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Abstract

We construct an infinite dimensional quasi-polyadic equality algebra
2l such that its cylindric reduct is representable, while 2 itself is not
representable. !

The most well known generic examples of algebraizations of first order logic
are Tarski’s cylindric algebras (C'A) and Halmos’ polyadic equality algebras
(PEA). The theory of cylindric algebras is well developed in the treatise [10],
[11], [12] and is still an active part of research in algebraic logic. The generic
examples of C'A’s are set algebras. More precisely, let o be an ordinal. Let U
be a set. Then we define for 7,7 € o and X C “U:

X ={seU:3te X, s(j) =t(j) for all i # j},

di; = {s €U :s(i) =s(j)}
For a set X, let B(X) = (p(X),U,N,~,0, X) be the full Boolean set algebra
with universe p(X). A cylindric set algebra of dimension « is a subalgebra of
an algebra of the form
(B("U), ci,dij)ij<a-

The class of representable cylindric algebras of dimension «, or RCA, for
short, is the class of subdirect products of set algebras of dimension «. These
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are the standard models, so to speak, of cylindric algebras. The operations c;
of cylindrifications can be generalized and new operations called substitutions
can be introduced on set algebras as follows: For I' C o, 7 € “a and X C *U
set:

cryX ={s €U :3tec X,s(j) =1t(j) forall j ¢ I'},

S;X={seW:soTe X}

A full polyadic equality set algebra of dimension « is an algebra of the form

(B(U), c(r), S, dij>rga,i,jea,reaa7

and the class of representable polyadic algebras consists of all subdirect prod-
ucts of these. The class of polyadic equality algebras of a given dimension is
obtained from set algebras (of the same dimension) by a process of an abstrac-
tion. An axiomatization of polyadic equality algebras is given in [10] 5.3.1.
which we now recall.

Definition 1 .  Let a be an ordinal. By a polyadic equality algebra of
dimension «, or a PE A, for short, we understand an algebra of the form

A= <A7 +,5 Oa ]-7 C(F)7 Sr, dij>i7j6a,F§oz,TEQa
where ¢y (I' € «) and s; (T € “«) are unary operations on A, d;; € A
(i,7 € «), such that postulates 1-15 below hold for x,y € A, 7,0 € “%q,
IACaandalli,j € a.

1. (A,+,-,—,0,1) is a Boolean algebra

2. ¢0=0

3. v < ¢y

4. cry(® - cryy) = cry® - cryy
Sd. cor ==

6. C()C(a)T = C(rua)T

7. Sspqxr =2

8. Sgor =S50S

9. sp(x +y) =s,x+ s,y

10. s,(—x) = —s,x

11. ifo [ (a~T) =7 | (. ~ T), then sycryxr = s,z
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12. if 77'T'= A and 7 | A is one to one, then C(1)S+T = S;C(A)T
13. d;; =1
14. x- dij < S[i|f]T

15. s:dij = dr(i)r(5)

Polyadic equality algebras are proper expansions of cylindric algebras.
That is if A € PE A, then the cylindric reduct of 2l obtained by discarding the
operations not in the similarity type of C'A, is a C'A,. In polyadic equality
algebras all substitution operations are available. That is if 2 € PEA, and
T € “a is a transformation on «, then s® is a unary (substitution) operation
on 2, that happens to be, among other things, a Boolean endomorphism of 2.
Morever (generalized) cylindrifications c(ry are defined for every I' C a. Quasi-
polyadic equality algebras of dimension o (QEA,) on the other hand, are ob-
tained from PE A, by restricting the similarity type and axiomatization of the
latter to finite cylindrifications and substitutions corresponding to finite trans-
formations only. A finite transformation is one for which {i € « : 7(i) # i}
is finite. For the finite dimensional case, polyadic equality algebras coincide
of course with quasi-polyadic equality algebras, but in the infinite dimensional
case, the distinction is highly significant. For example PE A, has uncountably
many operations while QFE A, has countably many operations. Furthermore,
the equational theory of RPEA, is extremely complex [15].

