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ABSTRACT

Probabilistic methods are used to prove that for every & > 0 there exists a sequence
A, of squares such that every positive integer is the sum of at most four squares in A, and
At(.l:} — O(xlfs +ch
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The set A of positive integers is a basis of order h if every positive integer
is the sum of at most h elements of 4. Lagrange proved in 1770 that the set
of squares is a basis of order 4. Let A(x) denote the number of elements of
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the set A not exceeding x. The number of choices with repetitions of at
most h elements in A not exceeding x is the binomial coefficient (A(x) + h, h).
If A is a basis of order h, then for x sufficiently large and h > 2

o (A(xl-i— h) < AG

and so A(x) > x!™ In particular if A = 4, then A(x) > x* But the sequence
of squares A4 = {n?}; satisfies A(x) ~ x*/2. It is a natural problem [7] to
look for “thin” subsequences of the squares that are still bases of order 4.
We shall prove (Theorem 1) that for every & > 0 there exists a set A, of
squares such that A4, is a basis of order 4 and 4,(x) = O(x*®7*). We conjecture
that for every & > O there is a sequence A* of squares such that A* is a basis
of order 4 and A*(x) = O(x'/**9).

Choi et al. 3] have improved Theorem 1 in the following finite case: For
every N > 1 thereis a finite set 4 of squares such that 4| <(4/log 2)N'*log N
and every nonnegative integer n < N is the sum of four squares in A.

The proof of Theorem 1 uses the probabilistic method of Erdds and
Rényi [4]. (The Halberstam-Roth book [6] contains an excellent exposi-
tion of this method.) Consider the following general situation. Let F; =
Fy(x1,%;, ..., X%yy) be a function in h(j) < h variables, and let # = {F;},_,.
Let A = {a,}-  be astrictly increasing sequence of positive integers. Let #(A)
denote the set consisting of all numbers of the form F(a,,,a,,, .. -.a,,)
where F; € # and a, € Afori=1,2,..., h(j). Let s € #(4) and

S=F(ay,, 8,5 s05,,) = Fi(@p;a,, . - i Bgiia)

be two representations of s. These representations are disjoint if

T ,a,,hm} O Ay, Oy - ..,amm} = .

In Lemma 1 we apply probabilistic methods to show that if S = #(A) and
each s € S has sufficiently many pairwise disjoint representations, then there
is a “thin” subsequence A* of A such that S < #(A4*). We also use this
Lemma to obtain a best possible result for sums of three squares (Theorem 2)
and to obtain a “thin” version of Chen’s result on Goldbach’s problem
(Theorem 3).

Lemma 1. Let A ={a,}i, be a strictly increasing sequence of positive
integers such that

a, = cyn* (1)

for constants ¢; > 0, 0> 1, and all n > 1. Let F; = Fj(x,,%,,...,%;) bea
function in h(j) < h variables, and let # = {F };_;. Suppose there exist con-
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stants ¢, > 0 and f > O such that, if F; € F and Fj(x1,%;, . .., X;) = 8, then
X; < ¢,s 2

Jor i=1,2,... h(j). Let F(A) be the set consisting of all numbers of the
form F(a, .a,,,....a,,,) with F;€ #,a, € A. For s € #(A), let R(s) denote
the maximum number of pairwise disjoint representations of s in the form
s = Fya,,,a,,...,a,,) Let S = F(A). Suppose there exist constants c3 > 0,
vy >0, and y' such that

R(s) = c3s'/log” s (3)

for all se S, s > 1. Then for every ¢ > 0 there exist a constant ¢ = c(g) > 0
and a subsequence A* of A such that S = F(A*) and

A*{X) < Cx(l,fn:—ﬁﬂh+:)_ (4)

Proof. By the method of Erdds and Rényi [4, 6], every sequence of real
numbers p(1), p(2),... satisfying 0 < p(n) <1 determines a probability
measure y on the space Q of all strictly increasing sequences of positive
integers. The measure x has the property that, if B™ denotes the set of all
sequences containing n, then B™ is measurable and u(B™) = p(n). More-
over, the events B, B®, . . . are independent. Let 0 < ¢ < y/fh. Then 6 =
(ap/Bh) — e > 0. We consider the measure y on Q determined by the sequence
of probabilities

pln) = 1/ = 1 o0 ==, )

Each sequence U = {u(k)}{. , € Q determines the subsequence 4Y = {a,,}i~,
of A. This establishes a one-to-one correspondence between subsequences
of 4 and sequences U in Q. The probability that a,, € AY is the same as the
probability that n € U, which is precisely p(n) = n~*

Let s = Fia,, ,a,,, - . ) € S. Inequalities (1) and (2) imply that

'thJ

i <a, < ¢
fori=1,2,...,h(j), and so
< (c358/c)e = 5P

The integers n,,n,, .. ., n,; are not necessarily distinct. Let my,m,, ..., m,
be pairwise distinct integers such that {n,,nz, iy} = {my,my, . my
The probability that a subsequcnce AY = {au(k,}k , of A contains each of
the numbers a,,a,,,...,a,, , is the same probability that the sequence

Mhii)
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U = {u(k)}i=, € Q contains each of the numbers n; € {ny,n,, ... ,my;} =
{m,,m,, ...,m;}. This probability is

1
(mlmz =y m[)a
U S
T (myny e "h{j]]&

1
2 (c4sﬂ|'lﬂ)6hw

p(my)p(m,) - - - p(m,) =

Therefore, the probability that the subsequence A” does not contain at least

one of the numbers 4, , a,,, . . ., a,,  is at most
c
1S
gt Bhe

There are R(s) disjoint representations of s € S. By (3), the probability that
AY does not contain at least one term from each of these R(s) representations
of s is at most

(1 — cs/s"™ MR < (1 — (cg/s7~BheyssPilo”’s,

The corresponding series of probabilities converges:
o
Y (1 — /st Bheyastilon” s o o
s=2

The Borel-Cantelli lemma implies that for almost all sequences U € Q, the
subsequence AV of A represents all but finitely many s S. Adjoining a
finite set to AY, we obtain a subsequence A* of A such that S = F(4*). The
law of large numbers implies that for almost all U € Q,

1-3

U(x) et 06x 1 —ay/fh +aus.

