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I plan to discuss some of the many problems which interested me in the last few
decades of my long life. My choice is essentially subjective—] shall state and discuss
some of the older problems which I particularly like and which I hope can be solved
if more mathematicians paid attention to them. I shall also state some new problems;
here, of course, there is some risk that the problems are trivial or not stated cor-
rectly. I shall start by discussing some recent problems,

SECTION 1

Fajtlowicz and I conjectured that, for sufficiently small ¢ > Q, there i1s no graph
G(n) satisfying v(x) < &n for every vertex x of G(n), where G{n) has no triangle, and.
for every three independent vertices x,, x,, x; of G(n), there is a fourth vertex
joined to all three of them. Shechan conjectured that ¢ can be taken as #: G(n) de-
notes a graph of n vertices and u(x) the valence or degree of the vertex x

We could not even prove the following very much weaker result: Assume that
G(n) satisfies the following very much stronger condition: Let & be any independent
set of vertices. Then there is a vertex which is joined to ali vertices of #. Perhaps
such a graph does not exist even if we drop the condition that G has no triangie.
as long as we maintain the condition v(x) < en.

All we could prove is that no graph exists if we assume that G has no iriangie
and v(x) < £n/log n—but perhaps we have overlooked a simple argunent

Recently I have learned that this problem was nearly completely settled by J. Fash.
The conjecture in ilie first paragraph is faise and the one in the second, correct.
However, if “three" is replaced by “four™ in the first paragraph, the problem is still
open.

SECTION 2

Fajtlowicz and 1 ask: Let f(n) be the largest integer for which there is a graph
G[f (n)] of diameter two and v(x) < n. Determine or estimate f(n) as accurately as
possible. This problem of course is not new. Trivially f(n) < n* + 1. and Hoffman
and Singleton [1] have proved that for n > ng, f(n) < n® We have "proved that
fn)<n®forn>ng,andifn=p* f(n)z=(n—1)+n+ 1

Perhaps the reader will forgive me for telling the sad story of our third problem.
Let G(n) be a graph of n vertices and diameter two. We conjectured that the
dominance number d[G(n)] is less than c\/n (ie. there are vertices Y, .... ;.
k < c\/n such that every vertex of G is joined to one of the x;'s). We only could
prove d[G(n)] < ¢./n log n. When | mentioned this problem in my talk at Rutgers,
Mate pointed out that, in a triple paper [2], we prove that d[G(n)] < ¢/ nlog nis, in
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fact, the best possible result. There are many current jokes (usually slightly off
color) about the symptoms of senility—surely a very sad symptom is that one for-
gets one's own theorems (the worst one is that one no longer can find new ones!).

SECTION 3

In a very recent paper Plesnik [3] states the following pretty conjecture. Denote
by (G} the chromatic number of G. Decompose the complete graph K into n
graphs G,. ..., G,. Then

EZ(Gi)‘(P'*'( ) (1

i=4

Piesnik proves (1) with 23 instead of i } 1 first theught that 1 would prove

{1) quickly, but I was certainly wrong, since I have not yet done it, but perhaps we
both have overlooked a simple argument.

Let G be a graph of chromatic number p which does not contain K, and
1Giz i=1, ..., n} a decomposition of G into n edge-disjoint graphs. Then perhaps
(1) never holds for ali such decompositions, but T did not yet have time to look into
this problem carefully.

SECTION 4

Let |%| = n; f(n; r)is the largest integer for which there is a family F of subsets
of &, |F|=f(n;r),and, if 4, € F, A;€F, then |4, n A;|# r. Trivially f(n; 0) =
v Dctermme or egmnalef(n r} An older Lonjecture of mine states To every #,

finir)<(2~g)f 2

Denoie by f{n; k, r) the largest integer for which there 15 a family F of subsets
of & satislying A e F implies |4l=Fk and 4, e F, 4, e F implics |4, n Ag|# 1.
V. T. Sé: and I proved f(n; 3, 1} = n, with equality if and only if n=0 {mod 4).
We conjectured that

flnik 1) = (k 2) n > nglk) (3)

Equation 3 was proved by Katona for k = 4 (unpublished) and by Frank! [5] in the
general case.

