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Abstract. We show that there is no finitely axiomatizable class of alge-
bras that would serve as an analogue to Kozen’s class of Kleene algebras
if we include the residuals of composition in the similarity type of relation
algebras.

1 Introduction

One of the standard interpretations of Kleene algebras is by families of binary
relations: relational Kleene algebras, RKA. It is well known that the equational
theory of RKA is not finitely axiomatizable; see [14] or [4, Theorem 9] in English.
But Kozen [9] proved that there are intuitive quasi-equations (i.e., equational
implications) valid in RKA which together with finitely many equations do ax-
iomatize the equational theory of RKA. The so obtained quasi-variety is Kozen’s
class of Kleene algebras, KA. Thus there is a finitely axiomatized quasi-variety
KA ⊇ RKA generating the same variety as RKA, i.e., using the terminology of
Definition 2.3,

KA provides a strong, finite quasi-axiomatization of RKA.

Pratt [13] observed that including the residuals of composition into the similarity
type of Kleene algebras has the advantage that the resulting class is a finitely
axiomatizable variety; with the use of the residuals the quasi-equations in the
axiomatization of KA can be expressed as equations. Following Pratt we will
call the class of Kleene algebras equipped with the residuals of composition
action algebras, AA, and we will call the subclass of action algebras that can
be interpreted over families of binary relations relational action algebras, RAA.
Thus, RAA consists of members of RKA equipped with the residuals.

In this paper we prove that the price of including the residuals into the sim-
ilarity type, and so turning KA into a variety AA, is not only that the equa-
tional theory of RAA is not finitely axiomatizable, but there is no strong, finite

� Research supported by the Hungarian National Foundation for Scientific Research
grant No. T81188.

R.L. Constable and A. Silva (Eds.): Kozen Festschrift, LNCS 7230, pp. 1–11, 2012.
c© Springer-Verlag Berlin Heidelberg 2012
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quasi-axiomatization for RAA; see Theorem 3.2. Thus, the “trick” in defining KA
cannot be done again for RAA.

Kozen [10] expands the similarity type of action algebras by meet. The re-
sulting class, action lattices, AL, is again a finitely axiomatizable variety. We
define the class of relational action lattices, RAL, as that subclass of AL whose
elements can be represented on binary relations. The equational theory of RAL
turns out to be nonfinitely axiomatizable; see [7]. Here we give an alternative,
simpler proof of this fact, and show that strong, finite quasi-axiomatization is
impossible in this case, too; see Theorem 4.1.

The rest of the paper is organized as follows. In the next section we give precise
definitions of the classes of algebras to be investigated and a formal definition
of finite quasi-axiomatizability. Then we turn our attention to action algebras in
Section 3. In Section 4 we look at action lattices. We conclude with some open
problems.

2 Basics

Given a similarity type Λ, we denote the class of relational Λ-algebras by R(Λ):
the class of those Λ-algebras that are isomorphic to algebras of binary rela-
tions where the elements of Λ are interpreted as “natural” operations on binary
relations. Using the terminology of the relation algebra literature, we will some-
times refer to elements of R(Λ) as representable algebras. Below we give precise
definitions of R(Λ) for particular choices of Λ.

Definition 2.1 (Relational Kleene algebras). The class of relational Kleene
algebras is

RKA = R(+, ;, ∗, 0, 1′) ,

i.e., the class of subalgebras of algebras of the form (℘(W ),+, ;, ∗, 0, 1′) where W
is an equivalence relation, + is set union, ; is relation composition

x ; y = {(u, v) ∈ W : (u,w) ∈ x and (w, v) ∈ y for some w} ,

∗ is reflexive–transitive closure, 0 is the emptyset, and 1′ is the identity relation
restricted to W

1′ = {(u, v) ∈ W : u = v} .

We recall the interpretation of the residuals \ and / of composition in relation
algebras:

x \ y = {(u, v) ∈ W : ∀w((w, u) ∈ x implies (w, v) ∈ y)}
x / y = {(u, v) ∈ W : ∀w((v, w) ∈ y implies (u,w) ∈ x)} .

