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ON THE STATISTICAL THEORY OF PARTITIONS

P. ERDBS and M. SZALAY

1.

In what follows we are dealing with some statistical
properties of partitions resp. unegual partitions of
positive integers.

Let 11 be a generic "unrestricted" partition of the

positive integer n, i.e.,
(1:1) I { }-
Aj 's integers, m=m(I)
As to the number p(a) of unrestricted partitions of =n,

according to the theorem of G.H. HARDY and S. RAMANUJAN

from 1918 {(see [31), we have
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(1.2)  ptn) = (1+o(>))

x ~*
exp(= Jn).
n 4nyJ3 Je

Suppose that w(n)f« (arbitrarily slowly). Then, the
theorem of P. ERDOS and J. LEHNER from 1941 (see [11)
states that, for almost all partitions of n, 1i.e., with

the exception of o(p(n)) 10 's at most, we have

(Ll:3) e 42-‘% Jn log n + o(Jn w(n))

1
and
(1.4) m =-‘2%J:'1'loqn + o(Jn win)).
Further, the relation

A < g Jn log n + -\:5 Jne (¢ real constant)
holds for

(exp(= Sns e %) 4+ 0(1)) pln)

partitions of n.
¥ Here the o-sign and later the o-sign refer to n= .

- 398 -



Here,

= [
AICH) mix {.\ullu n},

i.e.,

In this paper we consider the problem of the asymptotic

behaviour of the maximum with multiplicities, i.e., of

(1.5) mzx[ku mult(ku)lluen}

for almost all partitions of n.

This maximum is trivially

2 h;e1l 2 %% Ja log n = Jn w(n),

but one can expect that

max {A mult(hu)] 2 57 Jo log n + £(n)Jnm
u

(with a suiltable function f(n)>w(n)) for almost all
n ’s.

It is trivial that

= 395



mult(klﬁ =1

r

for almost all 1 's, moreover, since 1 appears as

summand [Jn/w(n)] ~times at least, we have
S Cdrnfwln)l
for almost all [ ’s. Similarly, removing 1's and adding

to the maximal summand and conversely, it is easy to see

that the inequality

(1.6) hp=hy 2 %E Jnee (¢ positive constant)
holds for
(1.7) (e” + 0(1)) pln)

partitions of n.
Adding and removing summands, for one k, we obtain

that mult(hu)=k implies that

A mult(x ) =2 k< 52% Jn log n + Jn w(n)
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for almost all partitions of =n. However, for many k's,
the mentioned transformation is not injective (it may
happen that k'h;, = LU L o ). At the same time we

see that in order to get a significant increase we have
to consider many k's. Indeed, by deeper arguments we

shall prove the following

THEOREM l. Let us suppose that uw{n)te (arbitrarily

slowly). Then, for almost all partitions of n, we have

(1.8) maxir  mult(ir )} =
T o

= %% Jn log n + %E Jn logleglog n + o(yJa win)).
Moreover, the number of partitions of n with the property

(1.9) max {Au mult(Au)} <
u

< %% Vi log n + %E Jn logloglog n + %E Jnec

(¢ real constant)

is
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(1.10)  (exp(- %E e Y + o(1)) pln).

2.

At the Colloguium on Number Theory in Debrecen (1974)
M. SZALAY (see [4]) gave an application of Erd&s-Lehner'’s
theorem to the dimensions of the complex irreducible rep-
resentations of Sn ; the symmetric group on n letters.
According to a theorem of G. Frobenius and I. Schur, there
is an appropriate one-to-one correspondence between the
unrestricted partitions of n and the pairwise non-
equivalent irreducible representations (over the complex

field) of sn R g 4 such that

it (A=A +v=n)
dim 1 = ny 1SESVIR

m
o (x +m=ud!
i u

u=1l

M.P. Schilitzenberger called the attention to the interest
of the question what can be said on the distribution of
these dimensions. M. SZALAY [41 showed that almost all

dimensions are of the form

(2.1) exp(3 n log n - o(n loglog n)}.
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P. ERDUS gave a simpler proof (considering the contribution

of the primes from the interval [(A,+m,nl) and remarked

1
(see [71, pp. 154-155) that this cannot be improved to

/2 -1

(2.2) expli(n) + otat!? 10 tan

for any function g(n).

r

p S

By means of the statistical investigation of the A

the estimation (2.1) was improved to

/8

(2.3) exp{% n log n—(%+a)n + cr(r-.'-‘F logqn)l

by M. SZALAY and P. TURAN (see [51, (61, [71). Here a
is a positive constant defined by complicated integrals.
This estimation required relatively precise asymptotics
for the Ru's. E.g., with the restriction

(2.4) logsn < u = %% Vo log n - 5Jn loglog n

the relation

1

Jn log

(2.5) J\u = ll+O(1og = gy S— TE

Jén
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holds uniformly with the exception of o(p(n)n_l) parti-
tions of n.

