. ■

Now we turn to characterizing Craig’s interpolation properties.

DEFINITION 6.13 (interpolation porperties) Let L = ⟨F, M, mng, |=⟩ be a logic with connectives. For each formula φ ∈ F let voc(φ) denote the set of atomic formulas occurring in φ. Let → be a binary connective of L.

• L has the |=-interpolation property iff

for all φ, ψ ∈ F such that φ |= ψ there is χ ∈ F such that voc(φ) ⊆ voc(φ) ∩ voc(ψ) and φ |= χ |= ψ.

• L has the →-interpolation property iff

for all φ, ψ ∈ F such that |= φ → ψ there is χ ∈ F such that voc(χ) ⊆ voc(φ) ∩ voc(ψ) and |= φ → χ and |= χ → ψ. ■ 7This is due to I. Sain, J. Madarťasz, and I. Nťemeti. For the origins of this characterization of weak Beth property see [S90, p.223 and on].

Next we recall from the literature the amalgamation and superamalgamation properties of classes of algebras. Let K be a class of algebras. We say that K has the amalgamation property iff any two algebras in K can be jointly embedded into a third element of K such that we can require some parts of them to go to the same place. I.e. for any A, B, C ∈ IK with B ⊇ A ⊆ C, there are N ∈ K and injective homomorphisms (embeddings) f : B ↣ N, h : C ↣ N such that f ↾ A = h ↾ A.

By a partially ordered algebra we mean a structure ⟨A, ≤⟩ where A is an algebra and ≤ is a partial ordering on the universe A of A. A class K of partially ordered algebras has the superamalgamation property iff any two algebras as above can be embedded in a third one such that only the necessary coincidences and ordering would hold, i.e. if for any A_i ∈ K, i ≤ 2 and for any embeddings i_1 : A_0 → A_1 and i_2 : A_0 → A_2 there exist an A ∈ K and embeddings m_1 : A_1 → A and m_2 : A_2 → A such that m_1 ∘ i_1 = m_2 ∘ i_2 and for {j, k} = {1, 2}, (∀x ∈ A_j )(∀y ∈ A_k)[m_j (x) ≤ m_k(y) =⇒ (∃z ∈ A_0)(x ≤ i_j (z) and i_k(z) ≤ y)].

DEFINITION 6.14 Let L be a compositional logic. We say that L has a deduction theorem iff there is a binary derived connective ∇ such that for all Σ ⊆ F , φ, ψ ∈ F Σ ∪ {φ} |^•= ψ iff Σ |^•= φ∇ψ. Such a ∇ is called a deduction term. ■

THEOREM 6.15 (characterization of interpolation properties)^8 Let L be an algebraizable semantic logic.

(i) Assume that L is consequence compact and usual conjunction ∧ is in Cn(L).

Assume that L has a deduction theorem. Then L has the |=-interpolation property iff Alg(L) has the amalgamation property.

(ii) Assume that Alg(L) consists of normal BAO^′s. Assume that Alg(L) is algebraized via the usual Boolean biconditional ↔, i.e. in the ^lter-property Δ is ↔. Let → denote the usual Boolean implication term. Then L has the →-interpolation property iff HSPAlg(L) has the superamalgamation property. ■

8The proof of (i) is in Czelakowski [Cz, Thm.3]. The proof of (ii) is in Madarťasz [M96], [M97].

The above is only a sample of the equivalence theorems in algebraic logic. Other kinds of investigations are connecting deduction property of a logic L with Alg(L) having equationally de^nable principal congruences (EDPC) [BP89a]- [BP89c], [BP97]; theorems connecting e.g. atomicity of the formula-algebra of L with Gĺodel’s incompleteness property of L ([N85], [N86]), theorems connecting logical meanings to neat-reducts of formula-algebras ([A], [SA]), etc.

CHAPTER 7

EXAMPLES AND APPLICATIONS

In this section we give some applications for the previous theorems. Most of the logics we use are well-known, but we recall their de^nitions for illustrating how they are special cases of the concept de^ned herein, and also for ^xing our notation. More and also different kinds of examples are given in [AKNS], [NA], [ANSK].

1. Classical sentential logic L_S = ⟨L^P_S : P is a set⟩.

Below, we often will omit the index S.

The set of logical connectives is Cn = {∧, ¬}, ∧ is binary, ¬ is unary. Let P be any set. Thus the set of formulas of L^P_S is F^P_S = F (P, Cn).

A model of sentential logic L^P_S is a function assigning 0 (false) or 1 (true) to each atomic proposition p ∈ P . Thus the class M^P_S of models of L^P_S is^P 2, the set of all functions mapping P to 2. (Recall that 2 = {0, 1}.)

We can extend any model M : P → 2 to the set F^P_S of all formulas: for all φ, ψ ∈ F^P_S we let

M(¬φ) = { 1 if M(φ) = 0 0 if M(φ) = 1,

M(φ ∧ ψ) = { 1 if M(φ) = M(ψ) = 1 0 otherwise.

Now, the meaning of φ in M is M(φ), i.e. mng^P (φ, M) = M(φ), and φ is valid in M, M |=_S φ, iff M(φ) = 1.

We let L^P_S^{def}= ⟨F^P_S , M^P_S , mng^P , |=_S ⟩ and L_S^{def}= ⟨L^P_S : P is a set⟩. By this, we have de^ned L_S . We are going to show that L_S is an algebraizable general logic with Alg(L_S ) = BA.

That L_S is compositional comes immediately from the de^nition. Let 2 denote the 2-element Boolean algebra with universe 2. Then Mng(M) = 2 for all M ∈

M^P , P ≠ 0. Thus Alg_m(L_S ) = {2}, and it can be seen from the de^nition that any homomorphism h : F^P → 2 is a meaning-function of some model (namely, that of h ↾ P ), thus Mng^P = Hom(F^P , {2}). Thus by Proposition 5.2, L_S has the semantical substitution property, so L_S is structural. Then Alg(L_S ) = SP{2} = BA by Theorem 5.3 (and also Alg(L^P_S ) = “BA’s of cardinality ≤ max(ω, |P |)Ť). It can be seen that L_S has the ^lter-property with m = n = 1, Δ_0(φ, ψ)^{def}= (φ ↔ ψ)^{def}= ¬(¬φ ∧ ψ) ∧ ¬(φ ∧ ¬ψ), ε_0(φ)^{def}= φ and δ_0(φ)^{def}= T RUE^{def}= ¬(¬p ∧ p) for a ^xed p ∈ P .

Thus L_S is an algebraizable general logic with Alg(L_S ) = BA, Alg_m(L_S ) = {2}. By Theorem 6.7, L_S is compact, because BA = UpBA. By Theorem 6.2, L_S has a strongly complete and sound Hilbert-style inference system, because BA is a ^nitely axiomatizable quasi-variety. Moreover, the proof of Thm. 6.2 (in [AKNS]) constructs such a Hilbert-style inference system (given any axiomatization of BA). We give here the inference system we get from the proof.

In the next inference system, we will use φ, ψ, χ and δ as formula-variables, and we will use ↔ and T RUE as derived connectives.

The axioms are: φ ∧ ψ ↔ ψ ∧ φ, φ ∧ (ψ ∧ χ) ↔ (φ ∧ ψ) ∧ χ, φ ↔ ¬(¬(φ ∧ ψ) ∧ ¬(φ ∧ ¬ψ)).

The rules are as follows:

φ ↔ φ , φ ↔ ψ ψ ↔ φ , φ ↔ ψ, ψ ↔ χ φ ↔ χ , φ ↔ ψ ¬φ ↔ ¬ψ , φ ↔ ψ, χ ↔ δ (φ ∧ χ) ↔ (ψ ∧ δ) , φ ↔ T RUE φ , φ φ ↔ T RUE .

It is easy to check that L_S has the patchwork property. L_S has the Beth property by Theorem 6.11, because epimorphisms are surjective in BA. Thus L_S has the weak Beth property, so by Theorem6.12, 2 generates BA by limits, since maxAlg_m(L_S ) = Alg_m(L_S ) = {2}.

A deduction term for L_S is ϕ_0 → ϕ_1^{def}= ¬(ϕ_0 ∧ ¬ϕ_1). Since BA has superamalgamation, Theorem 6.15 implies that L_S has the interpolation properties.

The validity problem of L_S is decidable, the set of admissible rules of L_S is decidable, the set of valid formula-schemes of L_S is decidable by Theorem 5.4 and Corollary 5.5, because the quasi-equational theory of BA is decidable.

2. Sentential logic in a slightly different form, L_S^′.

The set of connectives, thus the set of formulas are just like in the previous case. The models are different. Let P be a set.

M^′_S^{def}= {⟨W, v⟩ : W is a non-empty set and v : P → P(W )}.

Thus a model M = ⟨W, v⟩ is a non-empty set together with an assignment assigning a subset of W to each p ∈ P . Let M = ⟨W, v⟩ be a model. We call W the set of possible situations (or states, or worlds) of M. For any formula φ, we de^ne

M, w ⊩ φ, which we read as Şφ is true in M at wŤ, as follows:

M, w ⊩ p iff w ∈ v(p), for p ∈ P . M, w ⊩ ¬φ iff M, w ⊮ φ, M, w ⊩ φ ∧ ψ iff (M, w ⊩ φ and M, w ⊩ ψ). We say that φ is valid in M if M, w ⊩ φ for all w ∈ W .

The above amounts to saying that the meaning-function mngM is the homomorphic extension of v into the algebra ⟨P(W ), ∩, r⟩, i.e. mngM : F^P → ⟨P(W ), ∩, r⟩, and M, w ⊩ φ iff w ∈ mngM(φ), M |= φ iff W = mngM(φ).

Now, L_S^′ is de^ned. It is compositional, Alg_m(L_S^′) = setBA^{def}= S{⟨P(W ), ∩, r⟩ : W is a non-empty set} =Şthe class of all non-trivial set Boolean algebrasŤ, and Mng^P (L_S^′) = Hom(F^P , setBA).

Thus L_S^′ is algebraizable, Alg(L_S^′) = BA, Alg_m(L^′_S ) = setBA. By Theorem 5.4, it has the same semantical consequence relation |^•= , same admissible rules, same valid formula-schemes and same valid formulas as L_S .

3. Modal logic S5.

The set of connectives is {∧, ¬, ♦}, ∧ binary, ¬, ♦ unary. The class of models is the same as for L_S^′. The Şmeaning of ♦Ť is as follows:

M, w ⊩ ♦φ iff (M, w^′ ⊩ φ for some w^′ ∈ W ).

This is the same as saying that

mngM(♦φ) = C^W0 (mngM(φ)), where for any set X ⊆ W

C^W_0 (X) = { W if X ≠ 0 0 otherwise.

The rest of the de^nition of S5 goes the same way as in the case of L_S^′ above.

It can be checked that S5 has the ^lter property with the same terms as sentential logic L_S .

Thus S5 is an algebraizable general logic with Alg_m(S5) = Cs_1 = S{⟨P(W ), ∩, r, C^W_0 ⟩ : W is a nonempty set}, Alg(S5) = SPCs_1 = RCA_1.

A deduction term for S5 is ¬♦¬ϕ_0 → ¬♦¬ϕ_1.

Therefore S5 is decidable, compact, has a strongly complete and sound Hilbertstyle inference system, and has the Beth and interpolation properties by Theorems 5.4, 6.7, 6.2, 6.11, 6.15, because RCA_1 is a decidable, ^nitely axiomatizable variety having the superamalgamation property, see Thm.2.3(ii) .

4. Arrow logic L_{REL}.

The ^eld of Arrow Logics grew out of application areas in Logic, Language and Computation, and plays an important role there, cf. e.g. van Benthem [vB96], [vB91a], and the proceedings of the Arrow Logic day at the conference ŞLogic at WorkŤ (Dec.1992, Amsterdam). These arrow logics go back to the investigations in Tarski-Givant [TG]. Tarski de^ned in 1951 basically L_{REL} to give the ^rst example of an undecidable propositional logic.

