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1 .

In what follows we are dealing with some statistical

properties of partitions resp . unequal partitions of

positive integers .

Let Ti be a generic "unrestricted" partition of the

positive integer n i .e .,

~1+A2+ . . .+Ám=n,

	

a>l x ? . . .?

	

(?1)

(1 .1)

	

II

	

{

	

}

's integers, m=m(II)

As to the number o(n) of unrestricte partitions of n

accor ing to the theorem of G .H . HARDY an S . RAMANUJAN

from 1918 (see 131), we have



YC

(1 .2)

	

p(n) _ (1+0(1 )) 1

	

exp( 2 f) .
4n1-3-

	

./í~

Suppose that w(n)Pw (arbitrarily slowly) . Then, the

theorem of P . ERDUS an J . LEHNER from 1941 (see 111)

states that, for almost all partitions of n, i .e ., with

the exception of o(p(n)) H 's at most, we have

(1 .3)

	

a l =

	

log n + O(~n w(n))2 Ti

an

(1 .4)

	

m = Z f log n + O(f w(n)) .

Further, the relation

X 1
_<

	

log n +

	

f•c

	

(c real constant)27

	

1T

hol s for

(exp(-

	

e-c ) + o(1)) p(n)

partitions of n .
Here the o-sign an later the o-sign refer to n-- .



Here,

a l (R) = max fX IX ell)
u

X1 = max a .
u

In this paper we consi er the problem of the asymptotic

behaviour of the maximum with multiplicities, i .e ., of

(1 .5)

	

max{a u mult(a u )IX Eli}
U

for almost all partitions of n .

This maximum is trivially

>_ a l •1 >_ 2 fn log n -

	

w(n),

but one can expect that

max{a mult(a u )} > 2 f log n + f(n)~

u

(with a suitable function f(n)>w(n)) for almost all

E 'S .

It is trivial that



for almost all R 's, moreover, since 1 appears as

summan CJn/w(n)7 -times at least, we have

X 1 - )~
2

? CJnlo(n)7

for almost all R 's . Similarly, removing 1's an a ing

to the maximal summan an conversely, it is easy to see

that the inequality

(1 .6)

	

X 1 - X 2 >-

	

Jn •c

	

(c positive constant)

hol s for

(1 .7)

	

(e -c + 0(1)) p(n)

partitions of n .

A ing an removing summan s, for one k, we obtain

that mult(a u )=k implies that

a u mult(x~) = a~k <- -L6 4-n log n + f w(n)



for almost all partitions of n . However, for many k's,

the mentione transformation is not injective (it may

happen that k'aú, = k" a" u „ ) . At the same time we

see that in or er to get a significant increase we have

to consi er many k's . In ee , by eeper arguments we

shall prove the following

THEOREM 1 . Let us suppose that w(n)l- (arbitrarily

slowly) . Then, for almost all partitions of n, we have

(1 .8)

	

max(a u mult(X )} _
u

= Zn

	

log n + - f logloglog n + o(f w(n)) .

(1 .9)

is

Moreover, the number of partitions of n with the property

max (a u mult(X u )} <
u

<_

	

log n +

	

f logloglog n +

	

~n- •c2n

	

n

	

n

(c real constant)



(1 .10)

	

(exp(- f e-o ) + o(1)) p(n) .

2 .

At the Colloquium on Number Theory in Debrecen (1974)

M . SZALAY (see 141) gave an application of Er ős-Lehner's

theorem to the imensions of the complex irre ucible rep-

resentations of sn , the symmetric group on n letters .

Accor ing to a theorem of G . Frobenius an I . Schur, there

is an appropriate one-to-one correspon ence between the

unrestricte partitions of n an the pairwise non-

equivalent irre ucible representations (over the complex

fiel ) of sn : H f- rp such that

II

	

(a -~ +v-p)
1_p<v<_m

	

p v
im r,, = n!	m

II

	

(a +m-u) 1
p=1

	

p

(2 .1)

	

exp[Z n log n - 0(n loglog n)) .

M.P . Schützenberger calle the attention to the interest

of the question what can be sai on the istribution of

these imensions . M. SZALAY [41 showe that almost all

imensions are of the form



P . ERDőS gave a simpler proof (consi ering the contribution

of the primes from the interval Ca l+m,n7) an remarke

(see E71, pp . 154-155) that this cannot be improve to

(2 .2)

	

exp{g(n) + O(n 112 loa
-
1n))

for any function g(n) .

By means of the statistical investigation of the

the estimation (2 .1) was improve to

(2 .3)

	

exp{Z n log n-(2+A)n + O(n 7 /$ log4n))

by M . SZALAY an P . TURÁN (see E51, C67, 171) . Here A

is a positive constant efine by complicate integrals .