Next we define expansions of relational Kleene algebras with residuals and meet;
see [13,10,8] for similar expansions.
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Definition 2.2 (Relational Residuated Kleene Algebras). The class of
relational action algebras is defined as

RAA = R(+, ;, ∗, /, \, 0, 1′)

while the class of relational action lattices is defined as

RAL = R(·,+, ;, ∗, /, \, 0, 1′)

where · is interpreted as intersection.

We note that we would get an equivalent definition if we require that W is a
Cartesian square U ×U in the above definitions. We chose W be an equivalence
relation, since we will sometimes include the top element 1 into Λ, and requiring
that 1 is interpreted as a Cartesian square would result in classes that are not
closed under products. Other additional operations we will consider in this paper
are complement − and converse �. See [5,6] for Kleene algebras expanded with
converse.

It may be useful to introduce some terminology to describe when the equa-
tional theory of a class of algebras has a finite quasi-equational axiomatization.

Definition 2.3. Given a class K of algebras, we say that (the equational theory
of) K is finitely quasi-axiomatized if there is a quasi-variety Q such that

– Q and K generate the same variety, i.e., their equational theories coincide:
Eq(Q) = Eq(K),

– Q is finitely axiomatizable.

If, in addition,

– K ⊆ Q, i.e., the axioms of Q are valid in K,

then we say that the finite quasi-axiomatization is strong.

3 Action Algebras

In this section we show that relational action algebras do not have a strong,
finite quasi-axiomatization; see Theorem 3.2.

It is well known that the classes RAA and RAL are not axiomatizable by
first-order logic formulas, because the presence of reflexive–transitive closure in
their signatures causes them to be not closed under ultraproducts. The following
theorem cited from [2, Theorem 5.1] implies that even their quasi-equational
theories are not finitely axiomatizable.

Theorem 3.1. Let {+, ;} ⊆ Λ ⊆ {+, ;, ∗, /, \,�, 0, 1′, 1}. Neither R(Λ) nor the
quasi-equational theory of R(Λ) is finitely axiomatizable.
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Now, the equational theory of R(+, ;) is different, it is finitely axiomatizable (by
equations), and moreover the equational theories of R(Λ) where the residuals
and transitive closure are not included in Λ tend to be finitely axiomatizable.
For a complete description of the cases see [2]. Our next theorem shows that this
situation changes radically if we include the residuals into the similarity types.

Theorem 3.2. Let {+, ;, /, \} ⊆ Λ ⊆ {+, ;, ∗, /, \,�, 0, 1′, 1}. The equational
theory of R(Λ) is not finitely axiomatizable.

Moreover, there is no strong, finite quasi-axiomatization of R(Λ). In fact, there
is no first-order logic formula valid in R(+, ;, ∗, /, \,�, 0, 1′, 1) which implies all
the equations valid in R(+, ;, /, \).
Proof. We recall, for every natural number n, the algebra

An = (An,+, ;, ∗, /, \,�, 0, 1′, 1)
from [2, Theorem 5.1].

We define

Gn = {a, a′1, a′′1 , . . . , a′n, a′′n, b, b′1, b′′1 , . . . , b′n, b′′n, o, 1′, 0} .

Let (An,+) be the free upper semilattice generated freely by Gn under the
defining relations:

{a ≤ a′i + a′′i , b ≤ b′i + b′′i , 0 + x = x : 1 ≤ i ≤ n, x ∈ Gn} .

Let S denote the following set of two-element subsets of An:

S =
{{a, b′1}

} ∪ {{a′i, b′′i } : 1 ≤ i ≤ n
} ∪ {{a′′i , b′i+1} : 1 ≤ i < n

} ∪ {{a′′n, b}
}
.

Next we define the rest of the operations on An as follows:

0 = ∅ 1 =
∑

Gn x� = x

0 ; x = 0 = x ; 0 1′ ; x = x = x ; 1′

if x, y /∈ {0, 1′}, then x ; y =

{
o if {x, y} ∈ S

1 otherwise.

