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The guestion is investigated: "exactly which programs are provable
by the Floyd-Hoare inductive assertions method?”.

Theorem 1 af this paper says that from any theory 7 containing the
Peano axioms exactly those programs are Floyd-~Hoare provable which are
partially correct in the models of 7 w.r.t. continuous traces. In-
tuitively: the provable programs are the ones which are correct in
every perhaps nonstandard machine functioning perhaps in a nonstandard
time. Of course every nonstandard machine and time has to satisfy our
axioms 7. This result was first proved in Andréka-Németi C[1l] in Hun-
garian. It was announced in English in [23, [31 and was guoted in
Salwicki [£233, Csirmaz [13J, Richter~Szabo [201 etc.

In section 5 concrete examples of simple nonstandard runs of pro-
grams are constructively defined and illustrated on figures. The em-
phasis in section 5 is on simplicity, with the aim to make nonstandard
runs and nonstandard models less esoteric, less imaginary, easy to
draw, easy to touch. 1In the proof of Proposition 3 it is demonstrated
how ultraproducts can be used to test applicability of Floyd's method
in concrete situations.

We are specifically interested in the behaviour of programs (or
"program schemes") in first order axiomatizable classes Of models (or
“interpretations”).

The central notion of the present paper is that of continuous
traces. DProperties of continuous traces were investigated in Csirmaz
£13]. A simpler and much more natural notion was introduced in [53,
61, £211, r41, €731, £l91. This improved approach was used in Csirmaz-
Paris [153, Sain [22]1, Csirmaz [l41. The quoted works use the general
methodology elaborated in Dahn [16] and Sain [211 for investigating
new logics.

The most readable introduction is [41 or if that is not available
then r71. Further important works in the present nonstandard direction
are Hajek [171, Richter-Szabo [201. For more uses of ultraproducts
(cf. Proposition 3 here) see [197, [4] and a little in L[73. Copies
of all the above quoted papers of andréka, Csirmaz, Németi or Sain

are available from the present author except [2] and [1273.
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1. SYNTAX

Let t be a similarity type assigning arities to function symbols

and relation symbols. w denotes the set of natural numbers.
Y d {yi : i€w} is called the set of variable symbols and is dis-

joint from everything we use. Logical symbols: {A,,,3}. Other sym-
bols: {~, IF, THEN, {(,), :}. The set of "label symbols" is w® itself.

Lt denotes the set of all first order formulas of type + pos-
sibly with free variables (elements of vy of course), see e.g. [101]
p-22. We shall refer to "terms of type t" as defined in e.g. [1l01 p.
22.

Now we define the set P, of programs of type ¢t.
The set U, of commands of type ¢ 1is defined by:
(7 1+ g« 1) € U, if j€w, y€y and 1 is a term of type t.

(7 ¢+ IF » THEN V) € v, if  j,v€w, AELt is a formula without
quantifiers.

These are the only elements of Ut.

If (i:u)EUt then i is called the label of the command (i:u).

By a program of type t we understand a finite sequence of com-

mands (elements of Ut) in which no two members have the same label.

Formally, the set of programs is:
d . . . . .
P, = {((1O:UOL--7(1H:un)> :  n€u, (VeSn}(le:ue)EUt, (Ye<k<n)i, #i _}.

For every p d ((iozuo),-.-,(in:un)) € P, we shall use the notation

in+l d min(w\{im : m<n}).

EXAMPLE: Let ¢ contain the function symbols "+,+,0,1" with arities
"2,2,0,0 " respectively. Now the sequence

{{0: yy - 0),(1: IF y1=y, THEN 4),(2: yp - gl+1),(3: IF ¥y=y, THEN 1))

is a program of type t. See Figure 1.
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yl - 0
1
- NO _ YES
yp = ouptl O, W ) HALT

FIGURE 1

2. SEMANTICS

Let pEPt be a program and ¢l be a structure or model of type
t, see [{1l0lp.20. The universe of a model denotedby N will always
be denoted by 4.

vp denotes the variable symbols occurring in p. Note that Vp
is a finite subset of vy.