We can mention also a simple consequence of this esti-
mation, connected with our first problem. Let uy be
the minimal index with the property

malt(ax ) 2 2.,
Yo

It is easy to see that (for w(n)?=)

Hg < 111'!4 win)

in almost all partitions of n. Hence

A, 2 g z#u’;legn—ﬁm(n)
"o tn~*win)a x

and, consequently,

mult(lu y o= 2,
o}

(mult(\u )23 would imply a contradictory upper estimation
o]

similarly to the case k=3.)

As another application of (2.4)-(2.5), we proved that
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almost all partitions of =n represent all integers from
[l,n] as subsums (see P. ERDUS-M. SZALAY [271).
In these cases the summands were in decreasing order.

We can investigate the increasing order, i.e.,

For win)?=, the number of 1's is between Jn/uw(n) and

Jn w(n) (in almeost all partitions of n). Hence,

for

1 <y < Jnfuin).

Apart from this triviality, we can obtain good estimations
only for "large" u's. However, the ahove multiplicity

problem does not appear in unegual partitions:

teuotx =n, a. Pa.>...2a (21)
m m

S| %y

(2.6) & 2 if }

o ‘s integers, m=m(I1%)

and
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L3 =
(2.7) af e

Their number g(n) is

~ I et
dn 3 J3

(see G.H. HARDY-S. RAMANUJAN [£31).
As to the decreasing order, following [5], [61 and
L7], one can obtain analogous estimations, roughly,

instead of

%E Jr log ____-_—E?F_—
l-exp(- — )

n
with
E%E J; log 22

exp(—==)-1
2/3n

(the ranges change).
However, the increasing cerder is more interesting.

We shall prove the following

THEQDREM 2. Faor (n)ie=, wz(n)?m and

Y1
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(2.8) usl(n) log n £y £ i-

we have the uniform relation

(2.9) u; = (l+o(L + @En 2y

= u

apart from O(Q(n)n_l) unequal partitions of n.

Here the upper bound for 1 is necessary to u{]'"Zu
(cf. (4.20)) but the lower bound in (2.8) is too large

and we can prove also

THEOREM 3. For

we have the uniform estimation

0 log ko
(2.11) la! = 2ul < f—-—k-—

(0]

with the exception of

/2

(2.12) o(q<n3k53 )

unegqual partitions of n.
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Theorem 3 and the proof of Theorem 2 (cf. (4.22)-

(4.23)) yield the following

COROLLARY. For arbitrary n>0, there exist n and

€>0 such that, for n)no with the restriction

(2.13)

m =

<u<edn,

the estimation

(2.14) Ia; - 2ul £ np

holds uniformly with the exception of
(2+15) ng(n)

unegual partitions of n at most.

3. PROOF OF THEOREM 1.

We shall use, for

(3.1 Re z > O,

the function
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o o

(3.2) flz) = I T:E;E?%;;7 =1 + gl pinl)exp(-nz)

v=1 n=

and the well-known formula

2

. 1 z
(3.3) £(z) = exp(F; + 5 log 3= +0(1)) for 2-0
in all angles
(3.4) larc z| < % < 1/2

(log means the principal logarithm).

For arbitrary positive integers n and k, let
pln,k) denote the number of partitions of n centaining
v as summand Ck/vi-times at most for every integer v
of the interval ©[1l,kl. Let us observe that the relation

(3.5) 1+ pln,k)w” =

nrie

1

n

k o
= (T (l_w(tk}v]+1)v)} i

I
1 v=l l-w

W

holds for |Iwl<l. Cauchy’s formula gives the representa-

tion
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(3.6) pln, k) =

k o
_ l‘ | w—n-l{ I (1_w(ckj\-':l+l)u)1 I 1
lwl=p v=l v=l l-w

\de

for 0<p<l. Let us define gk(z) by

(3.7) gk(Z) =
k
= {0 (l-exp(-vz([k/vI+1)))}£(z)
v=l
for
(3.8) x = Re z > 0.