The set of connectives of L_{REL} is {∧, ¬, ∘,^{−1}}, ∧, ∘ binary, ¬,^{−1} unary. The models are as in S5, except that we require that the elements of W be all pairs over some set U, i.e.

M^P_{REL}^{def}= {⟨W, v⟩ : W = U × U for some U and v : P → P(W )}.

The de^nition of M, w ⊩ φ is as in the previous case, and we de^ne the meanings of ∘ and^{−1} as M, ⟨u, z⟩ ⊩ φ ∘ ψ iff (M, ⟨u, x⟩ ⊩ φ and M, ⟨x, z⟩ ⊩ ψ for some x), M, ⟨u, z⟩ ⊩ φ^{−1} iff M, ⟨z, u⟩ ⊩ φ. This amounts to saying that the meaning of ∘ is relation composition, and the meaning of^{−1} is relation conversion, i.e. mngM(φ ∘ ψ) = mngM(φ) ∘ mngM(ψ), mngM(φ^{−1}) = (mngM(φ))^{−1}.

Otherwise everything is the same as before, e.g. M |= φ iff mngM(φ) = W .

Now, L_{REL} is an algebraizable general logic with Alg(L_{REL}) = BRA, Alg_m(L_{REL}) = setBRA.

Thus, by our equivalence theorems in section 6 and by our algebraic theorems on BRA in section 1, we obtain that L_{REL} is undecidable, compact, has no ^nitely complete and strongly sound Hilbert-style inference system. Since in BRA epimorphisms are not surjective^1, L_{REL} does not have the Beth property.

A deduction term for L_{REL} is T RUE ∘ ϕ_0 ∘ T RUE → T RUE ∘ ϕ_1 ∘ T RUE. Since BRA does not have the amalgamation property, by Theorem 6.15 L_{REL} does not have the interpolation property.

We can add ŞequalityŤ to L_{REL}, obtaining L^=_{REL} as follows. We add Id to the set of connectives as a zero-ary connective, and we de^ne its meaning as for any model M = ⟨U × U, v⟩ mngM(Id) = {⟨u, u⟩ : u ∈ U}. 1See the methods in Sain [S90].

Then L^=_{REL} is an algebraizable general logic with Alg(L^=_{REL}) = RRA, Alg_m(L^=_{REL}) = setRRA. Just as in the previous cases we get properties of L^=_{REL} by using the theorems about RRA stated in section 1, and the equivalence theorems stated in section 6.

5. First-order logic with n variables, with substituted atomic formulas, L_n^′.

Let n ∈ ω, let V_n^{def}= {v_i : i < n}, our set of variables. Let R be any set (our relation symbols). The set P of atomic formulas of the logic L^′_n^{def}= L^′_n^R is P^{def}= {R(x_0, . . . , x_{n−1}) : R ∈ R, x_0, . . . , x_{n−1} ∈ V_n}. The set of connectives is {∧, ¬, v_i = v_j , ∃v_i : i, j < n}, ∧ binary, ¬, ∃v_i unary, and v_i = v_j zero-ary.^2 This de^nes the set F^′_n^R of formulas of L^′_n^R. The class of models is the usual one,

M^R_n^{def}= {⟨M, RM⟩_{R∈R} : M is a nonempty set and

RM_⊆ n_{M for all R ∈ R}.} Let M = ⟨M, RM⟩R∈R be a model. Then we de^ne ⊩ as before: Let φ ∈ F and

h ∈^nM. We call h an evaluation of the variables. Because of the tradition, we will write M |= φ[h] in place of M, h ⊩ φ. M |= R(vi_0 . . . vi_{n−1} )[h] iff ⟨h(i0), . . . , h(in−1)⟩ ∈ RM, M |= vi = vj [h] iff hi = hj , M |= ∃viφ[h] iff (M |= φ[h^′] for some h^′ ∈^nM such that h and h^′

differ at most at i.)

M |= (φ ∧ ψ)[h] and M |= ¬φ[h] are as before. M |=n φ iff (M |= φ[h] for all h ∈^nM).

We de^ne^3 mngM(φ)^{def}= {h ∈^nM : M |= φ[h]}. We de^ne L^′_n^{R def}= ⟨F^′_n^R, M^R_n , mng, |=_n⟩, and L_n^{′ def}= ⟨L^′_n^R : R is a set⟩. Now, L_n^′ is compositional, and has the ^lter property. But it is not structural (and then it is not semantically structural either) as the following example shows. Let p^{def}= R(v_0, v_1) and q^{def}= R(v_0, v_0).

2Notice that v_i = v_j is not an atomic formula but rather a zero-ary logical connective. 3In the literature, mngM(φ) is called the relation de^ned by φ in the model M. Thus Mng(M) is the algebra of n-variable de^nable relations in M.

Then it can be checked that

|=_n q ↔ ∃v_1(v_1 = v_0 ∧ p), but |̸=_n p ↔ ∃v_1(v_1 = v_0 ∧ p).

Another example is the following. Let

p^{def}= R(v_0, v_1) and q^{def}= R(v_1, v_0).

Then it can be checked that

|=_n ∃v_1p ↔ ∃v_1(v_1 = v_0 ∧ ∃v_0q), but |̸=_n ∃v_1q ↔ ∃v_1(v_1 = v_0 ∧ ∃v_0q).

The logic L^′_n is not structural because the meanings of the atomic formulas are not independent of each other: as soon as we know the meaning of R(v_0 . . . v_{n−1}), this will determine the meanings of R(x_0 . . . x_{n−1}) where x_0, . . . , x_{n−1} are arbitrary variables. It would be natural to treat only R(v_0 . . . v_{n−1}) as an atomic formula. Then we would like to obtain the substituted atomic formulas R(x_0 . . . x_{n−1}) as ŞcomplexŤ, built-up formulas. We will achieve this in two different ways. In the ^rst case we will use Tarski’s observation that substitution can be expressed with quanti^ers and equality^4 and in the second case we will introduce substitutions explicitly as logical connectives^5.

6. First-order logic with n variables, structural version^6 L_n, for n < ω and for n any ordinal.

This is exactly like the previous example, except that we keep as atomic formulas only R(v_0, . . . , v_{n−1}), R ∈ R. Since the order of the variables is ^xed in our atomic formulas, we will simply write R in place of R(v_0, . . . , v_{n−1}). The set of connectives, the class of models, and the meaning function are exactly as before, the only difference is that now the set of atomic formulas is R itself. When n is an in^nite ordinal, everything is analogous (then R stands for R(v_0 . . . v_i . . .)_{i<n}). Notation: L_n = ⟨L^R_n : R is a set ⟩, L^R_n = ⟨F^R_n , . . .⟩.

Then, L_n is compositional, and Mng_LR_n = Hom(F^R, Cs_n), so L_n has the semantic substitution property by Proposition 5.2. L_n has the ^lter property (with

4C.f. Tarski [T51], [T65].

5For more detail see [BP89, Appendix C], and [HMTII, §4.3].

6This is called a full restricted ^rst-order language in [HMTII, §4.3]. ŞRestrictedŤ refers to the fact that we keep atomic formulas only with a ^xed sequence of variables, and ŞfullŤ refers to the fact that the arity (or rank) of each relation symbol is n. This logic is investigated in [BP89, Appendix C], too. Most of what we say in this example, can be generalized to the in^nitary version L^n_{∞ω} of L_n studied in ^nite model theory, see Example 11 herein.

ϕ_0, T RUE, ϕ_0 ↔ ϕ_1 as ε, δ, Δ), so L_n is an algebraizable general logic. It is easy to check that Alg_m(L^R_n ) is the class of |R|-generated Cs_n’s, so Alg_m(L_n) = Cs_n. Thus Alg(L_n) = RCA_n by Thm.5.3(ii), since RCA_n = SPCs_n. Using Alg_m(L_n) = Cs_n and Alg(L) = RCA_n, we begin to apply the theorems in sections 2,6 to L_n.

L_n is compact for all n by Thm.6.7, because RCA_n = UpRCA_n by Thm.2.3. For ^nite n, a deduction term for L_n is ¬∃v_0 . . . ∃v_{n−1}¬ϕ_0 → ¬∃v_0 . . . ∃v_{n−1}¬ϕ_1.

THEOREM 7.1 Let n > 2. There is no weakly complete and strongly sound Hilbert-style inference system for L_n. As a contrast, there are strongly complete and sound Hilbert-style inference systems for L_2, L_1, L_0.

Proof. For n > 2, this follows from Thm.6.4, because RCA_n is a non^nitely axiomatizable variety (by Thms.2.3, 2.4, 2.5). For n ≤ 2, this follows from Thm.6.2, because RCA_n, n ≤ 2 is a ^nitely axiomatizable quasi-variety (by Thm.2.3). ■

Soon we will give a strongly sound and complete inference system |=_{2+} for L_2.

The above negative result can be meaningfully generalized to most known variants^7 of L_n, L_n without equality, and the in^nitary version L^n_∞ω of L_n studied e.g. in ^nite model theory (e.g. [EF], [O]). See Example 11 herein.

The proof of Thm. 7.1 above is a typical example of applying algebraic logic to logic. There are analogous theorems (using the same Şgeneral methodologyŤ). An example is provided by the positive results giving completeness theorems for relativized versions of L_n cf. e.g. [AvBN97] or [N96]. Different kinds of positive results relevant to Theorem 7.1 above are in [S95], [SGy].

OPEN PROBLEM 7.2 Is there a weakly complete and weakly sound Hilbert-style inference system for L_n, n > 2?

By Thm.6.5, Open Problem 7.2 above is equivalent to Problem 2.11 (i.e. whether RCA_n = HK for some ^nitely axiomatizable quasi-variety K), because RCA_n |= (x ↔ y) = 1 → x = y, where x ↔ y = −(x ⊕ y). Actually, in the present case a positive answer would imply the existence of a strongly complete and weakly sound Ş⊢Ť for L_n, because Alg(L_n) is a variety.

7e.g. to L_n^′ of Example 5.

Next we turn to investigating inference systems suggested by the connections between RCA_n, CA_n, and SNr_nCA_m, for m ≥ n (see Thm.2.14). We will de^ne two provability relations, ⊢_n and ⊢_{n,m} for L_n. (Of these, ⊢_n is given by a Hilbertstyle inference system, while ⊢_{n,m} is not.)

In the following we will heavily use that F^R_n ⊆ F^R_{n+m} (which is so because the atomic formulas of L^R_n and L^R_{n+m} are identi^ed).

DEFINITION 7.3 (provability relations ⊢_n and ⊢_{n,m} for L_n)^8

(i) First we de^ne ⊢_n which will be given by the Hilbert-style inference system ⟨Ax_n, Ru_n⟩. In the formula-shemes below we will use φ, ψ as formula-variables (instead of ϕ_0, ϕ_1), and ∀v_i, → are derived connectives: ∀v_iφ^{def}= ¬∃v_i¬φ φ → ψ^{def}= ¬(¬φ ∧ ψ). Recall that ∃v_i, v_i = v_j are logical connectives for i, j < n.

Ax_n consists of the following formula-shemes of L_n: For all i, j, k < n

χ, χ a propositional tautology^9, i.e. a valid formula-sheme of L_0 ∀v_i(φ → ψ) → (∀v_iφ → ∀v_iψ) ∀v_iφ → φ ∀v_i∀v_j φ → ∀v_j ∀v_iφ ∀v_iφ → ∀v_i∀v_iφ ∃v_iφ → ∀v_i∃v_iφ v_i = v_i

v_i = v_j → (v_i = v_k → v_j = v_k)

∃v_i(v_i = v_j )

v_i = v_j → ∀v_k(v_i = v_j ) if k ≠ i, j.

v_i = v_j → (φ → ∀v_i(v_i = v_j → φ), if i ≠ j.