The class of locally finite dimensional quasi-polyadic algebras was intro-
duced by Halmos [6], but the class of quasi-polyadic algebras without the re-
striction of local finiteness has not been studied except relatively recently [8],
[7]. Quasi-polyadic equality algebras are still expansions of cylindric algebras.
Quasi-polyadic equality set algebras are defined as the PEA case, and so is
the class RQFE A, of representable algebras of dimension « (by restricting the
signature to the appropriate similarity type). Though RPFE A, is not a variety
for infinite o, RQFE A, is a variety. The theories of QFE A, and C'A,, for infinite
a are quite close. How close, is a question that remains to be settled, and
indeed our main result does shed light on this rather vague question. Quoting
Henkin Monk and Tarski in [11] p. 266-267: “Quasi-polyadic algebras: These
are like polyadic algebras, except that s, is allowed only for finite transforma-
tions, and ¢y only for finite I'. Their theory has not been much developed,
but they form an interesting stage between cylindric and polyadic algebras.”

If A € QEA, then its cylindric reduct, in symbols R0, is in C'A,. Fur-
ther, if A € RQFEA, then R A € RCA,. Subsititutions corresponding to
finite transformations are not term definable in cylindric algebras (except in
some very special cases, like for instance dimension complemented algebras).
That is the theories of cylindric algebras and quasi - polyadic algebras are



essentially distinct. The inter-connections between the two theories have been
recently studied by many authors, to mention a few references in this connec-
tion see [17], [14], [10], [16], with similarities and differences illuminating both
theories.

It is known that the class RC'A, of representable cylindric algebras for
a > 2 is not axiomatizable by a set of universal formulas containing finitely
many variables [1], same for RQEA, [13], [16]. (A proof of the latter result
for the infinite dimensional case is only sketched in [16], and it seems to us
that there are some serious gaps in this sketch). A striking result of Andréka
[1] is that for finite a > 2 the class RQE A, is not finitely axiomatizable over
RC A, . The analogous result for infinite ordinals is unknown. In this paper, we
address the infinite dimensional case. We do not recover Andréka’s result in
its strongest form, but we prove a necessary condition for the class RQFE A, to
be non-finitely axiomatizable over RC'A,,. We will show that there is an 2 €
QFEA, such that its cylindric reduct S0, 2 is representable, while 2 itself is
not representable. This means that the finitely many polyadic axiom schemas
do not define RQEA,, over RC'A,,. (In principal, there could be another finite
schema that defines the quasi-polyadic operations). Our construction is based
on an unpublished construction of Andréka and Németi [3] proving the same
result for finite @ > 3. (This construction can be extended to o = 3, see [5].)
This latter result is surpassed by Andréka’s result mentioned above. In our
treatment of cylindric algebras and quasi-polyadic equality algebras we follow
[10], [11]. Thus quasi-polyadic equality algebras of dimension a are polyadic
algebras in the sense of Definition 1 when cylindrifications are restricted to
finite subsets and substitutions considered are only those corresponding to
finite transformations. We shall prove:

Theorem 2 . There exists an A € QEA,, such that R0.,2A € RCA,, but 2
is not representable

Proving the analogous result for polyadic equality algebras is easy since
for any PE A, its cylindric reduct is representable and there are easy exam-
ples of non representable PEA,’s. But for QF A, the proof is much more
intricate. Our example will be constructed from a weak set algebra. A cylin-
dric weak set algebra is an algebra whose unit is a weak space, i.e. a set of
the form *U®) = {s € U : |{i € a : s; # pi}| < w} where p is a fixed
sequence in “U. The operations of a weak set algebra with unit V' are the
Boolean operations of union, intersection and complementation with respect
to V, and cylindrifications and diagonal elements are defined like in set alge-
bras but relativized to V. We shall need to characterize abstractly (countable)
quasi-polyadic equality weak set algebras where we require that the algebra is
also closed under finite substitutions. This was done for cylindric algebras by
Andréka, Németi and Thompson [2]. It turns out that, in the countable case,



weak set algebras coincide with the class of weakly subdirect indecomposable
algebras for both C'A’s and QFE A’s. This follows from the facts that subdi-
rect indecomposability and its weak version are defined for general algebras
via congruences, congruences correspond to ideals, and that for %l € QFEA,,
I is a quasi-polyadic ideal of 2 if and only if it is a cylindric ideal of $Rd.,%L.
This ultimately makes the abstract characterization of weak set algebras for
countable quasi-polyadic algebras coincide with that of (countable) cylindric
algebras. Now let WQFE As, denote the class of quasi-polyadic equality set
algebras. Then we have RQEA, = SPWQF As,. Here SP denotes the oper-
ation of forming subdirect products. This is proved exactly like the cylindric
case. Next, we give the definition of subdirect indecomposability and its weak
version relative to congruences in general algebras.

