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ABSTRACT

A d�minating cycle in a g�a�h is a cycle in which eve�y ve�tex �f
the g�a�h is adjacent t� at least �ne ve�tex �n the cycle . We c�njectu�e
that f�� each c the�e is a c�nstant k c such that eve�y c-c�nnected g�a�h

with minimum deg�ee 6 >
+1

+k, has a d�minating cycle. We sh�w

that this c�njectu�e, if t�ue, if best ��ssible . We fu�the� ���ve the c�njec-
tu�e f�� g�a�hs �f c�nnectivities 1 th��ugh 5 .

1. Int��ducti�n

F�� n�tati�n, usually we f�ll�w B�ndy and Mu�ty [l[ . The numbe� �f ve�tices, the
c�nnectivity and the minimum deg�ee a�e den�ted by n, c and 6, �es�ectively . A d�m-
inating cycle is a cycle L in g�a�h G f�� which eve�y ve�tex �f C is adjacent t� at least
�ne ve�tex �f L . A m��e s�ecific ty�e �f cycle is a D-cycle , which is a cycle L in g�a�h
G f�� which eve�y edge �f G is incident t� at least �ne ve�tex �f L .

D�minating cycles have been studied f��m an alg��ithmic view��int [3, 4 and 71
with a��licati�ns in netw��k design in mind . We a�e inte�ested he�e instead in studying
an ext�emal ���blem, namely the minimum deg�ee which ensu�es that a c-c�nnected
g�a�h c�ntains a d�minating cycle . Ou� ��ima�y m�tivati�n is n�t alg��ithmic, but
�athe� t� extend ��evi�us �esea�ch �n D-cycles and Hamilt�n cycles . A D-cycle can he
c�nside�ed as a gene�alizati�n �f a Hamilt�n cycle and a d�minating cycle a gene�aliza-
ti�n �f a D-cycle . The�ef��e the smallest minimum deg�ee that gua�antees a d�minating
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cycle sh�uld be smalle� than that f�� a D-cycle, which in tu�n sh�uld be smalle� than the
sufficiency c�nditi�n with �es�ect t� 6 f�� Hamilt�n cycles .

Di�ac's classical �esult gives the sufficiency c�nditi�n with �es�ect t� 6 f�� Hamil-
t�nicity [5] .

The��em Al . Let G be a g�a�h with n>3 and 6>2. Then G is Hamilt�nian .

F�� D-cycles, a the��em �f Nash-Williams (see [2]) establishes an u��e� b�und, which an
exam�le �f Veldman [8] sh�ws is best ��ssible :
The��em A2. Let G be a c-c�nnected g�a�h (c>2) with 6 >

n31 . Then G has a D-

cycle .
B�th these �esults give sufficiency c�nditi�ns with �es�ect t� 6 de�ending �nly �n n . As
l�ng as the c�nnectivity is high en�ugh, it is i��elevant .

Bef��e we ���ve �esults ab�ut d�minating cycles, we need a lemma, which �elies �n
the f�ll�wing tw� the��ems . B�ndy [2] gives The��em B, which �elates c�nnectivity,
minimum deg�ee and what can lie �ff a l�ngest cycle . A g�a�h is n-�ath-c�nnected if
any tw� ve�tices a�e c�nnected by a �ath �f length at least n .
The��em B . Let G be a c-c�nnected g�a�h such that the deg�ee-sum �f any c+1
inde�endent ve�tices is at least n+c(c-1), whe�e n>3, and let L be a l�ngest cycle in G .
Then G-L c�ntains n� (c-1)-�ath-c�nnected subg�a�h .

The��em C, f��m E�dös and Gallai [6], �elates numbe� �f edges and the length �f the
l�ngest cycle .

The��em C . Let G be a g�a�h �n n ve�tices with at least 2
d(n-1)+1 edges, whe�e

d>l . Then G c�ntains a cycle �f length at least d+l .
Lemma 1 f�ll�ws di�ectly f��m these the��ems .