Then we have

(3.9) pln,k) =

1~ &

gk(x-l-iy)exp(nx-hiny)dg
T

L
2n

for x>0.

Let 4 be a sufficiently large constant and e fixed

with 0<e<10”%, further,

(3.10) %% Jn log n € k < %; Jn log n.
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We choose

(3.11) x = xg = ﬂ% a2, 9y = a~3/4%e/3,

and investigate (3.9) as

n
1 ;
pln, k) = Er {ﬁ gk(x0+1g)exp(nxo+1ny)dy =
1 “¥3 THy i Yo x
=s=tJ + I +] +75 +] 3y,

-n ¥y ¥y ¥y Y,

(We use some ideas of G.A. Freiman’s p(n) -estimation.)

For

(3.12) ly| = 49, (and n—-e},
we can apply (3.3)-(3.4) and get
f(xo+ig) =

2 x . *iy
_ T 1 0
= EKP(ET;ST?;7 +t3 log 5t o(l)),

further, under the restriction (3.10),
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Iexp(—v(x0+ig}LEk{v]+l))l =

= expl-vxy([k/vI+1)) < expl-kxy) < n—l{Z'

k
il (l*exp(—v(x0+iy}(Ekfv]+l))) =
=1

k

. L 1

= expl vzl iog 1-exp(—v(x0+iy)(tk1v]+l)))
K

= exp(- I {exp(-vlx +ig) (Ck/vI+1)) +

\j—
+ o(exp(-EkxO))}) =

K
= exp(- L exp(-u(x0+iy)(fkfuj+l)) + a(l)).
v=1 i

Conseguently, the relation

(3.13) gk(x0+iy) =

2 xo+iy

- f B L
- exP(ﬁ(xo+ig) t3 log 21

- 5L exp(—u(x0+iy}(Ekfv3+l)}+o(l)J
w=l
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holds under the restrictions (3.10)-(3.12).

First,
“1
1
ETY 3 gk(xo+.iy) exp(nxo+ing)dy =
-y,
Lb ] 2
. . ik i B . A2
=i il exp{nx0+1ng i g?;(l i N (XO) +
-4,

y x y
+0t23) 401 + 3 1og 5o + o=Ly =
XO n xo

k
- L (l+o{ky1))exp(-va(Ekfu1+l)}]dy -
v=1

'}
1 X
1 2n 1 0. &n .2 _
T [ exp{= Jn + 5 log 37 — - v *+ o(l)
9 JE 0
= 2
- El exp(—uxottk}v]+1)3 + otk yy exp(=kxy)))dy =
v=
)4
= ii%%ll J;% exp(%% Jn - vgl expf-uxottk{v]+ln) x
1 2
x [ exp(- fL y Jdy =
-y, 0
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k
= Lol (28 7o T explovxg(Tk/vI+1))) *
4n3J7 Jé v=1l

+m 5
{ [ exp(=u“)du + o(1)} =

-

®

k
= Lto(l) exp(gl Vo = L exp(-vx (Lk/vi+1))) =
anJ3 Jé w=l
k
= (1+o(1))p(n)exp(~ L exp(—vxo(tk}vj+1))).
v=1l
Next,
=y ]
1 2
1
27 |-—.r + J 1=
¥2 73
¥2 Trzx x
< L I exp(nx. + e D i log 2 4 0(1) +
T (o} 6¢ 2+ z) 2 2n
B‘l *o y
k
+ L exp(=vxy([k/v1+1)))dy <
v=1
X X
< exp(nxo + 5 02 # -é- log -é-% +
6(xo+gl)
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+ 0(l) + k& exp(—kxo)) =

