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Let
X,,Z—1§X,,,,<Xn_.|_,,<"‘43(1;,,5_1 (n‘:lszy"') (1)

be a system of nodes of interpolation. We are interested in finding
necessary and sufficient conditions on (1) in order that for every
f(x)eC[—1,1] and £¢>0 there exist polynomials p,(x)e [T, . such
that

plie)=flxe) (BE=liaamn=1,2.) (2)
and
lim I£(x)— pa(x) =0. (3)

Here 17,, is the set of algebraic polynomials of degree at most m, C[ —1, 1]
is the space of continuous functions on the interval [ —1, 1], and || -|| is the
maximum (over [ —1, 1]) norm.

Let x,,=C08 ty,, 051, <ty < -+ <t,,=m, and for an arbitrary inter-
val /= [0, ], denote

NJD=Y 1.

tins 1

In this paper we shall prove the following

THEOREM. For every f(x)e C[ —1, 1] and & > 0 there exists a sequence of
polynomials p,(x) €Iy, ., such that (2) and

1f(x) = pulx)l = O(Ep 1 4. e3(Sf)) (4)
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INTERPOLATING POLYNOMIALS 233

hold, if and only if

N, 1
—Mg— whenever lim n|l,| = (|1,] =length of 1)
n— o ﬂ|!n| T -
(5)
and
Ii_m i min n(ri+l.u_fi.n)>0‘ (6)
Mo 1SiSn=1

Here the O sign refers to n — oc and indicates a constant depending only
on ¢ E,(f) is the best uniform approximation of f(x) by polynomials of
degree at most n.

This theorem, in a slightly weaker form ((4) replaced by (3)) was stated
in [1, Theorem 4]. There was no proof given, only an indication that it is
a simple modification of the proof of Theorem 3. While we werc unable to
reconstruct this “simple modification™ (it was probably not that simple at
all), we found a proof which we think worthwhile to publish, since the
above theorem is a fundamental and frequently quoted result of the theory
of interpolation.

The proof is long and sophisticated, and in order to make it more under-
standable we break it into a series of lemmas. First we aim at the suf-
ficiency of conditions (5)-(6).

LEMMA 1. Under conditions (5), (6) for any €>0 there exists a system
of nodes (in not necessarily decreasing order)

Yn Ve = Vin=CO0S 1,

_ k—l+dm
He = Hiem = m 2|

such that

(a) the x/s are among the y,’s;

(b) nHys1—n)Zec>0 (k=1,.,m; n=ny) with an absolute con-
stant ¢, and

() I1Xi_,1dil 24 (s=1,...m) with a constant A= A(z).
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Proof. Condition (5) implies that for any &> 0, there exist 4(¢) and
ng(e) such that
NJ(D 1

<
nlll —=n

+e whenever n(f)= A(e) and n=mye). (8)

Let

4 =max (A (E) 19)
- 4/ ¢
and consider the intervals

[id (+1)4 o [m™]_
LAY (g ] ),

By (8) and n|J,| =4,

Lt =iy [ 2] -
N,,[J,-}g(;—i—‘—l)d (z_o,m,[d] 1).

The number of equidistant nodes

_Zk—-l?r
T m+12

8* (k=1,-..,m+l)

inJ;is =(4(m+1))/an>(4/x)(1 +¢), ie, at least d¢(1/x—1/4) >3 more
than N,(J,).

We shall construct the #,’s in two phases. In the first phase, in each J,
where at least one #, occurs, replace the #/s by these r.’s, and leave the
remaining fs unchanged. According to the previous argument, there is at
least one such unchanged 6, in each J; (call them free nodes). This system
fulfils so far only (a). We would like to ensure (b). By (6) we may assume
that

c
ti+l_{r';5 (C<la i=l,A..,n—1). (9)
Consider those remaining 6’s for which there exists a ¢, such that

0<16,— 1l <=, (10)

and move these ;s alternatively to the left or to the right with a distance
2¢/(7n). Then these translated 6,’s will be farther than ¢/(7n) from any ¢,
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(see (9)), and the distance of adjacent new @s will be at least
n/(m+1)—4c/(7Tn) > (n/2 —4/7)(1/n). Thus the change in the contribution
of the d,’s will be O(1), and (b) is satisfied. After completing these steps,
at least one free node remains in each J,.