Lemma 1 . Let G be a c-c�nnected g�a�h, c>3, with 6 > --
+c-1 and let L be a

l�ngest cycle in G . Then all subg�a�hs H in G-L have less than (c-2)(v(H)-1)+1
edges .
P���f. Let H be a subg�a�h �f G-L . F��m The��em C, H is n�t (c-1)-�ath c�n-
nected, which im�lies n� cycles �f length 2c-3 �� m��e since such a cycle is (c-1)-�ath-

c�nnected. Using The��em D, H must have less than 2(2c-4)(v(H)-1)+1 edges. 0

2. D�minating cycles in g�a�hs with small c�nnectivity .

Ou� g�al is t� establish a sufficiency c�nditi�n f�� the existence �f d�minating
cycles . In ��de� t� establish a gene�al �atte�n, we begin by ���ving sufficiency c�nditi�ns
with �es�ect t� 6 f�� d�minating cycles in g�a�hs with small c�nnectivity . Late� we
ext�a��late this �atte�n t� f��mulate a c�njectu�e ab�ut the sufficiency c�nditi�n .
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Lemma 2. Let G be a c�nnected g�a�h with n>3 and b >-! .. Then G c�ntains a d�m-

inating cycle .

P���f. F��m The��em A, G has a Hamilt�nian cycle . A Hamilt�n cycle d�minates . 0

Lemma 3. Let G be a 2-c�nnected g�a�h with n>3 and b>3. Then G c�ntains a
d�minating cycle .

P���f. F��m Di�ac [5), G has a cycle L �f length at least
3

. Since b > 3 , eve�y ve�-

tex must have a neighb�u� �n the cycle . �
Until this ��int, the situati�n f�� d�minating cycles is essentially the same as it is f�� D-
cycles; f�� c>3, h�weve�, we see a �adical diffe�ence .

The��em 1 . Let G be a 3-c�nnected g�a�h, with sufficiently la�ge n and 6 > 4+2 .
Then G has a d�minating cycle .
P���f. Let L be a l�ngest cycle in G . F��m Di�ac [5], L has length at least 26 . If L
d�es n�t d�minate then the�e exists s�me vEV(G) such that V(H)fV(L)=O, whe�e
V(H)=N(v) and v(H)>b . By lemma 1,

e(G-L) < (c-2)(v(G-L)-1)+1 <
2

-4 .

The�e must exist s�me x,yEV(H) such that dG_L(x) < I and dc-L(y) < 1 (see Figu�e 1) .

Figu�e 1 .
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Othe�wise dG_L(u) > 2 f�� all uEV(H) exce�t f�� ��ssibly s�me x'EV(H) . By lemma 1,
n� uEV(H) can have neighb�u� wEV(H), since then e(u+v+w) = 3 . The�ef��e each edge
must acc�unt f�� �ne ve�tex deg�ee and since v(H) > 6

E dc-L(x) < e(G-L) �� 2(-!!-+2-1) = 2+2 > 2-4 .
u E:V(H)
ufz'

Then dL+z(x) > 4+1 and dL+y (y) > 4+1 . The neighb�u�s �f x and y �n L must be

at least f�u� a�a�t �n L �� we c�uld f��m a l�nge� cycle by including x,v,y and �mitting
the ve�tices �n the cycle between the neighb�u�s �f x and y . The�ef��e
v(L) > 4(4 +1) > n . L must d�minate . ED

The��em 2 . Let G be a 4-c�nnected g�a�h, with sufficiently la�ge n and 6 > 5+3 .

Then G has a d�minating cycle .
P���f. Let L be a l�ngest cycle in G that d�minates the m�st ve�tices . Again L has
length at least 26 . If L d�es n�t d�minate then the�e exists s�me v and H as in the��em
1 . By lemma 1,

e(G-L) < 2(5 n-6-1)+1 = 5n-13 .

The�e must exist s�me x,yEV(H) such that dG_ L(x) < 11 and dG_L (y) < 11 . Othe�wise
dc-L(u) > 12 f�� all uEV(H) exce�t ��ssibly f�� s�me x'EV(H) . Since each edge can
acc�unt f�� tw� ve�tex deg�ees and v(H)>b

I E dG-L(x) < e(G-L) �� 1 12(n+3-1) = 6n+12 < -%-13 .
2 .EV(H)

	

2

	

5

	

5

	

5
u#z'