Inequality (2) would have an interesting application in geometry and graph
theory, Hadwiger and independently Nelson have raised the following problem:
Join two points in n-dimensional Euclidean space if their distance is 1..Denote by
f(n) the chromatic number of this graph It is well-known that 4 < f (") <7 Itis
now generally believed (?) that f(2) > 4. Let x,, .... x, be points in n-dimensional
space. Join two of them if their distance is 1. Thus we e obtain the graph G(x,, .... x,).
By a well-known theorem of de Bruijn and myself there is a graph G(x,. ..., x,)
that has chromatic’ number f(n)—or the determination of the “chromatic number
of n-dimensional space” is a finite problem. Unfortunately (even for the plane) we
can not give an upper bound for 1.
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Inequality (2) would imply that f(n) > (1 + n)" - f(n) was studied by Larman
and Rogers [4] and Frankl [5]. Currently the best result is that f(n)> n*
for n > ng(k).

That f(2) > 3 was shown by the Moser brothers. I conjectured that if the x;'s
are points in the plane and G(x,, ..., x,) contains no triangle, then its chromatic
number is <3. For further problems and results in combinatorial problems in
geometry, see [6] and my paper, Combinatorial Problems in Geometry and Num-
ber Theory, given at the Columbus meeting in March 1978, which will soon be
published.

SECTION §

Here are two recent conjectures of Frankl [7] and Szemerédi: Let L be a set of
nonnegative integers not exceeding n — 1. Let % be a set of n elements and F(L, n)
a family of subsets of & for which 4, e F(L, n), A.e F(L, n) implies that
|4, n A,]is in L. They, first of all, conjecture that to every £ > 0 there is a >0
for which |L| < én implies

|F(L, n){ < 2. (4)

They further conjecture that (4) holds if k > ko(£). n = 2k%, and L is the set of
integers 2ak + b, 0 <ca<k, 0<b<k

Both conjectures seem very intzresting. Murty and ] have conjectured and
Berlekamp [8] has proved that if n =2k and L is the set of even numbers, then
F(L. n) = 2"2 but this does not seem 10 help.

SECTION 6

Now [ state some problems and results which Galvin and I have obramed some
time ago and which 1 hope will soon appear in detatled form, but since 1 amn not
sure of this (and, in fact, they may appear only posthumously), T shall state some
of them here without proof.

There is an absolute constant, ¢, , so that il we color the r-tuples of the
integers by k colors in an arbitrary way, there always 1s an infinite sequence
| <a, <a, <..., the set of r-tuples of which get at most 277" colors and for
infinitely many n's:

Y iz, log._n (3)
ai=n
where log,_ ,n denotes the (r — 1)>-times iterated logarithm.

We further show that 2"~ ! can not be replaced bv a smaller number. It is almost
certain that log,_ ,n in (5) is the best possible result, but this depends on the finite
version of Ramsey's theorem, which is not yet completely explored. Mate found a
different proof than our original one.

We also investigated infinite paths—here are some ol our results; Given any

el

coloring of the pairs (i,j) of positive integers by k = 3 colors, there is always an

infinite sequence | < a, < a, < -+ for which the edges {a;. a,.,). i = 1. 2..... have
only two colors and for infinitely many n,
Y lzath (6)

We do not know if n'™* is the best possible here.
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If we do not insist on a monotone path, we obtain very much sharper resuits.
We can easily show that if we color the edges of an infinite complete graph with two
colors, there always are two edge-disjoint monochromatic paths which contain all
the vertices. I the vertices are the integers, this immediately gives a monochromatic
infinite path where the upper density of the vertices is >4. We could not decide if
{ was the best possible value. We have many further results on paths which I hope
wiil all appear in a finite time.