Definition 3 .

(i) An algebra 2l is weakly subdirectly indecomposable if |A| > 2 and if the
formulas R, S € Co and RNS = Id | A always imply that R=1d | A
or S=1d] A.

(ii)) An algebra 2 is subdirectly indecomposable if |A| > 2 and if for every
system R of relations satisfying R € 'Col and (,.; R; = Id | A, there
is an ¢ such that R; coincides with the identity relation.

We shall need to specify ideals in quasi-polyadic equality algebras. Ideals
are congruence classes containing the least element. From now on a will denote
an infinite ordinal and F'T, denotes the set of finite transformations on «.
x C, y denotes that z is a finite subset of y and Sb,a denotes the set of all x
such that =z C,, «a.

Definition 4 . Let A € QEA,. A subset I of 2 is an ideal if the following
conditions are satisfied:

(i) 0 €I,
(ii) If z,y € I, then x +y € I,
(iii) If v € I andy < x then y € I,

(iv) For allT' C, o and 7 € FT, if v € I then cryx and s, € I.

If X CAec QEA,, then Jg"X is the ideal generated by X.

Lemma 5 . Let A € QEA, and X € A. Then 3g°X = {y € A : y <
cary(zo+ ... x5-1)} : for some z € *X, and T C,, a}.



Proof. Let H denote the set of elements on the right hand side. It is easy
to check H C Jg™X. Conversely, assume that y € H, I' C w. It is clear that
cayy € H. H is closed under substitutions, since for any finite transformation
7, any = € A there exists finite I' C w such that s,z < ¢ryz. Now let z,y € H.
Assume that z < cy(zo + ... 25—1) and y < ca)(Yo + ... y1—1), then

24y <cruay(@o+ ... Tp1 F Yoo F Y1)

The Lemma is proved. u

It follows from [11] 2.3.8 that if A € QEA, and [ is a cylindric ideal of
M0, then [ is an ideal of A. Therefore 2 is (weakly) subdirectly indecom-
posable if and only if 280.,2 is (weakly) subdirectly indecomposable. Now we
prove the analogue of a result of Thompson for quasi-polyadic equality alge-
bras. The proof is the same as that given by Andréka, Németi and Thompson
in [2] theorem 3, but for the sake of completeness (and because the proof is
short) we include the proof adapted to the quasi-polyadic equality (present)
case. IK denotes the class of all isomorphic images of algebras in K. We now
have:

Lemma 6 . Let A € RQEA, be countable. Then (i) and (ii) are equivalent
(i) A € IVQEAs,
(ii) A is weakly subdirectly indecomposable.

Proof. We shall only need that (i) = (¢). So assume that that 2 is weakly

subdirectly indecomposable quasi-polyadic algebra of dimension «. Then by
[11] 2.4.46 which works for quasi-polyadic algebras, we have that

(x) (Vx,ye A~{0})(3A C, a)x - cayy # 0.

Let a : w = A ~ {0} be any enumeration of A ~ {0}. We define I" : (A ~
{0}) — Sb,a step by step, so that

(xx) b, = H{c(pam)am :m<n}#0foralnéewmnz#0.

Let I'(ag) = 0. Let n € w, n > 0, and assume that ['(a,,) has been defined
for each m < n such that b, # 0 holds. By (x), there is a A C,, « such that
by - cayay, # 0. Set I'(a,) = A. Then clearly b,41 = by, - c(ayan, # 0. Since
A~ {0} = {a, : n € w}, the function I' is defined. By (*x) I' : A — Sb,«a
satisfies

(%) (VAo Cu (A~ {0}) [ [{cqwa : a € Ao} #0.

