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The sequence A of nonnegative integers is an asymptotic basis of order h
if every sufficiently large integer can be written as the sum of h elements of A .
Let MhA denote the set of elements that have more than one representation as a
sum of h elements of A . It is proved that there exists an asymptotic basis A such
that MhA (x) = O(x1-1 11 +E) for every e > 0. An asymptotic basis A of order h is
minimal if no proper subset of A is an asymptotic basis of order h . It is proved
that there does not exist a sequence A that is simultaneously a minimal basis
of orders 2, 3, and 4 . Several open problems concerning minimal bases are also
discussed .

The set A of nonnegative integers is an asymptotic basis of order h if every
sufficiently large integer can be represented as the sum of h elements of A .
Many classical theorems of additive number theory are statements that a
given sequence of integers is an asymptotic basis of some order . For example,
Lagrange's theorem asserts that the squares {n 2}n0 form an asymptotic basis
of order 4 . Linnik [11] proved that the cubes {n3}-n=0 form an asymptotic
basis of order at most 7 . Waring's problem is the conjecture, proved by
Hilbert [10], that for every k _ 2 there is a number G(k) such that the
sequence of kth powers {nk}n0 is an asymptotic basis of order G(k) .
Goldbach's conjecture that every large even number is the sum of two primes is
equivalent to the assertion that the sequence of prime numbers is an asymp-
totic basis of order 3 . Asymptotic bases in additive number theory have been
widely investigated [7, 12, 16, 17] .
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An asymptotic basis of order h is called minimal if no proper subset of A
is an asymptotic basis of order h, that is, if each element of A is essential for
the representation of infinitely many integers. Stöhr [17] introduced this
concept of minimality . Hdrtter [8] gave a nonconstructive proof of the
existence of minimal asymptotic bases, and Nathanson [13] constructed
the first explicit examples . Nathanson [13, 15] also introduced the dual
concept of maximal asymptotic nonbasis, and has considered multiplicative
and combinatorial analogs of these additive number theoretical ideas .
Minimal asymptotic bases and maximal asymptotic nonbases have been
studied by Erdös, Hdrtter, Hennefeld, Nathanson, and Turjányi [2-6, 8, 9,
13-15, 18] .
But many open problems remain . For example, does there exist a sub-

sequence of the squares that is a minimal asymptotic basis of order 4?
It is not even known if there exists a sequence A of squares that is an asymp-
totic basis of order 4 and satisfies A(x) = O(x1 1 4) . Does there exist an
asymptotic basis A of order h such that, for every element a c A, the set of
numbers not representable as the sum of h elements of A\{a} has positive
upper asymptotic density?

It is possible to construct an asymptotic basis of order h such that no
subset of A is a minimal asymptotic basis of order h . Indeed, Erdös and
Nathanson [61 have constructed an asymptotic basis A of order 2 consisting
of square-free numbers with the property that, if F is any finite subset of A,
then A\F is still an asymptotic basis of order 2, but, if I is any infinite subset
of A, then A\I is an asymptotic nonbasis of order 2 . The following problem is
unsolved: if A is an asymptotic basis of order 2, then must A contain a
subset that is a minimal asymptotic basis of order h for some h > 2?

Cassels [1] proved that, for every h > 2, there exists an asymptotic basis
A = {a,n}n, of order h such that an = an'L + O(n 7i-1) for some a > 0 .
Does there exist a minimal asymptotic basis A = {a7L},'_1 of order h that
satisfies Cassels's condition a .,, = anh + O(nh-1)

In this paper we consider two open problems concerning minimal asymp-
totic bases . If the set A is an asymptotic basis of order h, then A is also an
asymptotic basis of order k for every k > h . Similarly, if A is a minimal
asymptotic basis of order k, and an asymptotic basis of order h < k, then A
is certainly a minimal asymptotic basis of order h . But is it possible for a
set A to be simultaneously a minimal asymptotic basis of two different orders?
In particular, does there exist a minimal asymptotic basis of order 3 that is
also an asymptotic basis of order 2? We prove below the weaker result
that if A is an asymptotic basis of order 2, then A cannot be a minimal
asymptotic basis of order 4 .

Let r h A(n) denote the number of representations of n as a sum of h elements
of A, where representations differing only in the order of the summands are
not counted separately . If A is a minimal asymptotic basis of order h, then
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r hA(n) > 1 for all sufficiently large n, and rhA(n) = 1 for infinitely many n .
Let MAA = {n I rhA(n) > 1} . If A is an asymptotic basis of order h, how
"small" can MhA be? Let MhA(x) denote the number of elements of MhA that
do not exceed x . We shall construct, for every h > 2, an asymptotic basis A
of order h such that MhA(x) = O(xl-l lha+) for every e > 0. In particular,
there exists an asymptotic basis A of order 2 such that M2A(x) = O(x112+s)
for every e > 0 . We conjecture that Jim,_, M,-4(x)/x112 = oo for
every asymptotic basis A of order 2, but we cannot prove that
lim infx_, . M2A(x)/x1 1 2 > 0, or even that lim infx_,, M2A(x)lx" > 0 for some
a > 0 .