2 4

= ( sEi -8, o8y 4 0a )) =

= exp nxo X 3 o a1 og n =
0 xo xo

= exp(gl N A5 n3!2 gi + o{log n)) =
Jg T

= p(nlexp(~-

k
f
&
V=

exp(—vxo(tk}v]+l)) -
1

= J;,'_g a3l2 gi + o(log n)) =

k
o(l)p(n)exp(- ¥ exp(—vxo(tkfu]+l))).
v=1

Finally, we have to estimate the expression

Y2 1
1
El.lr"'fl.
- vy
For
(3.14) ¥q < lygl £ 7,
we get

= MG =



|f(x0+ig)1 =

L] @

exp(Re L L % exp(=vulxy+iy))) <

v=l u=l

1

1A

exp( L < Iexp{u(xo+iy})—l|_ ) e
=1 ®

= exp( L % ((exp(uxo)—l)2 +
u=1

+ 4exp(ux0)sin2 %?)_1!2) <

1A

Y =

exp(2sin h™ 4+ ¢ 2

=2 U
u=2 Xy

It
o]
ksl
=
\
I
i
[}
+
!
—

and

k
([ (l—exp(—v(x0+ig)(Ek!v]+1)))| <
: 4

k
< 1 {1+exp(—vx0(ckfu+1))) <
=1
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< (1+exp(-kx0))k < explk exp(—kxo)).

Therefore,
-y
2 T
1
"z—nlf"'.rl:i
i vy
PR A T s, S
=1 Pinxqg 6 2c
L]
+ k exp(-kxo))dg <
< exp(-zw1E = - 5%—) fL + o(logn)) =
Je 0 *o
k
= p(n) exp(- & exp(—vxo([k}vj+l)) -
v=1

—(1—52—0)-‘£§Js+oclogn))=

k
= o(l)p(n) exp(- L exp(—vxo(tk!v]+l))).
v=1l

Thus we have proved the relation
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(3.15) pln k) =

k
= (1+0o(1))p(n)exp(- £ exp("uxo{tk/v]+l)))
vw=1
for
T =1/2
(3.16) xg = ]% n '
—@Jﬁlognsxs‘ﬁ\lalogn.

(5]

b
Supposing the inequalities
(3.17) -‘2;—:6: Jvn log n + -"2% Ja logloglog n £ k <

(_‘E

< *= Va log n,
we obtain that
k
L oexpl-vx ([k[v1+l)) =
2 Q
v=1

Ck/(Clog nl+l)1]
= b exp(-vx, (Tk/vI+l)) +
v=1
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Llog nl Ck/s]
L Py exp(-vxqy(Ck/vI+l))
s=1 v=[k/(s+1)1+1

ok log_ln) exp(—kxo) +

Lleg nl Ck/s]
r E exp(-vx
=1 wv=[k/(s+1)1+1

(s+1)) =
& (0]

0((loglog )~ 1/2) 4

Llog nl exp(-x,(s+1)(Lk/(s+1)1+1))

El ( 1-exp(-xde+l)) -

5

exp(—xo(s+1)([kfs:+1})

l—expf—xo(s+l)) p=

[log n1l exp(—xo(s+l)tk!(s+1)})

o) L Tl R IT -

exp(-xo(s+l)tk!s])
expfxo(s+l))—l

)=

Clog nl exp(—kx0+o(xo{s+l)))
ofll) + S |

s=1

explx (s+1))-1

- 419 -



N exp('kxo(l+s—l)+O(x0(s+l})} y

exp(xo(s+l))“l B

Llog nl l—exp(-kxos_l)
= o(l) + exp(“kxo) z m +

s=1 (0]

[log n1l O(xo(s+l))

- - - x
+ expl ka} szl E—}W exp( kxO)

Llog nl =] 1
x ‘ (l-exp(-kxos )){;ETgxiT + 0o(1)} + o(l)+

s=1

2y Clog nl l-exp(-kx s_l)
= xo expl-kx,) L

s=1

0 + o(1).

s+1

We apply the trivial inequalities

exp(-kxos-l) expf—(Zs)—llog n)
0 < <
s+1 s+1

=

i : log n
1f l=zss= 2loglog n

1 if log n

< A
s+l 2loglog n <%l g
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Thus,

[log n1l 1 =3
0 < 55 s exp(-kxos ) s
s=1
< o(log n) "io—;'—n + log(2loglog n) + o(l) =

= o(logloglog n).

Hence, by (3.17),

=1

exp(-vx ([k/vI+1)) = xg~ exp(-kxg) *

X

1

kY

x {loglog n + o(logloglog n)} + ell) =

= %E Ja loglog n exp(-kxy) + o(1).
Therefore, we have

(3.18) pln,k) =

k
= (exp(- ﬂ JE loglog n exp(- _L)) =
' J&a

+ o(1)) p(n)

- 421 -



for
(3.19) %g Jn log n + %% Jr logloglog n € k <

< %E Jn log n.