Then there is a maximal proper ideal of BI2( such that m 2 {—crqya : a € A}.
Let €m&( be the canonical embedding algebra of 2. €m%l is defined like the C'A

6



case [10] definition 2.7.3. In particular, it has domain @(M), which we denote
by Em2l, where M is the set of maximal Boolean ideals of 2. Substitutions
are defined on Em(A) as follows:

s X =|J{JeM:JCsI}.

IeX

Let z = {m}. Then z € EmQ and 0 # z < em(crrga) for all @ € A. Here
em is the map that embeds 2 into €m2A; em(x) ={l € M : x ¢ M}. Let
I ={ye EmA: (V' C, a)cqyy - z = 0}. Then [ is an ideal of ¢mA and
Inem(A)={0}. Let B = EmA/I. Then B € RQEA, and 2 is embeddable
in 9B. Here we are using that if A € RQFEA,, then so is €m2. The proof of
this is identical to the C'A case. Also B is subdirectly indecomposable by [10]
2.4.44. By [11] 3.1.86 2 is isomorphic to a weak set algebra. Though 2.4.44 in
[10] and 3.1.86 in [11] are formulated for C'A’s they are true for QEA’s. [
The following corollary which we shall need is now immediate:

Corollary 7 . Let 2l € RQFEA, be countable such that R0.,2 is weakly
subdirectly indecomposable (equivalently isomorphic to a cylindric weak set
algebra). Then 2 € IWQE As,.

From the proof of Theorem 2, we have

Corollary 8 . There exists a countable 2 € QFE A,, that is weakly subdirectly
irreducible but not representable.

Proof of Theorem 2

Let U = N. Let Z € “p(N) be defined by Zy = Z; = 3 = {0,1,2} and
Zi = {2i — 1,2} for i > 1. Let p : w — w be defined by p(i) = 2i. Let
V=2UP ={scvU:|{i €w:s #2i} <w} We will work inside the weak
set algebra with universe p(V') and cylindrifications and diagonal elements for
1,j < w defined for X C V by:

X ={seV:3te X, t(j)=s(y) Vj#i}

and
dij:{SEVISZ‘:Sj}.
Let
PZ={seV:(Vicw)s, € Z;}.
Let

t={se“ U [{icwn~2:s #2i} <w,(Vi>2)s; € Z;}.



Let
X={set:|{i cwn~2:s(i) # 2i}| is even },

Y={set:|{icw~2:5(i) #2i}| is odd },
R = {(u,v) : u € 3,v = u+ 1(mod3)},
B = {(u,v) :u € 3,v =u+ 2(mod3)},
and

a={sePZ:(s]|2c¢RandsJw~2€cX)or(s[2€Bands|w~2€eY)}

Let Eq(w) be the set of all equivalence relations on w. For E € Fq(w), let
e(F)={s €V :kers= FE}. Note that e(E) may be empty. Let

d: PZﬂdOl

m(w) = {7 € FT, : 7 is a bijection }. For 7 € F'T,, and X C V, recall that the
substitution (unary) operation S, is defined by

S; X={seV:soreX}

Let
P'={S;a:17en(w)}, P=P U{Ssd:d¢€n(w)}.

More concisely,
P={Sz:7e€n(w), xe€{a,d}}.

For W € “RgZ?), let
PW ={seV:(Vicw)s, € W;}.
Let
T ={PW-e(E): W €“RgZ'D (V6 € n(w))W # Z 06, F € Fq(w)},
At=PUT,

and

A={Jx:XCAt}

Claim 1 . A is a subuniverse of the full cylindric weak set algebra
<p(V), +7 55— G, dij>i,j€w-
Furthermore 2 is atomic and At = At ~ {0}.

Notice that the Boolean operations of the algebra are denoted by +, -, —
standing for Boolean join (union), Boolean meet (intersection) and comple-
mentation, respectively.

Proof of Claim 1. Let b = PZ ~ dy;. Then
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(1) a - S[Q”CL = O, a+ S[()J]G = b, (VZ S w)cia = CZ‘S[OJ]CL = Cib.

