SOME PROBLEMS ON CONSECUTIVE PRIME NUMBERS

P. ERDOS

Let 2 = p; < p, < ... be the sequence of consecutive prime numbers, Put
d, = Pp+1 — Pn- Turdan and I proved [1] that the inequalities d,,, > d, and
d,;1 < d, both have infinitely many solutions. It is not known if d, = d,,; has
infinitely many solutions. The answer is undoubtedly affirmative but the proof will
probably be very difficult [2]. It was a great surprise and disappointment to us that
we could not prove thatd, ., > d,., > d, has infinitely many solutions. We could
not even prove that (— 1)"(d,., — d,) changes sign infinitely often. It seems certain
that the answer to both of these questions is affirmative and perhaps a simple proof
can be found.

I proved that for a certain ¢ > 0 (¢, ¢y,¢;... will denote positive absolute
constants) d,.; > (1+¢)d, and d,,; < (1 — c)d, both have infinitely many
solutions [3]. An obvious guess is that d, . ,/d, is everywhere dense in (0, c0), a
proof of Ricci and myself only gives that the set of limit points has positive measure,
but we can not find a single element of this set of positive measure.

Turan and I also asked: Let @y, ..., @, be real numbers. What is the necessary and
sufficient condition that

k
1=Zl Q;Ppsish = 1,2,... (1)

k

should have infinitely many changes of sign? We observed that > «; = 0 is clearly
i=1

a necessary condition and Pélya observed that if (1) has infinitely many changes of

j k
sign then the k numbers «; = i a; cannot all have the same sign. Put ( >oa = 0)
i=1 i

i=1

k-1
QiDp+i = — iglaidni-i' (2)

o

i=1

It would be reasonable to conjecture that Pélya’s condition is necessary and
sufficient for (2) to change sign infinitely often. Unfortunately the proof of this is
not likely to succeed at the present stage of science. It is easy to see that the con-
jecture is equivalent with the following conjecture: for every ¢,

[m —— = co. 3)

(3) seems quite hopeless to me at present. As stated previcusly it is not even known
that Tim d,/d,,, = . As far as I know it has not yet been proved that

n=uo0

dn > du-l—l +dn+1
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has infinitely many solutions. Perhaps by sieve method techniques this could be done,
but I have not succeeded in proving it.

In this note we prove the following much more modest (we can clearly assume
k=23

k=1
THEOREM 1. Assume Y o; = Oand o,_, # 0. Then (2) changes sign infinitely
often. el

Theorem 1 clearly implies our old result with Turin that d,,; — d, changes sign
infinitely often.

Before we prove our Theorem we state one more question: Turdn and I also
proved [1] that the determinant

pm .pn+ 1

Pu+1s Pr+2

changes sign infinitely often. Presumably this could be generalized to show that for
every k the determinant

DPn, cios Pntk—1

Pa+k=1s+ves Pn+2k-2 l

changes sign infinitely often.
Now we prove Theorem 1, We have by a simple argument (k > 3)

x

k-1
Z 2 t:"'ridn+i

n=1i=1

k=1
< iZI gl [dy + oo + iy F oy + oo F dyiial

From the prime number theorem (or a more elementary theorem) it follows that
for infinitely many x, d..,_, — d, < ¢, logx. Thus for infinitely many x

"

2 oydyy;

n=1 i=1

< ¢, log x. 4)

Thus if (2) would change sign only finitely often we would obtain that for
arbitrarily large values of x

k-1
2 odyy
3

< |o-4l ®)

for all but 2¢, log x values of n < x. But this clearly implies that, for all but
2¢, log x values of n, {d,+1,...,d,+x-2} uniquely determines d,.;_,. Hence (5)
implies that there are at most

(10k log x)*~2 + 2¢, log x < ¢3(10k)*~*(log x)*~? (6)
(k—1)-tuples
{dps1s s dnix-1)s max d,,; < 10klogx, 1 < n < x
1sisk-1

Now we show
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THEOREM 2. The number of (k — 1)-tuples

{dow1s ooy Bori=1h max d,.; < 10klogx, 1 <n<x
1=5igk—-1
is greater than c4(log x)*~ 1.

