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GiveN a set X and a natural number r denote by X the set of r-
element subsets of X. An r-graph or hypergraph G is a pair (V, T),
where V is a finite set and 7' = V. We call v € V a vertez of G and
7 € T' an r-tuple or an edge of . Thus a 1-graph is a set V and a subset
T of V. As the structure of 1-graphs is trivial, throughout the note
we suppose r > 2. A 2-graph is a graph in the sense of (5). The degree
deg v of a vertex » € V is the number of r-tuples containing v. A set
of pairwise disjoint r-tuples is said to be independent. We say G’ =
(V’,T") is a subgraph of G = (V, T') and write ' =« G if V' = V and
T"eT . IfG = (V,T)and ve V then G—v = (V', T"), where V' =
V—{v} and 7" = {reT:v¢z}). If X,Y are sets |X| denotes the
cardinality of X and X — Y is the set theoretic difference of X and Y.
An r-graph with p vertices and all () possible r-tuples is denoted by
K,. Thus K, is the complete graph with p vertices. Also K, is the
graph with p vertices and no r-tuples.

Let E,(n, k) (0 <k <mn) be an r-graph (V, T), where |V| = n and
T={teVnD:tn W # ¢} for some k-element subset W of V. (Thus
adapting the notation of (5) to r-graphs, H.(n, k) = Ky+ K,—;.) Put

ern, k) = |T| = (:) - (n:k) .

The graph Ey(n, k) clearly does not contain k+ 1 independent r-tuples
and it is maximal with this property if n > (k+ 1)r. Let us define another
maximal r-graph with at most & independent r-tuples, Fy(n, k) =
(V1,T,). Let |V1] =mn >k+r, let W; and R be disjoint subsets of
V1, |Wi| = k=1, |R| = r, and let v € V;— Wy—R. Then the set of
r-tuples of Fy(n, k) is

T,={teVP:icnW, #¢}uf{reV?:verandtn R #
¢} v {B}.
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fn > (k+1) then Fy(n, k) is a maximal r-graph without %+ 1 inde-
pendent r-tuples. Put

= ()-()- (7257

= en(n, k) - (“Hfl_”) +1.

r

f!"(n: k)

It was proved by Erdés and Gallai [(3) theorem 4.1] that if a 2-graph
G on n[ > (5k+ 3)/2] vertices has at least eg(n, k) edges and does not
contain k+1 independent edges then @ is exactly Es(n, k). This result
was extended to r-graphs by Erdés (2) in the following form.

Given r > 2 there exists a constant ¢, such that every r-graph with
n > ¢k vertices and ey (n, k)+1 or more r-tuples contains k+1 in-
dependent r-tuples. The proof of this result is based on the correspond-
ing theorem for k& = 1 and arbitrary r, proved by Erdés, Ko and Rado
(4). It is conjectured in (2) that if an r-graph with n > (k+ 1)r vertices
contains more than

max [(¥*1) ¢ (n, £))]

r-tuples then it contains k+ 1 independent r-tuples. This conjecture is
still open for all » < 3.

Sharpening the result of Erdos, Ko and Rado (4) it was proved by
Hilton and Milner (7) that if an r-graph without 2 independent r-tuples
has n > 2r vertices and fr(n, 1)+ 1 or more r-tuples then it is a sub-
graph of Ey(n, 1).

In this note we sharpen the result of Erdés (2) (and put it in a more
explicit form) by extending the result of Hilton and Milner (7)
for every k > 1 (Theorem 1), provided » > 2r3k. Naturally the graph
Fy(n, k) shows that fewer r-tuples do not imply the assertion. An
immediate consequence of Theorem 1 is an extension of a result of
Hilton (6) concerning sets of independent r-tuples (Corollary 1).

The main aim of this note is to give another condition on an r-graph
G that ensures k+ 1 independent r-tuples unless ¢ = E,(n, k). Instead
of requring a sufficient number of r-tuples, we require that the degree of
each vertex be sufficiently large (Theorem 2).

The minimal degree in Ey(n, k) is

(n_—ll) - (n;ic;l) = er—1(n—1,k).

It follows from Theorem 2 that if in an r-graph & on n[ > 2r3(k+2)]
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vertices the degree of every vertex is greater than the above then &
contains k+ 1 independent r-tuples. The graph E.(n, k) shows that this
condition on the degrees can not be weakened if we want to ensure the
existence of £+ 1 independent r-tuples.