It is not difficult to check that (1) holds. One can check first B = Sy 1R,
B-R= O, B+R = 23—d01, (VZ € 2)C1R = CZ'B = Ci23, XY = 0, XUY = t,
and (Vi € w~ 2); X = ¢;Y = ¢;t. From (1) we immediately get

(2) PZ = CL—FS[OJ](I—{—CZ. FOl", PZ =PZ ~ d01 + PZ'CI()l = b+d

(3) SsPW = P(W 0 7!) for every § € m(w) and W € “(RgZ)).

Indeed, we have s € SsPW iff sod € PW iff sod; € W; Vi € w iff
s;€Ws1 Vjewif se PWodt).

(4) PW € A for every W € “(RgZ)\%).

Assume W = Z o 67! for some § € m(w). Then PW = S;PZ = Ssa +
Ssofo,1]@ + Ssd € A by (3) and (2). Assume W # Z o4, Vi € w(w).
Then by V = > {e(E) : E € Eq(w)} we have PW = {PW -e(F) : E €
Eq(w)} € A.

(5) (Ve,y € At)(z Ay=2-y=0)and V = > At.

If £ # E'\E,E'" € Eq(w) then e(F) Ne(E') = 0 and if W # W/,
W, W' € “RgZ“% then PW N PW’' = 0. Thus the elements of T'
are disjoint from each other and from the elements of P since (Vx €
P)(30 € m(w))r € SsPZ = P(Zod671) by (3). Let 6,8 € w(w). Clearly
Ssa - Syd = 0 since Sja C [[{—d;; : ¢ < j < w} while Sgd C dyos.
Let y € {a,d} and assume & # §. If & # § o [0,1] then 2Z o &' #
Z o6 ! hence P(Zod)NP(Zod 1) =0, thus Ssy - Syy = 0 since
Sey € S,PZ =P(Zoo™') Vo € n(w) by (3). If & = 6 0]0,1] then
Ssa - Sya = Ss(a - Spyya) = 0 by (1) and Ssd = S5Sjo,1jd = Syd. Thus all
the elements of At are disjoint from each other. By U = |J RgZ we have
V=S {PW:W e€“RgZ?)} C Y At by (4). Thus V = >_ At.

(6) A is closed under the Boolean operations.

For, (6) is an immediate corollary of (5) and the definition of A.

2For, we show § # ¢ and Zod 1 = Zo§!imply d =60[0,1]. Let K € w ~ 2 and
j = 6k. Then 5;1 =k ¢ 2, hence Z5;1 + Z(S;fl implies k = 5;1 = 6;71, ie., 0,k =j. We
have seen 6 [ w ~ 2 C ¢’. By this and by § # & we have 60 = §’1 and 61 = §’0. Thus
§d=10¢0]0,1].



(7)

Let M denote the minimal subalgebra of p(V), i.e., M = &gy,
Then M C A.

Let i < j < w. Then dj; = > {e(E) : (i,j) € E,E € Eq(w)} =
SSUPW - e(E) : W € “RgZP) W # Zod V6 € n(w), (1,j) € E €
Eq(w)} U{Ssd : § € m(w),{00,01} = {i,j}}) € A. Let k < w. Then

cad(k x k) € {0,V} C A by (5). Thus by [10] [2.2.24], and (6) we have

PW € A for every W € “(RgZ U {U})?).

Let  ={i € w: W; # U}. Then PW = > {PW' : W' € “RgZ, W' |
S C W) by U = JRgZ. Thus PW € A by (4).

S,PW € A for every W € “RgZ9).
For if S;PW = 0, then we are done. Assume that S,PW # 0. Let

z € 5;PW be arbitrary. Let n € “w such that z; € Z, ;). Such an 7 exists
by U = |J RgZ. Now we have

(*) (\V/Z & w)VVZ = Wm’(i)'

since (Vi € w)z7(i) € W; N W) by 2z € S;PW and by the definition of
n, hence W; = W, ;) since the elements of RgZ are disjoint from each
other. Let supt = {i € w: 7(i) #i}. Let W' € *“RgZ? be defined by
(Vi € w ~ supt)W/ = W; and for all (Vi € supr)W, = W, ;). Then

S,PW ={seV:(Vicw)sr(i) e W;} = PW".