This estimation require relatively precise asymptotics

for the a u 's . E .g ., with the restriction

(2 .4)

	

log 6n <_ u <_ 2R \/n log n - 5~ loglog n

the relation

(2 .5)

	

a = (1+O( 1 )) f fn log	1	u

	

log n

	

n

	

1-exp(- nu )
6n

A u 's,



hol s uniformly with the exception of o(p(n)n
-1 )

parti-

tions of n .

We can mention also a simple consequence of this esti-

mation, connecte with our first problem. Let u 0 be

the minimal in ex with the property

mult(a ) ? 2 .uo

It is easy to see that (for m(n)I-)

u0 <_ n114 w(n)

in almost all partitions of n . Hence

an , consequently,

0 ' ~1n 1/4w(n)7 > 4n log n -

	

w(n)

mult(a

	

) = 2 .u 0

(mult(a u )>_3 woul imply a contra ictory upper estimation
0

similarly to the case k=3 .)

As another application of (2 .4)-(2 .5), we prove that



almost all partitions of n represent all integers from

C1,n7 as subsums (see P . ERD6S-M . SZALAY C27) .

In these cases the summan s were in ecreasing or er .

We carn investigate the increasing or er, i .e .,

For w(n)?-, the number of 1's is between Tn1w(n) an

w(n) (in almost all partitions of n) . Hence,

for

an

1 <_ u 5 Jn1w(n) .

Apart from this triviality, we can obtain goo estimations

only for "large" u's . However, the above multiplicity

problem oes not appear in unequal partitions :

al+ . . . +am=n,

	

al>a2> . . .>um(?1)

(2 .6)

	

I' :

	

{

	

}

's integers, m=m(II")



Their number q(n) is

4n 3/4 3 1,4
exp(n

./~
f)

(see G.H . HARDY-S . RAMANUJAN C37) .

As to the ecreasing or er, following E51, E61 an

E71, one can obtain analogous estimations, roughly,

instea of

with

TI
n log

	

1
1-exp(- nU )

6n

2~-3

	

log	1
exp( nu )-1

2,,r3--,

(the ranges change) .

However, the increasing or er is more interesting .

We shall prove the following

THEOREM 2 . For W 1 (n)l-, w 2 (n)P- an



(2 .8)

	

w 1 (n) log n 5 u < w J) '
2

we have the uniform relation

(2 .9)

	

a' = (1+0(! + ~log n ) ) 2u

apart from o(q(n)n -1) unequal partitions of n .

Here the upper boun for a is necessary to aú-2u

(cf . (4 .20)) but the lower boun in (2 .8) is too large

an we can prove also

THEOREM 3 . For

(2 .10)

	

(28-)k0 < u < n 1(6 ,

we have the uniform estimation

0 log k
(2 .11)

		

laú -

	

2p1 <_ u
~

	

k
	 O

O

with the exception of

(2 .12)

	

o(q(n)k 0 312 )

unequal partitions of n .



Theorem 3 an the proof of Theorem 2 (cf . (4 .22)-

(4 .23)) yiel the following

COROLLARY . For arbitrary n>O, there exist

e>O such that, for n>n O with the restriction

(2 .13)

	

1 <_ u <_ ef ,e

the estimation

(2 .14)

	

la' - 2u1 <- nuu

hol s uniformly with the exception of

(2 .15)

	

rig(n)

unequal partitions of n at most .

3 . PROOF OF THEOREM 1 .

We shall use, for

(3 .1)

	

Re z > O,

the function

n 0 an



(3 .2)

	

f(z) ef H 1-exp(lvz) - 1 +

	

p(n)exp(-nz)
V=1

	

n=1

an the well-known formula

2
(3 .3)

	

f(z) = exp(6z + 2 log -n + 0(1)) for z-0

in all angles

(3 .4)

	

larc zl <_ x < n/2

(log means the principal logarithm) .

For arbitrary positive integers n an k, let

p(n,k) enote the number of partitions of nn containing

v as summan Ck/v7-times at most for every integer v

of the interval Cl,k- . Let us observe that the relation

(3 .5)

tion

1 +

	

p(n,k)wn =
n =l

{ k

	

(1-w (Cklv7+l)v )}	 1
v=1

	

v=1 1-w

hol s for Iwl<1 . Cauchy's formula gives the representa-



(3 .6)

(3 .7)

for

Then we have

p(n,k) _

= 1

	

J

	

w-n-1{ k (1-w(Ckfv7+1)v)~

	

1

	

w2ni I wl=p

	

V=1

	

V=1 1-WV

for O<p<l .. Let us efine 9k (z) by

gk (z) _

k
{ II

	

(1-exp(-vz(Ck/v7+1))))f(z)
V=1

(3 .8)

	

x = Re z > O .

1 R

(3 .9)

	

p(n,k) = 2n J gk (x+iy)exp(nx+iny) y
-n

for x>O .