8⊢n,m, in a slightly different form, is de^ned in [HMTII, p. 157], and also in [N86], [N92], [N95], [BP89, Appendix C], [CzP]. In [BP89], ⊢_n is denoted by ⊢_{P Rn} . One could get the de^nition of ⊢_n by mechanically translating the CA_n-axioms, as we did with the BA-axioms in Example 1, and then polishing the so obtained axioms and rules.

9To keep Ax_n ^nite for n < ω, we replace the in^nitely many shemes here with Ax_0, where ⟨Ax_0, {(MP )}⟩ is a strongly complete and sound Hilbert-style inference system for L_0. Such systems are known, cf. e.g. [ABNPS].

Ru_n consists of the rules Modus Ponens (MP ) and Generalization (G)_i for i < n, where (MP ) and (G)_i are, respectively: φ, φ → ψ ψ and φ ∀v_iφ . Now, ⊢_n is the derivability relation given by ⟨Ax_n, Ru_n⟩ (for L_n).

(ii) To de^ne ⊢_{n,m}, let n ≤ m. Let Ax^n_m ⊆ F^R_m consist of the following formulas: (R) R → ∀v_iR if n ≤ i < m, and R ∈ R. Now the inference system ⊢_{n,m} ⊆ P(F^R_n ) × F^R_n is de^ned to be Ş(Ax^n_m ⊢_m) restricted to L_nŤ, i.e. ⊢_{n,m}^{def}= {⟨Σ, φ⟩ : Σ ∪ Ax^n_m ⊢_m φ, Σ ∪ {φ} ⊆ F^R_n }. Thus, in an ⊢_{n,m}-proof, in addition to the instances of Ax_m, we also can use R → ∀v_iR, for n ≤ i < m, R ∈ R. If ⊢_{n,m} φ, then we say that Şφ is provable with m variablesŤ, or Şφ is m-variable provableŤ. ■

It is not hard to check that both ⊢_n and ⊢_{n,m} are strongly sound for L_n, and ⊢_n is given by a Hilbert-style inference system (if n is ^nite).

Therefore, from Thm.7.1 we can conclude that there are in^nitely many valid L_n-formulas which are not ⊢_n-provable, i.e. ⊢_n is incomplete for L_n (in a rather strong way). On the other hand, we will see below that ⊢_{n,ω} is strongly complete for L_n.

We are going to prove that the inference system ⊢_n is the logical equivalent of the algebraic axiom system de^ning the variety CA_n.

Any formula φ ∈ L^R_n can be identi^ed with a term in the algebraic language of CA_n such that the elements of R are considered as (algebraic) variables, assuming that we identify the operations of CA_n with the connectives of L_n. Hence φ = 1 is an equation in the language of CA_n (for φ ∈ L^R_n ). We write φ ∈ L^R_n for φ ∈ F^R_n . Also, φ ∈ L_n means (∃ set R) φ ∈ L^R_n .

THEOREM 7.4 Let φ ∈ L^R_n , n any ordinal, R any set. Then (i)Ű(iii) below hold for all n ≤ m.

(i) ⊢_n φ iff CA_n |= φ = 1.

(ii) ⊢_{n,m} φ iff SNr_nCA_m |= φ = 1.

(iii) |=_n φ iff RCA_n |= φ = 1.

Proof. (i)Ű(iii) are proved in [HMTII] as Cor. 4.3.26, Thm. 4.3.25, and Thm. 4.3.17, respectively. See also 4.3.57, 4.3.59 therein. To check that ⊢_r of [HMTII] is the same as our ⊢_{n,m}, it suf^ces to check that in the proof of 4.3.22, only the axioms of our Ax_n are used. ■

Now we are ready to state the logical corollaries of Thm.2.14(ii).

COROLLARY 7.5

(i) ⊢_{n,n+ω} is strongly complete for L_n, for all n.

(ii) ⊢_{n,n+m} is not even weakly complete for L_n, if m < ω.

(iii) Let φ ∈ L_n. Then |=_n φ iff ⊢_{n,n+m} φ for some m < ω.

(iv) For all n, m < ω there are valid n-variable formulas which cannot be proved with m variables. For each valid n-variable formula φ there is an m < ω such that φ is m-variable provable.

Proof. (i): Weak completeness of ⊢_{n,n+ω} follows immediately from Thm. 7.4, Thm. 2.14 (RCA_n = SNr_nCA_{n+ω}). For n < ω, then strong completeness follows, because L_n is compact and has a deduction theorem. For n ≥ ω, L_n is still compact, but it does not have a deduction theorem. However, ⊢_{n,n+ω} is strongly complete for L_n by [HMTII, 4.3.23(ii)].

(ii)Ű(iv) follow from Thm. 7.4 and Thm. 2.14. E.g., assume φ ∈ L_n. Then |=_n φ iff RCA_n |= φ = 1 iff (by RCA_n = SNr_nCA_{n+ω}) SNr_nCA_{n+ω} |= φ = 1 iff |=_{n,n+ω} φ iff (by the de^nition of ⊢_{n,m}) ⊢_{n,n+m} φ for some m < ω. ■

We note that Corollary 7.5 speaks also about usual ^rst-order logic, because an n-variable formula is valid in L_n iff it is valid in usual ^rst-order logic (and every ^rst order formula φ has a normal form φ^′ which is in L_n, for some n ∈ ω).

To investigate further the provability relations ⊢_n, ⊢_{n,m}, now we compare their Şdeductive powersŤ. Results in cylindric algebra theory yield the following.

THEOREM 7.6 (the deductive powers of ⊢_n, ⊢_{n,m})

(i) For any 1 < n < ω, ⊢_n≠ (⊢_{n+1}↾ L_n), i.e. there is an n-variable formula φ such that ⊬_n φ but ⊢_{n+1} φ.

(ii) If n ≥ ω, then ⊢_{n,m}≠⊢_{n,m+1} for all m < ω, i.e. there is a φ ∈ L_ω such that ⊬_{ω,m} φ and ⊢_{ω,m+1} φ.

(iii) ⊢_2 ≠ ⊢_{2,3} = ⊢_{2,m} for all m ≥ 3.

(iv) If n ≤ 1 or n ≥ ω, then for any n-variable φ, ⊢_n φ iff ⊢_m φ, for all m ≥ n. If n ≤ 1, then ⊢_n = ⊢_{n,m} for all m ≥ n.

Proof. (i) follows from Thm 7.4 and [HMT, 2.6.14], as follows. Let 2 ≤ n < ω. Then there is an equation e in the language of CA_n such that CA_n |̸= e and CA_{n+1} |= e, by [HMT, 2.6.14]. We may assume that e is of form φ = 1, and then Thm. 7.4(i) ^nishes the proof.

Similarly, (iv) follows from Thm. 7.4 and [HMT, 2.6.8, 2.6.9], and from CA_n = RCA_n = SNr_nCA_{n+m} if n ≤ 1.

(ii) follows from (Thm. 7.4(ii) and) SNr_nCA_{n+m} ≠ SNr_{n+m+1} for all n ≥ ω, m < ω which is an unpublished result of Don Pigozzi.

(iii) follows from CA_2 ≠ SNr_2CA_3 = RCA_2 = SNr_2CA_ω, see [HMT, 2.6.42, 3.2.65] ■

OPEN PROBLEM 7.7 Is it true that ⊢_{n,m} ≠ ⊢_{n,m+1} whenever 3 ≤ n ≤ m < ω? I.e. is there a 3-variable formula φ for all 3 ≤ m < ω such that φ is not provable with m variables but it is provable with m + 1 variables? ■

The above is Problem 2.12 in [HMT]. Results in this direction are proved e.g. in Maddux [Ma83], [Ma91a], Andrťeka [A97]. The present status of this problem is summarized in [A97, Remark 3].

REMARK ⊢_{n,m} is a (structural) derivability relation for L_n in the sense of [BP89], i.e. for any φ ∈ L^R_n and s : R → L^R_n , if ⊢_{n,m} φ then ⊢_{n,m} ŝ(φ). This follows from Thm. 7.4(ii). Thm. 7.4(ii) also implies that ⊢_{n,n+1} for n < ω can be given by some Hilbert-style inference system ⟨Ax^′_n, Ru^′_n⟩; while ⊢_{n,n+m} with m ≥ 2 cannot be given with such. The latter is so because SNr_nCA_{n+1} is a ^nitely axiomatizable variety while SNr_nCA_{n+m}, m ≥ 2 is not ^nitely axiomatizable (see [A97, Thm. 2.3]), and then one can use the presently discussed Şmethodogy of algebraizationŤ, cf. Thm.6.3, to infer the above information. ■

⊢_{n,n+ω} is strongly complete for L_n, but the ⊢_{n,n+ω}-proofs use formulas that are not in L_n. Different kinds of complete inference systems for L_n, where the proofs use only L_n-formulas, are in [Si91], [V91], [MV, §5.5.1], [Mi95], [Mi96]. A common feature of the latter inference systems is that they are not strongly sound. (This is natural to expect because by Thm. 7.1 there cannot exist strongly sound and complete Hilbert-style inference systems for L_n if n > 2.)

Now we turn to L_2. If n ≤ 1, then ⊢_n is strongly complete for L_n by Thm. 7.4, because then CA_n = RCA_n. ⊢_2 is not complete for L_2 (but ⊢_{2,3} is). We will show that if we add a rule or axiom expressing

(∗) |Dom(R)| ≤ 1 =⇒ R = Dom(R) × Rng(R),

(and the same for Rng(R)), then we get a strongly complete Hilbert-style inference system for L_2. Namely, consider the following formula-shema and rule for i ≠ j, i, j < 2: (SA) ∃v_0φ ∧ ∃v_1φ ∧ ¬φ → ∃v_i(∃v_j (v_0 = v_1 ∧ ∃v_iφ) ∧ v_0 ≠ v_1)

(SR) ∃v_iφ ∧ ∃v_j (v_0 = v_1 ∧ ∃v_iφ) → v_0 = v_1 φ ↔ (∃v_0φ ∧ ∃v_1φ) .

THEOREM 7.8 Both ⟨Ax_2 ∪ (SA), Ru_2⟩ and ⟨Ax_2, Ru_2 ∪ (SR)⟩ are strongly complete for L_2.

Proof. This follows from Thm. 7.4 and Thm. 2.3(iii). ■

Now we turn to checking what Theorems 6.11 and 6.15 say about de^nability and interpolation properties of L_n. L_n has the patchwork property of models.

So L_n for n ≥ 2 does not have the local Beth de^nability property by Thm.6.11, because epimorphisms are not surjective in Cs_n (see [KMPT]+[M97a, T.7.4.(i)], for 2 ≤ n < ω see [ACN], for n ≥ ω see [N88], [S90, Thm. 10]).

It is proved in [KSS] that L_3 does not have the weak Beth property, and we conjecture that this extends to 3 < n < ω, while L_2 has the weak Beth property. It is proved in [KSS] that for n < ω, L_n has the weak local Beth property. By Thm.6.15, L_n does not have the interpolation property for all n > 1, since RCA_n does not have the amalgamation property (see [KMPT], this is a result of Comer [Co69]).

Further de^nability and interpolation results for L_n, ⊢_n (both n < ω and n ≥ ω) are in Madarťasz [M97b]. That paper is devoted to solving problems from Pigozzi [P72].

Summing up:

L_0 is equivalent to sentential logic L_S^′.

L_1 is equivalent to S5.

L_2: Our characterization theorems in section 6 and the corresponding algebraic theorems in section 2 give the following properties for L_2: L_2 is decidable, it has a strongly complete and sound Hilbert-style inference system, which can be obtained from the equational axiomatization of RCA_2. L_2 has the ^nite model property. The algebraic version of this is stated in [HMTII, 3.2.66]. It does not have the Beth (de^nability) property , and it does not have the interpolation property. We conjecture that L_2 has the weak Beth property.