Since k& = 3 Theorem 2 contradicts (6) and hence (5); thus Theorem 2 implies
Theorem 1,

In Theorem 2, 10k can certainly be replaced by a smaller constant but it will be
difficult to replace 10k by a constant independent of k.

It seems certain that for every k

max (du‘i-ls 7 dn+h)

i g X il )
and

. min(d,,+1, ---,dn—l-k) 2io -

IIIP=5£P logn e L

(7) and (8) seem to be very deep and I could only prove (8) for k£ = 2 [4].

It might be possible to give an elementary proof of Theorem 1 (perhaps following
our proof with Turan for the case £ = 3), but it seems to me that Theorem 2 has
independent interest. In proving Theorem 2 we use Brun’s method; better values of
the constants could of course be obtained by using Selberg’s sieve. We need the
following

LemMA 1. The number of primes p < x for which all the k — 1 integers
p+ E'd,-,l <i<k-1
Jj=1

are primes is less than

C’sx ' j_c_
(log x)* n (1+ p)’ ©

where the primes in I1' run through all the prime factors of

Al ndid =TT (2 4)- (10)
1= €h<k-1\j=1

The Lemma immediately follows from Brun’s method. The sieving primes are
the primes p < x?, pYA(d,, ...,d;_,). For these primes the k residues
0,d,,d, +da,...;dy + . +dp_y

are all distinct. Thus Brun’s method and the well known result

k x
P .
“( p) < % log )"

immediately give Lemma 1.
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LemMMa 2. To every & > O there is a § so that if S is any set of fewer than éy*~!
(k — D-tuples of integers 1 < d,,...,d,_, < y we have

k
: 14 — k-1 i
.o\ ) 2 9% (i

where the dash indicates that d,, ...,d,_, runs through the (k — 1)-tuples of S and
A(d,, ...,dy_ ) is given by (10).

The proof of Lemma 2 follows standard techniques but we give all the details,
First we show

k\2
-3 I1 (1+—) Larr (12)
max d; <y plA(dy, ..., dg-1) P

Since (1+4/p)® < (1+3k?/p), to prove (12) it suffices to show that

1
14— ) < ap, 13
malzd}ﬂ pIA(d..le-. die=1) ( P W (13)
with | = 3k%.

By interchanging the order of summation we evidently have

I IO F(z
(1+—) e i 18 (14)

max d, <y pldid,, ..., dy—1) p t

where v(¢) denotes the number of prime factors of the squarefree integer ¢ and F(z)
denotes the number of solutions of

A(d,,...,d¢—1) = 0 (mod ¢), maxd,; < y.

Denote by p, the greatest prime factor of 7. It is easy to see that

NP

F(1) € F(p) < 2*~ < 4* (15)
P: P,
From (14) and (15) we have (p and g are primes)
S malLas(1+5) < £
max d; Sy plA(dy, ..., dx-1) P &) =1 Ip,
oy ! —1 ¢ ¢ (ogp) _
<y 'r—=II (1 +—) < gy 12%— Loy
p P a<p q [

which completes the proof of (13) and (12).
Lemma 2 easily follows from (12). If (11) did not hold for a certain set having
fewer than dy*~* k-tuples we would have from Cauchy’s inequality

k\2 k2
%o, (1) >x, 0, (145)
max d; Sy pld(dy, ..., dg—y) D plA(d,, ..., dy 1) P

k\)z2

(Z‘ IT (1+—)
PIAy, e di) P eyt~ )? e
o1 g "o A

\%
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which contradicts (12) for § = &?/c, and hence Lemma 2 is proved.
Now we easily obtain Theorem 2. It follows from the prime number theorem (or
a more elementary theorem) that

Pn+k — Pu+1 < 10k logx

has more than (x/2 log x) solutions in primes p, < X.
Thus the primes p, < x give at least (x/2 logx) (k — 1)-tuples

{dn-i-l,“-,dn-lvk—l}! max dn+1 < 10k logx,
1<i<k—1 (16)

where multiple occurrences are counted multiply. By Lemma 1 a (k — 1)-tuple can
occur with a multiplicity at most

Cs X , k
B y
dorr T (1+5)
and by Lemma 2 (y = 10k log x) there are at least ¢,(logx)*~! distinct (k — 1)-

tuples satisfying (16) if ¢, is sufficiently small. This completes the proof of Theorems 2
and 1.
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