Kleene star ∗ is defined as follows. We have 0 ; 0 = 0, 1′ ; 1′ = 1′ and x ; x = 1
for every x ∈ An � {0, 1′}. Hence we define, in An, 0

∗ = 1′, 1′∗ = 1′ and x∗ = 1
for every x ∈ An � {0, 1′}.

We define the residual \ in the algebras An so that x\ y is the largest element
z such that x ;z ≤ y. Then the algebras An are in fact closed under the operation
\ (since they are finite). Indeed, the extension of x \ y is determined by

z ≤ x \ y iff x ; z ≤ y .

Note that this defines / as well, since / and \ coincide in symmetric algebras
(where x ; y = y ; x is valid).
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It is shown in [2] that

1. the {+, ;}-reduct of An is not representable,
2. any nontrivial ultraproduct over ω, A, of the An’s is representable.

Item 1 above was shown by constructing a quasi-equation qn for every n as

n∧

i=1

(x ≤ x′
i + x′′

i ∧ y ≤ y′i + y′′i ) →

x ; y ≤ x ; y′1 +
n−1∑

i=1

(x′
i ; y

′′
i + x′′

i ; y′i+1) + x′
n ; y′′n + x′′

n ; y .

By an induction on n one can show that qn is valid in representable algebras.
On the other hand, the evaluation ε given by

ε(x) = a ε(x′
i) = a′i ε(x′′

i ) = a′′i ε(y) = b ε(y′i) = b′i ε(y′′i ) = b′′i

falsifies qn in An (since a;b = 1 and each term on the right of ≤ in the consequent
evaluates to o).

Here we modify qn to equation en with the same properties, but we have to
pay the price of including the residuals into the language. Then it follows that
the {+, ;, /, \}-reduct of An is not in the variety generated by the representable
algebras.

Below we will use the following abbreviations xi := x′
i + x′′

i and yi := y′i + y′′i
for 1 ≤ i ≤ n. We define, inductively,

κ1 = x \ x1 κi+1 = (x ; κ1 ; . . . ; κi) \ xi+1

and

λ1 = yn / y λi+1 = yn−i+1 / (λi ; . . . ; λ1 ; y) .

Let τn be the term

x ; κ1 ; . . . ; κn ; λn ; . . . ; λ1 ; y .

We define σn as

x ; κ1 ; . . . ; κn ; y′1 + x′
1 ; κ2 ; . . . ; κn ; y′′1 + x′′

1 ; κ2 ; . . . ; κn ; λn ; y′2 + . . .+

x′′
n−1 ; κn ; λn ; . . . ; λ2 ; y

′
n + x′

n ; λn ; . . . ; λ2 ; y
′′
n + x′′

n ; λn ; . . . ; λ1 ; y .

Finally, en is defined as τn ≤ σn.
It is not difficult to show that en is valid in representable algebras. As an

example we show the case n = 2. See Figure 1.
Equation e2 has the form τ2 ≤ σ2 where

τ2 = x ; x \ x1 ; (x ; x \ x1) \ x2 ; y1 / (y2 / y ; y) ; y2 / y ; y
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Fig. 1. Validity of e2

and

σ2 = x ; x \ x1 ; (x ; x \ x1) \ x2 ; y
′
1+

x′
1 ; (x ; x \ x1) \ x2 ; y

′′
1+

x′′
1 ; (x ; x \ x1) \ x2 ; y1 / (y2 / y ; y) ; y

′
2+

x′
2 ; y1 / (y2 / y ; y) ; y

′′
2+

x′′
2 ; y1 / (y2 / y ; y) ; y2 / y ; y .