In the second phase we want to ensure (¢} by further modifications.
Divide consecutive J/'s into groups of 104 members. In each J,, the maxi-
mal contribution of d,’s is <(l/m+¢e/4)4-2(1+¢)din<4? (we may
assume that ¢ < 1); thus for the whole group it is < 104°. We would like
to arrive at a situation where the total contribution of d,’s at the end of
each group is < 104°. We proceed by induction on the number of groups.
As we have seen, in the first group the contribution is < 104°*. Assume that
the total contribution of the first @ — 1 groups is < 1047, and, without loss
of generality we may assume that this contribution is nonnegative. By
proper changes, we would like to have a contribution in the ath group
between —104° and 0, thus ensuring a total contribution in the first a
groups between —104° and 104°. In the ath group, the total contribution
is between — 104° and 104°. If it is negative, we are done. Thus assume
that it is between 0 and 104°, and omit a free node from the (54 + 2)nd
J; and replace it by the midpoint of any two adjacent nodes in the
(54 —2)nd J,. The result is a decrease of at least 2-2(1+¢) 4/n and at
most 4-2(1+ ¢} 4/n in the contribution of the 4,’s in the ath group. If this
change transforms this contribution below zero, then we are done. If not,
then omit a free node from the (54 + 3)rd J; and replace it by the midpoint
of any two adjacent nodes in the (54—3)rd J,. The result is another
decrease of at least 4-2(1 +¢) 4/x and at most 6-2{1 +¢) 4/ in the con-
tribution of the d,’s in the ath group. If this second change transforms this
contribution below zero, then we are done; otherwise continue this proce-
dure with the (54 + 4)th and (54 — 4)th J's, etc. Before exhausting all the
possibilities we must arrive at the desired situation, because the decrease of
the contribution in the ath group after all the possible changes would be
at least

4043

T

A
(@ ddes v 10~ BK +a)A,.fﬂ>2?SA(SA—- 1)>

which is greater than 104°, the original maximal contribution in the ath
group. (Even if we needed the last change here, its maximal contribution
is <104-2(1 +¢) 4/n < 134> < 1043, so we never get under —1043.)
After making all these changes in each group, we arrive at a situation
where the total contribution of the d.’s ar the last J, in a group will be
<1043, But it is clear from the previous argument that |d,| <1342, and
since the number of d.’s in a group is <104 -(A(1 +¢&)/n)+ 54 <1242, the
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contribution inside a group cannot be higher than 1342 .1247 ie., bounded
again. Thus Lemma 1 is completely proved. |

LEMMA 2. For the fundamental functions of Lagrange interpolation based
on the nodes (7) we have

1AY s ) =0(1)  (k=1,...m).

Proof. Let

_ln k=1, .., m);

Z,. 2, =CO0S
" & 2m

Tu(x)= [1 (x—2z), (11)
k=1

Q,0x)= ] (x=y.).
k=1

Then for a fixed k, the number v, of y/s for which sgn({ v, — y,) =sgn(k —i)
is evidently v, = o(1), and thus denoting A, = {i|sgn(y, — y,) =sgn(k — i)},
B,=1{l1,..,m}\A, we have

T'(2s)
Q'(yi)

Zp— Iy Zp—2Z;

,'e,qky.-'_yk fegkyk_yf
— + e — 2
=om [] (1+z—* e )

iz By Ye— Vi

—_— + .'f__;".

=0(1) exp z L
ie By Ye— Vi

k= Yet Vi— 2z

=0(1)exp ¥ L =
;;k Yie— Vi

Here, using |d,| = O(1) (see Lemma 1(c)), we get for 1 Sk <m/2
Ve—Zp+zZ;— Y

1
|2 — el Z
Pk (zk_zr')(yk_yij}

ik Y Vi
k |d,|
-o(5#0

_O(L){ T (2 2 (k|d|/m?) + (i|d) /m?) }
o\ ((k —i)* min(k + i, m/2)*)/m®

T:ﬂ(zk} ik

kN (m? m? 1
O(F){F+T,—§k (k—f)2}=o‘”’

