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INTERSECTION PROPERTIES OF SYSTEMS OF FINITE SETS
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ABSTRACT

Let X be a finite set of cardinality n. If L={/,...,[} isa set
of non-negative integers /, <[/, <...</, and k is a natural number
then by an (n, L, k)-system we mean a collection of k-element subsets of
X such that the intersection of any two different sets has cardinality be-
longing to L. We prove that if « isan (n,L,k)-system, | & |>cn”"!
(c = c(k) is a constant depending on k) then

(i) there exists an Il-clcment subset D of X such that D is
contained in every member of &/,

(), Uy—H N —dy)]esal T —4  H{E—~L)
e M=l
(ii1) [[ =T 2| | (for n= no(k)).
i=1 ey
Parts of the results are generalized for the following cases:

(a) we consider t-wise intersections, ¢ = 2,



(b) the condition |A|=k isreplaced by |A|€ K where K isa
set of integers,

(c) the intersection condition is replaced by the following: among
q+ 1 different members A4,,...,4 there are always two subsets
Af,Af such that IA:‘ N Ail el.

g+1

We consider some related problems. An open question:

Let L'C L. Does there exist an (n, L, k)-system of maximal cardi-
nality (<) and an (n,L’, k)-system of maximal cardinality (') such
that & D «'?

RESULTS

Throughout, lower case latin letters denote integers, capital letters
stand for sets and capital script letters for families of sets.

Let L={Il,...,1r], Il <12 <...<!l and K be sets of inte-
gers. By an (n, L, k)-system we mean a family .« of subsets of a set
X, |XI=n such that for A4,,4,€ o we have [4,[,14,|€K,
|4, NA,l€L. If K={k} then the notation (n,L,k)-system is ap-
plied, too.

A family B={B,B,,...,B,} of setsis called a A-system of car-
dinality ¢ if there exists a set D& B, i=1,...,c such that the sets
B, —D,...,B,—D are pairwise disjoint. D is called the kernel of the
A-system.

Theorem 1 (Erd6s — Rado [7]). There exists a function ¢ (k)
such that any family of gac(k) distinct k-element sets contains a A-sys-
tem of cardinality c.

An old conjecture of Rado and the second author is that there exists
an absolute constant ¢’ such that ¢ c(k)< (¢ - ¢")*. The best existing
upper bound — of order about ¢*. k! — is due to Spencer [15].

Theorem 2 (Erdés — Ko — Rado [8]). If o is an

p, {1+ 1,...,k— 1}, k)ysystem of maximal cardinality then for n=

> ny(k, 1) there exists a set D of cardinality | such that for every
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Ae o, DS A holds. In particular for 1= 1 ny(k,) =2k + 1 is the
best possible value for ny(k,1).

(For 1= 2 the best existing upper bound on ny(k,1) is due to Frankl
[10]).

Theorem 3 (Deza [1]). An (n,{l}, k)-system of cardinality more
than k* —k+ 1 isa A-system.

The object of this paper is to generalize Theorems 2 and 3 for
(n, L, K)-systems. In the proofs heavy use is made of Theorem 1.

The next four theorems express properties of (n, L, k)-systems.
Troughout we assume n > ngy (k,e) €>0,.

Let us set c(k,L)=max(k -1 + 1,822 -L+1D+e & is an
(n, L, k)-system.

rn—1
Theorem 4. If | & | = c(k,L) Iq ——  then there exists a set D

k—1
I
of cardinality 1, such that DS A for every A€ .
Theorem 5. If | &/ |2 k*2""In""1 then (I, —1)IU; —1)I...
@ =1 _ it —1).

r n—t',.
Theorem 6. | &< [ — .
=1 k-1

The following result is a generalization of Theorems 4, 5, 6 for
(n, L, K)-systems.
Let K={k;....k} K <... <k,

Let us define K,=Kn{0,...,5}, K;={,+1,...,}. ,1nK
for i=1,...,r—1 and K,=Kn{¢',+1,---,k,}-

Let us set k;‘=min{k|k€Kl.} for i=0,...,r.

Theorem 7. Let & be an (n,L,K)system.
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Ll T
@ If V1> ketk, L) IT e then there exists aset D of
i= i

cardinality 1, such that DS A for every A€ .

i) If | #|> ks32’_ln"l then there exists a k€ K_ such that
G =i ~d5 3l o3 (:’r b _{ Wk ~1).

r rom=i
i) (1< 2 ¢ [ 5 where ¢,=0 if K;=¢, ¢,= 1 oth-
i=0 *j=1 f”—!" : -

erwise.

The next theorem is a common generalization of Theorems 4, 6 and
a theorem of Hajnal, Rothschild [11].

Theorem 8. Let of be a family of k-element subsets of the n-ele-
ment set X such that whenever A, . .. ,Aqul are q + 1 different sets
belonging to & we can find two of them Al., A}r such that JA,. N A,-i €L
(qg=>1 is fixed). Then

(i) there exists a constant ¢ = c(k,q) such that

( 1 ﬁ il I" r—1

o> — +en'”

| o | > (q )l_=1 F—1,

implies the existence of sets D,,D,,...,D  such that for every A€ o
there exists an i 1<i<s satisfying D, C A, |[Djl=...= IDsl 2=
Further if q; denotes the maximum number of sets A, ... ,Aqf such

that for 1 <j<gq, D!.CAJ, but for i'+i D,AIA}. and 'Ah nA}.zJeL

5
for 1<j, <j,<q,, then Zl' 4,=4q
i=

rp— fi ;
(i) 1#1<gq Hl =1 T om ™ Y) (> ny(k, q)).

i= i
In the next theorem we generalize Theorems 4, 5, 6 for the case of

t-wise intersections.

Theorem 9. Let o be a family of k-subsets of X. Suppose that
for any t different members A;,...,A, of A |A N...NAIEL
Then

5
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(i) there exists a constant ¢ = c(k, t) such that | 4 |>cn"~ 1 im-

plies the existence of an 1 -element set D such that DC A for every
AE o,

() |#1>cn""1 implies (I, —1)...1(L —1_)Itk—1),

o S ¢
i) 11< =1 [ = (0> ny(k, 1),

First versions of Theorems 4, 5, 6, 7 was announced in [2], the case

|LI = 2 was considered in [4].

The proofs of the theorems will appear in the Proceedings of the

London Math. Soc.
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