L_n for 3 ≤ n < ω: The characterization theorems and the corresponding algebraic theorems give the following properties of L_n: L_n is undecidable, L_n does not have a strongly sound and complete Hilbert-style inference system. It is open whether it has a weakly sound and weakly complete Hilbert-style inference system, cf. Problem 2.11 and Theorem 5.4. L_n has neither the Beth property nor the interpolation property.

L_ω : This is called ŞFinitary logic of in^nitary relationsŤ. Model theoretic results (using AL) are in Nťemeti [N90].

7. First-order logic with n variables with substitutions, with and without equality, L_n^{s=}, L_n^s, (n ≤ ω).

First we de^ne L^{s=}_n . The set of connectives is {∧, ¬, ∃v_i, [v_i/v_j ], [v_i, v_j ], v_i = v_j : i, j < n}, ∧ binary, v_i = v_j zero-ary, and the rest unary. Everything is as in the previous example, we only have to give the meanings of the logical connectives [v_i/v_j ], [v_i, v_j ]. Let M be a model, and recall^{10} the operations [i/j], [i, j] mapping n to n. Now mngM([vi/vj ]φ) = {h ∈^nM : h ∘ [i/j] ∈ mngM(φ)}, mngM([vi, vj ]φ) = {h ∈^nM : h ∘ [i, j] ∈ mngM(φ)}. By this, we have de^ned L^{s=}_n . It is not hard to check that L^{s=}_n is an algebraizable general logic.

The theory of quasi-polyadic algebras QPA’s is analogous with that of cylindric algebras. Exactly as cylindric algebras are the algebraic counterparts of quanti- ^er logics with equality, QPA’s are the algebraic counterparts of quanti^er logics without equality, cf. section 3 herein. RQPA_n and QPs_n denote the classes of representable QPA’s of dimension n and quasi-polyadic set algebras (of dimension n) respectively as introduced e.g. in [N91] and in section 3 herein. Analogously, QPEA_n and QPse_n denote the same classes but with equality.

Now, Alg_m(L^{s=}_n ) = QPse_n, Alg(L^{s=}_n ) = RQPEA_n.

10[i/j] sends i to j and leaves everything else ^xed, and [i, j] interchanges i and j and leaves everything else ^xed.

If we omit equality from the set of connectives, then we get the equality-free version L^s_n of the logic. This is also an algebraizable general logic with Alg_m(L^s_n) = QPs_n, Alg(L^s_n) = RQPA_n.

We turn to showing how to retrieve substituted atomic formulas R(v_{i0} . . . v_{in−1} ) in L_n, L^s_n. Here we assume n < ω.

First we treat the case L^s_n. Since a ^nite mapping can always be written as a product of [i, j]’s and [i/j]’s, we obtain that for any sequence x_0, . . . , x_{n−1} of variables there is a sequence [i_1, j_1], . . . , [i_ℓ/j_ℓ] of ŞsubstitutionsŤ such that for all models M and relation symbols R, mngM(R(x0 . . . xn−1)) = mngM([vi1 , vj1 ] . . . [viℓ , vjℓ ]R). (Here the ^rst meaning-function is taken from L^′_n, while the second one from L^s_n.) This shows that in L^s_n we do have our substituted atomic formulas back as ŞcomplexŤ formulas. (On the other hand, the expressive power of L^s_n is not bigger than that of L^′_n, because of the following. It can be proved with a simple induction that the meaning of the formula [v_i, v_j ]φ is the same as that of the formula we get from φ by interchanging v_i and v_j in it everywhere (in the connectives ∃v_i also), and the meaning of the formula [v_i/v_j ]φ coincides with that of the formula we get from φ by replacing v_i everywhere it it with v_j . Here φ is a formula of L^′_n.)

Now we show how to get substituted atomic formulas back in L_n by using Tarski’s observation that substitution can be expressed with quanti^ers and equality. By the above, it is enough to express the meaning of the formulas [v_i/v_j ]φ and [v_i, v_j ]φ, for i ≠ j. So let M be a model and h an evaluation of the variables in M. Then it can be checked that M |=n ([vi/vj ]φ ↔ ∃vi(vi = vj ∧ φ))[h], and if k ≠ i, j, M |=_n φ ↔ ∃v_kφ, then M |=n ([vi, vj ]φ ↔ [vi/vk][vk/vj ][vj /vi]φ)[h]. Thus to express [v_i, v_j ] we need one extra free variable. We can get this e.g. by treating L^′_n^R as the following theory of L^R_{n+1}: {(∃v_nR) ↔ R : R ∈ R} and then treat the atomic formula R(v_0, . . . , v_{n−1}) of L^′_n as the atomic formula R of L_{n+1}. For more on this see [HMTII, §4.3], [BP89].

8. First-order logic, ranked^{11} version, L^{ranked}_{F OL} .

The set of connectives is Cn = {∧, ¬, ∃v_i, v_i = v_j : i, j < ω}, ∧ binary, ¬, ∃v_i unary, and v_i = v_j zero-ary. (This is the same as that of L_ω.)

Let R be a set (the set of relation-symbols), and let ρ : R → ω be a function (the rank-function, ρ(R) is the rank of R). First we de^ne the logic L^ρ_{F OL}.

Our atomic formulas will be R(v_0, . . . , v_{ρ(R)−1}) for R ∈ R. We do not include R(v_{i0} , . . . , v_{iρR−1} ) into the set of atomic formulas for the same reason as in our previous examples: because they would immediately make our logic unstructural. However, these substituted atomic formulas will be present in our logic as (complex) formulas, because they can be expressed by quanti^ers and equality (see our previous remark on this). Since the sequence (v_0, . . . , v_{ρ(R)−1}) of variables is determined by ρ, we will just write R in place of R(v_0, . . . , v_{ρ(R)−1}). (This will be convenient also when we will compare our present logic with L_ω.) Thus the set of atomic formulas is R. Then the formula-algebra F^ρ of L^ρ_{F OL} has universe F (R, Cn). The models are M = ⟨M, RM⟩_{R∈R} where RM is a ρ(R)-ary relation on M for all R ∈ R. I.e. M^ρ = {⟨M, RM⟩_{R∈R} : R ⊆^{(ρR)}M for all R ∈ R}. Validity and the meaning function are practically the same as those of L_ω, therefore we only give here the concise algebraic de^nition: Let M be a model. mngM(R) = {h ∈^ωM : h ↾ ρ(R) ∈ RM}, and mngM : F^ρ → ⟨P(^ωM), C^Mi , D^Mij ⟩i,j<ω is a homomorphism. M |= φ iff mngM(φ) =^ωM. Now L^{ranked} F OL = ⟨L ρ F OL : ρ is a function into ω⟩.

Let L = L^{ranked}_{F OL} . Then L is compositional, and has the ^lter-property. Also we have that

Alg_m(L) = Csf_ω and Alg(L) = Lf_ω.

The second statement is proved in [HMTII, 4.3.28(iii)].

But L is not substitutional, even L^ρ_{F OL} is not substitutional if ρ ≠ ∅. An example is: Let R be an n-ary relation symbol in ρ and let φ denote the formula v_0 = v_1 ∧ . . . ∧ v_0 = v_n. Then |= R → ∀v_nR while |̸= φ → ∀v_nφ. 11These are called ordinary languages in [HMTII, §4.3].

It is easy to see that L is compact. Since UpLf_ω ≠ Lf_ω, this logic shows that the condition of structurality in Theorem 6.7 is necessary.

We can extend our inference system ⊢_ω of the non-ranked logic L_ω to get a complete one for L^{ranked}_{F OL} , as follows.

For any rank-function ρ : R → ω, let Ax^ρ denote the set of the following formulas: (R^′) R → ∀v_iR, if ρ(R) ≤ i < ω, and R ∈ R. (Ax^ρ is a straightforward modi^cation of Ax^m_n .) Then ⊢^ρ is de^ned as ⊢^{ρ def}= {⟨Σ, φ⟩ : Σ ∪ Ax^ρ ⊢_ω φ, Σ ∪ {φ} ⊆ L^ρ_{F OL}}. Now, ⊢^ρ provides a complete inference system for the ranked version of ^rst-order logic L^{ranked} F OL . I.e.:

THEOREM 7.9 (Gĺodel’s completeness theorem) For every formula φ of L^ρ_{F OL} we have |= φ iff ⊢^ρ φ. Proof. This is a corollary of Thm. 7.4(ii) and Lf_ω ⊆ RCA_ω = HSPCsf_ω (Thm’s 2.14(i), 2.4(iii)), as follows. Let ≡^{def}= {(φ, ψ) : ⊢^ρ φ ↔ ψ}. Then F^ρ/≡ ∈ Lf_ω by Thm. 7.4(i) and Rng(ρ) ⊆ ω. Assume ⊬^ρ φ. Then F^ρ/≡ |̸= φ = 1, hence Csf_ω |̸= φ = 1 by Lf_ω ⊆ HSPCsf_ω, i.e. |̸= φ. ■

At this point we should emphasize that there are valid schemes^{12} Φ of L^ρ_{F OL} such that although |= Φ, we have ⊬^ρ Φ. This is so because there is no difference between the schema languages of L^ρ_{F OL} and L_ω , and also the valid schemes of L^{ranked} F OL and Lω coincide by Cor.5.5, because Eq(Lfω) = Eq(RCAω), and the

⊢^ρ-provable and ⊢_ω-provable schemas coincide^{13}.

How it is possible that there is an ⊢^ρ-unprovable valid formula-scheme Φ? This means that though each instance of Φ in L^ρ_{F OL} is ⊢^ρ-provable (because of Thm. 7.9), these ⊢^ρ-proofs vary form instance to instance. We cannot give a ŞuniformŤ ⊢^ρŰproof for these instances, in spite of there being a uniform ŞcauseŤ Φ of their validity.

12If Φ is a formula schema of L (cf. Def.4.4), then by L-derivability ⊢_L of Φ we understand the natural extension of Def.4.4 to a mixed language consisting of both L-formulas and schemes. I.e. in a derivation ⟨Φ_1, . . . , Φ_n⟩ of Φ, Φ_i is built up from atomic formulas p_j ∈ P of L and formula-variables ϕ_j ∈ F V (using the connectives Cn of L).

13This not quite trivial, but can be proved with CA-theoretic methods, e.g. one can use [HMT, 2.5.26].

Theorem 2.14(i) stating Dc_ω ⊆ RCA_ω can be used to overcome schema-incom-pleteness of ⊢^ρ. Using this theorem, one can obtain enriched inference systems ⊢^{ρ+} by adding brand new variables w_i (i < ω) to the language and new axioms postulating the effects of the fact that w_i does not occur in the old formulas. Roughly, these axioms say that R → ∀v_iR if ρ(R) ≤ i < ω and ϕ_j → ∀w_iϕ_j if i < ω, ϕ_j is a formula-variable.

These inference systems are strongly complete for the formula-schemas of L^{ranked}_{F OL} . These completeness theorems (based on the Dc-representation result) are proved in [AGN77], [HMTII, §4.3].

The reason for L^{ranked}_{F OL} not being substitutional is that the atomic formulas cannot take the meanings of any formula, because an atomic formula has a ^xed ^nite rank, while formulas can have meanings of arbitrarily large ^nite ranks. This will be repared in our next example.

9. First-order logic, rank-free^{14} (or type-less) version, L_{F OL}.

The set of connectives are as in the previous case. Let R be a set (of relation symbols). Then the set of atomic formulas of L^R_{F OL} is R, as before.