SEcTiON 7

F. Galvin, M. Krieger, and 1 have several results which [ also hope will be
published in a finite time; here | state some of them without proof. Let G(n) be a
graph of n vertices and G(n) the complementary graph of G(n); let ¢(G) denote the
number of cliques (i.e., maximal complete graphs contained in G). Galvin and
Krieger [9] have proved that ¢(G(n)) + ¢(G(n)) = n + 1 (this has also been proved by
Hoffman and Milner). First of all, we obtain the following improvement. Denote by
4{G) the largest integer so that every vertex x of G is contained in at least d(G)
cliques. Then we have ¢{G(n)) + ¢(G(n)) = n + d(G(n)) + d(G(n)) — 1. Let f;(k, n) be
the minimum of ¢(G,) + -+ + ¢(G, ). where Gy, ..., G, are edge-disjoint spanning
subgraphs ¢ K, (the complete graph on n vertices) whose union is K. Thus the
theorem of Galvin and Krieger states thai /3(2, n) =n + 1.

The exuct determination of f5(k, n) for all & and n seems to us to be a difficult
and interesting problem. Here are some of our results: fa(n + 1, n*) > n* + n with
equality if and only if n = 1 or there 1s a projective plane of order n. In fact, if there
is a projective piane of order n then for every m we have

Hln+Lm+nt = 1) <faln+ Lom)+ n? 1 (7
We cannet decide if, for every &, thers is a ¢, such that
ok, m)y <+ ¢, (8)

Inequality {8) follows from (7) if k = p* + | and Graham and Van Lint have proved
(8) for k = p*. We further have

ja+2ifn=1(mod 3)

fi3.n) =
o '+ 3 otherwise.

)
Equality holds in (9) for n < 10. perhaps it holds for all n, but we cannot even prove
£3(3, n) > cn; ¢{G) can be exiended for hypergraphs and we have some results and
many interesting problems. | hope 21l this will appear soon.

SECTION 8

Now | shall discuss some older problems on chromatic numbers of hypergraphs,
A hypergraph is a family of sets |4} called the edges. the elements of | ), 4, arc
called the verzices of the hypergraph, I[f ull the | 4, | are equal, the hypergraph is said
to be uniform—-if all the | 4, | are two, we obtain the ordinary graphs. If |4, » ;] < 1,
the hypergraph is called simpie. and 1 |4, ~ 4;| > 0, for all i and J, the hypergraph
is called a cligue. A hypergraph s said to be r-chromatic if the vertex set ¥ can be
decomposed mto rsets ¥ = | Ji_, %, such thal none of the ¥, contain an edge of
the hypergraph, but such a decomposition is impossible for r — 1. Hajnal and 1 [10}
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considered the following problem: Let m(n) be the smallest integer for which there is
an n-uniform 3-chromatic hypergraph. Determine or estimate m(n); m(2) =3 is
trivial, m(3) = 7 is easy, and m(4) is not known. If I remember correctly the current
best results are 19 < m(4) < 23. The current best results for m(n) are

¢yn'32" < m(n) < n?2" (10)

The lower bound in (10) is due to Beck and the upper bound to me. Beck has
also proved the following conjecture of Lovisz and myself: Let G be a 3-chromatic
(not necessarily uniform) hypergraph. Assume that |A4;| > ¢ for all the edges of G.
Then

1
.25537' >f(t) (1)
where f(t) tends to infinity with ¢ (the summation in (11) is extended over all the
edges of G). Probably f(t) > t*, but Beck’s proof only gives a much weaker result.
Let m*(n) be the smallest integer for which there is a simple n-uniform 3-
chromatic hypergraph of m*(n) edges. Lovasz and I [11] have proved that

cy 4'n* < m¥*(n) < ¢y 4"n? (12)

In the same paper we estimate m**(n), the smallest integer for which there is an
n-uniform 3-chromatic clique with m**(n) edges, but hers our results are not as ac-
curate as (12). We do not even prove that lim, ., (m**(n))'"™ exists: m**(n) =
7%= 142 j5 our sharpest result.

We further prove that a 3-chromatic n-uniform hypergraph always has a vertex
which is contained in at least 2"~ !/4n edges. In view of (10), this is not very far
from being the best possible result. Perhaps it is not quite hopeless to uy to obtas
a best possible result.

Lovasz, Shelah, and I [12] have investigated the following question: Is it true that
a 3-chromatic n-uniform clique contains two edges having n — 3 elements in com-
mon? We have only proved this with en/log n instead of n — 3; n — 3 is perhaps too
optimistic, but ¢n certainly should hold.