Taking into account ERDOS-LEHNER’s theorem, (3.19) implies
that, for almost all 11 's, every summand is <k. Hence,

Theorem 1 follows from (3.18)-(3.19).

4. PROOF OF THEOREM 2.

For
(4.1) Re z > O,
we have
(4.2) 1+ E g(n)exp(-nz) = ; (l+exp(-vz)).
n=1 v=1

(3.2), (3.3) and (3.4) give that

£(z)
£(2z)

o
(4.3) n (l+exp(-vz)) =
v=l
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n —
12z

= expl log2 + ofl)) for =z-0

=

in all angles

(4.4 larc z| < » < nf2.

For arbitrary nonnegative integers n,k and Aiz1,

let g(n, k, A) denote the number of unegual partitions

of n with exactly k summands =A; here by definition

(4.5} g(0,0,0) = 1; g(0,k,A) =0 for k=l.

Let us observe that the relation

(4.6) o L gln k, Mexpl-nx—ky) =
n=0 k=0
]“l o
= N (l+exp(-tx-y)) 1 (l+expl-vx))
=1 w=A+1

holds for real y and positive x. We choose

1 n—l{E

(4.7) X = x, =
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First, for

(4.8) y > 0, n - =, X z 0,

we obtain that

gln, k, ) =

I 1%

exp(-nxo-xg)

k=0

K

< L gln, k. A) exP(-nxO-kg) =
k=0

w o

L L gln, k. 0) expl-nx
n=0 k=0

1A

o—kg) =

A ltexp(-ix,-y)
(1+exp(-vx )) T
g=1

]
= 8

1 l+exp(-£xo)

W

L gln k A) =
k=

+Kky) 1 (l+exp(“vx0)) %
v=1

< exp(nxo

= _ _l-exp(-y)
% 5, Expk£x0J+L) =

= g =



2

< explnx +Ky+ —— + o(1) -
0 l2x0
- (1-exp(-y)) 5 ) = o)) «
4=1 exp XO

A

x explKy-y EXP(‘Q)LEl E}ETE?ST:TT}'

For
-y A 21 log n
(4.9) K < = 8
= Egl exp(mx0)+l y .
we get
i -2
(4.10) L gln, k A) = olg(ndn ).
k=0
Next, for
(4.11) y < 0O, n-==, L 220,

we obtain that

o
-Ly) L glmk M) S
k=L

exp(—nxo



L gln, k. &) exp(-nx

< -ky) <

k=L 0
< L I glnkn) exp(-nxg=ky) =

n=0 k=0

o A l+exp(-tx_+lyl)
= T 2] ;

(l+exp(—vx0)) i

1 =1 1+exp(—£x0)

L gln k 0) <
k=L

1A

exp(nxO—Llyl3 n (l+exp(—vxo)) x
v=1

A
i exp(lyl)=-1
% 11 L% expfhxo)+l) s

1

1A

2
explnxy-Llyl + 1;x + o(l) +
Q

A

+ (exp(ly!)-1) & 2
=1

exp(£x0)+l) =

3/

= 0fn 4q(n}) ®

A
1
x exp(*Llyl+|y|exp(|y|)£§l E;;TE;GT:i)
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A

lyl 1 log n
(4.12) LZe £§1 EXDU.JCO)+1 + 3 ToT o
we get
(4.13) T aln. K K) = olatn)n o)

k=L

For an unequal partition 1% (cf. (2,6)-(2.7)), let
sln, 1%, A) stand for the number of summands (in 10%) not
exceeding A, (4.8)-(4,10) and (4.11)-(4.13) yield that

the inequalities

A
i -t 1 _ 5 log n
(4.14) s, 0%4) 2 ™ T vy - 3 or
(4.15)  s(n, 1% A) < eF ; L + 32212
. n, 17,1 8 1=1 e¥Plixgl+l t

hold for arbitrary t>0 with the exception of o(q(n)n-z)
unequal partitions of n at most.

We suppose that

(4.16) A = log n

and choose
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(4.17) t =t = .

