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ON THE RESIDUES OF PRODUCTS
OF PRIME NUMBERS

P. ERDGS (Budapest), A. M. ODLYZKO (Murray Hill) and
A, SARKOZY (Budapest)

1.

Throughout this paper, we use the following notations:
¢, €y, - - - denote positive absolute constants. A(n) is Mangoldt’s symbol:

¢ is a large but fixed prime number, @ is an arbitrary integer such that
(@,9) = 1. py, Py, . .. denote arbitrary prime numbers. y, is the principal
character modulo ¢ while y denotes an arbitrary character modulo ¢g. We put

log p if n=p*,
0 otherwise.

p(@) = 3 Aln)
n<x
and
pxy) = 3 an) A (n) .
n<x
For £=2,3,...,2>2, (2,9q) = 1, we denote the number of solu-
tions of

PPy -Pr=0a (modq), ;< %, Py <%, .., <X
by f(z, @, k); in particular, we put
F(a, k) = f(g, a, k)
so that F(a, k) denotes the number of solutions of
PPy D=0 (modg), < ¢, P <G - P <G
Furthermore, we put

9’(3‘«', a, k) = 2 log Py--- IUS Pk »
DXy s PESX
... pr=a{mod gq)
hiz, a, k) = > A(ny) . .. A(nyg),
nlgx,....n;gx

Mmp=a(mod q)
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G(&}, k) = 9’(9; a, k)
and
H(a, k) =hlq,a, k).

2.

P. Erd6s conjectured that for ¢ > ¢, and all a satisfying (2,q) =1
we have
Fla,2) >0,
ie.,

PP, = a (modgq), p; <gq,p,<gq
can be solved.

Unfortunately, we have not been able to prove this conjecture; in fact,
this is almost certainly true, but will be hopelessly difficult to prove. The
purpose of this paper is to prove some slightly weaker related results.

In particular, in Part I we prove some conditional results. In fact, we
derive relatively sharp estimates from the following weaker form of the gene-
ralized Riemann hypothesis (it will be referred to as hypothesis H(6,, )):

HyporrEsts H(0, x). 0, z are real numbers such that 1/2 <6, < 1,
2 > 2 and the functions L(s, y) {where y runs over the modulo ¢ characters)
do not vanish in the domain Re s > 6,, [Tm s| < 2~"%.

The applicability of this hypothesis is based on the following lemma:

Lempa 1. There exisis an absolute constant ¢; such that if 2 < q < x and
the hypothesis H ( Bq, x) is true then we have
(1) (@, 1) — Box| < czs(log z)*
where
_ |1 for x =%

° [0 for 7= %o -
(cq is independent of q, z, 0,, 7).

In fact, (1) is identical with formula (5.10) in [2], p. 236.

In Section 4, we study the functions F(a, 2), G(a, 2). In Section 5, we
estimate F(a, 3), G(a, 3). Finally, in Section 6, we seek for a possibly small
function = z(g) such that for ¢ > ¢, and all a satisfying (2,¢) = 1 we have

flz,a, 2) > 0.
(Part IT will be devoted to weaker but unconditional results.)
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3.
We need some preliminary lemmas.

Levwma 2. If a, ay, . . . , @, are arbitrary complex numbers then we have

g—1 )
=(g—1) 3 |af.

n=1

(We recall that ¢ denotes a prime number.)
Proor. See [1], p. 53.
Levma 3. For ¢ > q, we have

Slwle, 0 < 2¢*logg .
F 4

Proor. By the prime number theorem and Lemma 2, for large ¢ we have

€ — 1) > () <

n=1

S e 0F = 3| s am)| =
X x Il |

g—1 g—1
<g¢ J A(n)logg =qlogg 3 A(n) < 2¢*logq .
n=1

n=1
Levma 4. For = 2,83,...,9>¢q, >q and (a,9) =1 we have

ig{x, a, k) — g—l—IZ‘E(a)(yJ(x, x))k < Bka*—12(log x)g—1 .
— 1%

Proor. We have

1 55 k.l <z X
T SHaE O = 370 (3 umam)] =

—— 2 w@)xny) - .. x(m)Alny) ... Alng) =

9’—1 T M<X,... <X

= 2 Ex(a)x(m )| Amy) . .. A(n) =

nysxn-amsx (g — 1

== 2 A(nl) v A(ﬂk) .