S,z € A for every x € A.

It is enough to show (10) for x € At since S, is additive. If 7, € 7(w)
then S;Ssa = S;o5a € P C Asince Tod € w(w). If 7 € FT,, ~ m(w)
then S;Ssa = 0 € A. Note that Ssd = P(Z 067') - dsos1. By (9) and
the above, to finish the proof (10), it is enough to show S,g € A for
all g of the form PW - e(F) since S, is a Boolean homomorphism. Let
g =PW -e(E). Then by

e(B)=[{dy: (i.j) € B} - [ [{~dy : (i.) ¢ EY,

there exists a finite K C {d;; : i < j < w}U{—d;; : i < j < w} such
that g = PW -] K. Here we are using that there exists n € w such that
PW C —d;; for all n <7 < j since the elements of RgZ are disjoint from
each other and W € “RgZ%). The rest follows from (9), the fact that
S: is a Boolean homomorphism and that S;d;; = d;;-; € A.

10



(11)

(12)

(13)

cir € A for every x € A and i € w.

It is enough to show (11) for z € At since ¢; is additive. Now ¢;Ssa =
Sscs;a. Indeed let j = 6;. Then cja = c¢jb = PZ(j/U) - v where v = 1
ifje2andy = —dp if j € w ~ 2. Thus ¢;Ssa € A by (10), (8)
and (7). Let z € At ~ P'. Then x = PW - [[ K for some W €
“(RgZU{UN® and K C, {djj i < j <wpU{~-dy i <j < w}h
Assume PW -] K # 0. We will show ¢;(PW-[[ K) = ¢,PW-¢;[[ K. Let
I'={jcew:djj € K} and Q ={j € w: —d;; € K}. It is enough to show
¢PW - [K Cc;(PW-]]K). Let s € ;PW - ¢; [[ K. Assume I' # 0.
Let j € I'. Then s(i/s;) € PW - [[ K since W; = W, by PW - [] K # 0.
Assume ' = 0. Let A = {j € Q : W; = W;}. Then |A| < |[W;| by
PW . -T[K #0. Let u € W; ~ {s; : j € A}. Then s(i/u) € PW -[[ K.
Thus ¢;(PW - [[K) = ¢,PW -, [[ K = PW(i/U) -, ][ K € A by (8)
and (7).

By (6), (7) and (11) we have proved A € Sup(V). (A is a subuniverse
of p(V)). By (5) then we have At = At ~ {0}.

The construction of B € QFA,:

Let 7,0 € F'T,,. We say that “r,d transpose” iff (60 — d1).(760 — 7d1) is
negative.

Now we first define s, : At — A for every o € F'T,,.

(S50) Soosofo,ya  if  “o,0  transpose”
S sa) = .
7 Sypos otherwise

so(z) =S,z if xe€ At~ P.
Then we set:
SJ(ZX) = Z{sa(x) cxe X} for X C At
We shall first prove that s, : A — A.

From the definition of s, we immediately get s,Ssa € {Ssos50, Sgo(;o[oyl]a}
for § € m(w).

se = S,z for o € FT,, ~ m(w) and x € At.

If 7 € FT, ~ m(w) then S;a = 0, hence s,Ssa = 0 = S,Ssa by (12). For
x € At ~ P' we have s,x = S,x by definition.
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(14)

(15)

(16)

sy : At — At, is a bijection for o € 7(w)