Then, from (4,14) and (4.15),

i

1
s(n,N%,0) = T >
i=1 expinx05+I

1 310911

i
—{l-exp(-to)) 21 exp(lxo)+l - th

L=

v

2

v

=1 =1
—tnAZ - 3t0 log n =

0

-JE.J'-\'JIOQ n o,

resp.,

1
1
* =
s(n, % A) E Sxplix T =

=1 (o]
a 1 log n
< (exp(t . )-1) T ey e o 3 —- <
0 =1 exp !.xo + tO
-1 ~-1
< exp(to}toh2 + 3ty log n <
< exp(J6) /6L Iog n .

Thus, the estimation
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(4,18) gln, M*, 0) =

A
_ 1
=k, Sty T ot Tog =)
L=1 0

holds for Azlog n with the exception of o(q(n)n-z)
unequal partitions of n at most., The exceptional sets
can vary with A& but the relation (4,18) holds uniformly
for log n<A<n with the exception of

]
(4.19) ol(glnlin )

unequal partitions of n at most,

We have

13
exp(%x0)+l

1
1 exp(£x03+l

A A
= = [ ds + o(1) =
L= o]

1 LA _
[ ;6 lOg(l+exp(-%x0))JO + 0(1) =

1 2
% log m + 0(l),

Conseguently, the uniform relation
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S Gy —— 2 o TR
l+exp(~- —2—)
2J3n

holds for all but O(g(n)n_l} unequal partitions of =n

with the restricticn
(4,21) logn £ A €1,

(For A=cJn, cf, P, ERDBS-J. LEHNER [11, Theorem 3,1,)
Since S(n,ﬂ*,a;)=u, (4,20) shows the necessity of
the upper hound in (2,8) to u;~2u.

If A 1is restricted by

(4.22) log n € A < {2x0)_1 = ‘i—? Jn,
we obtain that
; A A expl(-ix_)
% 2 Z ?l it ° L Tiemren 0} &
=1 exp;lxo F=1. expl= )
1 f‘L 1 A
= Y expl~tx.) 23 T (l-ix.) 2
2 eoq o} 2 2y 0
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Therefore, the uniform relation
(4,23) sln,n*%,p) =

= 5 + 0% + o(JF Tog m)
Ly

holds for all but o(gln)n_ unequal partitions of

with the restriction (4.22). Let
(4.24) ml(n)log n <y <

Then, by (4,22)-(4,23),

I

s(n, 1%, 3u) = %u + olu) > p ,
3 3
S(n,ﬂ*,iu) =gn + olu) < u .
Hence,

S < a; <3n .

= 431 -
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Thus a; satisfies (4,22)(and a;=o(u)). By (4.23),
u = S(n,ﬂ*,a;) =

“P
= 7; + oiaazxo) + O(Ja; log n) =

-

a

= f$ i o(uzxo) + o(Ju log n)
which implies that

a’ = 2u + O(;zxo) + o(Jy log n) =

Y
= (1+0(L) + o(J——g——T"u"))zu .
n

5. PROOF OF THEOREM 3.

For arbitrary positive integers n and k, let
qk(n) denote the number of unegual partitions (of n)
every summand of which is greater than k. We shall need

the following
LEMMA. For

1}5

(5.1) k=k(n), l<k=n and ne=;
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the relation

(5.2) g (n) = (l+e(1)) L2
2
holds,

PROOF. Let us observe that the relation

w

(5.3) 1+ £ g (aw” = 1 (1+w")

n=1 v=k+1
holds for |wl<l. Cauchy’s fermula gives the representa-
tion

L i (14w ) dw

v=k+1

y

(5.4) qk(n) =

for 0<p<l, TLet us define h, (z) by

o

(5.5) hk(z) = i (l+exp(=-vz))
v=k+l

for

(5.6) x = Re z > 0.

Then we have
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X
(5.7) g, (n) = 3= | b (x+iglexplnx+ing)dy
=1

for x>0,

Let ¢ be a sufficiently large constant and e

o
fixed with o<:<1o'2, further,

(5.8) 1<ksnl/5,
We choose
(5.9) x = x5 = s vy = pm34%el3,
23
Yy = Coxo

and investigate (5.7) as

qk(n} = %: J hk(x

-n

O+iy)exp(nxo+iny)dy =

i Ty ¥y ¥ Y3 g
=ﬂ{.r # £ +f 5 + [}k
B Uy TY; ¥ Y2

For
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(5.10) lyl = ¥,y (and n-=),

we can apply (4,3)-(4.4) and get

(l+exp(—v(x0+iy))) =

=g
=

2
= T _ ik ,
= exp( (x0+iy 5 log2 + oll)},

further

(l+exp(—v(x0+ig)))_l =

==

1

k
exp(- 1 log(l+exp(—v(xo+iy)])) =
w=1

k
exp(-k log2 + J 1log =) 1
y=1 1-2 (l—exp(—u(x0+iy)))

).