LTt SN o
n,...ny=a (mod g}
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Thus, by the prime number theorem, for large ¢ we have

9@, a, k) — ;1_1 S 7@, )| =

2‘ log p, ...log p;, — > Almy) ... A(ny) |=

- N <Xy <X
p,pl .=a (mod a) ny. .l.n;cza (mod ¢)

= 2 logp...logp <
PO, PE<x
2yt topg>k
p‘l'l. - p?zn(mod q)

k
<3 > (egaf=
=1 pPx.ppt<x
a=2

k
L Py =a(modg)

= k(log x)* > 1<

PY<X . P <x
=>2

PY'... P, =a(modg)

< k(log 2yt ¥ > > 1<

X2y =>2 pRa<x,..., pRk—1<x o
PRSXa>2 pRr<xe... PRt P31 Bt mymatmod g)

< klogz) ¥ > [i] N 1] .
g

PII<%a, 22 PRasx.. . opk-1<x

< & (log 2)*

k—2
] 2 2kx*—(log z)2 ¢ 1

’lsxﬁzzz log x g
= 2kak-1(log 2)2¢-H(2 + o(L)x2(log 2)-1 + O(z13)) < Bla* 12 loga: =y

Fex 21 +p~sx ] =

4.
In this section, we prove the following results:
TaEoREM 1. If the hypothesis H(0,, q) is true, then we have
g—1
> (Gla, 2) — q)* < e+ (log g)° .
a=1

CoroLLARY 1. If the hypothesis H(0,, q) is true, then
(2) F(a,2) >0
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holds for all but cyg®(log g)° integers a such that 0 < a < q. (In particular,

if the generalized Riemann hypothesis is true then (2) holds for all but ¢, (log g)®
integers a such that 0 < a < q.)

Proor of Theorem 1. By Lemmas 1 and 3, for large ¢ we have

()

a=1

> [;—-1—1 Z7@vle, 0 - q ‘ —

2 [g%l %@ (v, xl))zl [

P qg—1

> Tala)(¥(g, xg))z] —
X3

q_'1a=l %

M S S50) @l 0F + g —1) | -

= ' (911)322 q‘s:.(xl_xﬁ} (a)] (‘P(Qr 11))2 (w(q, xg))z —

1
T g 2_g_1 > (E‘E(ﬂ) (vlg, 0)* + ¢*q — 1)' =

a=1
1
Z} i S (2000 (e 0 g DY -
1
L[S w00 e 2 + 2@~ ‘ .

- |Si‘%1 = vl DI — 2a(v(@ 1)) + g — ”' =

gquw@, 1ol — 2a((a, 10))? + g — 1) ‘ +— Slvlg =
g —1 9‘ — 12?&10

= q—ii((w(q, tf —alg — 1) + ;—i—l- > lvle, DI =

et ((wlg, 20) — D@ 20) + @) + 9)* + - > vl DIE<
g—1 7 — 17

gg—i - (lvlg: x0) — D)llwa, xo) + gl + g)*+ . : [Eﬂzx lv(g, 7c)IJ2 > vl NP <

q o—
< g—i—l (cig™(log g)* - 3¢ + g)* + q—i—l(cﬁ"(bg 9)%)*2¢* log ¢ <

< c,g* ¥ (log g)* + cxg't¥u(log ¢)° < ceg t¥(log g)°
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By using Lemma 4, (3) and Cauchy’s inequality, we obtain for large
g that