By a valuation (of the variables of p) in L  we understand a
function g : Vp +a (¢f. [81p.55).

Let 1 be a term occurring in p. Now Ttgyw denotes the value
of the term 1 in the model ¥  at the valuation g of the vari-
able symbols, cf. [101p.27 Def.1.3.13. We shall often write ~1lgl
i.e. we shall omit the subscript I .

From now on we work with the similarity type of arithmetic. I.e.
t is fixed to consist of "+,-,0,1" with arities "2,2,0,0". We
shall omit the index ¢ since it is fixed anyway.

7 denotes the standard model of arithmetic, that is
T d {w,+,*,0;1) where +,°,0,1 are the usual.
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EXAMPLE: Let Vp={yl,y2}, q(yl)=2, g(y2)=3, T=((yl+92)+92). Then
T[q],n =8.

paCL denotes the (recursive) set of the Peano-axioms (together
with the induction axioms), see [101p.42 Ex.1.4.11 (axioms 1-7). We

shall only be concerned with models of the Peano-axioms.

We are going to define the continuous traces of a program in a

model of Ppa.

DEFINITION 1 Let 4 EPa be an arbitrary model (of Peanoc arithmetic).
Let p&€EP be a program with set Vp of variables.

A trace of p in L is a sequence s d (Sa)aEA indexed by the
elements of a4 such that (i) and (ii) below are satisfied.

(1) s, ¢t VpU{A} ~ A4 1is a valuation of the variables (of p) into
l, where i € Y\Vp is a variable not occurring in p. A can
be conceived of as the "control variable of p". (We could callsa

a "state" of p in the model oL .)

(ii) To formulate this condition, let p = ((iO:uO),...,(in:un)) and
recall the notation i1 d min(m\{im : m<n}). Now we demand
so(k) = iO and for any a€a,

4 : . < =
if sa(A) é¢ {1m : m<n} then S.41 s, else
for all m<n such that sa(k) = im , conditions a) and b) below
hold.
a) if u_ ="y <« t" then
m w
sa+l(k) = im+l and for any xEVp ,
TESa%ﬂ if x=y
Sa+l(X) =
sa(x) otherwise.
b) if u = "IF y THEN v" then
v if 14 I=XESa]
sa+l(>\) =
im+l otherwise, and
sa+l(x) = sa(x), for every xEVp.

By this we have defined traces of a program in 148 as seguences
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(sa)aEA "respecting the structure" of the program. End of Def.l.
DEFINITION 2 The sequence (Sa)aEA is continuous in if

(sa)aGA satisfies the induction axioms, that is if for any ¢€L with

free variables in Vp we have

- L. - ’ 1)
o (((p[solf\ A (q)[sad cp[sa+13)) A ¢Esa“)

a€a a€a
By a continuous trace of p in we mnderstand a trace sa)aGA
of p which is continuous. End of Def.2.

Note that in the standard model Tl every trace is continuous.

Intuitively, a trace (sa)aEA is continucus if whenever a first
order property ¢€L changes during time (a), then there exists a
point of time (a€a) when this change is just happening:

Ol FoLs 1 and (da€a) U # ols_1 together imply that

(Ja€a) (Ul E oLs 1 and Y ¥ @ESa+l])-

DEFINITION 3 Let »p = ( (i ),...,(in:un)) € p and (€L be such

u
0" "0
that the free variables of ¢ are in Vp. Let Ol E pa.

The pair (p,¢) 1is said to be partially correct in U w.r.t.

continuous traces if for any continuous trace <Sa>a€A of p in U
and for any a€a sa(k) ¢ {i, : msn} implies U e ¢Cs 3.
o € (p,4) denotes that the pair (p,¢) is partially correct

in { w.r.t. continuous traces. End of Def.3.

3. DERIVATION SYSTEM {(rules of inference)

In the following definition we recall the so called Floyd-Hoare
derivation system. This system serves to derive pairs (p,¢) (where

pEP and €L) from theories 7CL.

DEFINITION 4 Let p = <(i0,uo),.,.,(in:un)) e p, let ¢€r and let
7CL. The set of labels of p 1is defined as

lab(p) & (i : msn+l} U {v : (Gmsndu = "IF x THEN v"},
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Note that lab(p) is finite.