Let c0 be a sufficiently large constant an c fixe

with O<c<10-2 , further,

(3 .10)

	

I fn log n 5 k <- Z r log n .



We choose

-112

	

-3/4+s/3(3 .11)

	

= n n

	

,

	

yl
= n

	

'J6,

an investigate (3 .9) as

TI

p(n,k) = 2n f gk (xo+iy)exp(nx0 +iny) y =
-n

1

	

-y2

	

- y1

	

y1

	

y2

	

n
= zn í f + f + f

	

+ f + f ) .
-n

	

-y 2

	

-y1

	

yl

	

y 2

f(x0 +iy) _

(We use some i eas of G .A . Freiman's p(n) -estimation .)

For

(3 .12)

	

lyl <- y2

	

(an n---),

we can apply (3 .3)-(3 .4) an get

2

	

x +i y
eXp(6(xor +iy) + 2 log 02,1 + 0(1)),

further, un er the restriction ( 3 .10),



lexp(-v(xo+iy)(Ck/v7+1))I =

•

	

exp(- ,) xp(Ck/v7+1)) 5 exp(-kxo ) <_

k
II

	

(1-exp(-v(xo+iy)(Ck/v7+1))) _
v=1

k
•

	

exp(- Í {exp(-v(xo+iy)(Ck/vI+l)) +
v=1

+ o(exp(-2kxo»» _

k
•

	

exp(- Z exp(-v(x0+iy)(Ek/v'+1)) + o(1)) .
v=1

k

	

1
= exp(- vEl log 1-exp(-v(xn+iy)(Ck/v7+1)) ) -

Consequently, the relation

(3 .13)

	

gk (xo+iy) _

r 2

	

x
o
+iy

- eXp( 6(x,+iy)

	

log

	

2n -

k
- Z exp(-v(x o+iy)(Ckfv1+1))+0(1))

v=1



hol s un er the restrictions (3 .10)-(3 .12) .

x

	

y
+ o«Ll1 3 ) ) + o(1) + Z log 20 + o(X1 )

O

	

O

k
- E (1+o(ky l )) exp(-vx0 (Ck/v7+1))} y =

v=1

yl

	

x

2n f exp{?n

	

+ 2: log 20 - z y 2 + O(1) -
-y1

	

J6-

	

0

k
exp(-vxo (Ckjv7+1)) + o(k 2 y, exp(-kxo ») y =

v=1

1+2
(
1)

	

k

°2 exp( 2n

	

-

	

exp(-vx 0 (Ck/v7+1))) x
v=1

yl
2x f exp(- X y) y =

- yl

	

O

First,

2n
y l

r gk(x0+iy) exp(nx 0+iny) y =
y1

yl 2
= 2n f exp{nxO +iny + 6x (1-i -2- - (X) 2 +

- yl o O O



Next,

k

•

	

1+0(1) exp( 2n f - L exp(-vxo (Ck1v7+1))) x
4n4f

	

f

	

v=1

+m
x { f exp(-u 2 ) u + o(1)} =

k
•

	

1+0(1) exp(2n f - L exp(-vxo (Ck/v7+1))) _

4n

	

f

	

v=1

k

•

	

(1+o(1))p(n)exp(- L exp(-vxo (Ck/v7+1)))x
v=1

1

	

y 1

	

y 2
2rz ~_

	

+ 1 1 <
y 2

	

y 1

y2
1
y l

2
exp(nx~ +	

n2xo
+ 2 log 20 + 0(1) +

6(xo+y L)

k
+ L exp(-vx o (Ck/v7+1))) y <_

v=1

2
<- exp(nxo +	

rz2xp2
+ 2 log xo +

6(x o+y 1 )



For

(3 .14)

we get

+ O(1) + k exp(-kxo )) _

2

	

4
Y

	

Y1
• exp(nx + 6

2

x(1 -o

	

+ o( )) + o(log n)) _
o

	

xo

	

xo

•

	

exp(Zn - n3 12 yi + o(log n)) _

k
•

	

p(n)exp(- Z exp(-vxo (Cklv7+1)) -
V=1

-

	

n3/2 yi + O(log n)) _

k
•

	

o(1)p(n)exp(- E exp(-vxo (CkJv7+1)))x
V=1

Finally, we have to estimate the expression

1

	

I

	

2l +1 I .2n

y2

-n

	

y2

<_ 1y1 < E



an

= exp(Re L

	

Z 1 exp(-vu(xo +iy))) <_
v=1 u=1 u

<_ exp( E 1 lexp(p(x +iy))-11-1) _
u=1 u

	

o

= exp(

	

1 (exp(ux O )-1) 2 +
W-1 u

+ 4exp(pxo )sin2 2) -1/2 ) <

<- exp((2sin

	

-) -1 +

	

2 ) <_

v=2 t' x o

2
<_ exp(X (6 - 1 + 2, ))

O

	

O

k

Il

	

(1-exp(-v(xo+iy)(Ckfv7+1)))1 5

v=1

k
<_ R (l+exp(-vx o (Ck/v7+1))) <_

v=1



Therefore,

5 (l+exp(-kx0))k <- exp(k exp(-kx0)) .

