6 Observer-independent geometry

July 5, 2002

This is a self-contained (but cf. p.772) part of the book

H. Andréka, J. X. Madarász, I. Németi: Logical structure of relativity theories [18].

Figure 258: M.C. Escher’s drawing entitled Relativity.

Contents of chapter 6

6 Observer-independent geometry 770 6.1 Introduction (to the present chapter on geometries) . . . . . . . . . . 774 6.2 Basic concepts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 785 6.2.1 Definition of the observer-independent (or relativistic) geometry G_M . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 786 6.2.2 On first-order definability of observer-independent geometry over observational concepts; and alternative definitions for ⊥_r, eq, T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 806 6.2.3 On the intuitive meaning of the geometry G_M . . . . . . . . . 848 6.2.4 Connections with the standard Minkowskian geometry . . . . 859 6.2.5 Getting familiar with our geometries;

unions of geometries and models . . . . . . . . . . . . . . . . . 868 6.2.6 Proof of Theorems 6.2.22 and 6.2.23 which say that eq is firstorder definable in M . . . . . . . . . . . . . . . . . . . . . . . 891 6.2.7 Connections between Ax(eqm) and the rest of our axioms . . 908 6.2.8 Characterizing our symmetry axioms by the automorphisms of the geometry G_M . . . . . . . . . . . . . . . . . . . . . . . 913 6.2.9 Some reducts of our relativistic geometries;

connections with the literature . . . . . . . . . . . . . . . . . . 923 6.3 Definability in many-sorted logic, defining new sorts . . . . . . . . . . 928 6.3.1 Implicit definability in many-sorted (first-order) logic . . . . . 934 6.3.2 Explicit definability in many-sorted (first-order) logic . . . . . 944 6.3.3 Eliminability of defined concepts. Definitional equivalence of theories. An extension of Beth’s theorem. . . . . . . . . . . . 962 6.4 Weak definitional equivalence and related concepts . . . . . . . . . . 983 6.5 On the connection between Tarski’s language for geometry and ours (both in first-order logic), and some notational convention . . . . . . 991 6.6 Duality theory: connections between relativistic geometries (G_M) and models (M) of relativity . . . . . . . . . . . . . . . . . . . . . . . . . 1003 6.6.1 A duality theory between models and geometries (first part of the first version) . . . . . . . . . . . . . . . . . . . . . . . . . 1007 6.6.2 Coordinatization of geometries by ordered fields . . . . . . . . 1037 6.6.3 Continuation of duality theory . . . . . . . . . . . . . . . . . . 1052 6.6.4 Duality theory for the (g, T )-free reducts of our geometries . . 1069 6.6.5 Galois connections . . . . . . . . . . . . . . . . . . . . . . . . 1078 6.6.6 Adjoint functors, categories . . . . . . . . . . . . . . . . . . . 1084

6.6.7 Algebraic Logic as a duality theory, in analogy with the ones in the present work . . . . . . . . . . . . . . . . . . . . . . . . 1105 6.6.8 On potential laws of nature, characterizing our symmetry axioms1107 6.6.9 Geometric dualities, definability, Gödel incompleteness . . . . 1111 6.6.10 Further connections between relativistic models and geometries1123 6.6.11 Some properties of our relativistic geometries . . . . . . . . . 1129 6.7 Interdefinability questions;

on the choice of our geometrical vocabulary (or language L, L^T , . . . , g, T )1134 6.7.1 On Col, Bw, ⊥, eq, g . . . . . . . . . . . . . . . . . . . . . . . 1136 6.7.2 On ≺, Col^T , Col^{Ph}, Col^S , ≡^T , ≡^{Ph} . . . . . . . . . . . . . . . . 1156 6.7.3 The streamlined, partial metric g^≺ . . . . . . . . . . . . . . . 1169 6.7.4 Relativistic incidence geometries . . . . . . . . . . . . . . . . . 1175 6.8 Geodesics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1177 6.9 On what we learned (so far) about choosing our first order language for relativity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1209

List of axioms and axiom systems 1253

Index 1271

References 1292

IMPORTANT:

This part (i.e. Chapter 6) is independently readable from the rest of the present work except for the introductory Part I (consisting of Chapters 1,2) which is of approximately 150 (easy going) pages. By “the present work” we understand the book [18] of which Part I is an independently readable “sub-book”. Similarly, (Part I + Chapter 6) is also an independent sub-book.

Although the axiom system Newbasax is introduced in Chapter 3, it is recalled herein in the “List of axioms. . . ” p.1253, hence the reader need not consult Chapter 3. (Occassionally we might use further axioms or axiom systems introduced in other chapters, but, again, they are recalled in the list of axioms.) Summing up, the present chapter together with Part I and various lists at its end is intended to be self-contained (and readable without access to the other chapters^{615}).

Comments are welcome.

615which, for the interested reader, are available on our homepage or upon personal request via e.g. e-mail

A note to the reader. In this work, but especially in the introductory

sections like § 6.1, the footnotes contain more important information than the main text. Therefore, especially during reading § 6.1 we recommend that the reader pay more attention to the footnotes than to the main text. We know that this is a highly unusual arrangement, but the logic of the situation forced this arrangement upon us. Namely, this way, a reader who has little time can read the main text without looking at the footnotes and he will get a coherent story about what we want to say at the expense of not learning about the relevant ideas of Kant, Mach, Einstein, Reichenbach, Gödel etc. which, in our opinion, make the subject interesting. If the reader wants to read about these ideas (and about why we do things the way we do) he can find them in the footnotes. If we lifted these interesting ideas from the footnotes into the main text, we are afraid, the main text would loose its coherence (too much detours, rumblings etc). A pleasant way of reading § 6.1 might be the following: First read through the main text only (to get a general impression) and then read the main text together with the footnotes paying more attention to the footnotes than to the main text. The same philosophy applies to the whole of this work (Chapters 1 - 6) and not only to § 6.1, but to a less pronounced extent.