A Floyd-Hoare derivation O0f (p,¢) from 7T consists of a mapping
2 : lab{p) - 1 +together with classical first-order derivations listed
in (i)-(iv) below.
Notation: When z€lab(p) we write @z instead of ¢(z).
(i) A derivation T F e,

(o}

(ii) To each command (im : y, =« 1) occurring in p a derivation

T b (@i -0, (yj/r)), where ¢(y/1) denotes the formula
m m+l

obtained from ¢ by substituting 1t in place of y in the
usual way, cf. [8Ip.6l.

(iii) To each command (im : IF y THEN v) ococurring in p derivations

T B ((XA@i ) - @V) and T # ((1xA®i ) - e, ).
m m m+1

(iv) To each 2z € (lab(p)\{im : m<n}) a derivation 7T | (@z - ).

The existence of a Floyd-Hoare derivation of (p,¢) from 7T 1is

denoted by r FZ (p,o). End of Def.4.

REMARKS: If 7 is decidable then the set of Floyd-Hoare derivations
{of pairs (p,¢) where pEp and ¢€n, from 7) is also decidable.
T 1is recursively enumerable then the Floyd-Hoare derivable pairs are
also recursively enumerable, i.e. {(p,¢) : T FEE-(p,¢)} is recursi-

vely enumerable.

4. COMPLETENESS

Notation: Mod(r) {& : U7} for any 7CL.
THEOREM 1 Let 173pAa be arbitrary. Let further pEP and (€L be
also arbitrary. Then 7 = (p,4) if and only if (p,¢) is par-
tially correct in every model of T w.r.t. continuous traces.
In concise form:

r HE (b,4) e (volemod(r) aERE (p,4).

Proof. The proof can be found in [3]1 which appeared in MFCS’81 PPR-
162~171. QED

If
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The condition 7Dpa can be eliminated from the above theocrem.
Moreover, the restriction that ¢ 1is the similarity type of Pa can
be eliminated, too. This generalization of Thm.1l above is Thm.9 of
4] on p.56 there (see also Prop.l2 there), and it is also stated in
Part II of (71 which is available in the literature. A somewhat modi-
fied version of this general theorem is Thm.3.3 of [131.

A drawback of our present approach is that the meanings of programs
in o0 are continuous traces and that these continuous traces are not
elements of ¥l , +they are just functions s : a - a satisfying
certain axioms formulated in the metalanguage (and not in L). This
drawback is completely eliminated in the approach of [41, and of [71.
There the meanings of programs in a model MW are elements of Wl
and all requirements are formulated in the subject language L, e.g.

9 of formulas in L.

continuity of traces is formulated by a set 14

The present approach is also extended to treat total correctness
in the gquoted papers, see e.g. Thm.7 on p.51 of £41. The generality of
that approach enables one to investigate the lattice of logics of
programs (or dynamic logics) see the figure on p.1l09 of €43, and for
more results and detailed proofs in this direction see [191. The proof
methods in the gquoted general works are similar to the model theoretic
proofs in the book Henkin-Monk-Tarski-Andréka-Németi [181. The alge-
braization of our general dynamic logic (of programs) yields Crsa -S
defined in the guoted book.

5. AN EXAMPLE FOR NONSTANDARD TRACES

' So far we restricted ourselves to models of Peano's arithmetic Pa.
Specially, our similarity type t was required to contain the symbols
+,+,0,1 with arities 2,2,0,0 respectively. However, all what we
really used in our definitions,e.g. in the definition of continuous
traces, was O and succ where succ 1is the successor function.

Let the similarity type d consist of the symbols O,succ,pred
of arities 0,1,1 only. Here succ is the successor and pred is
the predecessor, i.e. the standard model of type d is g 4
d {w,0,succ,pred) where (¥n€w)lsucc(n) = n+l and pred(n+l) = nl

and pred(Q) = 0. Let Ppa d {¢€L, = w Eg¢}. It is well known that

d
Pa is decidable. Of course PA & Pa.