Let A be a representable algebra and assume that (u, v) ∈ τ2 in A under some
valuation (for the sake of simplicity we denote the value of a term as the term
itself). Then there are w1, w2, . . . , w5 such that (u,w1) ∈ x, (w1, w2) ∈ x \ x1,
(w2, w3) ∈ (x ; x \ x1) \ x2, (w3, w4) ∈ y1 / (y2 / y ; y), (w4, w5) ∈ y2 / y and
(w5, v) ∈ y. By the definition of composition we get that (u,w2) ∈ x ; x \ x1

and (w4, v) ∈ y2 / y ; y. Then by the definition of the residuals we have that
(u,w2) ∈ x1 = x′

1 + x′′
1 , (u,w3) ∈ x2 = x′

2 + x′′
2 , (w4, v) ∈ y2 = y′2 + y′′2 and

(w3, v) ∈ y1 = y′1 + y′′1 .
For a contradiction assume that (u, v) /∈ σ2. Then (w3, v) /∈ y′1, otherwise we

would have (u, v) ∈ x;x\x1 ;(x;x\x1)\x2 ;y
′
1. Hence (w3, v) ∈ y′′1 . Then (u,w2) /∈

x′
1, otherwise we get (u, v) ∈ x′

1 ; (x ; x \ x1) \ x2 ; y
′′
1 . Hence (u,w2) ∈ x′′

1 . Then
(w4, v) /∈ y′2, otherwise we get (u, v) ∈ x′′

1 ; (x ;x\x1)\x2 ;y1/(y2/y ;y) ;y
′
2. Hence

(w4, v) ∈ y′′2 . Then (u,w3) /∈ x′
2, otherwise we get (u, v) ∈ x′

2 ; y1 / (y2 / y ; y) ; y
′′
2 .

But then (u,w3) ∈ x′′
2 , whence (u, v) ∈ x′′

2 ; y1 / (y2 / y ; y) ; y2 / y ; y. That is,
(u, v) ∈ σ2 contrary to the assumption.

On the other hand, the evaluation ε given by

ε(x) = a ε(x′
i) = a′i ε(x′′

i ) = a′′i ε(y) = b ε(y′i) = b′i ε(y′′i ) = b′′i



Residuated Kleene Algebras 7

falsifies en in An. Indeed, a \ ai and bi / b equal the identity 1′ for all 1 ≤ i ≤ n
(since a ≤ ai = a′i+a′′i and there is no nonzero element z other than the identity
such that a ; z ≤ ai). Since z = z ; 1′, we get that every term between x and y in
τn evaluates to 1′. Hence τn evaluates to a ; b = 1, By the same reasoning we get
that every element of the sum in σn evaluates to o. Thus ε(τn) = 1 �≤ o = ε(σn).

To finish the proof, let ϕ be an arbitrary first-order logic formula valid in
R(+, ;, ∗, /, \,�, 0, 1′, 1). Then ϕ is valid in A, because the latter is representable.
Since A is an ultraproduct of the An’s, there is an n such that ϕ is valid in An.
Since the equation en is not valid in An, we have that ϕ does not imply en,
though the latter is an equation valid in R(+, ;, /, \). �
As a corollary we get the following.

Theorem 3.3. The equational theory of relational action algebras is not finitely
axiomatizable over the equational theory of relational Kleene algebras, i.e., there
is no finite set of Eq(RAA) which together with Eq(RKA) would imply Eq(RAA).

Proof. Assume the contrary, i.e., that there is a finite set E which would ax-
iomatize the equational theory Eq(RAA) of RAA over the equational theory
Eq(RKA) of RKA. Since the finite set E′ of equational axioms of AA in [13]
implies Eq(RKA), then the finite set E ∪ E′ would axiomatize Eq(RAA), which
is impossible according to Theorem 3.2. �

4 Action Lattices

In this section we look at similarity types that include the meet operation as
well. Since Theorem 3.2 does not apply to signatures that include meet, we need
another construction to show nonfinite axiomatizability of the equational theory.

The following result follows from [7, Theorem 2.3 and Corollary 4.4.]. The
construction in [7] is rather involved, since we needed dense algebras (where x ≤
x;x is valid) so that they can be applied to relevance logic. A simpler construction
is available from [11] that has been used to show nonfinite axiomatizability of
the equational theories of some residuated algebras in [12]. The Kleene star
operation was not considered in [12], but it can be easily added to the signature.
Also, complementation − can be included in the signature; in the representable
algebras − is interpreted as complementation with respect to the largest element
of the algebra.