The models will be different (as the information ρ : R → ω is missing): We only know that R denotes a ^nitary relation, we do not know what its arity is. The actual arity will be given by the model. I.e., the models are M = ⟨M, RM⟩_{R∈R} where RM is an arbitrary ^nitary relation on M for all R ∈ R, M^R = {⟨M, RM⟩_{R∈R} : (∀R ∈ R)(∃n ∈ ω)R ⊆^nM}. Validity and the meaning function are the same as in the previous case, the only difference is that mngM(R) = {h ∈^ωM : h ↾ n ∈ RM for some n}. Let L_{F OL} denote the system of these logics. Now this general logic is structural, since Mng^R = Hom(F^R, Csf_ω). Thus L_{F OL} is an algebraizable general logic with

Alg_m(L_{F OL}) = Csf_ω and Alg_m(L_{F OL}) = SPCsf_ω.

14Rank-free ^rst-order logic was introduced in Henkin-Tarski [HT], and elaborated in more detail in [A73], [AGN77, sec. IV]. See also [HMTII, section 4.3]. A nice proof system for this logic is given in Simon [Si91].

Thus Theorem 6.7 says that L_{F OL} is not compact because SPCsf_ω ≠ UpSPCsf_ω by Thm. 2.4(iii). Or vice versa, one can prove the algebraic theorem SPCsf_ω ≠ UpSPCsf_ω by showing that L_{F OL} is not compact, as follows: L_{F OL} is not compact because the set Σ = {¬(R ↔ ∃v_iR) : i < ω} of formulas, where R is any relation symbol, is not satis^able while all of its ^nite subsets are. Thus Theorem 6.7 says that SPCsf_ω ≠ UpSPCsf_ω because Alg(L_{F OL}) = SPCsf_ω.

Thm.6.4 admits a generalization to logics like L_{F OL} above. Then we obtain the following corollary of this generalized result and of Thm.2.5 (saying that RCA_n is not ^nite schema axiomatizable).

COROLLARY 7.10 Assume that ⟨Ax, Ru⟩ de^nes a strongly sound and weakly complete inference system ⊢ for L_{F OL}. Then ⟨Ax, Ru⟩ must involve an in^nite set of formula-variables. I.e. L_{F OL} is not ^nite-schema axiomatizable. The same applies for L_ω in place of L_{F OL}. ■

Improved versions of this negative result are in [A97] where it is proved that ⟨Ax, Ru⟩ has to be extremely complex, too, besides involving in^nitely many formula-variables. Positive results kind of side-stepping Corollary 7.10 above are in [S95], [S97], [SGy]. These present expansions of L_{F OL} with further logical connectives, such that the new L^+_{F OL} becomes ^nite schema axiomatizable.

At this point the reader might have the impression that Corollary 7.10 seems to contradict Gĺodels completeness theorem. However, Gĺodels theorem holds for the ranked version L^{ranked}_{F OL} of ^rst order logic but not for L_{F OL}. The essential difference between these two logics is that L^{ranked}_{F OL} is not structural (substitutional). No structural version of ^rst order logic is known for which Gĺodel’s completeness theorem would hold. More precisely, the only such versions are the logics presented in [SGy] etc. cited above. The presently discussed issue is highly relevant to the propositional modal versions of ^rst order logic, cf. e.g. van Benthem [vB97], [vB96], [vBtM], [V95a], [MV].

Now we brie~y compare our three versions of FOL: non-ranked L_ω , the ranked version L^{ranked}_{F OL} , and the rank-free one, L_{F OL}. The same formula-schemes are valid in them, and they have the same admissible rules by Theorem 5.4, because the same quasi-equations are true in their algebraized forms by SPUpCsf_ω = RCA_ω = Alg(L_ω ). Also, this set of admissible formula-schemes is recursively enumerable, and the validity problem in these logics is not decidable, by Theorem 2.4, Theorem 5.4, Corollary 5.6.

As a contrast, here we will give a logic which has a decidable validity problem and at the same time the set of valid formula-schemes is not even recursively enumerable.

10. Equality logic, monadic logic.

First we treat equality logic L^e. This is the same as ^rst-order logic with ω variables and with no atomic formulas, i.e. L^{e def}= L^∅_ω. Therefore, this is not a general logic. Notice that the set of formulas is non-empty because v_i = v_j is a zero-ary logical connective. A model is just a set M and the meaning-algebra

Mng(M) of this model is the subalgebra of ⟨P(^ω M), Ci, Dij ⟩i,j<ω generated by

{D_{ij} : i, j < ω}. These are called the minimal cylindric set algebras, and their class is denoted by setMn_ω, while Mn_ω^{def}= IsetMn_ω.

L^e is an algebraizable semantic logic with Alg_m(L^e) = setMn_ω and Alg(L^e) = SPMn_ω. (L^e is substitutional because its set of atomic formulas is empty.)

It is well known that the validity problem of L^e is decidable, it has the ^nite model property, and it admits an elimination-of-quanti^ers theorem. (See e.g. [M64a].)

However, the set of valid formula-schemes of L^e is not even recursively enumerable. This is so by Corollary 5.5, because Eq(Mn_ω ) is not recursively enumerable.^{15}

More generally, consider now ranked ^rst-order logics L^ρ_ω. Ranked ^rst-order logic L^ρ_n with n variables, n < ω can be de^ned analogously for ρ : R → n. Let n ≤ ω. If every relation symbol is unary, i.e. if Rngρ ⊆ {1}, then L^ρ_n is called a monadic logic. Let L^{mR}_n denote monadic logic with relation symbols R, i.e. L^{mR}_n^{def}= L^ρ_n where ρ = R × {1}.

L^{mR}_n is a compositional logic with ^lter-property. It is not substitutional. It is known that the validity problem of monadic logics is also decidable, they have the ^nite model property, and they admit elimination of quanti^ers. (See also [M64a].)

Let n > 2. If n is in^nite, then the valid schemes of L^{mR}_n are not recursively enumerable. If ρ is not monadic, then the valid schemes of L^ρ_n are recursively enumerable (and the validities become undecidable). (If n ≤ 2, then the set of valid schemes of L^ρ_n is decidable.) These are proved in [N87] by showing that the equational theories of the corresponding classes of algebras are not recursively enumerable (and using Theorem 5.4). The logical implications and the reasons for this behaviour are also explained carefully in [N87].

11. In^nitary version L^n_{∞ω} of the ^nite variable fragments L_n.

Let κ be an in^nite cardinal. L^n_{κω} is obtained from L_n by adding κ-ary conjunction to the logical connectives. More formally, let F_n be the set of formulas of L^R_n = ⟨F_n, . . .⟩. Let F^n_κ be the smallest set satisfying (i)Ű(iii) below.

15This was proved by M. Rubin, and independently by I. Nťemeti, see [N87].

(i) F^n_κ ⊇ F_n,

(ii) F^n_κ is closed under the connectives of L_n, (iii) |H| < κ ⇒ (∧H) ∈ F^n_κ , for any H ⊆ F^n_κ . The models of L^{nR}_{κω} are the same as those of L^R_n , and mng_κ, F_κ are the obvious generalizations of the de^nition given for L^R_n . Then

L^{nR}_{κω}^{def}= ⟨F^n_κ , M_n, mng_κ, F_κ⟩ and L^n_{κω}^{def}= ⟨L^{nR}_{κω} : R is a set⟩ .

L^n_{∞ω} is obtained from L^n_{κω} by removing all conditions of the form Ş. . . < κŤ. That is, F^n_{∞ω} := ⋃ {F^n_{κω} : κ is a cardinal}, etc. L^n_{∞ω} and L^n_{κω} (with κ > ω) are not logics in the sense of Def .4.1 because they involve in^nitely long strings of symbols. All the same, L^n_{∞ω} is an interesting mathematical structure whose study is motivated by studying logics. Most properties of logics make sense for the Şpseudo-logicŤ L^n_{∞ω} , too. Studying mathematical structures like L^n_{∞ω} , L^n_{κω} seems to be useful for obtaining a better understanding of logics (in the sense of Def. 4.1).

Most of the results obtained for L_n via the methods of algebraic logic can be pushed through for L^n_{∞ω} by the same kinds of algebraic methods. In particular, by stretching the algebraic methods which lead to Theorem 7.1 , one can obtain the following. The notions of formula schema, inference system, axiom schema, rule schema can be generalized to L^n_{κω} the natural way. Herein we do not go into the details of this.

COROLLARY 7.11 Assume ⊢ is a strongly sound and weakly complete provability relation for L^n_{∞ω} or for L^n_{κω} (κ ≥ ω). Then ⊢ is not de^nable by a Hilbert-style inference system. Moreover, any schema ⟨Ax, Ru⟩ axiomatizing ⊢ must involve in^nitely many formula variables (cf. Def.4.4 for ⟨Ax, Ru⟩ axiomatizing ⊢.)

The next table summarizes the algebraic counterparts of some of the distinguished logics.

substitutional, Logic L Alg(L) Alg_m(L) compact L_s sentential logic BA {2} + + S5 modal logic RCA_1 Cs_1 + + L_{REL} arrow logic BRA setBRA + + L^′_n n-var. FOL Rd_{ca} Rd_{ca} with substituted RPEA_n Pse_n − + atomic fmlas

L_n structural RCA_n Cs_n + + n-var. FOL

L_ω ^nitary FOL of RCA_ω Cs_ω + + ω-ary rel.’s L^{ranked} F OL ranked FOL Lf_ω Csf_ω − + L_{F OL} rank-free FOL SPCsf_ω Csf_ω + −

Table 7.1.

BIBLIOGRAPHY

* [Ac] Aczel, P., Schematic consequence. In [Ga94, pp. 261Ű272]. [AHS] Adamek,J. Herrlich,H. and Strecker,G., Abstract and concrete categories, or the joy of cats. John Wiley and Sons (1990).

[Al] Allťen, S., (ed.) Possible Worlds in Humanities, Arts and Sciences (Proc.

of Nobel Symposium 65) W. de Gruyter, Berlin, 1989.

[A] Amer,M., Cylindric algebras of sentences (abstract). J. of Symbolic Logic 58,2 (1993) 743.

[A73] Andrťeka,H., Algebraic investigation of ^rst-order logic. (in Hungarian) Dissertation with Eĺotvĺos Lorťand Univ. Budapest (1973) ix+162 pp.

[A77] Andrťeka,H., Universal Algebraic Logic. (in Hungarian) Dissertation with Hung. Acad. Sci. Budapest (1977) 199 pp.

[A94] Andrťeka,H., Weakly representable but not representable relation algebras. Algebra Universalis 32 (1994) 31Ű43.

[A97] Andrťeka,H., Complexity of the equations valid in algebras of relations.

Annals of Pure and Applied Logic, to appear.

[ABNPS] Andrťeka,H. Blok,W. Nťemeti,I. Pigozzi,D. and Sain,I., Abstract Algebraic Logic. Chapter for the Handbook of Algebraic Logic, in preparation.

[AvBN96] Andrťeka,H. van Benthem,J. and Nťemeti,I., Finite model property of the bounded fragment of ^rst-order logic and cylindric-relativized set algebras. Manuscript (1996).

[AvBN97] Andrťeka,H. van Benthem,J. and Nťemeti,I., Modal languages and bounded fragments of predicate logic. Journal of Philosophical Logic, to appear.

[ACN] Andrťeka,H. Comer,S.D. Nťemeti,I. Epimorphisms in cylindric algebras.

Manuscript, 1983.

[AGN73] Andrťeka,H. Gergely,T. and Nťemeti,I., Purely algebraical construction of ^rst order logics. Publications of Central Res. Inst. Physics Budapest KFKI-73-71 (1973) 46pp.

[AGN77] Andrťeka,H. Gergely,T. and Nťemeti,I., On universal algebraic construction of logics. Studia Logica Vol 36 (1977) 9Ű47.