In the present section we shall use pra instead of Pa and d
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instead of ¢. Our aims with this change are simplicity and better
understanding of the basic methods underlying the so called nonstandard

time semantics approach.

DEFINITION 5 The definition of continuous traces of programs pEPd

in models of Pa should be clear, namely replace in Definitions 1,2
the statements "Let d Epra" by "Let JE rpa" and replace a+l
everywhere by succ(a). End of Def.5.

PROPOSITION 2 Let Tng and asgume 7r2JPa. Let pEPd and ¢GLd be

arbitrary. Assume 7 kgg (p,$). Then (p,¢) is partially correct in
every model of 7 w.r.t. continuous traces. In concise form:

r HE (p,4) = (¥OleMod(T)) RS (p,0).

Proof. Let T2Pa, p = ((io:uo),...,(in:un)> ] P, and Vp={yl,...,ykL

Assume T Fﬁﬁ (p,¢¥). We want to show partial correctness of (p,¢)
w.r.t. continuous traces in models of r.
Let Ll =7 and let <sa>a€A be a continuous trace of- p in O .

Let <®z)zelab(p) = ¢ : lab{(p) -~ . belong to a Floyd-Hoare derivation
of (p,¢) from r. Recall that y;,...,y, are the variables occurring
in p. Therefore we may use gy @as "control variable" (i.e. for ).
Define
d n
@(yo,yl,...,gk) = ﬁ (yo=im - @i (yl,...,gk)) A
m=1 m
n
ANCCA yg#d ) > blyyreery, D).

m=1

Now ¢€r and UF %s .3 A A (8[s 1 -~ o[ Y. (This is
0] a€a a

true because ¢ : lab(p) - L belongs to a Floyd-Hoare derivation of

ssucc(a)]

(p,¢) and <Sa)a€A is a trace of p in U .)

Since <Sa>a€A is, in addition, continuous, g = A @Esaj. Let
a€a
a€2 be such that sa(k) <3 {im : m$n}. Then {4 F @[saj implies
a F=¢Esa3, by the definition of &. This means O E£ (p,¢) since
<Sa>aGA was an arbitrary continuous trace of p in U .
We did this proof for programs p satisfying Vp = {yl,...,yk}.

Note that this does not restrict generality. QED

Proposition 2 above shows that it is useful to construct continuous
traces of programs in models of pa, too, since if the output of a

continuous trace of the program p€p in a possibly nonstandard model

d
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YL = Pa does not satisfy the output condition ¢ then Pa F£E+ (p,42

i.e. then the partial correctness of

Pa.

EXAMPLE

Let the similarity type

arities 0,1,1.

(=

I

We define the program p&pP

d

(p,¢) is not Floyd provable from

d consist of the symbols O,succ,pred of

by the block-diagram on FPigure 2.

vy

Yo

- pred(yz)

< succ{0)

y, pred(gl)

9y succ(yo)

Clearly p€p Let ¢ be

g

FIGURE 2

90=92-

of ¢ are in Vpe We shall call ¢

YES N ( >
\E/ HALT

Then ¢€Ld and the free variables

the output condition, because

we shall consider partial correctness of the statement (p,¢).
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2.
Next we construct a nonstandard model Yl of our simplified number
theory Pa.

Zz denotes the set of integers, i.e. z d wi{~n : O<n€w}. We

define a & ({0}xw)U({1l}xz). See Figure 3.

441,-3»
(0,3
0 (0,00
FIGURE 3

Now we define a model gL of similarity type d such that the
universe of l is 2 defined above, and the function symbols succ,
pred,0 are defined on a as follows:

Let (a,b)€a. Then succ(a,b)) £ (a,b+l), pred((a,b+1)) & ¢a,b),
pred({0,0)) 4 (0,0). We define 0 of 4 to be (0,0).

We shall call (0,b)6a a standard number and <(1,b) & nonstandard
number.

3.