() g(a(a, 2) —g)t — ‘E A | SHovle. 1 q)=| =
> [[(G(a )~ 1 S x))“J [— 7@ (vlg, D) — q)] =
_ [T > 1) (vlg, D — ] H=
> I[G(a )~ STl x))’)
2 [6a,2) — 1 Zi(a)(w(q, x))=][ | S 70wl )~ ]”g
< g{@(a, s Zx(a)('.v(q, 2| +
2|60, 2) - —— S ST 0| xzf(a)(:p(q, x))‘—q| <

< 9(1 09"42(10g 7)q~ 1)’
+ 2 - 10g%%(log g)g 1 2 — 2 @) (pla, ) —a [ =

a=1

< 100g3(log g)* + 20g%(log g) [(q —n’>

[— ) ] ] <

< 100¢%(log g)* + 20g(log q) (csq***e(log g)*)*2 <
< 100g%(log g)* + ¢,g%**%(log q)7* < cq q**+0a(log )7

(in view of 6, > 1/2).
(3) and (4) yield for large g that

a=I

3 (6la2) — gt <

(G(a 2) — gq)* — S‘ L Zi(a)(w(q, 1) — qr‘ +

a-

+ 3 (q—— > a@)(plg, 0))* — q)

a=1

< ¢ @*?*(log 9)"* + ¢y ¢**?(log g)° < ¢ ¢*+*e(log ¢)°
(again by 6, > 1/2) which completes the proof of the theorem.
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Proor of Corollary 1. Obviously, we have

g—1

(5) @@ —gr< I (0@2)—qp=
a=1 1<a<g—1
Gia, 2)=0
= 3 ¢=¢ 3 1=¢ 3 1.
1<a<g—1 1ga<g—1 1<a<g—1
G(a, 2)=0 G(a, 2)=0 F(a, 2)=0

Theorem 1 and (5) yield that

1
> 1< 3 (08, 2) — q) < eg®Y(log g
};{%:125)2;! a=1

which proves Corollary 1.
5.
In this section, we study G(a, 3) and F(a, 3).

THEOREM 2. There exists an absolute constant ¢,y such that if ¢ = 3 and the
hypothesis H(0,, ) is true with

3loglog ¢

1
6 =0, L—
(6) 2 7 2 logg

then we have
|G(a, 3) — ¢*| < cy9**P(log 9)?
for all a stisfying (a,q) = 1.

CorOLLARY 2. If & > 0, ¢ > q4(e) and the hypothesis H(0,, q) is true with

) b,=1— (3 +¢) 8084
loggq

then we have

(8) F(a,3) >0

for all a satisfying (a,q) = 1.
Proor of Theorem 2. By Lemma 4, for (a,g) = 1 we have

) |G(a, 3) — g+l > 7@ 2

- |9(q, a,8) — g—_lI Sua)(plg, )| < 15¢°2(log ¢)g—* = 15¢%*(log q) .
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Furthermore, by using Lemmas 1 and 3, and in view of (6), we obtain that

(10) ‘—’- 7@ (v, ) — ¢
g—1%

w@ @2 —¢ | € 1 Sy, x))’| <
g—1 g—1 qg—1z

1 B e 2 =
s;l(w(q, 1) — ¢ + L lnzﬁle'p(q. Al

=g—-£—;1w(q, 10) — al| (v(@, 7o) — 9)* + 3(¥(@, 20) — ) 7 + 3¢% + % +

1 o
pfve 1:%. lvlg, P <

< f (@, 20) — a(lw(@> 2o) — 1® + 3lw(@, o) — glg + 3¢°) + 29 +
+2 Syl P <
9 x#x,
<§Iw(q- %0) — | (31vla, 10) — af + 56 + 2 +