[AGMNS] Andrťeka,H. Givant,S. Mikulťas.Sz. Nťemeti,I. and Simon,A., Some notions of density that imply representability in algebraic logic. Annals of Pure and Applied Logic, to appear.

[AGiN94] Andrťeka,H. Givant,S. and Nťemeti,I., The lattice of varieties of representable relation algebras. Journal of Symbolic Logic 59.2 (1994) 631Ű661.

[AGiN95] Andrťeka,H. Givant,S. and Nťemeti,I., Perfect extensions and derived algebras. Journal of Symbolic Logic 60,3 (1995) 775Ű796.

[AGiN97] Andrťeka,H. Givant,S. and Nťemeti,I., Decision problems for equational theories of relation algebras. Memoirs of Amer. Math. Soc. 126,604 (1997) xiv+126pp.

[AGoN] Andrťeka,H. Goldblatt,R. and Nťemeti,I., Relativized quanti^cation:

some canonical varieties of sequence-set algebras. J. Symbolic Logic, to appear.

[AHN] Andrťeka,H. Hodkinson,I. and Nťemeti,I., Finite algebras of relations are representable on ^nite sets. J. Symbolic Logic, to appear.

[AJN] Andrťeka,H. Jťonsson,B. and Nťemeti,I., Free algebras in discriminator varieties. Algebra Universalis 28 (1991) 401Ű447 Abstracted in [BMP], 1Ű14.

[AKNS] Andrťeka,H., Kurucz, ťA., Nťemeti,I. and Sain,I. Methodology of applying algebraic logic to logic. Math. Inst. Budapest, Preprint, 1993. Shortened version (ŞApplying Algebraic Logic to LogicŤ) in: Algebraic Methodology and Software Technology (AMAST’93), eds. M.Nivat, C.Rattray, T.Rus and G.Scollo, in Series ŞWorkshops in ComputingŤ, Springer-Verlag, 1994. pp.7-28. Also: Material for Summer School on Algebraic Logic and the Methodology of Applying it, Budapest (1994). http://circle.math-inst.hu/pub/algebraic-logic/meth.dvi [AKNSS] Andrťeka,H., Kurucz, ťA., Nťemeti,I. Sain,I. and Simon, A., Causes and remedies for undecidability in arrow logics and in multi-modal logics. In: Arrow logic and Multi-Modal Logic, M. Marx, L. Pťolos, M. Masuch eds, CSLI Publications and FOLLI, Stanford, 1996. pp. 63Ű99.

[AMdN] Andrťeka,H. Maddux,R.D. and Nťemeti,I., Splitting in relation algebras.

Proc. Amer. Math. Soc. (1991) 111,4 1085Ű1093.

[AMik] Andrťeka,H. and Mikulťas,Sz., Lambek calculus and its relational semantics: completeness and incompleteness. Journal of Logic, Language and Information (JoLLI) 3 (1994) 1Ű37.

[AMN] Andrťeka,H. Monk,J.D. and Nťemeti,I. (ed. s), Algebraic Logic. (Proc.

Conf. Budapest, 1988) Colloq. Math. Soc. J. Bolyai Vol 54, North- Holland, Amsterdam (1991) v+746 pp.

[AN75] Andrťeka,H. and Nťemeti,I., A simple purely algebraic proof of the completeness of some ^rst order logics. Algebra Universalis Vol 5 (1975) 8Ű15.

[AN90] Andrťeka,H. and Nťemeti,I., Constructing unusual relation set algebras.

Manuscript, Mathematical Institute, Budapest. August (1990).

[AN93] Andrťeka,H. and Nťemeti,I., Axiomatization of identity-free equations valid in relation algebras. Algebra Universalis 35 (1996) 256Ű264.

[ANSK] Andrťeka,H. Nťemeti,I. Sain,I. and Kurucz, ťA., General algebraic logic including algebraic model theory: an overview. In: Logic Colloquium’92 (Proc. 1992 Summer Meeting of Assoc. Symb. Log. ), eds. L. Csirmaz, D.M. Gabbay and M. de Rijke, CSLI Publications, Stanford (1995), 1Ű 60. [ANT] Andrťeka,H. Nťemeti,I. and Thompson,R.J., Weak cylindric set algebras and weak subdirect indecomposability. J. Symbolic Logic Vol 55, No 2 June 1990, 577Ű588.

[AS] Andrťeka,H. and Sain,I., Connections between initial algebra semantics of CF languages and algebraic logic. Mathematical Logic in Computer Science (Proc. Conf. Salgťotarjťan Hungary 1978) (Ed. s: Dĺomĺolki,B. and Gergely,T.) Colloq. Math. Soc. J. Bolyai Vol 26, North-Holland, Amsterdam (1981) 25Ű83.

[AT] Andrťeka,H. and Thompson,R.J., A Stone-type representation theorem for algebras of relations of higher rank. Trans. Amer. Math. Soc. Vol 309,2 Oct. 1988 671Ű682.

[AH] Anellis,I.H. and Houser,N., The nineteenth century roots of universal algebra and algebraic logic: A critical-bibliographical guide for the contemporary logician. In [AMN] 1Ű36.

[BF] Barwise,J. and Feferman,S. (ed. s), Model-Theoretic Logics. Springer- Verlag, Berlin, (1985).

[BU] Bednarek,A.R. and Ulam,S.M., Some remarks on relational composition in computational theory and practice. Fundamentals of Computation Theory’77, Lecture Notes in Computer Science Vol 56, Springer- Verlag, Berlin (1977) 33Ű38.

[vB89] van Benthem,J., Modal logic and relational algebra. Preprint, Institute for Language, Logic and Information, University of Amsterdam (1989).

[vB91] van Benthem,J., General dynamics. In: Theoretical Linguistics. (ed.

Ph. A. Luelsdorff) (1991), pp. 151Ű201.

[vB91a] van Benthem,J., Language in Action. (Categories, Lambdas and Dynamic Logic) NorthŰHolland (Studies in Logic . . . Vol. 130) (1991) x+350 pp.

[vB94] van Benthem,J., A note on dynamic arrow logics. In ŞLogic and Information FlowŤ, (J. van Eijck and A. Visser eds. ) MIT Press, Cambridge, Mass. (1994), pp.15-29.

[vB96] van Benthem,J., Exploring logical dynamics. Studies in Logic, Language and Information, CSLI Publications, Stanford (1996).

[vB97] van Benthem,J., Modal foundations for predicate logics. Logic Journal of the IGPL, 5,2 (1997), 259Ű286.

[vBtM] van Benthem,J. and ter Meulen,A. (eds), Handbook of Logic and Language. North-Holland, Amsterdam (1997).

[BMP] Bergman,C.H. Maddux,R.D. and Pigozzi,D.L. (eds.), Algebraic logic and universal algebra in computer science. Lecture Notes in Computer Science, Springer Verlag Vol 425 (1990) xi+292 p.

[Bi92] Birťo,B., NonŰ^niteŰaxiomatizability results in algebraic logic. J. of Symbolic Logic Vol 57, 3 (1992) 832Ű843.

[BiSh] Birťo,B. and Shelah,S., Isomorphic but not lower-base-isomorphic cylindric set algebras. J. of Symbolic Logic 53,3 (Sept. 1988) 846Ű853.

[Bl] Blok,W.J., The lattice of modal logics: An algebraic investigation. J.

Symbolic Logic Vol 45 (1980) 221Ű238.

[BP86] Blok,W.J. and Pigozzi,D., Protoalgebraizable logics. Studia Logica 45 (1986) 337Ű369.

[BP89] Blok,W.J. and Pigozzi,D., Algebraizable logics. Memoirs Amer. Math.

Soc. Vol 77,396 (1989) vi+78 pp.

[BP89a] Blok,W.J. and Pigozzi,D., On the structure of varieties with equationally de^nable principal congruences, Part III. Preprint (1989).

[BP89b] Blok,W.J. and Pigozzi,D., On the structure of varieties with equationally de^nable principal congruences, Part IV. Preprint (1989).

[BP89c] Blok,W.J. and Pigozzi,D., The deduction theorem in algebraic logic.

Preprint, (1989).

[BP91] Blok,W.J. and Pigozzi,D., Local Deduction Theorems in Algebraic Logic. In [AMN], 75Ű109.

[BP91a] Blok,W.J. and Pigozzi,D., Introduction to Studia Logica Vol 50, No 3/4 (1991).

[BP97] Blok,W.J. and Pigozzi,D., Abstract Algebraic Logic and the Deduction Theorem. Submitted.

[BB] Bloom,S.L. and Brown,D.J., Classical abstract logics. Dissertationes Mathematicae (Rozprawy Matematyczne) Vol CII (1973) 43Ű56.

[BrS] Brown,D.J. and Suszko,R., Abstract logics. Dissertationes Mathematicae (Rozprawy Matematyczne) Vol CII (1973) 9Ű41.

[BS] Burris,S. and Sankappanavar,H.P., A course in universal algebra. Graduate Texts in Mathematics, Springer-Verlag, New York (1981).

[C65] Cohn,P.M., Universal Algebra. Harper and Row, New York (1965). [Co69] Comer,S.D., Classes without the amalgamation property. Paci^c J.

Math. 28 (1969), 309Ű318.

[Co72] Comer,S.D., A sheaf-theoretic duality for cylindric algebras. Trans.

Amer. Math. Soc. Vol 169 (1972) 75Ű87.

[Cr65] Craig,W., Boolean notions extended to higher dimensions. In: The theory of models (eds: J.W.Addison, L.Henkin, A.Tarski), NorthŰHolland (1965) 55Ű69.

[Cr74] Craig,W., Logic in algebraic form. North-Holland, Amsterdam (1974) viii+204pp.

[Cr74a] Craig,W., Uni^cation and abstraction in algebraic logic. Studies in algebraic logic, Math. Assoc. Amer. (1974) 6Ű57.

[CM] Crvenkovic,S. and Madarasz,R., Relation Algebras. (In Serbian), Beograd, 1992.

[Cz] Czelakowski,J., Logical matrices and the amalgamation property. Studia Logica 51,4 (1982) 329Ű342.

[Cz93] Czelakowski,J., Logic, algebras, and consequence operators. Preprint, (1992). 79pp.

[Cz97] Czelakowski,J., Protoalgebraic Logic. Kluwer, 1997 (to appear). [CzP] Czelakowski,J. and Pigozzi,D., Amalgamation and interpolation in abstract algebraic logic. Preprint, Iowa State University, Ames, (1995).

[D69] Daigneault,A., Lawvere’s elementary theories and polyadic and cylindric algebras. Fund. Math. Vol 66 (1969) 307Ű328.

[DM63] Daigneault.A. and Monk,J.D., Representation theory for polyadic algebras. Fund. Math. Vol 52 (1963) 151Ű176.

[D1864] De Morgan,A., On the syllogism, no. IV, and on the logic of relations.

Transactions of the Cambridge Philosophical Society Vol 10 (1964) 331Ű358.

[Dip] Dipert,R., Peirce, Frege, the logic of relations, and Church’s theorem.

History and Philosophy of Logic Vol 5 (1984) 49Ű66.

[Dis91] Diskin,Z.B., Polyadic algebras for nonŰclassical logics. Parts IŰIV.

Latv. Mat. Ezhegodnik Vols 35, 36 (1991).

[Dis96] Diskin,Z.B., Abstract Universal Algebraic Logic. Part I: A uni^ed framework of structural hyperlogics for integrating the deductive and model-theoretical approaches. Part II: Algebraizable logics and algebraic semantics (Galois connections, compactness, constructivisability) In: Proceedings of the Latvian Academy of Sciences Vol 50, No 1 (1996), pp.13Ű21, 22Ű30.

[Dis97] Diskin,Z.B., When is sematntically de^ned logic is algebraizable? Acta Universitatis Latviensis 595 (1997), 57Ű82.