Notation . If Ao , A l , . . ., Ah_1 are sets of integers, let A o + Al + + Ah_,
denote the set consisting of all sums of the form ao + ar + + ah-1 ,
where a z c- A i for i = 0, I_ ., h - 1 . If A o = A, = . . . = A7_1 = A, denote
Ao Al + • • • + Ah_1 by hA . The set A is periodic if there exists an integer
m > 1 such that a + m c A for all sufficiently large a e A . Let A(x) denote
the number of positive integers in A that do not exceed x . Let B\A denote the
relative complement of A in B .

LEMMA 1 . Let A = {az } , and let B; _ {ai -f a;} ,_,+i . If A is not
periodic, then limx-,(B,(x) - A(x)) = oo .

Proof. Let r < s < t . Let A, = {a, + az} ,+, and At = {at -1- a z} s+1 .
If x > a,, + a,, then

B,(x) > A,(x) + (A z\A,)(x) = A(x - a,) - s + (A t\A,)(x)
A(x) - a, - s + (At\A,)(x) .

If At\A, is finite, then n e A t implies n c A, for all sufficiently large n . Thus,
if a c A is sufficiently large, then a + a t c A t and so a + a t E A, , that is,
a + at = a' + a, for some a' E A, and so a T (a t - a) E A for all suffi-
ciently large a e A . But a t - a, > 1, hence A is periodic. But this is false .
Consequently, At\A, is infinite, and so lim,,- .(At\A,)(x) = oo . This proves
the lemma .

LEMMA 2 . Let A be an asymptotic basis of order h . If A is periodic, then A
is not minimal.

Proof. Let A be a periodic asymptotic basis of order h. Then there exist
positive integers m, p, and N, and finite sets R C [0, m - 1 ] and F C [0, p]
such that

A=Fv{a-r (mod m)1rcR,a>p}
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and such that n E hA for all n > N. Let a = r + qm E A, where a > m + p
and r e .R . We shall show that A\{a} is an asymptotic basis of order h . Choose
n > ha N . Then n e hA, and so

n = ka -} al + "' + ah-k

where k > 0 and ai e A\{a} for i = 1, . . ., h - lc . If k = 0, then n c- h(A\{a}) .
Suppose k > 0 . Clearly, k < h since n > ha . Since n > ha + N, it follows
that ai > a > p for some aj , say, ai =a, . Then a4 + km - al = r
(mod m) for some r c- R, and so a 1 + km c A . Then

n - k(a - m) + (a4 km) a2

	

{ a, , c h(A\{a})

and so A\{a} is an asymptotic basis of order h . Thus, A is not minimal .

THEOREM 1 . Let A be an asymptotic basis of order 2 . Then A is not a
minimal asymptotic basis of order 4 .

Proof. Let n c 2A for n > N. Suppose that A is a minimal asymptotic
basis of order 4. Fix a* E A. Then there is an infinite sequence of integers
nl < n2 < . . . such that n, ~ 4(A\{a*}) for all i - 1, 2, . . . . Fix ni . Choose
b c- B = 2(A\{a*}) . Then b = a4 + a,, where al , a2 e A\{a*} . If b < n.i - N,
then n, - b > N and so ni - b = a3 + a4 for some a3 , a4 E A. Then
n i = b + a3 + a4 = a,, + a2 + a3 + a4 E 4A . But ni 0 4(A\{a*}), and so
a3 = a* or a4 = a*, say, a4 = a* . Then ni - b = a3 + a* . The number of
integers of the form ni - b with b < n i - N is B(ni - N), and

B(n i) - N < B(n i - N) < A(ni - a*) < A(n i )

and so B(n) - A(ni) < N for all ni . Lemma 1 implies that the set A is
periodic . But then Lemma 2 implies that A is not a minimal asymptotic
basis of order 4 . This proves the theorem .
The following lemma is well known.

LEMMA 3 . Let sl < s 2 < . . . be a sequence of integers such that s4 - 1
and s, divides s,+i for k = 1, 2, . . . . Then every positive integer n has a unique
representation in the form n = I,.., dks, , where 0 < d, < sk+llsk and
d,, - 0 for all but finitely many k.