= CsX
Since a, = ¢,n" by (1), it follows that

A% = Ulx/c ) ™) < oxte—vithts
This completes the proof of Lemma 1.

LEmMMA 2. Let S={n>=1|n#0 (mod 4)}. Let R(s) denote the maximum
number of pairwise disjoint representations of s as the sum of at most four
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squares. Then for every ¢ > 0 there is a constant ¢ = c(¢) > 0 such that

R(s) > ¢s*?7F

for all se S.

Proof. Let r(s) denote the number of representations of s as the sum
of at most k squares. It is well known that r,(s) < ¢,s* for every ¢ > 0. This
implies that r(s) < c,s'/?7¢, since if s = a® + b? + ¢?, there are at most
sY2 choices for a and, for each a, we have r,(s — a®) < ¢,s° choices of b
and c.

Let s =a? + a3+ a% + aj. The number of representations of s as a
sum of at most four squares that include the number g; is ri(s — af). It
follows that the number of representations of s that include at least one of
the numbers a,, a,, a;, a, is at most

4
Y ra(s — a?) < cas'2FE
i=1
There are R(s) disjoint representations of s as the sum of four squares, and
so there are at most

casuz +£R(S]

representations of s as a sum of four squares. But Jacobi’s theorem on the
number of representations of an integer as the sum of four squares implies
that each s e § has at least c,s such representations. Therefore,

c48 < o382 TERLS).
This completes the proof of Lemma 2.

THEOREM 1. For every ¢ > 0 there exists a sequence A, of squares such
that every positive integer is the sum of at most four squares in A, and A(x) <
cx3/8%¢ for some ¢ = c(g) > 0.

Proof. Let A ={n*} . Lét Fj=F 0., %) =% ++2 4% let
J={1,2,3,4},and let # = {F};_,;. Lagrange’s theorem assertsthat #(4) =
{1,2,3,...}. Let S = {5 > 1|s # 0 (mod 4)}. We apply Lemma 1 with a = 2,
f=1, h=4, and, by Lemma 2, with y = — &. Then there is a sequence
A* of squares such that each s € § is a sum of four squares in A* and

A¥(x) < oxV2-11/2—eld+e _ 1y 3/8+ 564
Let 4, = {2*ala€ A* k > 0}. Let n > 1. Then n = 4*s for some s € S. There

exist je J and a,,...,a;€ A* such that s=3)7J_,af. Then 2*a;€ A4, and
i, (2%a)* = 4*3_, a} = 4*s = n. Therefore, each n> 1 is a sum of at
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most four squares in A,. Moreover, if 2*a < x, then k < log x/log2 and so

logx\ . log X\ 3s+sea
A(x) < (l + Tou 2)A (x) < (1 =k @ cx

< Cx3!8+22.

Replacing & by ¢/2 completes the proof of Theorem 1.

THEOREM 2. For every ¢ > (O there exists a sequence B, of squares such
that every positive integer n # 4(8m + 7) is the sum of at most three squares
in B, and

B(x) < cx'®**  forsome c=c(g)> 0.

Proof. LetA={n*}3 . LetF,=x,+ "+ x;forjeJ={1,2,3},and
let # = {F,};.,. Gauss showed that #(A) consists of all positive integers
not of the form 4%(8m + 7). Let S = {s > 1|s # 0,4,7 (mod 8)}. Then S =
F(A). Siegel [8] and Bateman [1] showed that for every ¢ >0 and se S
there are at least ¢,s'/27¢ representations of s as a sum of three squares.
The argument used to prove Lemma 2 shows that if se S, then s has at
least c,s'>"* pairwise disjoint representations as a sum of three squares.
We apply Lemma 1 with x =2, =1, h=3, and y = 5 — & This yields a
subsequence 4* = A such that S € #(4*) and

A*(I) < cxl.ﬂ—[lﬁ—s]!3+e - Cx1;3+4s,(3'_

If n e #(A), then n = 4*s for some k >0 and seS. Let B, = {2*a|k > 0,
ac A*}. Then F(B)= F(A)={a>+b*+c*|abc,>0} and B(x)<
c'(log x)A*(x) < ex'*¥* 2 This completes the proof of Theorem 2.

THEOREM 3. Let C consist of all numbers of the form p or pq, where p,
q are odd primes. Then for every ¢ > 0 there is a set C, = C such that every
sufficiently large even integer is the sum of two elements of C, and

C(5) < ex!i*s,

Proof. Chen [2,5] proved that every even number n > n, has at least
¢,n/log?n representations as the sum of two elements of C. These represen-
tations are pairwise disjoint. Apply Lemma 1 witha =1, =1,h= 2, and
y = 1. This yields a sequence C, < C such that every even number n > n,
is the sum of two elements of C, and C,(x) < ex!/2*% This completes the
proof of Theorem 3.
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