It is interesting to note that the graph E.(n, k) is also the unique
solution of the following extremal problem, An r-graph H is said to be
(r+k)-saturated if H is a maximal r-graph which does not contain a
K. Then among (r+ k)-saturated r-graphs on n(>r+k) vertices
E(n, k) is the unique graph with the minimal number of r-tuples. This
was proved by Bollobés in (1) using the method of weights.

In the proofs of our theorems, we shall make use of the following
simple inequalities.

(22)>()- () ()

where 1 <s <m—-Il <m. (1)

- l l
("VUE)>(=am) 10
s 8 m—s m—s
where 0 <6 <m—I <m. (2)

[The second inequality of (2) follows from (1—2)f 2 1—-szif 0 <z <
1.]

We shall also make use of the following simple lemma whose proof
we omit [ef. the proof in (2)].

Lemma 1. Let G = (V,T) be an r-graph on n vertices containing at
most p = 1 independent r-tuples.
(a) If w e V and G—u contains p independent r-tuples then

n—1 n—1—rp n—2
deg u é(r—l) —( r—1 )érp(r_z).

(b) There is a vertex v in G such that

deg v }l-ill.
e

ToeroREM 1. Let G = (V, T') be an r-graph with
r>2,k>1|V|=n > 2% and |T| > fr(n, k).

Suppose G contains at most k independent r-tuples. Then G < Ey(n, k);
in other words there exists W < V with |W| = k such that every r-tuple of
G intersects W.
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Proof. Fork = 1 this was proved by Hilton and Milner (7), so suppose
& > 1 and that the result holds for smaller values of k.

Suppose first that there is a vertex u € V such that G —u has at most
k—1 independent r-tuples. As

]T| —deg u >fr(n, k)—deg u = fr(n, k)— (::i) =

frln—1,k-1),

the induction hypothesis implies that ¢ —« < E.(n—1, k—1) and so
G < E/(n, k).

Suppose now that G —u has k independent r-tuples for every vertex
ueV.

The two parts of Lemma 1 imply that if G is not a subgraph of

Ey(n, k) then

[T| n—2

i <rk o] (3)
By (1) we have

|T| > frin, k) ;k(":‘:’f) - (";‘_kl"')ﬂ > (k+1)("‘::’;),

and it follows from (3) and (2) that

s E 1B {1_ (r—m(k—l)}_
r—1 n—r

Routine calculations show that this contradicts the assumption
2r3k < n, and the proof is complete.

Levma 2. Let F = (V, T') be an r-graph with
r>2,k>2|V|=n>23%k-1)and |T| > fin, k—1).

Suppose every r-tuple of F meets a set W having |W| = k—1. Let t be an
r-tuple which does not meet W. Then the r-graph F U t has k independent
r-tuples.

Proof. The number of r-tuples of F' which meet 7 is at most

- (n) 3 (n—r) B (n—-k+1) N (n—r—-fc+l)‘
T r r r
The case k = 2 follows because k < fy(n, k—1), so we assume k > 3.

The number &’ of r-tuples of F — t satisfies
V >fin, k—=1)—h = 1+e(n—r,k—2) > fo(n—r, k—2).
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If F —1 has k—1 independent, r-tuples then those together with 7 give
the desired result. Suppose on the other hand F —t has at most £ —2
independent r-tuples. Then by Theorem 1 we know F—1 < Ey(n—v,
k—2)so k' <e(n—r, k—2). This contradiction completes the proof.

To formulate the next result let us recall a definition of Hilton (6).
We say that an r-graph @ contains a simultaneously independent k-sets
if there are sk of the r-tuples that can be partitioned into s classes, such
that each class contains & independent r-tuples.

CoroLrarY 1. Let G = (V,T) be an r-graph with

r>2,k>2|V]=n>23%k-1)
and
|T| = frin, k=1)+(s+1)k—1.

Suppose G has at most s simultaneously independent k-sets. Then there
are s of the r-tuples of G such that the r-graph obtained from G by omitting
these r-tuples is a subgraph of an Ey(n, k—1).