1

	

-y2

	

n
2n 1 1 + I 1 <-

-n

	

y2

2
<_

n

n
r exp(nx0 + x(6 - 1 + 2c ) + .

0

	

Oy 2

+ k exp(-kx0)) y <_

< exp( 2", Vn

	

+ o(log n)) _2CO x 0

k
p(n) exp( - Z exp(-vx0 (Ck/v7+1)) -

V=1

(1 - 2C )

	

4n + 0(log n)) _
O

k
= o(1)p(n) exp(- z exp(-vx0 (Ck/v7+1))) .

V=1

Thus we have prove the relation



(3 .15)

	

p(n,k) _

for

k
_ (1+o(1))p(n)exp(- E exp(-vxo(Ck/v7+1)))

v=1

(3 .16)

	

xo =
71 n -112 ,

i

Zn

	

log n <_ k !5

	

f log n .

Supposing the inequalities

(3 .17)

	

2n

	

log n + 2 f logloglog n <_ k <_

<_ 46

	

log n,n

we obtain that

k
Z exp(-vxo (Ck1VI+1)) _

v=1

Ck/(Clog n7+1)7
z

	

exp(-vxo (Ck/v7+1)) +
v=1



Clog n7 Ck/s7
•

	

L exp(-vx0 (Ck/v7+1)) _
s=1

	

v=Ck/(s+l)7+1

•

	

o(k log-1n) exp(-kxo ) +

Clog n7

	

Ck1s7
•

	

E F exp(-vx0 (s+1)) _
s=1 v=Ck/(s+1)7+1

= o((loglog n) -1/2 ) +

~ - log n7 exp(-xo(s+7.)(Ck/(s+l)7+1))

•

		

sEl ( 1-exp(-xo (s+1))

exp(-xo(s+1)(Ck/s'_+1))

1-exp(-xo (s+l» )_

Clog n7 exp(-x~(s+l)Ck/(s+l)7)
•

	

0(1) +
sul

( exp(x 0 (s+l))-1

exp(-x o (s+l)Ck/s7)
exp(x o (s+1))-1

Clog n7 exp(-kx0+o(x0 (s+l)))
•

	

O(1) + s El ( exp x 0 s+l) -1



exp(-kx0 (l+s -1 )+O(x0 (s+l)))
exp(xo (s+1))-1

	

)-

Clog n7 1-exp(-kx s -1 )
0(1) + exp(-kx0 ) sTl

	

exp(x 0 (s+l))-1 +

Clog n7 O(x (s+1)) .
+ exp(-kxo )	 O	= exp(-kx ) xs=1

	

exp(x0 (s+1))-1

	

O

[log n
-x

	

°-1

	

(1-exp(-kxOs1))(x0(s+1 + O(1)) + 0(1)=
S =l

Clog n7 1-exp(-kxos-1 )
x0 exp(-kxo)

	

s+1

	

+ 0(1) .
S=1

We apply the trivial inequalities

exp(-kx0s
-1 )

	

exp(-(2s)
-1 log

n)
0 <

	

s+l

	

s+1

	 ogn
log n

	

if

	

1 < s

	

2loaloa n

<- f

if

	

<

	

q
S+1

	

2loglog n

	

s < log n .



Thus,

Hence, by (3.17),

(3 .18)

	

p(n,k) _

(exp(-

	

T loglog n exp(- =k)) +

Clog n7 1
O <

	

L
s=1

Therefore, we have

+ 0 (1)) p(n)

S+1
exp(-kx Os-1 ) _<_

< o(log n) 101

	

+ log(2loglog n) + O(1) _
5 n

= O(logloglog n) .

k
exp(-vxo (Ck/v7+1)) = xo

1 exp(-kxo ) x
v=1

x floglog n + O(logloglog n » + 0(1) _

_

	

f loglog n exp(-kxo ) + 0(1) .



for

(3 .19)

	

2n f log n+ j f logloglog n <- k<

<

	

f log n .

Taking into account ERDíSS-LEHNER's theorem, (3 .19) implies

that,for almost all

	

's, every summan is <-k . Hence,

Theorem 1 follows from (3 .18)-(3 .19) .

4 . PROOF OF THEOREM 2 .