THEOREM 2 . For every h _>- 2, there exists an asymptotic basis A of order h
such that, if MhA denotes the set of integers that have more than one represen-
tation as a sum of h elements of A, then MhA(x) = O(x1-1 1k+E) for every
E>0.
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Proof. Let A = Uhó A i , where A i consists of all integers of the form

where 0 < ck <_ k and C = 0 for all but finitely many k . Since (k !)h divides
((k 1)!)7% Lemma 3 implies that every integer can be written uniquely
in the form

where 0 G dk G ((k + 1)!)hl(k!)h - (k + 1)h, and d,, = 0 for all sufficiently
large k. But dk can be written uniquely in the form

where 0 <_ ci ,,,, <_ k . Thus,

h-1
n =

	

dk(k!)h =

	

ci .k(k -I- 1)i (k !)h
k=i

	

k=i i=o

h-1 -
ci,k(k -}- 1)i (k!)h~ E A o + A l + -

	

Ah_1 C hA .
i=0 k=1

i-1

and so (AÜ + • • • -I- Ai, h-,)(x) = O(x1-2 y h +E) . The sumset 2A, consists of all
numbers of the form

Y- ck(k + 1)i (k!)'
k=i

dk(k!)h
k=1

,L-1

dk = Y- ci ,k(k -i- 1) i ,
i=o

Thus, A is an asymptotic basis of order h, and every positive integer has a
unique representation in the form n = ao + a, + • • • + a h-1 , where a i e A i
for i=0,l, . . .,h-1.

Let n E M h A . Then r,LA(n) > 1, and so n can be written in the form
n = b, -- b 2 + --- + b h , where b i c- A for i = 1, . . ., h, and there exists
t E {0, 1, . . ., h - 1} such that bi , b ; c A t for some i

	

j. Consequently, if
r h(n) > 1, then n c 2A, - ;- A ir + A il -F • • • + Ai h_, , where i, , • • • , ih-2 C-
10, 1, . . ., h - 1,1 . We now estimate the number of integers of this form . If
(k!)"

	

x < ((k + 1)!)h, then

k
Aj(x)

	

F1 (j -- 1) _ (k -I 1)! - (k + 1) x11h = 0(x11h+E)

Y (ck + cí,)(k -}- 1)i (k!)" _ Y c;,,(k + 1)t (k!)h,
k=1

	

k=1
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where 0 < c < 2k. If (k!)" < x < ((k + 1)!)h, then

(2Ae)(x) - H (2J + 1) = O(x"171+E)
=1

and so (2A t + A -[-

	

+ Azh 2 )(x) = O(xr-1 1h+E) It follows that M,,A(x) _
O(xt-Ilh+E), This proves the theorem .

REFERENCES

1 . J. W. S. CASSELS, Über Basen der n5turlichen Zahlenreihe, Abh. Math. Sem. Univ.
Hamburg 21 (1957), 247-257 .

2 . P . ERDŐS AND M . B. NATHANSON, Maximal asymptotic nonbases, Proc. Amer . Math .
Soc. 48 (1975), 57-60 .

3 . P . ERDŐS AND M . B. NATHANsoN, Oscillations of bases for the natural numbers,
Proc. Amer. Math. Soc. 53 (1975), 253-258 .

4. P . ERDŐS AND M . B. NATHANSON, Partitions of the natural numbers into infinitely
oscillating bases and nonbases, Comment. Math . Helvet . 51 (1976), 171-182 .

5 . P . ERDŐS AND M. B. NATHANsoN, Nonbaes of density zero not contained in maximal
nonbases, J. London Math . Soc. 15 (1977), 403-405 .

6 . P. ERDŐS AND M. B. NATHANsoN, Bases and nonbases of square-free integers, J .
Number Theory 11 (1979), 197-208 .

7. H . HALBERSTAM AND K . F. ROTH, "Sequences," Vol . 1, Oxford Univ. Press, Oxford,
1966 .

8 . E. Hr1RTTER, Ein Beitrag zur Theorie der Minimalbasen, J. Reine Angew. Math . 196
(1956), 170-204 .

9 . J. HENNEFELD, Asymptotic nonbases not contained in maximal asymptotic nonbases,
Proc. Amer. Math . Soc . 62 (1977), 23-24 .

10. D. HILBERT, Beweis für die Darstellbarkeit der ganzen Zahlen durch eine feste Anzahl
n-ter Potenzen (Waringsches Problem), Math. Ann . 67 (1909), 281-300 .

11. U. V. LINNIK, On the representation of large numbers as sums of seven cubes, Rec .
Math. [Mat. Sbj N.S. (54) 12 (1943), 218-224.

12. H. B. MANN, "Addition Theorems," Interscience, New York, 1965 .
13 . M. B. NATHANsoN, Minimal bases and maximal nonbases in additive number theory,

J. Number Theory 6 (1974), 324-333 .
14. M. B. NATHANsoN, s-maximal nonbases of density zero, J. London Math . Soc. 15

(1977), 29-34 .
15. M . B. NATHANsoN, Oscillations of bases in number theory and combinatorics, in

"Number Theory Day," pp . 217-231, Lecture Notes in Mathematics No . 626, Springer-
Verlag, Berlin/New York, 1977 .

16. H.-H . OSTMANN, "Additive Zahlentheorie," Springer-Verlag, Berlin, 1969 .
17 . A . STÖHR, Gelöste and ungelöste Fragen über Basen der n5turlichen Zahlenreihe,

J. Reine Angew. Math . 194 (1955), 40-65, 111-140 .
18 . S . TuRJáNYI, On maximal asymptotic nonbases of density zero, J. Number Theory

9 (1977), 271-275 .


	page 1
	page 2
	page 3
	page 4
	page 5
	page 6