[Dĺu] Dĺuntsch,I., A note on cylindric lattices. In: Algebraic Methods in Logic and in Computer Science, ed. C. Rauszer, Banach Center Publications Vol 28, Polish Academy of Sciences, Warszawa, (1993). pp.231Ű238.

[EF] Ebbinghaus,H-D. and Flum,J., Finite Model Theory. Springer Verlag, Berlin, 1995.

[E] Epstein,R.L., The semantic foundations of logic. Vol 1: Propositional logics. Kluwer, Dordrecht, 1990.

[F91] Ferenczi,M., Measures de^ned on free products of formula algebras and analogies with cylindric homomorphisms. In [AMN] 173Ű181.

[FJ94] Font,J.M. and Jansana,R., On the sentential logics associated with strongly nice and semi-nice logics. Bulletin of the IGPL 2 (1994) 55Ű76.

[FJ97] Font,J.M. and Jansana,R., A general algebraic semantics for sentential logics. Lecture Notes in Logic Vol. 7, Springer, Berlin, 1997.

[Fr] Friedman,H.M., Beth’s theorem in cardinality logics. Israel Journal of Mathematics 14 (1973) 205Ű212.

[Ga94] Gabbay,D.M. (ed), What is a logical system? Oxford Science Publications, Clarendron Press, Oxford, 1994.

[Gab] Gabbay,D.M., Labelled deductive systems, Part I. Oxford University Press, (1996).

[Gab2] Gabbay,D.M., Self ^bring in predicate logics. Submitted. [Gab3] Gabbay, D.M., Fibred semantics and the weaving of logics. Part I:

modal and intuitionistic logics. The Journal of Symbolic Logic 61, 4 (1996), 1057Ű1120.

[Gi91] Givant,S., Tarski’s development of logic and mathematics based on the calculus of relations. In [AMN] 189Ű215.

[Gi94] Givant,S., The structure of relation algebras generated by relativizations. Contemporary Mathematics Vol 156, American Mathematical Society,Providence, (1994). xv+134pp.

[Gi97] Givant, S, Universal classes of simple relation algebras. Journal of Symbolic Logic, to appear.

[G90] Goldblatt,R.I., Varieties of complex algebras. Annals of Pure and Appl.

Logic Vol 44 (1990) 173Ű242.

[G91] Goldblatt,R.I., On closure under canonical embedding algebras. In [AMN] 217Ű229.

[G95] Goldblatt,R.I., Elementary generation and canonicity for varieties of Boolean algebras with operators. Algebra Universalis 34 (1995) 551Ű 607.

[Gr] Grĺatzer,G., Universal Algebra. Second edition. Springer Verlag, New York, (1979).

[Ha54] Halmos,P.R., Polyadic Boolean algebras. Proc. Nat. Acad. Sci. U.S. A.

Vol 40 (1954) 296Ű301.

[Ha60] Halmos,P.R., Polyadic algebras. Summaries of talks presented at the Summer Institute for Symbolic Logic, Cornell University, (1957), second edition, Communications Research Division, Institute for Defense Analyses (1960) 252Ű255.

[Ha62] Halmos,P.R., Algebraic logic. Chelsea Publ. Co. , New York (1962) 271pp.

[H55] Henkin,L., The representation theorem for cylindric algebras. In: Mathematical interpretation of formal systems, North-Holland, Amsterdam, 1955, pp.85-97.

[He70] Henkin,L., Extending Boolean operations. Pac. J. Math. Vol 22 (1970) 723Ű752.

[HM74] Henkin,L. and Monk,J.D., Cylindric algebras and related structures.

Proc. Tarski Symp. , Amer. Math. Soc. Vol 25 (1974) 105Ű121. [HMT] Henkin,L. Monk,J.D. and Tarski,A., Cylindric Algebras. Parts I,II North-Holland, Amsterdam 1971 and 1985.

[HMTII] Henkin,L. Monk,J.D. and Tarski,A., Cylindric Algebras. Part II North- Holland, Amsterdam (1985).

[HMTAN] Henkin,L. Monk,J.D. Tarski,A. Andrťeka,H. and Nťemeti,I., Cylindric Set Algebras. Lecture Notes in Mathematics Vol 883, Springer-Verlag, Berlin (1981) vi+323pp.

[HT] Henkin,L. and Tarski,A., Cylindric algebras. In: Lattice theory, Proceedings of symposia in pure mathematics, vol.2, ed. R. P. Dilworth, American Mathematical Society, Providence, (1961), pp.83Ű113.

[HH] Hirsch,R.D. and Hodkinson,I., Step by step Ů building representations in algebraic logic. J. Symbolic Logic, to appear.

[HH97] Hirsch,R.D. and Hodkinson,I., Relation algebras with n-dimensional bases. Preprint, London, May 1997. Imperial College and University College.

[H97] Hodkinson,I., Atom structures of cylindric algebras and relation algebras. Annals of Pure and Applied Logic, to appear.

[H96] Hoogland,E., Algebraic characterizations of two Beth de^nability properties. Master Thesis, University of Amsterdam, (1996).

[Ho97] Hoogland, E., Beth de^nability in almost algebraizable logics. In preparation.

[HoM] Hoogland, E., and Madarťasz, J., De^nability properties beyond algebraizable logics. In preparation.

[Ja] Janssen, T.M.V., Compositionality. In [vBtM, pp. 417Ű474]. [JKE] Jťanossy,A. Kurucz, ťA. and Eiben, ťA.E., Combining algebraizable logics.

Notre Dame J. of Formal Logic 37,2 (1996) 366Ű380.

[Ji92] Jipsen, P., Computer aided investigations of relation algebras. Ph.D.

Dissertation, Vanderbilt University, Tennessee, 1992.

[J69] Johnson,J.S., Non^nitizability of classes of representable polyadic algebras. J. Symbolic Logic Vol 34 (1969) 344Ű352.

[J73] Johnson,J.S., Axiom systems for logic with ^nitely many variables. J.

Symbolic Logic Vol 38 (1973) 576Ű578.

[J82] Jťonsson,B., Varieties of relation algebras. Algebra Universalis Vol 15 (1982) 273Ű298.

[J91] Jťonsson,B., The theory of binary relations. In [AMN] 245Ű292. [J95] Jťonsson,B., The preservation theorem for canonical extensions of Boolean Algebras with Operators. In: Lattice Theory and its Applications, K.A. Baker and R. Wille eds., Heldermann Verlag, (1995). pp.121Ű130.

[JT51] Jťonsson,B. and Tarski,A., Boolean algebras with operators. Parts I-II 1951, 1952 Vol 73, 74 Amer. J. Math. 891Ű939, 127Ű162.

[JT91] Jťonsson,B. and Tsinakis,C., Relation algebras as residuated Boolean algebras. Algebra Universalis 30 (1993) 469Ű478.

[KSS] Kearnes,K. Sain,I. and Simon,A., Beth properties of ^nite variable fragments of ^rst-order logic. Preprint, Math. Inst., Budapest, (1996).

[KMPT] Kiss,E.W. Mťarki,L. Prőhle,P. and Tholen,W., Categorial algebraic properties. A compendium on amalgamation, congruence extension, epimorphisms, residual smallness and injectivity. Studia Sci. Math. Hungar. 18 (1983), 79Ű141.

[K97] Kurucz, ťA., Decidability in algebraic logic. Ph.D. Dissertation, Mathematical Institute Budapest, 1997.

[KNSS] Kurucz, ťA. Nťemeti,I. Sain,I. and Simon,A., Decidable and undecidable modal logics with a binary modality. J. of Logic, Language and Information 4 (1995), 191Ű206.

[KNSS2] Kurucz, ťA. Nťemeti,I. Sain,I. and Simon,A., Undecidable varieties of semilattice-ordered semigroups, of Boolean algebras with operators, and logics extending Lambek calculus. Bulletin of IGPL Vol 1 (1993) 91Ű98.

[Ly] Lyndon,R.C., The representation of relation algebras. II Ann. of Math.

series 2, Vol. 63 (1956) 294Ű307.

[MacL] Mac Lane, S., Categories for the working mathematician. Springer Verlag, (1971).

[M95] Madarťasz,J.X., The Craig interpolation theorem in multi-modal logics.

Bulletin of Section of Logic 24,3 (1995) 147Ű151.

[M96] Madarťasz,J.X., Interpolation in algebraizable logics; semantics for nonnormal multi-modal logic. J. of Applied Nonclassical Logic, to appear.

[M97] Madarťasz,J.X., Craig interpolation in algebraizable logics; meaningful generalization of modal logics. J. of IGPL, to appear. Also Preprint of Math. Inst. Hungar. Acad. Sci.

[M97a] Madarťasz,J.X., Interpolation and amalgamation, pushing the limits.

Studia Logica, to appear.

[M97b] Madarťasz,J.X., A sequel to ŞAmalgamation, congruence extension, and interpolation properties in algebras. In preparation.

[MNS97] Madarťasz,J.X. Nťemeti,I. and Sťagi,G. On the ^nitization problem of relation algebras (completeness problems for the ^nite variable fragments). Extended abstract. Submitted.

[Ma78a] Maddux,R.D., Topics in relation algebras. Ph.D. Thesis. University of California, Berkeley, 1978.

[Ma78] Maddux,R.D., Suf^cient conditions for representability of relation algebras. Algebra Universalis Vol 8 (1978) 162Ű172.

[Ma80] Maddux,R.D., The equational theory of CA_3 is undecidable. J. of Symbolic Logic 45 (1980) 311Ű316.

[Ma83] Maddux,R.D. A sequent calculus for relation algebras. Ann. Pure. Appl.

Logic 25 (1983) 73-101.

[Ma89] Maddux,R.D., Non^nite axiomatizability results for cylindric and relation algebras. J. of Symbolic Logic 54, 3 (1989) 951Ű974.

[Ma91] Maddux,R.D., The origin of relation algebras in the development and axiomatization of the calculus of relations. Studia Logica 50,3Ű4 (1991) 421Ű456.

[Ma91a] Maddux,R.D., The neat embedding problem and the number of variables required in proofs. Proc. Amer. Math. Soc. 112 (1991), 195Ű202.

[Mk87] Makkai,M., Stone duality for ^rst order logic. Advances in Mathematics (Academic Press, New York and London) Vol 65, No 2 August (1987).

[MkP] Makkai,M. and Parťe,R., Accessible categories: The foundation of categorical model theory. Contemporary Mathematics, Amer. Math. Soc. , vol.104, Providence, Rhode Island, (1989).

[MkR] Makkai,M. and Reyes,G.E., First Order Categorical Logic. Lecture Notes in Mathematics Vol 611, Springer-Verlag, Berlin (1977).

[Ms77] Maksimova,L.L., Craig’s interpolation theorem and amalgamable varieties. Soviet Math. Dokl., American Mathematical Society 1978 Vol 18, No 6 (1977).

[MOM] Marti-Oliet,N. and Meseguer,J., General logics and logical frameworks.

In [Ga94, pp. 355Ű392].

[Ma95] Marx,M., Algebraic relativization and arrow logic. PhD Dissertation, University of Amsterdam, (1995).

[MNS] Marx,M. Nťemeti,I. and Sain,I., On conjugated Boolean algebras with operators. Manuscript, (1996).

[MPM] Marx,M. Pťolos,L. and Masuch,M., Arrow Logic and Multi-Modal Logic. Studies in Logic, Language and Information, CSLI Publication, Stanford, (1996).

[MV] Marx,M. and Venema,Y., Multi-dimensional Modal Logic. Kluwer Academic Press, (1997).

[MP92] Masuch,M. and Pťolos,L. (eds), Logic at Work. (Proc. Conf. Amsterdam December 1992). See the Arrow Logic Day section.

[McK] McKenzie,R.N., The representation of relation algebras. Dissertation, University of Colorado, (1966).