Next we construct a continuous trace f of p in U .
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Recall from Definition 1 that a trace of p in a is a sequence

s = <Sa>aEA of valuations P {yo,yl,yz,k} - 4 of the variables
where A 1is the control variable. We shall identify this sequence s
with a 4-tuple (fo’fl'f2’fx> of sequences £, + 4> 4 such that

d : 4 : : A -
£y = (sa(yo) t a€a)d ..., £, = <sa(A) : a€a). Clearly £,: 4 A
for i€{0,1,2,)}.

Note that we can consider £, to be the history of the content of
the program variable y. during execution of p i.e. during time.
For a€a we can say that fi(a) is the content of the variable v,

at time point a.

Now let fo A > A and £, 24> 2 be as indicated on Figure 4.
See also Figure 5.
That is:
((ao,al) if aO=O or al<O
d
fo((ao,al>) =
~(1,0) otherwise,
1, - ) i =
(1, ay) if aq o}
d ,
fl((ao,al)) = (O,—al> if ao=l and al<O
L(o,0) if ay=l and a;>0.

We define

f2(a) d (1,0) for every a€a, and

{(0,0) if ao=al=0
d ! . _ _
£,{agra;)) £4¢0, 1) if (a=0, a;>0) or (ag=l, a;<0)
(<o,2> if ay=l and a,20.

d

Now it is easy to see that f <fo’fl’f2’fx> is a trace of p in

{1l ., continuity of which will be proved below.

4.
PROPOSITION 3 Let d, pEPd,ZE,f be as defined above. Then £ 1is a

continuous trace of p in Ol .

Proof. For every a€a let s, Vv U{x} - a2 be the valuation of the
variables of p into Ul be defined by sa(gi) g £.(a) for
i€{0,1,2} and sa{A) d fx(a). According to our convention made
earlier, we identify the sequence <sa>a€A with £ and therefore we
shall say that we want to prove that £ 1is a continuous trace of p

in o .
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(1,00 (1,0? {0,0? , (1,00

(0,0 (0,0 (1,0 ) (0,0)

FIGURE 4

We shall use the following notation: Let q;GLd with free vari-
ables in VpU{A} and let a€a. Therefore it is meaningful to write

that <% E oCs,1 because s_ : VPU{A} - &.

f(a) denotes the sequence (fo(a),fl(a),fz(a),fx(a)). We define
Ol Eoif(a)]l to mean that # k pCs 3.

In order to prove that £ is a continuous trace of p in o,

it is enough to prove for every (p(yo,yl,yz,}\)ELd that

W E ((LFO)IA A (¢LF(a)] - gLf(succ(a))1)) = A oCFla)l).
a€a aEa
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We shall prove this indirectly:

Assume that there is a @(yo,gl,gz,A)ELd such that

Y = (gLE(O)IA A (LF(a)1 ~ ¢LF(succ(a))1)) (L)
aca
but O B A oCf(a)l i.e. there is an a€a such that
aCA
YL E1eif(a)l. (2)

= 4 . , .
Recall that f : 4 - "2 1is as represented on Figure 5, i.e.: for every

O<n€uw we have

FEO,n)) =<<0,n),<1,-n%,{1,0),(0,1",
FULl,-n)) =4{1,-n2,(0,n>,{1,00,40,1),
FE0,0)) =((0,0%,(1,0),(1,0),{0,0%,
FL,0)) =4(1,0,(0,0),{1,0),40,2» .

Note that f2 is a constant function and fx is almost constant.

By (1) we have 4 EolLf(a)l for every standard number a€a, i.e. we
have that (¥n€uw) 1 F ¢[2(<O,n>)] i.e.
O Eoll0O,n),{1,-n?>,(1,0),(0,1)]1 for all O<n€o. (3

(See Figure 5.) Then a is a nonstandard number in (2) i.e. there is
a 2£z such that U E-9LF(1,2))1. (See Figure 6.)

Then, by (L), we have that (¥w<z) Ol F 19[f( 1l,w)>)]. Then there
is an =@€w such that (¥n>m) PWE1¢LFKLl,-n¥)1, i.e.