Let G be a 3-chromatic n-uniform clique and {A,} its set of edges. We conjectured
that the number of distinct values of |4; m A4;| tends to infinity with n, but only
show that it is at least 3.

Denote by M(n) the maximum number of edges in an n-uniform 3-chromatic
clique. Lovasz and 1 proved that .

wie—1) < M(n) <n" (13)

Perhaps the lower bound is best possible in (13).

Lovidsz and Woodall have proved that if G is a hypergraph with the property
that every G’ = G has fewer edges than vertices, then G is 2-chromatic. A surprising
example of Woodall [13] shows that this is the best possible result in the following
strong sense: For every n there is an n-uniform 3-chromatic hypergraph G so that
every proper subgraph of it has fewer edges than vertices. Woodall's example has
{1+ o(1))n! edges. Lovasz and I conjectured that the number of edges in the example
of Woodall is minimal (or nearly so).

Shelah and 1 have investigated the following problem: Let G be an n-uniform
hypergraph of chromatic number 3. Assume that |4; ~ A;| < m for any two edges of
G f(n; m) is the largest integer so that every such G has at least f(n; m) independent
(Le., pairwise disjoint) edges. We conjectured that f(n; 1) > 2, for every ¢ < 1, but
only could prove a very much weaker result.
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We have proved the following conjecture of Hechler: Let {4,}, |4,| = ¥, be the
edges of a 3-chromatic hypergraph satisfying |4, N A,,| < N, . Then our graph con-
tains two disjoint edges, but we show that it does not have to contain three disjoint
edges. For some of the older results on the chromatic numbers of graphs and
hypergraphs, see [15, 16, 17].

SECTION 9

Now I state four cf my favorite older conjectures. First of all an old conjecture
of Rado and myself [18]: Define fi(n) to be the smallest integer with the following
property: Let |A;] = n. 1 <i< fi(n). Then there are always k A's, say 4, ..., 4,
which pairwise have the same intersection. Our old conjecture states:

filn) < k" (14)

for some absolute constant c. I offer 500 dollars for a proof or disproof of (14)—in
fact, I would be satisfied with a proof of (14) for k = 3 (this almost certainly con-
tains the main difficulty}.

A more recent problem of Rado and myself is: Determine or estimate the largest
integer g{n) for which there are sets |4, = n, 1 < k < g(n), such that, for every three
of them, there are two whose union contains the third. I have observed g(n)!" — 1
and P. Frankl has improved this to g(n) <c®" J. Larson has shown that g(2n) >
(n + 1)%. Perhaps for every k, im,.., g(n)/n* = oo (see [19, 20]).

Faber, Lovisz, and I conjectured that if |A,| = 1, | <k <nand |4, n 4,,[ <1,
! < k; < ky < n, then the elements of | i~ 4, can be colored by n colors such that
every 4,, k=1, ..., n contains an element of each color. An equivalent graph
theoretic formulation states: Define a graph G(A;, ..., 4,) as follows: The vertices
are the elements of | Ji_, A,. Two vertices are joined if they belong to the same
Ay. Prove that the chromatic number of G(4,, ..., A4,) is n. I offer 250 dollars
for a proof or disproof.

Lovéasz and 1 [11] have investigated the following problem: Let r, be the smallest
integer for which there is a family of sets A,, 1 <k <1, |A| =n, |4, n A, = 1,
for | < ky <k, < n,and forevery | #'| < n — 1 thereis an A4, for which 4, n ¥ = ¢.
[y other words, t, is the smallest integer for which there is an n-uniform hypergraph
which is a clique and which can not be represented by n — 1 elements. We prove
that , < n*2"% and very likely our proof can be improved to give 1, < ¢n log n.
The real mystery is that we cannot decide if (, < cn is true. I offer 100 dollars for a
proof or disproof and 250 dollars for an asymptotic formula for t,.

Frank! has the following very interesting problem: Let {4,). |4,| =n be a 2-
chromatic clique and let f(n) be the smallest integer for which there always is a
subset S < | )y 4. [S[</(n). S~ A, # ¢, S D A, for every k. Frankl has proved
that f(n) < cn® log n, but only has f(n) > n + ¢/'n as a lower bound. Determine or
estimate f(n) as well as possible. In particular, does f(n) < ¢n hold?