By (12) we have s, : P/ — P'. Assume 0 # ¢, 6,0 € n(w). If
d # & 0[0,1] then {so0d,00d0[0,1]} N{oo0d, 008 0]0,1]} = 0,
hence s,Ssa # s,Sga. Assume 6 = §' 0[0, 1]. In this case “o,d transpose”
iff “o, 0" transpose”, hence s,S5a = Syo500,1]¢ # Seosrof0,1]0 = SeSsra, by *
[T # 7 = S;a # Sya]l V7,7 € m(w). We have seen that s, : P/ — P'.
Let 7 = 07! 04d. Define 7/ = 70 [0,1] if “o, 7 transpose”, 7/ = T other-
wise. Then “o, 7 transpose” iff “o, 7/ transpose”, hence s,S,/a = S,ora =
Ssa. Thus s, : P/ — P’ is onto. By s,Ssd = S,Ssd then we have
So : (P~ P) — (P~ P'). Next we show s, : T" — T is a bijection.
Let E € Eq(w). Define E(7) = {(7i,7j) : (i,j) € E} for any 7 € FT,,.
Then it is not difficult to check that by o € m(w) we have E(0) € Eq(w)
and (ker(soo) = E iff Kers = E(0)). Thus S,e(E) = e(E(0)). Now
so(PW-e(E)) =S, (PW-e(E)) =S,PW-S,e(E) = P(Woo™1)-e(E(0)) €
TitW # Zod for any § € w(w). If W # W' or E # E’ then
Woo™t #£ Woo! or E(c) # E'(0), thuss, : T — T is one to
one. The fact that s,(P(W oo™ !)-e(E(c7'))) = PW - e(E) shows that
sy 1" — T is onto.

Now we have proved that s, : A — A. Define

B = <A7 +7 Ty T Oa 17 Ci, Sty dij>i,j€w,T€FTw-

Claim 2. B QFA,

We shall proceed via several steps.

s, is a Boolean homomorphism on 2, for any 7 € F'T,,.

If 7 € m(w) then (15) follows from (14) and from the definition of s,. If
T € FT,, ~ w(w) then (15) follows from (13).

$:S5550 = SropSsa for 6 € m(w), 1,0 € FT,,.

Assume 60 < J1.

Case 1: 7000 < 70dl. Then s,.,Ssa = Sregosa since “7 o o, do not
transpose 7. If 000 < ¢d1 then “o,6 do not transpose ” and “7,0 09
do not transpose ”, hence s,Ssa = S,osa and s;Sy050 = Srososa and
we are done. Similarly, if 000 > o001 then s,;Ssa = Sjos00,1j¢ and

3This follows from the proof of (5).
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(17)

(18)

(19)

(20)

(21)

STSO'O[SO[O,HG’ = STo(aoéo[O,l])o[O,l]a = SToaoéa and we are done.

Case 2: 7060 > 7061. Then s;.,S5a4 = S;oposoo]@- If 060 < 0dl then
56550 = Spo50 aNd $:S5050 = Srogosolo,j@ and we are done. If 000 > odl
then 5055a = Sao5o[0,1]a and STSaoéo[O,l]a = STOUO&O[O,I]CL-

The case 60 > 01 is completely analogous, hence we omit it.

So(S5a + Saoj0,11@) = S (Ssa + Saojo,11a)-

“0,d transpose " iff “o,0 00, 1] transpose ”. Hence {s,Ssa,S,Ssc[0,110} =
{Sso50; Sgoscfoaja} by the definition of s,.

S:SeT = S;onx for every 7,0 € F'T,, and x € A.

It is enough to show (18) for x € At. For x € P’, (18) is true by (16).
Let x € At ~ P'. Then s,x = S,z by definition. Now S,z = PW - [[ K
for some W € “(RgZU{U})® and K C,, {d;; :i < j <w}U{—d;:i <
Jj < w}, by the proof of (10). Assume Ssa C S,z for some § € m(w). We
will show that then Sso01ja C Sy, t00. SsaUSsop1ja C PZodt-e(1d,,),
thus Ssa < S,z implies [PZ o 6! - e(Id,)] NPW - [[ K # 0. But then
PZod ! e(ld,) CPW - [[K, thus Ssija C Sex, too. Thus s,;s,z =
S;Sox = S;0pT = Sropx by (17) and by the definition of s;, s, Sro0-

C(F)S(ga = C(F)(S(;CL + 550[071]60 if ' C, w, I' #£0.

Let i € w be arbitrary. Then c;a = ¢;(a 4 S jja) holds by (1). Thus
CZ-S(SCL = S(gC(gia = S(;c(;i(a + 5[0,1]a) = ci(S(;a + Sgo[o,l]a).

SeCr)yT = Secyz for every v € Aif I' C, w,I" # 0.