(¥n>m) YPlE1¢¢L,-n),{(0,n?,(1,0),{0,1)1. (4)

(See Figure 5.)
Let F be a nonprincipal ultrafilter over w. &5 denotes the

ultrapower w{R/F. Tor 45 see Figure 9. We define

» € ¢o,n ¢ n€w)/,

c d ({1l,=n) : new)fF y

g 9¢¢1,0) : n€d/_ ,
a F

e ((0,1) : n€w)/ .
F

Clearly b,c,d,e€B. Then, by Los lemma and (3) we have

& F olb,c,d,el. (5)
By Los lemma and (4) we have

& Eaglc,b,d,el. (6)

} 6] d +
We define succ” for n€w as: succ (g) £ ¢ and succ” l(g) d

d succ(succ™(g)) for every g¢€B. pred” is defined similarly to succ”.
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N
N {:1 .F)\
(0,2} N i
’ /
\'\ p
(0,1 k A————=r e —— ~
N
o) ave ;: S —— e
(1,-1) ¢<1,0) A

FIGURE 5

Clearly, 4 contains the following 2 “"chains" v¥,# illustrated

on Figure 7. See also Figure 8.

More precisely, Y and w are the two subalgebras of (B,succ,
pred) generated by the elements » and ¢ respectively. Then »€y
and cE€w and v 1is the smallest subset of B closed under succ

and pred and containing b. Similarly for w and c¢. Then

{y,succ,pred) = (w,succ,pred).

Let k : (¥,succ,pred) - {(w,succ,pred’ be an isomorphism such that

k(b)) = ¢. For any g€B we define
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1,z

1y

(0,02

FIGURE 6

rk(g) if g€y
n(g) & k_l(g) if  gEw
g otherwige.

Then h : B = B 1is a function. Moreover, & : Jf5 = [% is
an automorphism of & . See Figure 9.
Therefore by (5) we have & F 9Ch(b),h(c),h(d),n(e)], that is & E
Eglc,b,d,el. Butthis contradicts (6).

We derived a contradiction from the assumption {(2). This proves
fl = A ¢Lf(a)7l. This completes the proof. QED(Prop.3)

aca

Clearly the "halting point" of the trace f of p in U is
the time point (1,0). fo((l,0>) =4{1,0} and fz((l,O}) = (1,0).
Therefore the output condition Y57Y, of p is satisfied by trace

£ of p in U

5.

Let fé : 4 » 2 differ from £4 only on the nonstandard numbers and
such that if a€a is nonstandard then fé(a) = succ(fo(a)). In more
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succz(b)

FIGURE 7

(1,02

awe

: : : succ{b)
—

b

_ pred{n)

/_,,predz(b)

FIGURE 8

detail:

(VnEw)Efé(<O,n)) ={(0,n), fé((l,—n)) =<(1,(~n)+1), fé((l,n)) ={1l,n+1)1

ey

Let £’

sition 3 it is very easy to see that £’ 1is continuous e.g. by using

<fé'fl'f2'fx>' By the constructions in the proof of Propo-
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FIGURE 9

the fact that if we define
succ(g) 1f gEw
k(g d 1
g otherwise
for all ¢€B then k is an autmorphism of & .
The trace £’ of p terminates (at time point (1,1)) with output
Yo =(1,1?, y; = (0,00, yy = (1;0). Then for this ocutput 90 # gzi

Then in the sense of Definition 3 we have

g = (pryg=u,y)-

6.

—

By Proposition 2 we have
: 0ot HEE (5,4) and also ra £ (p,¢)

since the continuous trace £’ of p in U terminates with an

{(p&':L

output not satisfying ¢.

7.

——

Let 4’ be the similarity type d expanded with the relation symbol
< with arity 2. We interpret < in #L  the lexicographical way i.e.:

for every (ao,al), <bo,bl>€3,

Yy < b iff either an<b, ©OFr (a~=b and alébl).

tagray 0Py’ o~ %o

Let YU be the model Ul expanded with the relation < defined
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above, Then P is a model of gimilarity type d’'. Let £, 124~
- a, 1i€{0,1,2,»} be the functions defined in 3. above. Then
f = <fo’fl’f2’fx} is a trace of p in f.’. But the trace r of

p is not continuous in oL
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