1

s

iwk i 2k




INTERPOLATING POLYNOMIALS 237

and using Abel’s transform
5 Zi— Y| _ 5 2 sin(d;m/d4m) sin((4i — 2 + d,)/4m)n
a'#kyk—y" ik .
(d,n/2m) sin((4i —2 + d,)/4m) m + O(m )
=il 3, ——
i#k Ye— Vi
_o {i 0 (sin((4i+2+d,-),f'4m}n
M sk k+1 Ye— Vi1

_sin((4i—2+ d")’mm)n) S d } +0(1)
Ye—Yi =1 i

1 (i/m)| ¥ 1l iim?
=0 (—) . ( £ 1S +— ) +0(1)
m i;tk,zk-.-l [Ve—Viorl 12—y 1 ¥e— 2l
1 itm? iim?
=0(— - —
() Z. (= i) 00

1
=O(Z{k —ZF'FI):O{IL

ik i#k

kY

and similarly for m/2 <k <m. Hence

| Tz )l =0(12,(y)l)  (k=1,...,m). (12)
Now let |x| <1 be arbitrary and 0 < j<m be such that z,,, =x=z
(we take z,=1 and z,,;=—1). Then similarly as before, denoting

ue(z,,,, z;) for which T,,(u) is a local maximum, the number v(x) of s for
which sgn((x — p,)/(u—z;))= —1 is evidently v(x)= O(1). Hence

mi=2l=_ I

ik u—2z; sgn{{x — ri)f{u— )= —1

X—u+z;— y;
X I (l B — ’)
sgn(ix — v )ie—=)1 20 U—2z;

=0(1)exp Y

sgniix — v Wlu—=0=0

=0(1)exp {Ix— ul ( L) +

Tf]](u)
ijm?
+ 2—_}

2
P f U —1 |'|lm

X— Y

u—z;

)

sgnl(x — v )lu—z))=—1 |lu—z,

(ljexpOJ ( () m7)+1}=0(1).

J
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Thus using (12) we get

(Y, )| _| T

m(Zk) xX—yil _ .
1(Z,, u)| I1 ~1=0(1) (k=1,..,m);

Qi) up u—2z;

i.e., using Fejér's result ||/.(z,,, u)| < 2 (k=1, .., m) we get the statement
of the lemma. |]

After these preliminaries, the sufficiency of conditions (5), (6) is easily
proved. Let s=[ne/3], and apply Lemma | with ¢/3 instead of ¢; then
m=[n(l+¢/3)]. Let g(x)ell,, -, be the best approximating polyno-
mial of f{x). Consider

z (Jf(xk) (xk]) [k( Ynn x}
Tiel S WS s {I(Zw}’k +](Z_ss }i)}z

mnwm+i{

i=0
2
x {!_}'{Z\H .'-[)'1' {.f+ ][Z.c! x}} -

Since by the well-known Erdds—Turan result [2, Lemma IV]
WZg, i)+ (2 yi) 21 (z <22 (13)

the definition of p,(x) makes sense. Now

dcgp,,§m—l+2{s—l)<n(l +§)+-2~;—S=n{] + &),

and evidently

pn(yj}=f(yi} (f: lv‘-'=m)'

This proves (2), since by Lemma 1(a) the x,’s are among the y/s. By the
definition of g(x), (13), Lemma 2, and the inequality (a+5)* < 2(a*+ b?)

we get
ilf(x)—p,,{X)IIéllf{x)—q(x)ll{HO[ (Z, %) ) I']}
j=0 Grr<wZz b

Y. YZo 5"
i=90

= Q(E[n(] 4 £}](J{])

since by Lemma 1(b), > 1= O(1). But here again by Fejér’s result

Zri< =z

5

Eahﬁkz

ljmO

and thus (4) is also proved.
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To prove the necessity of (6), assume that there exists a sequence
iy <iy< --- such that

lim n(t, +y,—1;,..)=0.
n—
Hence passing to monotone subsequences (if necessary), there exists a
te [0, n] such that

£

lim 1, ,=1, foovyn—t S, lim &, =0, (14)
i+ in+ Ln [

n—s o0 H n— o

and the sequences {t, ,} and {7, ., ,} have no points in common. Also, we
may assume that at least one of these sequences, say {7, ,}, is strictly
monotone. Then define