A special case of an old prohlem of Hajnal and myself [21] is stated as follows:
Prove that for every cardinal number n there is a graph G, which contains no Ky,
but if you color the edges by i colors in an arbitrary way, there is always a
monochromatic triangle.

Nothing seems to be known if n = No, but for finite n the problem has been
solved by Folkman and Nesetfil-Rodl. The only trouble is that the graph G, given
by them is of exorbitant size. and both Hajnal and [ believe that graphs G, of
reasonable size exist.
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To fix our ideas I offer 100 dollars for a graph G, having fewer than 10® vertices
which contains no K,, and for every coloring of the edges by two colors there is a
monochromatic triangle. I also offer 100 dollars for a proof that such a graph does
not exist.

I also offer 100 dollars for a proof or disproof that for every n > ¥,, an ap-
propriate G, exists. Perhaps such a G, exists for which the power of the vertex set is

@7

SeEcTiON 10

Finally I state a few older problems which seem interesting to me and which
perhaps were neglected.

Let G(n; I) denote a graph of n vertices and | edges. Sauer and 1 have the fol-
lowing problem: Let f,(n) be the smallest integer for which every G(n; fi(n)) contains
a regular subgraph of degree k (i.e., each vertex has degree or valence k). Triviaiiy
S3(n) = ny, but the determination or estimation of f3(n) seems difficult. Is it true that
f3(n) < en? We cannot even prove that fy{n) < n'** for every £ > 0 and n > ng{e). fs
it true that every G(n; [n'**]) contains a maximal planar graph on < C, vertices
(ie., a triangulation of < C, vertices)?

Assume that every induced (or spanned) subgraph of G(10n) having 5n vertices
has more than 2n* edges. Then I conjecture that our G(10n) contains a triangle,
It is easy to see that this, if true, is the best possible conjecture. Clearly maay
generalizations and extensions are possible.

Let G be a graph of 5n vertices that has no triangle. Is it true that one can always
omit <n? edges so that the resulting graph should be bipartite? Again, if true, it is
easy to see that it is the best possible case and that many generalizations are possible.

Another old conjecture of mine states: 1f G(5n) contains more than n* pentagons.
then it contains a triangle. Here too it is easy to see that, il true, this is the best
possible conjecture and, again, many generalizations are possible.

Bruce Rothschild and 1 have the following problem: Let G(n) be « graph of
labeled vertices. Denote by F(n) the number of distinct colorings by twa coiors such
that neither color contains a monochromatic triangle. We conjecture thal

2
F(n) =279 for n > n,

with equality only for the complete bipartite graph having [#/2] black and
[(n + 1)/2] white vertices, Let | #| = 2n, 4, < &, 1 < k < T,. Assume that the number
of pairs (i, j) satislying 4, n A; =¢ is =2*". Then T, > (1 + o(1))2"**, Observe
that the order of magnitude is the best possible. Let the A’s be the 2" — |
subsets of &, and &,, where | %, | = |¥,|=n ¥ v ¥, = F. Clearly there are
more than 2°" pairs 4; n A; = ¢.

Perhaps the proof of T, = (1 + o(1))2"* " will not be difficult, but at the moment
[ do not see how to do it. Again, many generalizations are possible.

The following problem is due to Graham and myself: Decompose a K .., into
graphs. Clearly at least one of them must have chromatic number > 3. Determine
or estimate the length of the least monochromatic cycle one of these graphs must
contain. More precisely: Denote by c(n) the smallest integer such that if we color
the edges of a K ,.,, with n + 1 colors there always Is a monochromatic odd cycle of
length <c(n). Determine or estimate c(n).

The following further questions can be posed: Let fi(n) be the largest integer for
which K, can be decomposed into n graphs, all of whose odd cycles are longer
than k, and F,(n) is the largest integer for which K, can be decomposed into n



[ Annals New York Academy of Sciences

graphs, all of whose odd cycles are shorter than k. Determine or estimate f,(n) and
Fi(n).

