NONBASES OF DENSITY ZERO
NOT CONTAINED IN MAXIMAL NONBASES
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ABSTRACT

A sequence A = {o) of non-negative integers is a basis if every sufficiently large integer mcan be
written in the form n = ay+ay with gy, a; 2 A. 1T A 18 not a basis, then A is called 8 nonbasis, The
nonbasis A is maximal if A w2 {b] iz a basis for every b¢ 4. We construct a nonbasis A of density
Rmé,ﬂin' particular, with 4(x) = 0{+/x), such that 4 connot be imbedded as a subset of any maximal
nonbasis,

A set A of non-negative integers is a basis if every sufficiently large integer n can be
written in the form n = a; 4+ «; with a;, a;€ A. If infinitely many integers n cannot be
represented in the form n = a,+a;, then 4 is a nonbasis. The set A is a maximal
nonbasis if 4 is a nonbasis, but 4 w {b} is a basis for every non-negative inteper bg¢ A.

MNathanson [3] asked if every nonbasis is a subset of a maximal nonbasis. Recently,
Hennefeld [2] observed that the set 4 consisting of {1} together with all non-negative
even integers except those of the form 2% with & = 1 is a nonbasis that is not a subset
of any maximal nonbasis. This set A has density 1/2. On the other hand, Erdds and
Mathanson [1] proved that if A is a nonbasis such that 4w F is a nonbasis for every
finite set F of non-nepative integers, then A is a subset of some maximal nonbasis.
In particular, if A has density 0 and 24 = {a,+a;| a;, ;& A} has density strictly less
then I, then 4 isa subset of a maximal nonbasis. The question remains whether every
nonbasis of density 0 is a subset of a maximal nonbasis. If A is a set of non-negative
integers, let A(x) denote the number of elements of A not exceeding x. In this note
we prove the following best possible result: There exists a nonbasis A with

Alx) = 0(/x)
which is not a subset of any maximal nonbasis.

LemMa.  Ler (O, be a strictly increasing sequence of odd positive integers
0 = 2q,+ | such that

0>2(% ¢’

i=l

Let A' = [0,4,]v U [0y +1,q,] be a set of infegers such that 24" = M {005,
and =2

A Q-+ 1,4 & [Oe—1+ 1,4

for all sufficiently large k. Then there exists a nonbasis A with 4' = A such that
Alx) = A () + 00/ x) and A is not a subset af a maximal nonbasis.

Proof. Let Q= —1, and let 4, = A’ [Q,_,+1,4,] for all k=1, Then
o
A= U At',anda’l{ = [Q;_;-i-l.qk]furallk }kq = L.
k=1
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We shall construct sets A, such that 4" = 4, = [Q,_, +1. 3,]. Let 4, = 4, for
k < k,. Suppose A, has been determined for j < k. Choose b e [0, _, + 1, g.]~ A4,
Define M, = [q,+1,0,] by

M= [Q—b)u{Q—x|xe[0,0, ) and x ¢ (b} v | ;< A}

Let 4, = 4, UM, andlet A = | ] A4,
k=1

Clearly, il Qy—xelge+ 1,0 A, then x¢ 4, and so Q,¢24. Therefore,
24 = 24" = PN {041 - s and A4 is a nonbasis.

We shall determine all sets W such that A u W is a nonbasis. Let B = {b},.,..
Then AnB=gZ. If e¢ AuB, then 0,—ceM, = A for all sufficiently large k,
and so Qye2{Awu {¢}). Therefore, if An W = G and A0 W is a nonbasis, then
W = B, and so W = By = {b;}, ., where [ is a subset of {k},.,..

If @ye2(Aw B), then k = k; and @, = x+y for some x, yedu B with x < y,
Thenyefge+1, Q). But B [g,+1, Q] = & and

Arv[g+1L Q) =M, = {0 —b ) (O —x | xe 0,0, IN(4 v B)}.

Since xe A B, it follows that y = 0, —b, and x = b,. Therefore, if B, = B, then
Dye2(Aw By) if and only if kel. Therefore, A B, is 4 nonbasis If and only if I is
a subset of {k},., whose complement in {k},., is infinite. Since there is no such
maximal set [, there is no maximal subset B, of B such that 4w B, is a maximal
nonbasis, Therefore, A is not contained in a maximal nonbasis.

Finally, we compute A(x)—A'(x). Clearly, [M,| = @,_, and [4,| = |4, +0,-,
forallk, LetQ,_, <=x = 0,2. Then

k=1

Axis A+ X M

J=ka+ 1 !
k—2
= -4'[_1'}'1'12 Q’
=1
< A+ Q-
<A +Jx

Let @/2 < x < Q. Then

E
A(x) A'(x)+ Y |M

F=kn+1
k=1
<A@+ 3 0,
< A'(x)+/(Q:/2)
< A'(x)+x
Therefore, A{x) = A'(x)+0(./x).

THEOREM. There exists a nonbasis A with A(x) = O(/x) which is not a subset of
a maximal nonbasis, '
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Proaf. In [4], Nathanson constructed a set A4’ satisfying the conditions of the
Lemma, and also A'(x) = 0(/x). Applying the Lemma to this set A’, we obtain a
nonbasis 4 that is not contained in a maximal nonbasis and that satisfies

A(x) = A () +0(/%) = O(J/x).

Remark. Hennefeld [2] has proved that the set consisting of {1} together with all
non-negative multiples of & except the powers Ai* with n = | is a nonbasis of order #
which is not a subset of 2 maximal nonbasis of order /. It would be of interest 1o
construct a nonbasis A of order h with A(x) = O(x'™) such that A is not a subset of
a maximal nonbasis of order &
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