Theorem 4.1. Let {·,+, ;, \} ⊆ Λ ⊆ {·,+,−, ;, ∗, /, \,�, 0, 1′, 1}. The equational
theory of R(Λ) is not finitely axiomatizable.

Moreover, there is no strong, finite quasi-axiomatization of R(Λ). In fact, there
is no first-order logic formula valid in R(·,+,−, ;, ∗, /, \,�, 0, 1′, 1) which implies
all the equations valid in R(·,+, ;, \).
Proof. We recall the main features of the algebras An = (An,−, ·,+, ;,�, 0, 1′, 1)
of [11]. An has the following atoms (minimal, nonzero elements): identity 1′, qi
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for 1 ≤ i ≤ m, and pj for 1 ≤ j ≤ n with m = 3 ·n!. Every atom is self converse:
x� = x. Composition is defined so that

qi+1 ≤ p1 ; qi for every 1 ≤ i < m (1)

0 = qr · qs ; qt for every 1 ≤ r, s, t ≤ m (2)

0 = pl · pl ; pl for every 1 ≤ l ≤ n. (3)

The elements of An are the subsets of the atoms, and +, ·,− are defined as the
corresponding set theoretic operations. Composition ; and converse � distribute
over +. We define x \ y := −(x� ;−y) and x/ y := −(x ; y�). It follows that (the
{·,+, ;}-reduct of) An is not representable (since that would imply the existence
of a colouring of the edges of a total graph of m vertices with n colours without
monochromatic triangles; an impossible task). See Figure 2, where every dotted
arrow should have a color pi for some 1 ≤ i ≤ n, and [1,12] for further details.
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Fig. 2. The reason for non-representability

Furthermore, for every nonidentity atom x, we have that x3 := x ;x ;x = 1 in
An. Thus we can define Kleene star in An as

x∗ =

{
1′ x ∈ {0, 1′}
1 otherwise.
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It is shown in [11] that any nonprincipal ultraproduct A of the An’s is repre-
sentable. By the above definition of Kleene star in An, it follows that we can
define ∗ in the same way in A and that the representation respects ∗ as well.

It is shown in [12] that there are equations en in the language {·,+, ;, \} such
that they witness the nonrepresentability of An:

– en fails in the {·,+, ;, \}-reduct of An,
– en is valid in representable algebras.

We give some intuition on the construction of en. To begin with, it is not difficult
to define a quasi-equation e′n expressing that, given the definition of composition
in (1) and that the composition pi1 of i many p1 is below

∑
j pj +

∑
k qk, either

(3) (there are no monochromatic p-triangles) or (2) (there are no q-triangles) is
violated, or some of the q-atoms coincide. For instance, we can define e′n as

∧

i

yi+1 ≤ x1 ; yi ∧
∧

i

xi
1 ≤

∑

l

xl +
∑

j

yj →

ym ≤
∑

i,j,l

xi
1 ; (xl · xl ; xl) ; yj +

∑

i,j,k

xi
1 ; (ym−i+1 · yj ; yk) +

∑

i,j �=k

xi
1 ; (yj · yk)

where i, j, k range between 1 and m and l ranges between 1 and n. By the
definition of composition, e′n fails in An (the antecedent is true, but every element
of the sums in the consequent evaluates to 0 when we evaluate xl to pl and yi
to qi). On the other hand, in representable algebras, assuming the antecedent,
every ym-edge in the representation has a decomposition indicated by one of
the elements in the sums (otherwise the representation would yield a graph
colouring without monochromatic triangles). Finally, using the expressive power
of the residuals, e′n can be equivalently reformulated as an equation en — for
the technical details we refer the interested reader to [12].

Hence there are algebras, the Λ-reducts of An, which are not in the variety
generated by R(Λ) but their nonprincipal ultraproducts are in this variety. From
here on the proof ends as in that of Theorem 3.2. �
Similarly to action algebras we get the following corollary.