—

f(lr'.,,n)zor f(ti,.+1.n]=\,-"jﬁm

and f is continuous and linear between these nodes. Because of (14), this
defines an f(x)e C[—1, 1]. By (2) and the Bernstein inequality

n < f(cos {f.-, + l.n) _f(cos !r.-,,hl

\/g_": IfJ",,-I- 1w = I‘.f,,.,J':
Pal€OS 1y 4 1) = PulCOS 1;,.4)

rf,,+ e I:’,,.n

d
=Epn(cos E) ) =O{”)”pn|l (iE“ﬂ,JH fr}.+l,n)_)v

=5

ie, [pall 2 l;r"\,f’;" — o as n — oo, which shows that (4) cannot hold. Hence
(6) is necessary.

The proof of the necessity of (5) is more difficult. First we prove the
following.

LEMMA 3. Let I,c[—m,n] (neN) and let t, be a sequence of tri-
gonometric polynomials of order at most r, such that r,|I,| — o and
It <M (neN) (r,10c). Denote by Q(I,) the number of +1, —1, +1, ..
osciflations of t, on I,. Then

= |
111‘1'1 Q({n) g_.
LR rn"nl s

Proof. Assume to the contrary that Q([,)/r,|/,|>(1+0)/m for some
>0 and ne (<N infinite), where we may take /,(—a,,a,) and
O<a,<m—256,. Let now s, be an even integer such that
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\/:"a,,és,,<2\/r a, and let &,=nMa,/(s,sind,). Consider the tri-
gonometric polynomial

sin(x/2) \* ol
u,(x)=t,(x)+ (m) cos (r,,—E) x.

of order at most r,. Evidently, on [ —«,, a,], u, has at least Q(/,)—1
zeros. If x¢(—a,—e¢,, a,+¢,) we have for s, large enough

(M) " (sin((a,, + sn)fz))%

sin(a,;/2) sin(a,/2)

2 Sm(s,,;4) COS an_/z my [ 4 ])
sin(a,,/2)

-
(] +25 sin 9, )
(

)' >22M 5 M.

W

Il

1+

Thus u, has at least (2m—2a,—2¢,)((2r,—s,)/2n)—4 zeros in
[—n, z]\(—a,—¢,,a,+¢,). Therefore

2r

OUL) 4 (Gn=20, — 35) T2—t1 290, 55,

16,

2e

Hrﬂ'

Q{fn = +Sn’

1+6 _0Q(,)_0Qu,) _ 1 &, 1

. riL) " 2r.a, TE+ 6 (r,,a,, ! a,,+ \/m!)’

a contradiction, since r,a, — o and &,/a, = c/s, = 0.

We now return to the proof of the necessity of (5). Define the continuous
2n-periodic function F, by F,(t,,)=(—1)* (1<k<n), F, is linear in
between, constant in [0, ¢,,], [7,. 7], F,(1)=F,(—t) (—n<1<0), and

F (t+2n)=F,1) {-oo <t<wx) By (15) w(F,, h)y<cnh, hence

T(F y<e,. Set f,(x)=F, (arccos x). Then by assumption for any ¢>0
there exist p,€ (o such that p.(x,,)=f(xw)=(—1)" (1<k<n)
and

Ifo— Pl S c.Eprpysoym(fi)=c¢ E[H— w(Fa) €€,
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Thus || p,l| <cF (deg p,=[(1+¢&)n]); hence by Lemma 3
N.(1,) - Q)

|
Im —="——< [Im —————<-.
neoe [(1+e)n]|L,] “n—= [(1+&)n]ll,| "7

Since £ >0 is arbitrary, we can put ¢=0 here.

Using the same arguments, we could have proved the following, slightly
more general theorem:

THEOREM A. For every f(x)eC[—1,1], >0, and d= 1 there exists a
sequence of polynomials q,(x)€ I (4, ;. such that (2) and

17(x) = g fx)|| = O(E tius = i1(S))
hold, if and only if

N.(L,) _d i
a ( )é —  whenever lim n|l,| =
n—w nll,| =n T

and (6) holds.
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