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Paul Erdlls 

Problemi and r w u l t e  on extreme1 p r o b l a s  in number theory. 
aeoaetry, aml mebinatorice 

During m y  lcmg l i f e  I wrote rany papere abaut solved and 
uneolved problem. I w i l l  s t a r t  with number theory. 

1. Perhaps w f i r s t  e e r iwe  qonjecture which goem back t o  1931 
or  32 etatee a8 f o l l a e :  

Let 1 < a l  < a2 < . . . < 4, be a eenumce of integers. Aesurs 
t h a t  a l l  t he  euw 

ere  d is t inc t .  Is it then t rue  t ha t  there is an absolute constant 
c? for  which 

I i d l - a t s l y  p r w d  by a e i rp le  counting arqumemt t ha t  

and i n  1954 using the eecond mt method Leo Moeer and 1 
proved tha t  

which i e  the  current record. Conww and Guy proved tha t  for 
large n F+, < 2n-2 i e  possible and it has been conjeotured 

tha t  a, < 2n-3 is not poesible. 

I offer  50 Dollars for  a proof or dieproof of (1). 
Our proof with L. Hoeer i e  appeared in [I] .  



2. A few dayu ago SLrkbzy and I asked t h e  following question:  

Let a1 < 9 < . . . < e,, be such t h a t  t h e  seti of 2" - 1 
in t ege r s  

rr 
Z e j a i .  e i  = D  o r  I ,  e i  n o t  n l l  0 ,  

i=l 

does n o t  conta in  an a r i thme t i c  p r a r e s s i o n  of t h r e e  terms. Is it 
then t r u e  that, 

min a, = gn-' ? (2 )  

The conjec ture  ( 2 )  i s  perhaps t o o  op t imis t i c ,  b t t  w e  a r e  con- 
vinced t h a t  

a,., > 3"-C holds hut  w e  can only prove a,, > 3nn-C. A paper of 
ours  on t h i s  and r e l a t ed  problems w i l l  appear noon. 

3. L e t  a l  < a2 < . . . < at  C n be a sequence of in tegers .  
Assume t h a t  a i  X %+av, i < 11, i < v, i . e .  t h a t  no a d iv ides  
t h e  sun of t,wo l a rde r  a ' s .  I s  i t  then t r u e  t h a t  

rnax t = [%21 4 I 7 

Sihrk6ay and 1 conjectured t h i s  20 yea r s  a(fo bnd i t  is annoying 
t h a t  w e  could no t  n e t t l e  t h i s  problem (see [21).  

4. Now t o  a r e a l l y  se r ious  problem which has important conse- 
quences. Let W(n) be  t h e  sma l l e s t  i n t ege r  f o r  which i f  we 
d iv ide  t h e  int tylers < W(n) jn to  t w o  o las ses  a t  l e a s t  one c l a s s  
m n t a i n s  an a r i thme t i c  p r a r e s s i a n  of n terms. Van dnr  Waerden 
i n  h i s  c l a s s i c a l  paper proved t h a t  W(n) exists bu t  he has only 
a very poor ripper bound f o r  W(n), h i s  bound increased as f a s t  
ae  t h e  Aokermann function,  only very r ecen t ly  Shelah obtained a 
p r imi t ive  recurs ive  upper ~ A I U J  f o r  W(n). This was c e r t a i n l y  a 
s m s a t i t m a l  triumph but  Shelah'n bound is probably sti 11 t o o  
high.  I t  m ~ l d  be very n i c e  t o  prove 

w(n)lIn - 
but w e  d o  n o t  even know ~ ( n ) / ( 2 " )  -+ -. 

More than 60 yearo ago Turhn and 1 n s k d :  

Let rk (n )  be t h e  umallent i.nte#ar f o r  which i f  
a1 < a2 <. . . < at (; TI, t = r k ( n )  then  t h e  a ' s  cnntain an 



arithmetic progression of k Cerre. rk(n) < 8 implies 
W(k) i a, i.e. Van der Waerden's theorem. We amjsotured 

I offered 1000 dollara for a proof or disproof of (3) and in 
1972 Sssrsr6di proved ( 3 ) .  Hie proof is a aaster-piece of combi- 
natorial reasmine and his mthod (i-e. him regularity Lemma) 
can be ueed in m y  other problems. A few years later mreten- 
berg proved (3) by methods of ergodic theow. His methods will 
no doubt be used in many other parts of ccmbinatorial number 
theory. 

Here is m y  3000 dollar conjecture: 

Let. Z l/a,, = a. is it then true that the a's contain arbitra- 
rily long arithmetic prugressions ? If it is true this would 
imply that there are arbitrarily long arithmetic pr~ressioae 
awn# the primes. 
Probably there are arbitrarily long arithmetic progressions 
among consecutive primes but this question is aoapletely unat- 
tackable at present and can certainly nat be approached by 
cpmbinatorkal methods (see C3, 41). 