{(%lcarly K. is the union of n 3-chromatic graphs. One could try to study the 4-
chromatic graphs which must occur in the decomposition of the edges of K., into
n graphs, but we have no results.

Let there be given n? points in the plane. Is it true that one can always find
2n — 2 of them which do not determine a right angle? The lattice points (x, y)
0 < x,y < n — 1show that if true this conjecture is the best possible. In 3-space I do not
even know the maximum number of lattice points {x;, v;. 2L 0 < x;, ¥, z;<n,
which do not determine a right-angled triangle.

Define a graph whose vertices are the integers as follows, i andj are joined if
i +j is a square. Silverman and | conjecture that this graph has chromatic number
Ny . The same seems to hold if the square is replaced by the kth power. We have
not succeeded in formulating a reasonable general conjecture. The following seems
toustobe true: Let | < a, < - < g; < n be a sequence of integers so that g, + a, is
never a square. Then max k = n/3 + o(n). The integers = 1 {mod 3) show that, if true,
this is the best possible result.

The following conjecture is due to Woodall: Let G(n) be 2 graph of n vertices.
Let |#| = t be a subset of the set of vertices; %, is the set of those vertices of G(n)
which are joined (by an edge) to some vertex of . Assume 1.%,| = min (3|.%|/2, n),
for every ¢ and every choice of the vertices of /. Then G contains a triangle. T first
thought that this must be easy but certainly did not succeed in settlirg it. I find this
conjecture very attractive and challenging.

Chvatal has the following beautiful conjecture: Let &% be a finite family of
finite sets having the property that if A € & and B < A, then B e #. Then there is a
subfamily A,, ..., A, satisfying A4, n 4, # ¢; for all 1 <i <j <k, with k maximal
which also has (i, 4, # ¢.

4nother conjecture of Chvatal which generalizes and sharpens one of my con-
jectures states as follows: Let | % = n. An (n, k}-set is a set F of distinct subsets of
. 1t is said 1o be m-interesting if X, ... X, is nonempty whenever X, e F. An
(n, k, m)set is an (n, k)-set F such that every m-intersecting subset of F is neces-
sarily (m + 1)-intersecting.f (n, k, m)is the largest cardinality of an {n, k, m)-set. A well-
known theorem of Ko, Rado, and myself states: fi(n, k, 1)=(}=}) whenever
n = 2k. 1 conjectured f(n, k. 2) = (Z}) for k = 3, n = 3k/2. Chvatal {24] proves this
for k = 3. More precisely he proves f(n, k. k — 1) = (3Z})ifn =k + 2and k > 3. He
conjeciures: f(n, k, m) = (§Z}), whenever l <m < k and n > (m + 1)k/m.

Denote by r(n, m) the smallest integer for which every graph of r{n, m) vertices
contains either a K, or an independent set of m points:

2n--2 ) c, log log n
log n

e n2"t < rin, n) < [
n—1

are well-known. | offered (and still offer) 100 dollars for the following problems:
Prove that lim,., ., r{n, n)''™ exists. This is perhaps not difficult. Evaluate its value,

and finally give a constructive proof for r(n, n) > (1 + ¢)"
Burr and 1 conjectured

rn+ Ln+1)> (1 +c)r(nn), rin 4+ 1, n) = (1 + ¢)r(n n) (15)
The second conjecture is of course stronger. Trivially,

rin+ L,n)=rinyn)=n—1 (16)
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We noticed to our annoyance that we cannot improve (16). I offer 25 dollars for
any improvement of (16) (we expect that this will not be difficult) and 100 dollars
for a proof of (15) (we feel that this may not be quite simple).

Faudree, Rousseau, Schelp, and 1 have several papers (most of which are not yet
published and some of which are joint papers with Burr); here I only state one of
our favorite problems: Denote by 7(p,) the smallest integer for which there is a graph
of F(p,) edges so that, if we color the edges with two colors, there always is a
monochromatic path of length n. Is it true that

Aea) 0. '.(fl}_.o? (17)
n n?
1 offer 100 dollars for a proof or disproef of (17).