The neighb�u�s �f x and y �n L must be at least f�u� a�a�t �� we c�uld f��m a l�nge�
cycle . C�nside� any tw� neighb�u�s �f x and y �n L that a�e f�u� a�a�t, 1 1 and l s , and
the ve�tices between them �n L, 1 2,1 3 and 1 4 (see Figu�e 2) . All neighb�u�s �f 13, �the�
than 1 2 and 1 4 , must n�t be �n L �� we c�uld c�nst�uct a cycle �f equal length that d�m-
inates �ne m��e ve�tex by leaving 12,13,14 �ff the cycle and including x,v,y . This w�uld
c�nt�adict the ch�ice �f L . The�ef��e if any neighb�u�s �f x and y �n L a�e f�u� a�a�t,

v(L) > 4(6-11) = 6n-32 and v(G-(L+H+v)) > 6-2 = 5+1 . But then G must have

m��e than n ve�tices . If the neighb�u�s �f x and y �n L a�e all at least five a�a�t, then
v(L) > 5(6-11) = n-40 and again we have m��e than n ve�tices . The�ef��e L must
d�minate . �

The��em 3. Let C he a 5-c�nnected g�a�h, with sufficiently la�ge n and b > 6+6 .

Then C has a d�minating cycle .
P���f . Let L he a l�ngest cycle in G that d�minates the m�st ve�tices . Again L has
length at least 26 . If L d�es n�t d�minate then the�e exists s�me v and H as in the��em
I and 2. By lemma 1,

e(C-L) < 3(3n-12-1)+1 = 2n-38 .

simila� t� the��em 2, the�e must exist s�me x,yEV(H) such that dG_L(x) < 23 and
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Figu�e 2 .
dG_ L (y) < 23 . The neighb�u�s �f x and y �n L must be at least f�u� a�a�t �� we c�uld
f��m a l�nge� cycle . C�nside� any tw� sets �f ve�tices �f L that have tw� neighb�u�s �f
x and y f�u� a�a�t, 11,12,13,14,15 and lk,lk+i,lk+2,lk+3,lk+4 (see Figu�e 3) .

Figu�e 3 .

1 93



B�th 1 3 and 1k+2 must have all neighb�u�s �ff the cycle, exce�t f�� thei� immediate neigh-
b�u�s �n the cycle . These neighb�u�s must als� be disj�int �� we can f��m a l�nge� cycle
as indicated in Figu�e 3 . The�ef��e if tw� �� m��e sets �f neighb�u�s �f x and y a�e f�u�
a�a�t, v(L) > 4(6-23) =

6
n-68 and v(G-(L+H+v)) > 2(b-2) =

6
n+8 . But then G

as m��e than n ve�tices . If the�e is at m�st �ne set �f neighb�u�s �f x and y that is f�u�
a�a�t then v(L) > 5(6-23)-1 = 6n-86 . With this new estimate �f the size �f v(L) by

lemma 1,
e(G-L) < 3(6+86-1)+1 = 2+256 .

Simila� t� the��em 2, the�e must exist s�me x,yEV(H) such that dG_L(x) < 6 and
d�-L(y) < 6 . If the�e is at m�st �ne set �f neighb�u�s �f x and y that is f�u� a�a�t then
v(L) > 5(b-6)-1 =

6
n-1 and we again have m��e than n ve�tices . The�ef��e L d�m-

inates . 0

3 . The c�njectu�ed sufficiency c�nditi�n
Even th�ugh we d� n�t kn�w the exact �esult f�� highe� c�nnectivity, the f�ll�wing

exam�le �laces a l�we� b�und �n the sufficiency c�nditi�n . Let c>1, A>c and G c�nsist
�f the f�ll�wing subg�a�hs :

X = K,
Yi = KA V z„ i = 1,2,

	

c+1,
with ext�a edges f��m eve�y ve�tex in X t� eve�y ve�tex in Y i -zi (see Figu�e 4) .

'~00 0is

	

0,-"
Z, Z2

Figu�e 4 .

G has c�nnectivity c, b = A = n-(1+n ) and n� d�minating cycle . F�� a d�m-
c+1

	

c+1
inating cycle t� exist each Yi must have at least �ne ve�tex �n the cycle s� each z i will
be adjacent t� the cycle, but t� include each Yi we need c+1 ve�tices in X . G sh�ws

that the sufficiency c�nditi�n is g�eate� than n -2 .
c+1
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We c�njectu�e the f�ll�wing sufficiency c�nditi�n f�� d�minating cycles in te�ms �f
6 and c :