Now I diemass scme problems in geometry. 

Let xl. ... . x,, be n distinct points in the plane. Denote 
by d(xi,xj) the distance between xi and x j .  Let 

ain d(xi,xj) = d. maxd(xi,xj) = D. 

D is thedinmeter of x l ,  ... . 5. Denoteby A(xl ...., xn) 
the number of distinct distances determined by the points 
x l ,  . . . , 3, and by R(xl, . . . .]h) the number of times the aamn 
distance can occur. In other words. R(xl,. . . ,%) in the lsr- 
gest inteiger t for wich d(xi.xj) takes the same value. 

ain A(xl,. . . .x,,) > 01 n/= 
and 

1+c2/loalogn 
max R(xl..-,.x,,) < n 



In (4) and (5) the minimum and the maximum is taken over all 
possible choices of xl, . . . , x,, respectively. 
The lattice pointe show that ( 4 )  and (5) if true are best 
posoible. 

I offer 500 dollars for a proof or disproof of each of the 
conjectures (4) or (5). I am afraid, there are easier ways of 
earning 1000 dollars than deciding these conjectures. Partial 
results have been proved by L. Moser. Beck and Spencer. 
Ssemer€di and Trotter. Fan Chang, Graham and others. I believe 
the current record is n4I5 jn (4) and n5/' in (5). See also 
c5-81. 

2. Denote by F(n) the maximum number of times the diameter D 
can occur. It is easy to see that F(n) = n. I believe this was 
first observed by Erika Pannwitz. Trivially the mininum distance 
can occur fewer than 3n times. Denote this number by f (n). 
Harborth determined f(n) exactly. 
Pach and I conjectured 

(6) if true is best possible, the regular polygon of odd number 
of vertices shows this. We proved 

but did not determine the exact value of aax f(n)+F(n), the 
method of Harborth with some care will perhaps give this. 
Reutter posed the problem of determination of f(n) in E l d t e  
der Mathematik about 1964 and statmi the form~la for f ( n ) .  
Harborth provd it also in Elemente der Mathematik. 

3. Let xl, . . .  , x, be a convex n-gon. Denote by h(n) the 
maximum number of times the eame dintance can occur. In 1858 
Leo Moser and I conjectured that h(n) < cn holds for e w e  
absolute constant c. This conjecture is still open and I offer 
100 dollars for a proof or disproof. 

Maser and I observed that h(n) ? :n and last year Peter Hajnal 
proved h(n) > gn which was improved by Edelsbrunner to 
h(n) > 2n - 7 which is as far as I know the current record. 
Fllrdi very recehtly proved h(n) < cn logn, which is the best 
upper bound. 



Perhaps t h e  following s t ronge r  r e s u l t  holds:  There is an r 
(perhaps r = 4) s o  t h a t  t h e r e  is an xi which has no r o the r  
v e r t i c e s  equ id i s t an t  from it. I once aon jmtu red  t h i s  with 
r = 3, bu t  t h i s  w a s  disprnved by Danser. By t h e  way Pach 
b e l i e v s ~  t h a t  our conjec ture  with Moser is wrong and h(n) /n  
can tend t o  i n f i n i t y  very slowly l i k e  t h e  inverse  Ackermann 
function,  bu t  both FUredi and I be l i eve  h (n )  i cn. FUredis 
paper w i l l  appear soon i n  J. Combin. Theory Ser. A. 

4. Assuw t h a t  

d (x i ,x j )  > 1, lCi<jCn, and Id(xi ,x j )  - d(xk.xl)l  > 1. (7 )  

In o the r  words i f  two d i s t ances  d i f f e r ,  t hey  d i f f e r  by a t  l e a s t  
one. I conjec ture  t h a t  i f  (7 )  holds then 

and perhaps f o r  n > no 

In o t h e r  words ( 7 )  implies t h a t  f o r  n > no t h e  diameter is 
minimal i f  t h e  pointo a r e  on a l i n e .  I f  (4 )  holds then ( 7 )  
imp1 ies 

Kanold proved in  1981 t h a t  ( 7 )  i a p l i e s  D ( x l .  . . . .%) > en3''. 

I posed D(xl,.  . . ,x,) > cn2l3 i n  Kleeente d e r  M~thematik 1981. 
Rarrolds proof appeared soon afterwards.  Makai has some new 
i .nequal i t ies  f o r  small  values of n.  

5. F i n a l l y  a simple problem which has  perhaps been neglected.  

Let xl, . . .  . be n po in t s  no four  on a l i ne .  I t  is easy  
t o  see t h a t  one can f ind  a subsequence xi . . . , xik, k > cfi, 

no t h r e e  of them are on a l i n e .  The proof in  q u i t e  simple. I s  it 
t r u e  t h a t  k > 6 can be improved 9 I can no t  even p r w e  t h a t  
k > cn  does n o t  hold f o r  every xl, . . . , %. Perhaps I over - 
look a t r i v i a l  poin t .  Fflrmii j u s t  t e l l n  ~e t h a t  RRWl and Phelps 
proved i n  a d i f f e r e n t  context  t h a t  k > &G& . In f a c t  they  
proved t h e  following beaut i fu l  theorem. 