For

(4 .1)

	

Re z > O,

we have

(4 .2)

	

1 + E q(n)exp(-nz) = 11

	

(1+exp(-vz)) .
n=1

	

v=1

(3 .2), (3 .3) an (3 .4) give that

(4 .3)

	

11

	

(l+exp(-vz)) = f(z) 	_
V=1

	

f( 2 z)



2
exp ( 12z - 2 log 2 + 0(1)) for z-0

in all angles

(4 .4)

	

larc zl <- x < n/2 .

For arbitrary nonnegative integers n,k an A>_1,

let g(n,k,A) enote the number of unequal partitions

of n with exactly k summan s <-A ; here by efinition

(4 .5)

	

g(O,O,A) = 1 ;

	

g(O,k,A) = O for k>_l .

Let us observe that the relation

(4 .6)

	

L

	

L g(n,k,A)exp(-nx-ky) _
n=0 k=0

A
II (l+exp(-tx-y)) H

	

(l+exp(-vx))
Q=1

	

v=A+l

hol s for real y an positive

	

We choose

(4 .7)

	

= n

	

n- 1 /2

2f



First, for

(4 .8)

	

y > O,

	

n -- -,

	

K ? 0,

we obtain that

K
exp(-nxo-Ky)

	

g(n,k,A) <_
k=0

K
•

		

g(n,k,A) exp(-nx o-ky) <-
k=0

•

	

~, r g(n, k, A) exp(-nx 0-ky) _
n=0 k=0

A l+exp(-RxO-y)

')=1
(l+exp(-vx o » il

	

l+exp(-kx0 )

	

'

K
Z g(n,k,A) <_

k=0

•

	

exp(nx o+Ky) 11 (l+exp(-ix0 )) x
v=1

,I
x

	

11

	

(1 -
k=1
	 1-exp(-V» <explkxo )+l



For

we get

2
<_ exp(nxO+Ky+ 12x + O(1) -

O

A
- (1-exp(-y))

k~l exp(kx0)+1) = O(n 314 q(n)) x

n
X exp(Ky-y exp(-y) Z exp(kx )+1) ) 'k=1

	

O

-y A	 1	 _

	

log n(4 .9)

	

K <_ e

	

kEl exp(kxO )+1

	

3

	

y

K
(4 .10)

	

Z g(n, k, A) = 0(q(n)n-2) .
k =O

Next, for

(4 .11)

	

y < O,

	

n -- -,

	

L >_ O,

we obtain that

exp(-nxO-Ly) L q(n, k, A) <_

k =L



(i+(0xT)xa
i3(I,~I)xalhl+Ihl7-)xax
v

x
((u)b~l£u)o=

Uxxai=~

	

xa Ci+(

	

T)

	

3(i-(II)

	

) +
v

+(i)o+
ox 	lli+Ih17-oxu)xa>-

Z

(i+(oxő)xa+i) i-(IhI)xa

	

x
v

i=rt
x((oxn-)xa+i)1(Ió17-Oxu)xa>

7=x
>(V'X'u)b3

- ox
	(~xx-)xa+i

	

II((oxn-)xa+i)iII--
(151+ő-)xa+iV

p=X p=u
(fix-oxu-)xa(V'X'u)63

	

3>

7=x
>(fi--oxu-)xa(V'3(•u)b3>



For

n
(4 .12)

	

L ? e1 gl,El exp(tx0 )+1 + 3 l lyl n

we get

(4 .13)

	

~ g(n,k,A) = O(q(n)n-2) .
k =L

For an unequal partition II" (cf . (2 .6)-(2 .7)), let

S(n,Q",A) stan for the number of summan s (in F, * ) not

excee ing n . (4,8)-(4 .10) an (4 .11)-(4 .13) yiel that

the inequalities

(4 .14)
A

S(n, Ii * , A) : e-t r
exp (kx )+1 - 3 1-c~t r

R=1

	

O

(4 .15)

	

S(n,-,f A) 5 e t F

	

x (£x)+1 + 3
l~

k=1 e p

	

O

hol for arbitrary t>0 with the exception of 0(q(n)n
-2 )

unequal partitions of n at most .

We suppose that

(4 .16)

	

A >_ log n

an choose



( 4 .17)

	

t

resp .,

= t = /6log n
o

	

A

Then, from (4 .14) an (4 .15),

A

	

1
S(n, II", P ) - kZl exp(D.xO ) +,

i
> -(1-exp(-t0))

	

exp(kxO )+1 -
3 log

s=1

	

O

>- -t 0A2-1 - 3t01log n =

_ - 6A./log n ,

r`

	

1s(n, R :: A) -
, ~7 exp(x,x0)+1

A	 1	log n<_ (exp(to)-1)
2z1 exp(Q,x O )+1 + 3

	

t0

<- exp(t 0 )t 0A2 -1 + 3t 0 1 log n 5

<_ exp(r6),i6A log n .