C�njectu�e 1 . Let G be a c-c�nnected g�a�h with n>3 and 6 >
c+1

+k,, whe�e kc is

a c�nstant de�ending �nly �n c . Then G has a d�minating cycle .
C�njectu�e 1 is the best ��ssible by the ��evi�us exam�le s� it may all�w values f��

6 that a�e t�� l�w t� gua�antee a d�minating cycle . We a�e much m��e ce�tain that the

sufficiency c�nditi�n f�� 6 is n�t a c�nstant, like
6

, as it is f�� Hamilt�n cycles and D-

cycles . It may be m��e �eas�nable t� t�y t� find a sufficiency c�nditi�ns, in te�ms �f 6,

f�� each c that a�e less than
6

and dec�ease as c inc�eases .

One h��e in ���ving such a c�njectu�e is t� sh�w that when the�e is a d�minating
cycle, s�me l�ngest cycle d�minates as we did in the��ems 1,2 and 3 . H�weve�, the f�l-
l�wing exam�le sh�ws that l�ngest cycles a�e n�t necessa�ily d�minating alth�ugh d�m-

inating cycles exist . Given c>6 and m>6 we c�nst�uct such a g�a�h G with 6 = n64

�n n=6m+2 ve�tices . Let G c�nsist �f the f�ll�wing subg�a�hs :
H=vVH'

whe�e v is a ve�tex and H' is a Km , and
m

J=KmV UY'i-l
whe�e Y=K 4 ) with ext�a edges f��m eve�y ve�tex in H' t� eve�y ve�tex in the Km (see
Figu�e 5) .

Then G has c�nnectivity c and 6 = m+1 = n64 . A l�ngest cycle in G has all �f the

ve�tices �f each Y,, i = 1,2, • • • m, and als� Km ; t� include H w�uld add 3 ve�tices,
but w�uld als� �em�ve a Y f��m the cycle the�eby subt�acting m��e than 3 ve�tices . N�

l�ngest cycle is d�minating, but a d�minating cycle exists. F�� 6 > c+1
+k,, sufficiently

la�ge n, and c>_6 such exam�les exist s� f�� highe� c�nnectivity we cann�t ���ve c�njec-
tu�e 1 by sh�wing that it im�lies a l�ngest cycle d�minates . Neve�theless, we ex�ect
that the c�njectu�e h�lds, and these exam�les sim�ly sh�w that �u� l�ngest cycle tech-
niques cann�t gene�alize .
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N�te added (July 1985) :

B�ndy and Fan (Unive�sity �f Wate�l��), and F�aisse (Unive�site de Pa�is Sud)
�ecently c�mmunicated t� us diffe�ent ����fs �f c�njectu�e 1 . We summa�ize F�aisse's

����f he�e . Veldman [9] defines a D a cycle t� be a cycle C f�� which G-C c�ntains n�

c�nnected c�m��nent with X �� m��e ve�tices . Fu�the� define as t� be the maximum
numbe� �f �em�te subg�a�hs �f ��de� X (tw� subg�a�hs a�e �em�te if n� edge c�nnects a
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ve�tex in �ne t� a ve�tex in the �the�) . Veldman [9, thm 2] ���ves that if as < c, then

G is D a cyclic when c>2 .

In gene�al, a DX cycle need n�t be d�minating, but if ,\ <_ 6+1 such a cycle is d�m-

inating. N�w set X = c+1 and set 6 > X+c . C�m�ute ax . If as < c, then Veldman's

the��em assu�es us that the�e is a Da cycle, which (since X<6) is d�minating . If �n the
�the� hand, as > c, the�e a�e at least c+1 �em�te subg�a�hs each with X ve�tices . All
a�e disj�int, and this acc�unts f�� n-c ve�tices in t�tal . The g�a�h is c-c�nnected, and
hence the �emaining c ve�tices a�e c�nnected t� each �f the �em�te subg�a�hs . H�weve�,
c�nside� a ve�tex in �ne �f the �em�te subg�a�hs . It has at m�st X-1 neighb�u�s in the

�em�te subg�a�h, n� neighb�u�s in any �the� �em�te subg�a�h, and at m�st c neighb�u�s
am�ng the c�nnecting ve�tices . But then its deg�ee is smalle� than 6, which is a c�nt�ad-
icti�n . This ���ves c�njectu�e 1 .

B�ndy and Fan ���ve a m��e gene�al the��em which has this �esult as a c���lla�y .
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