Proof. Let p be the largest integer for which G' has p simultaneously
independent k-sets and let S denote such a family. If ' = (V, T")
where 7" = T'—8 then by definition of p there are at most k—1
independent r-tuples in G'. Since

|7 = |T]|-pk > frin, k—1)+k-1,

by Theorem 1 there is a set W with |W| = k—1 such that every r-tuple
of G’ meets . Now each class of § must contain an r-tuple which fails
to meet W, but suppose some class €' contained two such r-tuples 7 and
a. Then Lemma 2 shows that G’ U t has k independent r-tuples and we
will denote them by C';. If we omit ' from @” U 7 and adjoin ¢ we can
again apply the lemma to get a second set U5 of k& independent r-tuples.
However replacing C in S by C; and O contradicts the definition of p.
Thus we have shown that each class of S contains exactly one r-tuple
which fails to intersect W and omitting these r-tuples from G produces
a subgraph of E,(n, k—1).

It is likely that a somewhat more careful proof would show that the
same assertion holds if we require only that |T'| = fr(n, k—1)+s.

For the next theorem and its corollary notice that

(:2)-(22h)

is the minimum degree in Ey(n, k—1).
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TaeoreM 2. Let G = (V, T) be an r-graph with

r>2k>land |V| =n > 2r3(k+2).
Suppose G contains at most k independent r-tuples. If

n—1 n_ﬁk ?'3 —-k—'l
degv >d=din, k)= (r-—-l) - (1‘—-1) * n—k-}-l(nr—ﬂ )

Sor every v e V then G < E(n, k).

Proof. We shall prove the theorem by induction on k. Suppose first
that & = 1. By Lemma 1b there is a vertex » such that

degv > |T|/r > ndfr? = r(:::).

Let H = G—v». Then H can not have an r-tuple since otherwise
Lemma la contradicts the previous inequality. Thus every r-tuple of
@ contains v and so G = Ey(n, 1).

Suppose now that £ > 1 and the result holds for smaller values of k.
Asin the case k = 1, Lemma 1b implies that there exists a vertex v such
that

deg v >E| > e (4)

rk 2k’
Put H = G—». Then

degn v > degg u— (’::3) > dy(n, k)— (n_z) =d(n—1,k-1)

r—

for every vertex u of H.

If H contains at most k—1 independent r-tuples, the induction
hypothesis implies that there is a set W with |W| = k—1 such that
every r-tuple in H meets W. Hence in this case every r-tuple of ¢ meets
Wu {v}and |W U {v}] = k.

Thus we can assume without loss of generality that H contains k
independent r-tuples. Then by Lemma la we have

n—2
deg v <rk(r_2) .

Consequently (4) gives

r3k2 (n— ) od> n—l)_ (n—k)
n \r—2 r—1 r—1/"
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()t
n \r—2 r—2
and so by (2)

r3k2 n—k\[[{n— (r—2)(k—-2)
* 'ﬁ(k—l) ¥ (r—2)/(r—2) = n—r ’

This contradicts our assumption on 7, so the theorem is proved.

Notice that the number of r-tuples in ¢ guaranteed by the condition
on the degrees is less than fr(n, k) so Theorem 2 does not follow directly
from Theorem 1.

Thus (1) implies

CoroLLARY 2. Let G = (V, T) be an r-graph with
r>2,k>2and V| =n > 23(k+1).

Suppose that
n—k
1 <s é%(rﬂ.‘!)
and
n—1 rk(s—1)
d .
i (r—l) * Bl

Jor every v € V. Then G has s simultaneously independent k-sets.

Proof. Let p be the largest integer for which & has p simultaneously
independent k-sets and let § denote such a family. We assume p < ¢
and obtain a contradiction., If @' = (V,7T") where T" = T'— 8 then
there are at most k£ —1 independent r-tuples in ', and for every v e V

deg,. v >degov—p > d.(n, k—1).

Hence by Theorem 2 there is a set W with |W| = k—1 such that every
r-tuple of G' meets W. Clearly

n—1 n—k
wuee>(22) (1)
for every z € V — W, but there is at least one zg € V— W for which

rkp

d deg..
e8g %y < deggr 2+ —r

contradicting our hypothesis about deg ».
c
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It is easily seen that the restrictions on the parameters in Theorem 2
and Corollary 2 can be weakened by proving a more accurate result for
k=2

We are grateful to Dr. A. J. W. Hilton for drawing our attention to
(6).
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