[MMT] McKenzie,R.N. McNulty,G.F. and Taylor,W.F., Algebras, Lattices, Varieties. The Wadsworth and Brooks/Cole Mathematics Series, Monterey, California, 1987 (Vol I).

[Mi95] Mikulťas,Sz., Taming Logics. PhD Dissertation, University of Amsterdam, (1995).

[Mi96] Mikulťas,Sz., Gabbay-style calculi. In: H. Wansing (ed), Proof Theory of Modal Logic, Kluwer, 1996. pp. 243Ű252.

[M61] Monk,J.D., Studies in cylindric algebras. Ph.D. Thesis, University of California, Berkeley, 1961.

[M64] Monk,J.D., On representable relation algebras. Michigan Math. J. Vol 11 (1964) 207Ű210.

[M64a] Monk,J.D., Singulary cylindric and polyadic equality algebras. Trans.

Amer. Math. Soc. 112 (1964) 185Ű205.

[M69] Monk,J.D., Non^nitizability of classes of representable cylindric algebras. J. Symbolic Logic Vol 34 (1969) 331Ű343.

[M70] Monk,J.D., On an algebra of sets of ^nite sequences. J. Symbolic Logic Vol 35 (1970) 19Ű28.

[M71] Monk,J.D., Provability with ^nitely many variables. Proc. Amer. Math.

Soc. Vol 27 (1971) 353Ű358.

[M74] Monk,J.D., Connections between combinatorial theory and algebraic logic. In: Studies in Math., vol. 9. Math. Assoc. Amer. pp. 58-91.

[M77] Monk,J.D., Some problems in algebraic logic. Colloq. Inter. de Logic, CNRS Vol 249 (1977) 83Ű88.

[M91] Monk,J.D., Structure problems for cylindric algebras. In [AMN] 413Ű 429.

[M93] Monk,J.D., Lectures on Cylindric Set Algebras. In: Algebraic Methods in Logic and in Computer Science, ed: C. Rauszer, Banach Center Publications Vol 28, Polish Academy of Sciences, Warszawa (1993). pp.253Ű290.

[N82] Nťemeti,I., Surjectiveness of epimorphisms is equivalent to Beth de- ^nability property in general algebraic logic. Preprint, Mathematical Institute, Budapest. (1982).

[N85] Nťemeti,I., Logic with three variables has Gĺodel’s incompleteness property Ů thus free cylindric algebras are not atomic. Preprint No 49/85, Math. Inst. Hungar. Acad. Sci. , Budapest July (1985).

[N85a] Nťemeti,I., Exactly which varieties of cylindric algebras are decidable?

Preprint No. 34/1985, Math. Institut Budapest, 1985.

[N86] Nťemeti,I., Free algebras and decidability in algebraic logic. (In Hungarian) Dissertation for D.Sc. with Hung. Academy of Sciences, Budapest (1986) xviii+169 pp.

[N87] Nťemeti,I., On varieties of cylindric algebras with applications to logic.

Annals of Pure and Applied Logic Vol 36 (1987) 235Ű277.

[N88] Nťemeti,I., Epimorphisms and de^nability in relation-, polyadic-, and related algebras. Invited lecture at the ŞAlgebraic Logic in Computer ScienceŤ Conference, Ames, Iowa, USA, June 1988.

[N90] Nťemeti,I., On cylindric algebraic model theory. In [BMP], 37Ű76 (1990).

[N91] Nťemeti,I., Algebraizations of Quanti^er Logics, an introductory overview, 12-th version. Math. Inst. Budapest, Preprint, No 13/1996. Electronic address:

http://circle.math-inst.hu/pub/algebraic-logic/survey.dvi An extended abstract of this appeared in Studia Logica vol 50 No 3/4 (1991) 485Ű569.

[N92] Nťemeti,I., Decidability of weakened versions of ^rst-order logic. In:

Proc. Logic at Work, December (1992), Amsterdam.

[N95] Nťemeti,I., Decidable versions of ^rst order logic and cylindricrelativized set algebras. In: Logic Colloquium’92 (Proc. Veszprťem, Hungary 1992), eds: Csirmaz,L. Gabbay,D.M. and de Rijke,M., Studies in Logic, Language and Computation, CSLI Publications, (1995). pp.177Ű241.

[N96] Nťemeti,I., Fine-structure analysis of ^rst order logic. In: Arrow Logic and Multi-Modal Logic, M. Marx, L. Polos, and M. Masuch eds, CSLI Publications, Stanford, California, (1996). pp.221Ű247.

[NA] Nťemeti,I. and Andrťeka,H., General algebraic logic: a perspective on Şwhat is logicŤ. In: What is a logical system, ed: D. M. Gabbay, Clarendron Press, Oxford, (1994). pp.393Ű444.

[NS96] Nťemeti,I. and Sťagi,G., On the equational theory of representable polyadic equality algebras. Preprint, Math. Inst. , Budapest, (1996).

[NS97] Nťemeti,I. and Sťagi,G., Geometries, relation algebras, cylindric algebras. Mathematical Institute Budapest, In preparation.

[NSi] Nťemeti,I. and Simon,A., Relation algebras from cylindric algebras and polyadic algebras. Logic Journal of IGPL, 5,4 (1997) 575-588.

[O] Otto,M., Bounded variable logics and counting. (A study in Finite Models.) Springer Lecture Notes in Logic, Vol. 9. 1997.

[PP] Palasinska,K. and Pigozzi,D., Implication in abstract algebraic logic.

Preprint, Cracow University of Technology and Iowa State University, December (1995).

[Pa] Partee,B.H., Montague Grammar. Academic Press, New York, 1976. [P72] Pigozzi,D., Amalgamation, Congruence-Extension, and Interpolation Properties in Algebra. Algebra Universalis 1,3 (1972), 269Ű349.

[P91] Pigozzi,D., Fregean Algebraic Logic. In [AMN] 473Ű502. [PS] Pigozzi,D. and Salibra,A., Polyadic algebras over nonclassical logics.

In: Algebraic Methods in Logic and in Computer Science, Banach Center Publications, vol.28, Institute of Mathematics, Polish Academy of Sciences, Warszawa, (1993). pp.51Ű66.

[Pl94] Plotkin,B.I., Universal algebra, Algebraic logic, and Databases.

Nauka, Fizmatlit (1991) (In Russian.) English version: Kluwer Academic Publishers, (1994).

[Pr90] Pratt,V.R., Dynamic algebras as a well behaved fragment of relation algebras. in [BMP] (1990) 77Ű110.

[Pr91] Pratt,V.R., Dynamic Algebras. Studia Logica 50,3Ű4 (1991) 571Ű605. [Pr92] Pratt,V.R., Origins of the calculus of binary relations. In: Proc. 7th Annual IEEE Symposium on Logic in Computer Science, Santa Cruz, CA, June 1992. pp. 248-254.

[Q36] Quine,W.V., Toward a calculus of concepts. J. Symbolic Logic Vol 1 (1936) 2Ű25.

[RT] Resek,D. and Thompson,R.J., An equational characterization of relativized cylindric algebras. In [AMN] 519Ű538.

[RV] de Rijke,M. and Venema,Y., Sahlquist’s Theorem for Boolean Algebras with Operators with an application to cylindric algebras. Studia Logica 54,1 (1995) 61Ű79.

[R] Rybakov, V., Admissibility of Logical Inference Rules, Elsevier, North- Holland, New-York, Amsterdam (Studies in Logic and the Foundations of Math. vol. 132), 1997. 617 pp.

[S79] Sain,I., There are general rules for specifying semantics: Observations on abstract model theory. Computational Linguistics and Computer Languages (CL& CL), 13 (1979), 195Ű250.

[S90] Sain,I., Beth’s and Craig’s properties via epimorphisms and amalgamation in algebraic logic. In [BMP] 209Ű226 (1990).

[S95] Sain,I., On the problem of ^nitizing ^rst order logic and its algebraic counterpart. (A survey of results and methods.) In: Logic Colloquium’92 (Proceedings of Logic Colloquium’92, eds.: Csirmaz,L. Gabbay,D.M. and de Rijke,M.), CSLI Publications, Stanford, (1995). pp.243Ű292.

[S97] Sain,I., Searching for a ^nitizable algebraization of ^rst-order logic.

Annals of Pure and Applied Logic, to appear.

[SGy] Sain,I. and Gyuris,V., Finite schema axiomatizable algebraization of ^rst order logic. Preprint, Math. Institute, Budapest, (1994). Journal of IGPL, to appear.

http://circle.math-inst.hu/pub/algebraic-logic/^n-scheme.dvi.gz [ST] Sain,I. and Thompson,R.J., Strictly ^nite schema axiomatization of quasi-polyadic algebras. In [AMN] 539Ű571.

[SA] Sayed Ahmed,T.M., Algebras of sentences of logic. Master Thesis, Cairo University, (1997).

[Sa95] Sťagi,G., Non-computability of the consequences of the axioms of the omega-dimensional polyadic algebras. Preprint, Math. Inst., Budapest, (1995).

[SN] Sťagi,G. and Nťemeti,I. Modal logic of substitutions, completeness results. Preprint, Mathematical Institute Budapest, 1997.

[Se85] Serťeny,G., Compact cylindric set algebras. Bull. Section of Logic (Warsaw-˚ťodz, June 1985) 57Ű64.

[Se97] Serťeny,G., Saturatedness in cylindric algebraic model theory. Logic Journal of the IGPL 5, 1 (1997), 25Ű48.

[Sh] Shelah,S., On a problem in cylindric algebra. In [AMN] 645Ű664. [Si91] Simon,A., Finite Schema Completeness for Typeless Logic and Representable Cylindric Algebras. Algebraic Logic (Proc. Conf. Budapest (1988)) Colloq. Math. Soc. J. Bolyai Vol 54, North-Holland, Amsterdam. 665Ű670.

[Si93] Simon,A., What the Finitization Problem is Not. In: Algebraic Methods in Logic and in Computer Science (Proc. Banach Semester Fall (1991)), Banach Center Publications, Vol 28, Warsaw, (1993). pp.95Ű116.

[Si96] Simon,A., A new proof of the representation theorem for Quasiprojective Relation Algebras. Manuscript, Mathematical Institute, Budapest. Nov. (1996).

[Si97] Simon,A., Non-representable algebras of relations. Ph.D. Dissertation, Mathematical Institute, Budapest, (1997).

[T51] Tarski,A., Remarks on the formalization of the predicate calculus. (abstract) Bull. Amer. Math. Soc. 57 (1951) 81Ű82.

[T65] Tarski,A., A simpli^ed formalization of predicate logic with identity.

Archiv fĺur Math. Logik u. Grundl. 7 (1965) 61Ű79.

[TG] Tarski,A. and Givant,S., A formalization of set theory without variables. AMS Colloquium publications, Providence, Rhode Island Vol 41 (1987).

[V91] Venema,Y., ManyŰdimensional modal logic. Doctoral dissertation, University of Amsterdam, ITLI (Institute for Language, Logic, and Information) (1991) vii+178pp.

[V95] Venema,Y., Cylindric modal logic. Journal of Symbolic Logic 60,2 (1995) 591Ű623.

[V95a] Venema,Y., A modal logic of quanti^cation and substitution. In: Logic Colloquium ’92, L. Csirmaz, D,M. Gabbay, and M. de Rijke, eds., CSLI Publications and FOLLI, Stanford, 1995. pp. 293Ű309.

[V96] Venema,Y., Atom structures and Sahlqvist equations. Algebra Universalis, to appear.

[V97] Venema,Y., Atom structures. Manuscript, Jan. (1997). Free University, Amsterdam.

[W] Werner,H., Discriminator algebras. Akademie Verlag, Berlin (1978). [Z] Zlato“s,P., On conceptual completeness of syntactic-semantical systems.

Periodica Math. Hungar. Vol 16,3 (1985) 145Ű174.