Thus, the estimation



(4 .18)

	

S(n, H

	

A) _

hol s for A_log n with the exception of o(q(n)n-2 )

unequal partitions of n at most . The exceptional sets

can vary with A but the relation (4 .18) hol s uniformly

for log n!_A :!_n with the exception of

(4 .19)

	

o(q(n)n -1 )

n
•

	

z 1 exp(exo)+1
+ o(JA log n)

¢=

unequal partitions of n at most .

We have

A

	

1

	

A

	

1

£z1 exp(£x0 )+l

	

exp(8x0)+l 8 + 0(1) _

•

	

C- X log(l+exp(-8x0 »2A + 0(1) _
0

0•

	

log 1+exp(-Ax0 )

Consequently, the uniform relation



(4 .20)

	

s(n, T:`, A) _

2f f loq	2	- + o( A log n)
TI

	

l+exp(- nA )
2 3n

hol s for all but o(q(n)n -1 ) unequal partitions of n

with the restriction

(4 .21)

	

log n <_ A <_ n .

(For A=c f, cf . P . ERDOS-J . LEHNER 111, Theorem 3 .1 .)

Since s(n,II'',a')=u .

	

(4 .20) showsu
the upper houn in (2 .8) to a'-2u .u

if

	

is restricte by

(4 .22)

	

log n <_ A _< (2x 0 ) -1

we obtain that

the necessity of

C

	

1

	

A

	

exp(-2x0)

2

	

2Z1 exp(Rxo)+1

	

2z1 l+exp(-2x0)

1

	

r'

	

1

	

A

2

	

exp(-2x0 ) ? 2

	

(1-2x0 )
2=1

	

2=1



2
n

	

n xo

	

n
2 - 2 (? 4 )

Therefore, the uniform relation

(4,23)

	

S(n,E*,n) _

_ 7 + O(n 2 x 0 ) + O(JA log n)

hol s for all but O(q(n)n-1 ) unequal partitions of

with the restriction (4 .22) . Let

(4 .24)

	

ml (n) log n 5 u <_
w

	 )

	

an

	

n>np .
2

Then, by (4 .22)-(4 .23),

S(n,n^,3u) = h + o(0 > u ,

S(n, R*, 3u) = 4u + o(u) < u ,

Hence,

Zv < aú < 3u ,

n



Thus a'

	

satisfies (4 .22)(an a'=o(u)) . By (4 .23),u

	

u

u = S(n, C", aú) _

2 + O(a' 2 x0 ) + o(Jaú log n) _

2 +

	

2 ,,
o ) +

	

log n)

which implies that

aú = 2u + O(u2x0) + o(Jp log n) _

C1+o( u) + o(111	 og n ) ) 2u

5 . PROOF OF THEOREM 3 .

For arbitrary positive integers n an k, let

qk (n) enote the number of unequal partitions (of n)

every summan of which is greater than

the following

LEMMA . For

(5 . 1 )

	

k=k(n),

	

1<_k<_n 1J5

	

an

	

n- . ,

k . We shall nee



the relation

(5 .2)

	

qk (n) _ (1+c(1)) q( k )
2

hol s .

PROOF . Let us observe that the relation

tion

(5 .4)

for O<p<l . Let us efine h k (z) by

(5 .3)

	

1 +

	

gk(n)wn = II

	

(1+ W, )

n=1

	

v=k+1

hol s for IwI<l . Cauchy's formula gives the representa-

qk (n) = 2í1Ií

	

f
Iwl=p

(5 .5)

	

hk (z) =

	

II

	

( l+exp(-vz))
v=k+1

for

(5 .6)

	

= Re z > O .

Then we have

W

	

II

	

(l+w v ) w
v=k+1



TI.

(5 .7)

	

qk (n) = 2n f hk (x+iy)exp(nx+iny) y
-R

for x>0 .

Let c0 be a sufficiently large constant an

fixe with O<e<10-2 , further,

11 2 - COX0

an investigate (5 .7) as

For

n

	

-1/2

	

-3/4+e/3x0 =-n

	

, yl =n

	

,
2j/

qk (n) = 2n f hk (x0+iy)exp(nx0+iny) y =
-n

1

	

y2

	

yl

	

yl

	

y2

	

n
{ r + f + f + f +

	

} .
2n

-n

	

-y2 - y1

	

y1

	

y2

E



(5 .10)

	

lyl <_
112

	

(an n--),

we can apply (4,3)-(4 .4) an get

further

II (l+exp(-v(x0+iy))) _
v=1

2
exp ( 12(x +iy) -

	

log 2 + o(1)),
O

k

	

-1II (l+exp(-v(x0+iy)))
v=1

k
exp(- ~, log(l+exp(-v(xo+iy)))) _

v=1

k
exp(-k log 2 + Z log	-1	1

	

),

v=1

	

1-2 (1-exp(-v(x0+iy)))

Here, by (5,8) an (5 .10),

k
I E log
v=l

	

1-2 (1-exp(-v(x0+iy)))



= 0(n-1/10)
= O(1) .