2 2
+ q(?:f lpla, 2ol xé lvlg, DI <

<§ - eygPe(log g)? (3¢2 gr(log g)* + 5¢%) + 2q +

D)
+ 7 ¢, ¢%(log q)? - 2¢% log g <

< en(g®—2log 9)® + g**%(log g + g + ¢**%(log g)*) <
< 635(g®~Y(log 9)® + ¢**%(log 9)?) =
= ¢ +0(log ¢)* (¢~**~%(log g)* + 1) < 2¢¥%g**%(logg)? .
In view of (6), (9) and (10) yield that

|Ga,3) — ¢ <

G(a, 3) — —— S 7a)(via. 0| +
¢g—1%

+ {I—ii > wa)(vlg, D) — g"‘ < 15g%2(log g) + csq*Ha(log q)® < c1g**+%(logg)®

which completes the proof of Theorem 2.
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Proor of Corollary 2. By Theorem 2 and in view of (7), we have
G(a, 3) > ¢* — ¢,9" T%(log 9)* = ¢*(1 — cyegYlog g)?) =
— 21 — allog9)=+(logg)?) > L > 0

which implies (8) (in fact, we have F(a, 3) > ¢*(loggq)~2?).

6.

In this section, we prove the following results:

THEOREM 3. There exists an absolute constant ¢,y such that if

1
(11) ‘2‘§ 0, <1 —gq-¥0,
and writing
12) 2 = (o gyia-a0 [JOBL I,
16,

the hypothesis H(6,, x) is true, then we have
(13) flz,a,2) >0
for all a satisfying (a,q) = 1.
CoroLLARY 3. T'here exists an absoluie constant c,q such that if ¢ > gq,, and
the generalized Riemann hypothesis is true, then we have

flegllog @)t a,2) > 0
for all a satisfying (a,q) = 1.

Proor of Theorem 3. By Lemma 4, we have

(14) < 10a32(log z)g—1 .

9z, 0, 2) — —— 3 (@)(p(z, 1)
q— 1 X

Furthermore, by Lemma 1 we have

1 _ P
(15) o o — =
’g = ;‘ 71(@)(p(=, 1)) - I
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1 a?
0 + L0 ?—x? ] A
—7 (@t 2 — ) + e+ 1,ﬁéZ'x'x(ﬂ&)(w(m P <

az

> |y, PP <

1
< —|(y(®, 20))* —
q—ll(w u) (g—1)g Q_Ix#x.

g— |(z, %0) — || (w2, %0) Wz, P <

—-. XX
2z? 1

é"—(lw x, Lo) - :17|2

x#xl

<€p9 (g i ] ¥(log x)* + lm%(]og x)? q_ + — > a%(log z)f| <

x#}i’n

148, 2
< g (xﬂf’a(log )t + ol log x) ] <

< ey [a:‘*f(log x): + ?J-< cmlxﬂ’e(log )t + ;_:EJ ;

Now we are going to show that

(16) €15 = Cao

can be chosen in Theorem 3.
In view of (11), for large ¢ we have

——
1—6,

; log g 2{'(1—3[{}]2—23!
c 1/2(1—6,) (
[csayie=so (5 3

(log )t _

x2_2ﬁg

[10g015§'+ 2 1Og[logg‘-]4
2(1 — 6,) —8 1—8,

logg
1—0,

Cisd (

4
=1 {}_+10g015+ 1 log[log9]}<
esg |2 2logg  logg - (1—0])

4
_1_(1+ loge; | _2 log[10g9”=
esg |2 2logg  logg T lgmv
4 4 1
_ 1 [l_f_ log ¢;5 +_1_+210g10gg]< 1 (_1_ 1]< .
¢;¢12  2logg 5 loggq €159

<

2 4 359
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Thus in view of (16), we obtain from (15) that for large ¢,
1
Can [332 __(log 2) + _3_:2_]

<

2

2220 e

(a7) ‘J;Z%MMWP
g—17%

]

x‘z x? a®
+_J :_+020_<_0
3¢

o

< Cyp [xg
¢ 2

3¢9
Formulas (14) and (17) yield for large ¢ that
:c'3 Z?
glx, a, 2) = — 1(@) x,x)z——JJr
; g_12' (vl ) ==
— , X2
~laila x} av P
- 12/( ), 7)) ;

2 2 32
[ g B 10" log

+Wam—;—27(Wﬂ”2—’

DY >————
7 2 q

and this completes the proof of Theorem 3.

Proor of Corollary 8. By using Theorem 3 with 0, = 1/2, we obtain
Corollary 3.
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