Corollary 4.2. The equational theory of relational action lattices is not finitely
axiomatizable over the equational theory of relational Kleene algebras, i.e., there
is no finite set of Eq(RAL) which together with Eq(RKA) would imply Eq(RAL).

5 Conclusion and Open Problems

We mentioned in the introduction that KA provides a strong, finite quasi-axioma-
tization of RKA. That is, the equational theory of RKA follows from a finite
conjunction ϕ of quasi-equations valid in RKA; see Kozen [9] for this fact and
[6] for references to related results. We proved that the analogous result does
not hold for representable residuated algebras, even if we allow ϕ to be any first-
order logic formula valid in representable algebras. Our first question is whether
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we can relax the requirement that ϕ be valid in representable algebras; and if
we relax this condition whether we can choose ϕ to be a conjunction of quasi-
equations. This would mean to find a finitely axiomatized quasi-variety Q which
generates the same variety as the representable algebras (but we do not require
RAA ⊆ Q or RAL ⊆ Q). For motivation we mention that such a quasi-variety
would provide us with a finite quasi-equational axiomatization from which we
could derive precisely those equations which are valid in representable algebras.
Thus, in this respect, validity of the axioms that are not equations is not crucial.

Problem 5.1. Do RAA and RAL have finite quasi-axiomatizations? That is, are
there finitely axiomatized quasi-varieties Q1 and Q2 such that they generate the
same varieties as generated by RAA and RAL, respectively?

By Kozen’s result in [9] and our Theorem 3.1 we get, with an argument analo-
gous to the proof of Theorem 3.3, that the quasi-equational theory of RKA is not
finitely axiomatizable over the equational theory of RKA. In view of our Theo-
rem 3.2, the same argument does not work for RAA, i.e., it is possible perhaps
that the quasi-equational theory of RAA is finitely axiomatizable over the equa-
tional theory of RAA. We can hope even for the two theories to coincide in this
case, because of the following. As Pratt’s work shows, the presence of the resid-
uals of composition allows us to express certain quasi-equations as equations.
We are not aware of any general result that would characterize precisely when
this can be done. Perhaps this can be done for sufficiently many quasi-equations.
Hence we formulate the following question.

Problem 5.2. Do the quasi-variety and the variety generated by RAA (and by
RAL) coincide?

Finally, we mention the same finite axiomatizability problem we addressed in
this paper in the context of language algebras. It is well known that the equa-
tional theories of relational and language Kleene algebras coincide. However,
their quasi-equational theories already differ, there are fewer language Kleene
algebras than relational ones. Also the equational theories differ if we include
meet into the similarity type; see [3] on the connections between the relational
and the language models of Kleene algebras/lattices.

Problem 5.3. Are the equational theories of action algebras and action lattices
interpreted over languages finitely axiomatizable? If the answer is negative, do
they have (strong) finite quasi-axiomatizations?

In connection with this problem we mention that the algebras we used to prove
nonfinite axiomatizability in the relational case are of limited use, since their
ultraproduct is not representable as a language algebra. The reason is that it
contains elements x that are disjoint from the identity 1′, yet x ; x ≥ 1′. This
cannot happen in a language algebra, since 1′ is represented as the singleton
language containing only the empty word.
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Added in proof: During proof-reading this paper we came across the article
Buszkowski, W.: On the complexity of the equational theory of relational action
algebras. In Schmidt, R.A. (ed.) Relations and Kleene Algebra in Computer
Science. LNCS vol. 4136, pp. 106–119. Springer (2006), proving that the com-
plexity of the equational theory of relational residuated Keene algebras is so
high (Π0

1 -hard) that it is impossible to give a recursive axiomatization. This
gives negative answers to the problems in Section 5 when the Kleene star ∗ is
included in the similarity type. In the light of Buszkowski’s paper, our theorems
say that ∗ is not solely responsible for the nonfinite quasi-axiomatizability: al-
ready the ∗-free equations are so complicated that not even the strong ∗ can help
finitely axiomatize them.
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