Here, by (5.8) and (5.10),

log =

|
1 1-2 l(l-exp(—v(x0+iy3))

R

| =

I [~] &
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k 1

< % log = <
w=1 1-2 ll-exp(—u(x0+iy))1
=3,
k 2 Il—exp{—v(x0+iy))|
< — =
v=1l 1-2 fl—exp(-v(x0+ig))
k
= B et MY = s 42y
v=1
= ota” 10 = o).

Consequently, the relation

(5.11) hk(xo-i-iy) =

T 1
= exp(—k lOgZ + W—g—)— —2‘ lOg2 + o(l))

holds under the restrictions (5,8) and (5.10).

First,
1 1
o f hk(x0+iy)exp(nxo+in§)dg =
~gq
g
1 2 y
=t ;7 expl-k log2trm=—(l-1i - Efro 3y +
2n 12% x x x
-y 0 o *o 0
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+nxo+£ny—%log2+o(l)}dy =

¥1
J exp{~k log2 + — Ju -
-y, I3

¥
-

- 2B 3122 574 - Llog2 + o(1)}ay =

- LoD ook oo X )
2n2 J3
v
x [ exp(- ¥ nsugz)dy =
-uy

LoDy gk gy J§ 3L Y,
2rJZ J3

o 2
x { [ exp(=u“)du + o(l)} =

-

_ l+0(1)

27% exp(i Jm) =
4n 3 Nk

= (l+o(1))2°K gln).

Next,
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-92 91
1 Y2 ‘2“‘0
< =] expl-k log2 + —5 3 * axg + 0(1))dy =
Ty 12(x0+y )
1
= o(1)27¥ expc——-T + nxg) =
12(: 'l-gl
2 4
= o(1)27k ¢ 2 (1 - 2 (—n+ ) =
= 0 exp W nx
(e} xo xO
o(1)27% exp(—\;-% J5 = ¥ a2e13y

o(1)27% g(m).

Finally, we have to estimate the expression

For

(5.12) = |yl s x ,

¥

- 438 -



we get (with z=x0+iy)

exp(Re [, log(l+exp(=vz))) =
v=k+1

= exp(Re T z
v=k+l p=1

e el

= exp(=vuz)) =

o

= exp(Re ]
u=l

("lJu_lexp(—kuzJ

ulexp(uz)=1) xd

< exp( L u_llexp(pz]—lr-l} =
u=l
= P
el By (expluxg)-12? +

-1/2

+ 4exp(uxo)sin2 %?) ) =
lyl,=1 , o _1
in dly™
< exp((2sin 5 ) + T _ﬁ__) <
u=2 u xq

1A

exp(i(15 -1 4 5=
x5 6 ZCO
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Therefore,

Y2 n

: S

gl f o +7 1=
- v,

£z I exp(:L{%; - 14 5i)tnxg)dy <
g2

1A

2
exp(jé & = 3%3 ik autay =

k

0{1)27F g(n)

owing to (5.8),(5.9) and (5,12)., This completes the proof

of our Lemma,

Let
(5.13) (28£)k0 g i et g e(ky), O<e<l.
We are going to prove the uniform estimation
|ﬂ£ - 2u| £ ep
for a number of unequal partitions of n. Here, the

number of the exceptional partitions is
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1A
|
by
-
r
5
St

where E(u,n) denotes the number of unequal partitions

of n with
(5.14) Iu; - 2ul| > ey.
By (4.,22)-(4.23),

(5.15) s(n,n*,csnuej) =

/6 1/6

=3 +onznt/®sa

holds for all but O(Q(n)n‘l) unequal partitions of

From (5,15),

1/6

(5.16) a’ < 3n W

!
Enl‘éj

(5,13) and (5.16) imply that

(5.17) E(y, n) =
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[(2-e)pl

F= ! t <a’
uu i 15a1<...<au_1 u-1

g rln=al=-,,.~a! =a’) +
B 1 1= ol RS

E3nlf63

u&=[(2+e)u]+1 lSai<...<u’

F
u_lSGH 1

Ty = .
qu;(n af{=v..-2

! _qmeld +
i e
% u

H

+ O(q(n)n_l).