Let x € A be arbitrary. Then c¢ryz = ) X for some X C At, by (11).
Assume Ssa € X. Then c¢)Ssa C ¢z, hence Ssop1ja € cryz by (19).
Therefore Ssop a0 € X, too. Now s,cmyxz = > {soy : y € X} and (17)
finish the proof of (20).

ol (w~T)=77T(w~T)= s,cryz = s,cryx for every € A,
o,7€ FT,,and I' C, w.

(21) follows from (20).
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(22)

(23)

C()Se® = ()5S, , for every x € A, 0 € FT,,,if I' C, w,I' # 0.

It is enough to check (22) for x € P'. Let 0 € m(w). Then s,Ssa €
{Ss0sa, Soosojoaja} by definition of s, and c(ySsosof01]0 = C(1)Ssest =
C(F)SUS(;G by (19).

7 [ (77'T) is one - one then ¢ys,z = s,cayz where A = 77T,

If I' = 0 then A = 0 and we are done. If I' # 0 and A = 0 then 7 ¢ 7m(w)
hence we are done by (13). Assume I" # 0, A # 0. Then we are done by
(22) and (20).

Now we are ready to show B € QPFEA,,. We have to show that (1 — 15)
in definition 1 are satisfied in B. (1—6)+ 13 are satisfied since :80.,B €
Ws,. 7 holds because “Id,,d don’t transpose” Vo € FT,,. 8, 11,12 hold
by (18), (22), (23) respectively. 9 — 10 are satisfied by (15). 14 holds by
(13) and 15 holds since s,d;; = S;d;; by definition of s;.

We finally show:
Claim 3. B8 ¢ RPFA,.

Proof. Assume 8 € RPEA,. Then by Corollary 7 8 is isomorphic to
some weak set algebra € since J30.,*B is weakly subdirectly indecompos-
able. Let U’ be the base of €. The unit of € is of the form “U’'® for
some sequence p. Let h: B — € be an isomorphism. Let x = Zy x U X
UxUxZsxZg.... Thatise ={seV :sy€ Zy: (Vi>4)(s; € Z;)}.
Then z € A by (8), and ¢,z = z for i € {1,2,3}. So ¢;h(z) = h(x) for
i€ {1,2,3}, thus h(z) = Z' x U x U' x U" x .... for some Z' C U'.
Let T = [[{spgz :i € 4}. Then & = Zy x Zy X Zy x Zy X Z5 X Zg . . ..
For a relation R, recall that d(R) = []; ;jcgwra—dij. Then we have

T-d(3x3)#0and z-d(4 x 4) =0 imply the same for h(z), therefore
|Z'| = 3.

Let 0’ = h(b),a’ = h(a),9 = Spa1a, 9" = h(g). Then b < - sz — doy
hence V' C h(x) - Sjpyh(x) — doi, thus

Vs et (80, 81) € 2ZI ~ d01 and ’Z/‘ = 3. (‘k)

In & we have a + g = b # 0,a-g = 0,s0110 = @,S0,119 = g and c;a =
Cig = Cib Vi € 2.

Therefore
(x) d+4¢g=0V+#0,d-¢=0

14



(%)  Spaa’ =a,Sp9 =¢ and

(* * *) CZ‘CLI = Cig/ = Cib/ Vi € 2

Let ¢ € U be arbitrary. ¢%! is the function ¢’ that agrees with ¢ every-
where except that ¢’(0) = u and ¢/(1) = v. Define

a={(u,v) : qy, €d}
g="{(u,v) - qu € g}

(*) a+g=22"~dy,a-5=0,

(**), 5[071]6_11 = C_L, S[oJ]é = g and
(* * *)l Coa = Cog = C02Z/.
We show that ()" — (x % %)’ together with |Z’| = 3 is impossible. By
(x % %)’ we have Rga = Rgg = Z', hence |a|] > 3 and |g| > 3. By (¥) we

have then |a] = [gl =3 by a-g = 0 and |*Z] ~ dg;| = 6. But by (*x)
and a < —dg; we have |a| > 4, contradiction. n

Claims 1-3 prove Theorem 2.
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