Let lSl 

subse t  
a;s. 

= n. Ai C 6, l A i l  = 3, IAi  ,, Ai I < 1, then t h e r e  is a 
1 2 

S1 C S, l Sll > bii, and S1 conta ins  n k e  of t h e  

Now f i n a l l y  I d i scuss  sow extremal problems i n  cosbinator ics .  

1. In my o ld  paper w i t h  Ko and ando many problmm were s t a t e d .  
A l l  bu t  one of them has  been solved. Here is t h e  one which is 
still open: 

Let  IS1 = 4n. denote  by f (n )  t h e  l a r g e s t  i n t ege r  f o r  which 
t h e r e  is a family A i "  S, l A i l  = 2n, 1 C i < f ( n )  f o r  which 
I Ai rn A j l  > 2. We con jectured t h a t  

(10) i f  t r u e  is best poss ib le .  To see t h i s  consider a l l  subsets  
of s i n e  2n of t h e  in t ege r s  1 < x < 4n which conta in  a t  l e a s t  
n + 1 in tege r s  n o t  exceeding 2n. 

More genera l  c o n j e c t u r w  hove been s t a t e d  by Pe te r  Frank1 and 
Cooper. Many papers have appeared on t h e  Erd6s-Ko-Rado theorem, 
here  I only r e f e r  t o  t h r e e  of them C9 - 111. 

2. L e t  H be a graph, T(n;H) t h e  T u r b  number of H is t h e  
l a r g e s t  i n t ege r  f o r  which t h e r e  is a G(n;T(n;H)) ( i n  o ther  
Words a graph of n v e r t i c e s  and T(n;H) edges) which does no t  
conta in  H a s  a subgraph. TurRn determined T(n;H) i f  H is a 
oolrplete graph. The exact  va lue  of T(n;fl) is known only f o r  
very  few graphs. RBnyi, V. T.-S6s and I proved t h n t  

but  . t he  exact  va lue  of T(n;C4) is known only i f  
n = p2 + p + 1 where p is a power of a prime. FUredi proved 

I gublished many papers on extremal graph theory,  he re  I j u s t  
s t a t e  a theorem and two conjec tures  of S i r n o v i t a  and myself. 

L e t  H be t h e  edges of a cube. H is a r egu la r  b i p a r t i t e  graph 
o f  8 vsrtices and 12 edges. We proved 



probably 

T(n;H) > 

but w e  aarld not even proye that T(n;H) / n3I2 + -. 
We conjectured that if H is a bipartite graph which haa dagree 
3 then 

On the other hand if all vertices of fl have degree > 3 then 

Both. (12) and (13), are rather doubtful. In fact let H have 
the vertices x ; y1.y2,y3, y4; a1,a2, a3. s4, s5, a8. x ie joined 
to Y~.Y~.Y~,Y~, each s ie joined to two y's distinct s'e 
to distinct pairs. We could not prove 

I rsoasnd to the interested redder the excellent book of 
Bolobas [I21 and the very nice paper of Siumovits [13]. 

To end the paper I would like to state one of our oldest 
problem. In 1931 E. Klein (Mrs. Ssekeres) obeerved that from 
any 5 points in the plane, no three of which are on a line, 
one can alwaye find four which form the verticee of a oonvex 
quadrilateral. Then mhe aeksd: 

Let f(n) be the emalleat integer for which if f(n) points 
are in the plane (no thr'ee on a line) one can alwaye select n 
of them which form a convex n-@on. It ia not clear at all that 
f(n) exiete. Ssekeree and I proved 

Saekoree conjectured f (n) = 2n-2+ 1. This was proved by Turh 
and E. Makai for n = 5. It ie not known yet whether from 17 
mints one can alwaye find a convex hexagon. 

At~out 10 years ago I aeked: 



Let F(n) be the smallest integer for which if F(n) points 
are given in the plane (no three on a line) can one always find 
n of them which form a convex n-gon whose interior contains 
none of the other points. F(4) = 5 is trivial and Harborth 
proved F(5) = 10. Harborth conjectured that for n > 7 F(n) 
does not exist and this was indeed shown by Horton. It is not 
known yet if F(6) exists. 

Finally many decades ago Richard Guy and I observed that if 
h(n) is the largest integer for which every set of n points 
(no three on a line) contsins at least h(n) convex quhdrilate- 
rels, then 

exists. The value of this limit is not known yet, perhaps 
c = 1/69 7 The exact determination of h(n) will perhaps be 
difficult. See [14]. where m y  papers with Seekeres [15,16] are 
reprinted. 
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