Here

s el | Fo 115 = ;lJ'rS
(n—ul Al uu_l u&} 2 (n uau) z

= 3nlfa za' .

-2!3)1!5
"]

> a1~
We can apply ocur Lemma and obtain that

r

wrla =
qa;(n a1=ees au

Sy s
1 uu)
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-a'!

o(2 u)q(n—ui—...—u'_l—a') =

B B
"Cl'
= 002 W)tn-af-..mal_ -y
g exP(JL(n-ui-...—u' 1—0’11’2} =
a = H

—-o !
= o(2 u)n—Bfé exp(JL Jn) =
J3

-y !

o(2 u)q(n).

From (5,17).

E{u,n) =

n
(o}
"
—
=]
e
(e
]

£3a41%3 ar-1 -/
+ o(g(n)) i ( b_l)z .
c;=[(2+c)u]+l u

ototnts™,

+
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(5.18) E(u,n) =

[(2-e)ul 1

= gy ™Y 4 £ dIp2d s
Jj=u
1/6
L3n J "
+ (j:i)2-‘7].
F=r(2+e)pl+l ¥
Clearly,
[(2=e)ul ; [(2=e)ul %l
@it s % dy27 =
j=u i=u
w8y T (2u-t)2‘(2u-t)'
eust<p=1 Y

Using Stirling’s formula we get
109{(2u;t)2-(2u-t]}

log(2u=t)! = log u! - log(u-t)! - (2u=t)log2 =

[

(2pu-t) (log(2u~-t)-1log2} - y log p -

(u-t)log(u-t) + % log %%ié?) + 0(1) =
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v log E:ELZ + (p-t)log ngég +

1 1 kS -
+ 7 109{;(1 + ?—_E)l + 0o(l) =

-u log " — t (u-t)log@ + _3TE:?)) +
I

1 1 1
+3 109(;-:; + :J + o(l) s

P W, _ t A _
u(ii + I(EF} )+ (u=t) e TR o(l)

1A

2
- E; + 0(1).

Thus,
C(2=-¢)ul
> 393 g
j=u
2 =
+ o(l) b exp(=t“/8Bu) =
geustsu-1

o(l) T exp(-t2/8y) =
t2ey

o(l) ©L exp(-ct[8) =
tzeu
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= ote Dyexp(-¢2u/8).

Similarly,

£3a1/6; el o - o,
T (2" < by <i)z 7 =
j=r(2+4e)pi+L ¥ F=0(24e)ul+l

T (2u+t)2-(2p+t) =
t>eu

L exp{log(2u+t)!-log ul-
t>eU

log(u+t)i=(2u+t)log2} =

T exp{(2u+t)log(u+t/2)=y log u= {(p+t) =log(p+t)-
t>eEp

- % log v + % log 3%15 +0(1)} =

+

L expi{u log(l + %%)-(u+t)log
tsy o]

—%logu-i-%loq{l +;-i—=-)+o<1)} =

I

-1/2 £ _
o(u ) L exp {u = (u+t) x
t>eu
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1 o i L
* Grnrey P 3temEeey) ) =

=1/

2
o™ 1 expt- gty -
t>ey

= o(u-lxz) L exp(-et/l6) =
t>Ep

-1 -1f2

= ofle )exp(-szuflﬁ).

From (5.18),
E(y,n) =

=1

= olgla)) (o~ tee lexpl=c?u/8) +

- a-lu_lfzexp(—ezuflﬁ)}.
Finally,

= o(q(n)){n-5;6+£_l v exp(~s2uf8} +
U=k0
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e ) u_lfz exp(—tgu!lﬁ)} =
u=k
o]
= o(g(n)) {n_5}6+0(e-a)exp(—eszIB) -

+ o(a_3k5112)ex9(—52k0116)}.

Let
FO leg ko
(5.19) EE g—=pg—=" s
(o}

For kozza, we have 0<e<l and

3 B0, 5) = otatare. 1y,
1/6 0
koguSn
Consequently, for 285k05ujulf6, the uniform estimation
0 log kO
Ia;—Zul SR
9]

/2

holds for all but O(q(n)k;3 ) unequal partitions of n,
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