Let G"'(n; k) be an r-uniform hypergraph of n vertices and k edges (ie,
r-tuples). An old result of mine states that, for every ¢ > 0 and any r, if n > ny(e. 1),
then every G'(n: [e. n']) contains K!(t, ..., 1); i.e,, a complete r-chromatic graph
with t vertices. An even older result of Stone, Simonovits, and myself states that,
for every & > 0 and for any ¢, if n > mole, t), then every G®(n; 4(1 — (/1 - 1) + &)
contains a K{*(t, ..., t), i.e, a complete r-chromatic ordinary {r == 2) graph with r
vertices of each color. '

These theorems lead me to the following problem (I offer 500 dellars for a
sclution or clarification): Let G(n;; &;) be a sequence of r-uniform hypergraphs.
We define its edge density to be « if « is the largest number for which there is 2
sequence m; — co such that for infinitely many i our G"(n;; k;) has a subgraph
G(my; (2 + o(1))(™))- My conjecture states that for each r the set of possible edige
densities is a nowhere dense set S,. For r= 2, §, is, by the theorem of Stone,
Simonovits, and myself, the set {1 — 1/r}, r= 1,2, ..., . For the general case, my
theorem gives the smallest possible positive value of the edge density of n r-graphs
which is r1/r.

The first unsolved problem staies that if the edge density is greater than riir,
then it is greater than (r!/r") + ¢, . for some positive &, independent of the n;. I would
guess that our graphs must contain some canonical subgraphs and there will only
be countably many choices for these graphs and their densities will form a discrete
set. Brown, Simonovits, and I have some more general conjectures for multiple r-
graphs, but here even the case r = 2 presents enormous difficulties. I tried to obtain
a theorem of this type for the set of all subsets of the integers. but there is a trivial
and devastating counterexample. Let 0 < & < land 1 € a; < a; < - be a sequence
of integers of density o. Let & be the family of subsets having a; elements, i = 1,2,....
Clearly on every set of m integers % induces a hypergraph of (o + o(1))2™ edges.

It is easy to see that if G(n) has no circuit of length <C log n (C sufficiently
large), then the chromatic number of G(n) is at most three. Gallai constructed a
graph of chromatic number 4 whose smallest odd circuit has length =nr'? Lovasz
and I, by a slight modification of Gallai's construction, gave a G(n) of chromatic
number k + 2 whose smallest odd circuit has length =n'*. Gallai and | conjectured
that these results are best possible, In other words, il G(n) has no odd circuit of
length < Cn'’* then the chromatic number of G(n) is less than k + 2.

I claimed that I could prove this but could never reconstruct my proof. not even
for k = 2—perhaps my “proof™ was not correct. In any case the conjecture has to be
considered as open, and [ offer 30 dollars for a proof or disproof.

Let K, be a compiete graph of n vertices. Two players color the edges alternately
white and black. The first player wins if the largest white clique is larger than the
largest black clique. The second player wins if this does not happen. I guess that
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for all (or most) n, the second player has a win. What is the largest f(n) so that
the first player can be sure to get a white clique of size f(n)? I am sure this problem
is not new. It would be nice to know the relation of f(n) to the Ramsey function.
Many generalizations are possible.

Finally I state an old and forgotten problem of Sarkézi, Szemerédi, and mysel.
Let [#|=n Aic¥ 1<igr, Bjc ¥, | gj <s, where the A's and B's are all
distinct. Assume that, for all i andj,

We conjecture that

p g BT (18)

n

It is easy to see that, apart from the value of ¢, (18), if true, is best possible choice.
We observed that (18) would have the following consequence: Let |z;| < 1,1 <i<n,
be complex numbers. Then the number of sums

dind i

n
Yoz </2e= %1
i=1

is at least ¢{2")/n.

For a large collection of unsolved problems, sec miy papers presented at various
combinatorial conferences, in particuiar the Southeastern Conferences on Combina-
torics held at Baton Rouge and Boca Raton, and also the mectings in Hungary,
Prague, and Aberdeen.

For a survey of the old papers (old here means less than five years) on generalized
Ramsey theory, see S. A. Burr [33]. A second survey paper of Burr will appear soon.
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