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The ideas presented here having arisen from the consideration of the

following problem of Erdös .

Let T be the unit circle and suppose S1 and S2 are subsets of T such

that for each i, i = 1,2, there is an infinite subset R i of T so that

the sets rS i , where rE R i are pairwise disjoint . Is it true that the

inner measure of SlU S2 is zero?

The answer to this question is yes and we shall- present two solutions

to this problem . Neither solution is difficult . But, each seems to

lead to some interesting problems which will be formulated here .

Our first solution which is contained in the following theorem is based

on the fact that the circle group is amenable .

THEOREM 1 . Let G be a locally compact T 2 group w .ith loft invuríonl

Haar measure l and such that G admits an invariant mean . Let

S1 , . . .,Sk be subsets of G such that for each i, 1 si s k, there is an

infinite subset R i of G so that the sets rS i , where rE R i p are pairwise

disjoint and A- is compact . Then the inner Haar measure of k S i is
1

	

i=l
zero .

PROOF . Since G admits an invariant mean, there is a nonnegative,
finitely additive extension u, of A to all subsets of G which is also

left invariant .

It is en-iugh to prove the theorem under the assumption that the sets
Si are pairwise disjoint .

Assume U Si has positive inner measure . Let F be a compact set

Fc US i , with A(F) > 0 .

	

Let Di = F (1 Si . Now, the sets rD i , where

rERi are pairwise disjoint and U[rD i :r E R i ) is a subset of the compact
set IZF . Therefore, for each i, u(Di ) -0 .
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This means u(UDi ) = 0= p(F) - a (F) >0 . This contradiction establishes
the theorem .

Next we give an example to show that the conclusion of this theorem may
be false if the group is not amenable .

Example . Let G be the orthogonal group on E 3 . Notice that G acts
transitively on S, the unit sphere of E3 . Let N be the north pole of
S and let H be the stability subgroup of G at N . H-(gE G :g(N) -N) .
Then H is a closed subgroup of the compact group G . Let a be the one-
to-one map of the left coset space G/H onto S :e(gH) = g(N) .

Now, according to Hausdorff

S-AUBUCUD,

where A,B,C, and D are disjoint, D is countable and (*)A = BU C, A = B,
A C .

Let E - U (e -1 (d) :dE D) .

	

Since X (H) = 0 and D is countable, X (E) =0 .
Let S,=U{e -1 (a) :aEA)S 2 a U18 -1 (t) :tEBUC) . Then SIUS2 is a Ga set

with a(SlU S 2 ) >0 . Also, because of (*), there are infinitely many

pairwise disjoint translates of S l and S 2 .

Thus, the first method of proof leads to the following problem .

PROBLEM. Let G be a locally compact T 2 group so that the conclusion
of Theorem 1 holds . Is there a finitely additive left invariant ex-
tension of Haar measure to all subsets of G?

Before giving the second method of proof, let us state the following

lemma .

LEMMA . Let G be a locally compact group with left invariant Haar meas-
ure a . Let F be a compact set such that 0 < a(F) < w . For each positive

integer n, there is a neighborhood V of a so that if h l , . . . ,hn are

points of V, then a (n(h iF : i s n )) > 0 .

The second method of proof is formulated for abelian groups .

THEOREM 2 . Let G be a locally compact abelian group with Haar measure

a and let k be a positive integer . For each i, 1 si s k, let S i and Ri

be subsets of G such that Ri is infinite, Ri is compact, and the sets
k

Si +g,gE Ri are pairwise disjoint . The U Si has inner measure zero .
i=1

PROOF . Again, notice that we can and do assume that the sets S i are

disjoint . Let us assume that F is a compact set lying in U S i and a(F)>0 .



Let n> k . According to the lemma, there is some neighborhood V of a so

that if hp E V,p = 1 ' . . . ,nk , then a (M) > o, where

For each i, ls .i s k, obtain n+1 distinct points g,,, . . .,g,,, of R. so

that for each k-tuple, p = (pl, . . .,pk) of the first n positive integers,

is in V, where d ít gio - git '
According to the lemma, there is some x in Fn ((Z(F- hp :p =(pl, . . .,pk)E

[I, . . .,n)k) .

For each i, let Mí = (p :x+hp E Si ] . The sets Mi are pairwise disjoint and

each k-tuple of the first n-integers is in some

	

Mil
A contradiction will be reached by examining the cardinalities of the

sets M . . Notice that Mi has the following property . If

pk) E Mi and (r l , . . . , r i) . . . , rk) is such that r j - pj , if j f í and rid pi, then

(rl, . . .,rk)0 Mi . The reason for this is that if they were both in Mi ,

then (x+dlp+ . . .+dip1+dkpk ) +g ipi- x+dlp1 + . . .+gio+ . . .+dkpk=

(x+dlr + . . . +d ir + . . . +dkr )+ gir1

	

i

	

p

	

k
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M=Fn(n[F-hp :p s nk »)

hp=d 1p1+. . .+dkpk

. Thus, the sets Si+g .1pi

would not be disjoint .

Now, because of this property of the sets Mi , we know that, card(M i ) s

nk-1 . Therefore,

nk = card(UMi) s knk-1 .

and Si+girS

	

i

This contradiction establishes the theorem . Q .E .D .

Both of these proofs raise the question of estimating the size of a
subset S of T which can be partitioned into k sets each of which has n
pairwise disjoint rotations .

As Mycielski pointed out to us, one can use the extension of Haar meas-

ure to all subsets of T and argue along the lines of Theorem 1 to ob-
tain the following estimate .

Theorem 3 . If S c T and Sc(j (Ai : i s k ] where each set Ai has n pairwise
disjoint rotations then the inner measure of S is s k/n .



The proof of Theorem 2 was based on some simple combinational properties
of finite sets . The problem we pose is that of estimating the size of
a measurable subset M of T from the fact that M possesses two sets of
rotations which avoid the contradiction obtained in Theorem 2 . We
formulate this as follows .

STATEMENT 1 . Let 0 < a . There is a positive integer n 0 (a) so that if
M is a measurable subset of T with a(M)> a and R 1 and R2 are subsets of
T with JR1 1,+R 2 j > n 0 (a), then there are points g li of R1' g2i of R2 ,
i=0,1, . . .,4 such that

where
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Mn(n{M - hp :p=(p1, . . .,p3)Efl, . . .,3)2DO #,

hp = (g10- glpl )*(g20 - g2p2 ) •

In fact, statement 1 leads to the consideration of the following state-
ment .

STATFMI!NT 2 . Suppose u > 0 There is a positive integer t 0 (a) and a r > 0

so that if M e T, a(M) > a and R e T, JR1 > t 0 (a), then there are points

90191192193 of R so that
3

a( ( M+ (go- gi)) > S •
i=0

Clearly, statement 2 implies statement 1 .

We have been unable to determine whether statement 2 is true . However,

we have been led to the following statement .

STATUM.I;NT 3 . For each c > 0, there is an integer X 0 (c) and

N 0 (c) so that if R > to (c) and N > N O (c) and

1 s al < a 2 < . . . < at s N where t> c N,

then for each R integers

bl < . . . <b R < N,

there is an arithmetic progession of three terms among the a's of dif-
ference some b

j
-b i .

At this time, we do not know which if any, of the preceding three state-

ments is true .

an integer
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