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!his is an abstract of our paper "A characterisation
of lI'lo7d-proYableprograms" submitted to Theoretical

Computer Science

~ denotes the set of natural numbers.
Y ~ fYi: i e Co'l is the set of variable symbols. L denotes the
set of classical first order formulas of type t (cf.[2])
possibly with free variables (elements of Y), where t is the
similarity type of arithmetic, i.e. it consists of "+,.,0.1"
with arities "2,2.0.0" •

1. Syntax

The set U of commands 1s:
(j: y-+rr) E U

(jl Ill' X-'fHEN y) EU

it j e~, yEY and'r i8 a t-type term
it j.vet.:> and ')::eL 1l!I a formula
without quantifiers

i.e. a program i8 a finite sequence of commands in which no two
members have the same "label".



Sp!! t (p, If') I PEP, 't'E-L and all tree n.riables of If

occur 1.n P J •

Conventions: lliroughoLlt this paper pEP is arbitre.ry and the

letters n, im• 11m denote parts of p Be tolloWSI

Firat we define continLloue tracee of a program in a classical

model of L.

Let ~ be at-type roodelj ~ denotee ite universe. cf.[21.

~ continuous trace of a program p in A is a eequence

« 1.8' qa» atA ' indexed by the elements at A, such that

(i)-(iii) below are eatisried:

2 (La it j. minl1c: Y1c+"P}

L !ia(Yj' if YjEVp

then <:~~aEA satisties the 1.nduction axioms, i.e.

for eyery <f' e L with tree vllriables in Vp

Now,. Ployd statemeot (p'If)E-S, is said to be partially correct

w.r.t. o9J1t1nuoW! traces ill! (denoted by ~ ~ (p, '!:')
iff

tor any cont1.nuoW! trace <1i8.'~» aEA. ot p in ~ and

for any a€~l La ¢\iml m"n} implies ! ~ 'Y[Qa1.

3. Derivation S;I!ltelll (rules of inference)

In the following we reoall the so called Ployd-Hoare derivation

system. This s;I!ltem eerTee to derive pairs (p, '1') from theories

l' = L.

Let (p, 'Y) e S, and l' = L.

The set of labelll ot p u defined !UI I



lab(p) ~ t1.' • ~ n+1.}u{T,(3.~n)~ • ":U 'j, 'rHEW TW
}.

Bote thAt lab(p) ls finite.
'JT~"(V'x,b,t,n)(3x'.b')

«V'lE;t)(Vr,r' )((3Z[(1+(1+1)b)a+r • XAr <1+(1+1)b] 1\

1\3s[(1+(1+nb' )su'. x'i\r'<1+( 1+1)b']-'

(1), .l der1Tation

1'1-- ~(10)
!denotes the standard model of arlthmetic.

lote thAt ~. L en4!. ~ ?A.' •

(11): To each COlllllllUld(1m, )'j ~ '1:) occurr1ng in p e.

derivation,

where Cf{)'rt') denohe the tormu.l.a obtained trom <f' by

9ubstituting '1:' in place ~ )' in the Ul'lua.l -)'.

THEOREM 1 (Completeness) Let T 2PA.' be arbit~.

Bow, tor eTtlq (p,,+,)e~l

(p, '+') 1s Ployd"Hoare der1 vable Crom T UC

(p, If) 1s partiall)' correct 'If,r.t. continuous traces in

eTery model ot T,

(iii):To each cOllllDllJld(1m: I:P X THEIlT) occurring in p

deri1'8.tional

T ~ «X!\ ~(1m» ~ ~( .••»

T~ «-, X 1\ 'l>( 1.» -'" ~ (1_ 1»
DUDrITIOli. Let (P,'¥)ESp •

1. (P. If) 111pariaH: correct ",r.t. standard trace9 in!

1U

tor any traoe «la,qa» aeA. of pin! and tor any

standard element. ot A.,

it Im1{1z' z(.n} then ~ I- If [~1 .

(1v), To each S€(lab(p)'-11m, .'o}) Ii der1vationl

T ~ (ci>(z) ~ 't')

1I0wthe existence ot a Plo,-d-HC3.rll dllr1 .•..•.t10n ot (p, lfJ) from

T 11'1denoted by '1'~ (p, lfJ)'

II. Campleteoel'll'l ot Ployd 10fi1c

Let PA consiat of the P~o axioma (cf.(2)p.42) together

w1th the add1t1onal ax10m

2. P tllnrlnatu 1o! for standard data ln standard time

1ft

tor an,- trace «la,Cla» a.A. of pin! such that



all values ot the tunction qo: Vp ~ J. e-e standard

there 18 a standard element 111 ot J. _Ilch that

!1II¢{lz: z4n}.

THEOREIl 2 (Necessit,. ot nonstandard time). Let T =: L

be recurslvel,. enwaerable and let! I- Tt '!' a PJ..

Nowthere exists (Pt 'f') EOSp such that (1)-(111) below

(1): (Po~) 1s partiall,. correct •• r.t. standard

traces in ever,. model ot T.

p terminates in every model ot ~ tor standard

data in standard time.

(111): T4 (Po If) 0

i.e. there is no Ployd-Hoare dorintion ot (p'If)

from T.

[2] C.C.C~ and H.J.Keisler: Kodel Theory. Borth-Bollana

1973.
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