Consequently, the relation

(5 .11)

	

hk(x0+iy) _

= exp(-k log2 +

k
< E log	1	 <

v=1

	

1-2-1 11-exp(-v(x0+iy))1

k 2 -1 11-exp(-v(x0+iy))I

v=1 1-2 -1 11-exp(-v(x0+íy))1

k
~, 0(vn -1/2 )

	

0(k2n -1/2 ) _
v=1

2z
12(x0+iy) 2 log2 + o(1))

hol s un er the restrictions (5,8) an (5 .10) .

First,

y l
2n f

	

hk (x0+iy)exp(nxo+iny) y =
y1

1

	

yl

	

11 2

	

Z

	

y l 3
2 J exp(-k log2+12x	 (1-i-x - (x)+0((x) )) +

-y l

	

0

	

0

	

0

	

0



Next,

+nx o+iny-21oa2+o(1)} y =

Y1
Z J exp {-k log2 + n f -

2=%~ n 3J2y 2 + 0(n-1/4+c ) _ log2 + o(1)} y =

1+o(1) 2-k exp(

	

\In) x
2nr2

yl
x f exp(- 2

	

n 3 J 2 y 2 )ay =
-y1

_ 1+0(1) 2-k ex (n j) r 3-1J4 n 3/4 x
2 n f~

	

p

x { f exp(-u 2 ) u + o(1)} _

1+3(1)	1/4
2-k exp(

4n

	

3

_ (1+o(1))2-k g(n) .



For

yl

	

y2
2nl 1 + J 1 5

y2

	

yl

1 y2

	

n 2 x0
<_
n

1 exp(-k log2 +	2 2 + nx0 + O(1)) y =
Y

	

12(x0+y )
1

2
n x

•

	

o(l)2-k exp( 2 02 + nx0 ) _
12(x0+y 1 )

2
•

	

0(1)2 -k exp( n (1
O

o(l)2 -k exp(3 f -
f

•

	

o(1)2-k q(n) .

1

	

-y 2

	

n
2n 1 1 + 1 I .

-n y2

(5 .12)

	

y2 <_ lyl 5 n ,

2

	

4
Y 2

+ O( » +nx0 ) _
X0

	

x0

2'J7 n 2c13 )
n

Finally, we have to estimate the expression



we get (with z=xo+iy)

exp(Re Y.

	

log(l+exp(-vz))) _
v=k+1

exh(Re

	

( -1)~l

	

exp(-vuz)) _
v=k+1 u=1

exp(Re i ( -1)u-lexp(-kuz))<
=1

	

u(exp(uz)-1)

<- exp( F u-l lexp(vz)-11 -1 ) _
u =1

= exp(

	

u -1((exp(ux )-1) 2 +u=1

	

o

+ 4exp(uxo)sin2 y ) -112 ) <

S exp((2sin I2 ) -1 + Z

	

) <-

u=2 u xo

2
<_ exp(X (6 - 1 + 2")),

O

	

O



Therefore,

-y2

	

n
2n 1

	

+ 1 1 <_
-n

	

y2

U

	

2
<

	

( exp(- (6 - 1 + 2" ) +nx0 ) y 5
Y'2

	

O

	

O

2
<- exp(

	

\ -
2

f(1 - 12 2CO)) -

= o M 2 -k q(n)

owing to (5 .8),(5 .9) an (5 .12) . This completes the proof

of our Lemma .

Let

(5 .13)

	

(2 8<_)k 0 < u < nlJ6~

	

s = e(ko ), O<e<l .

We are going to prove the uniform estimation

la ,' - 2ul 5 eu

for a number of unequal partitions of n . Here, the

number of the exceptional partitions is



where E(u,n) enotes the number of unequal partitions

of n with

(5 .14)

	

la ,,' - 20 > Ev .

By (4 .22)-(4 .23),

(5 .15)

	

s(n,-TT*,C3n 1/6 1 ) _

_ (2 + o(1))3n1/6 > n 116

(5 .17)

	

E(it, n) <

<_

	

E(u,n),

k~<u<n 116

hol s for all but o(o_(n)n-1) unequal partitions of

From (5 .15),

(5 .16)

	

a' 116

	

5 án 116

Cn '

	

7

(5,13) an (5 .16) imply that

n .



Here

C(2-e)U7

a'=U

	

Lsaí< . . .<a'

	

<_a'
u

	

v-, u-1

q

	

-a') +
CI

	

1

	

u-1 u

I3n1J6 1

a
•

'=C(2+e)U7+1 1<-aI< . . .<UU-1-al-1

qa .(n-a'- . . . -aU-1-au) +
u

•

	

o(q(n)n-1) .

-a') 1/5 ? (n-Ua') 1/5
1

	

u-1 U

	

v

? n 1/5 (1-3n -2/3 ) 1/5 > 3n 1/6 ? 04' .
P

We can apply our Lemma an obtain that

•

	

(n-o, '1-, . .-a li' - 1 -a'U )a

	

=
U



From (5 .17),

-a'
O(2 u)q(n-al- . . .-aú-l-aú) _

f

•

	

O(2 au)(n-aiu-l-aú)-314 x

x exp(-1-(n-a'- . .-a' -a') 1J2 ) _1

	

u-1 u

-a?
•

	

O(2 u)n-314 exp(3 J-n) _

-a'
•

	

O(2 u )q(n) .

E(u,n) _

C(2-E)u7 a'-1 -a'
•

	

O(q(n))
a'~ ( u-1)2 u +
u -u

13n1161

	

a , -1 _ a 1

+ O(q(n))

	

-

	

( u )2

	

+
aú=C(2+e)u7+1

	

u-1

+ O(q(n)n-1),



(5 .18)

	

E(urn) _

Clearly,

E(2-e)uI

	

_
0(q(n)){n-1 +

	

(u-1)2

	

+
~ =u

+
13n 1163

E

	

(~_i)2 -i
j=E(2+E)u7+1

EU E)u]

	

_

	

E(2-E)u]

~

	

(u-1)2-~ <_

	

~

	

(u)2 -j _
j=u

	

j=u

= 2-u +

	

(2u-t)2-(2u-t)
11

e

eU<_t<_u -1

Using Stirling's formula we get

log(( 2u-t)2-(2u-t)} _
u

= log(2u-t)! - log u! - log(u-t)! - (2u-t)log2 =

_ (2u-t){log(2u-t)-log2} - u log u -

- (u-t)log(u - t) + 1 log ú(-tt) + 0(1) _



Thus,

= u log u-t / 2 + (u-t) log u, t r
/ 2 +

11

	

jj-

+ 7 log{u(1 + uut )) + 0(1) _

-u log

	

1 t

	

+ (u-t)log(1 + 2(u-t)) +1 -

+ 2 log(1 + 1 ) + O(1) <u-t

	

u

<_ -u(Zu + l (zL) 2 ) + (u-t) 2(utt) + 1 + 0(1) _

2
_ - t + o(1),

8u

C(2-Ehi

i =u ( u-1 )2-J - 2-u +

+ 0(1)

	

exp(-t 2 /8u) _
E: u :5 t<_u-1

0(1) Z

	

exp(-t2 /8u) _
t?Eu

= 0(1) z

	

exp(-Et/8) _
t?su



Similarly,

= 0(e -1 )exp( -e 2u/8) .

E3n 1/6 1 (~ i)2 _ J <

	

E

	

(j)2-.1 =

j=C(2+E)„7T1 u

	

j=E(2+E)u7+l u

(2u+t)2-(2u+t) _
t>EU

	

u

•

	

z exp{log(2u+t)!-log u! -
t>eu

- log(u+t)!-(2u+t)log2} _

_

	

exp{(2u+t)log(u+t/2)-u log u - (u+t) -log(u+t)-
t>EN

2 log u + 2 lo g ?u+t + 0(1)} _

•

	

E exp{u log(1 + Zu)-(u+t)log 1 tt>Eu

	

1 - 2(u+t)

2 log u + f log(1 + u+t ) + 0(1)} _

•

	

0(u-1/2 ) E exp{u Z= - (u+t) X

t>eu



From (5 .18),

Finally,

	1		1	t 	2
X ( 2(u+t) + - ( 2(u+t) ) )} _

2
o(u

-1/2
) r

	

exp(-
8 u+t)) _

t>eu

= o(u -1/2 ) Z

	

exp(-Et/16) _
t>eu

= o(E -1
u -1/2

)exp(-E 2 u/16) .

E(U, n) _

= o(q(n)){n-1 +E -1exp(-E 2u/8) +

+ E-1 }I -1/2exp( - E 2u/16)] .

7-

	

E(u, n)
kO<u<n l/6

= O(q(n)){n-5/6+E-1

	

exp(-E 2u/8) +
ii =ko



Let

+ E-1

	

u-1/2 exp(- E 2 u/16» _
u=k0

= o(q(n)){n-516 +O(E-3)exp(-E 2k018) +

+ O(E -3k0 112 )exp(-E 2k0 /16)J,

(5 .19)

	

PO log k0
,19)

	

E

	

kO

For k 0>28 , we have O<E<l an

z

	

E(u,n) = o(q(n)ko-312 ),

k0-u<_n 116

Consequently, for 285k0<u : 1 6, the uniform estimation

O log k0
~a u -2ul <_ u

	

k O

hol s for all but o(q(n)k0 3/2 ) unequal partitions of n .
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