ON THE GROWTH OF ﬂk(n)

P. ERDOS and I. KATAI
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1.) Let d(n) denote the number of divisors of n, logkn the k-fold
iterated logarithm. It was shown by Wigert [1] that (exp z = e%)

logn
d(n) < exp ({1 + E)].ng B—gf%ﬁ)

for all positive values of € and all sufficiently large values of n, and that

- 2 _logn
d(n) > exp ((1 élog loglogn)

for an infinity of values of n.
Let dk(n) denote the k-fold iterated d(n) (i.e.,

dyn) = dfm), (d @) = d@,_ (), k2 2).

S. Ramanujan remarked in his paper [2] that

dy(n) > 4 Nz logn
log log n

and that

ds(n) > (log n)loglogloglogn

for an infinity of values of n.
th

Let { denote the k

K element of the Fibonacci sequence (i.e.,

- = - >
£ 0, ¢ 1, Ek Ek—l'”k—z for k2 1).

We prove the following:
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Theorem 1. We have

Lae
(1.1) dk{n) < exp (logn) k

for all fixed k, all positive € and all sufficiently large values of n, further
for every € > 0

1
—-€
(1.2) 4, () > exp (ﬂog n) ¥ )

for an infinity of values of n.

1t is obvious that d{n) < n, if n > 2. For a general n > 1, let k(n)
denote the smallest k for which dk(n) = 2. We shall prove

Theorem 2.

(1.3) 0 < lim sup 10;%3: g L { =

2.) The letters c, ¢y, ¢3,"** denote positive constants, not the same
in every occurrence. The pi's denote the iﬂr prime number.

3.) First, we prove (1.2). Let r be large. Put Ny = 2-3--- P
where the p's are the consecutive primes. We define N,,"** 'Nk by induc-

tion. Assume

) T
(3.1) N. = 11 pi ’
L |

From (3.2) d(N,

]+l} = Nj’ and thus
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(3.3) d, ) = al |

J
Nj, respectively. We have

Let S.‘i and [, denote the number of different and all prime factors of

{3.4) Sl = Fi =T, Sj+1 =T..

Furthermore
S
% j

3.5 Sy =Ty = X N, -1 < ij L v, <elplogs; ,
v=1 v=1

since py < cylog# for 2 2 2. Hence by (3.4)

(3.6) Sj+2 <ec Sj+1

s S. i > »

g

X logpi< cpy < cb logt,
i=1

we obtain from (3.2},

I
(3.7 log Nj+1 < psj 3 log p;<c SjF (log Fj)z = ¢SS, (ogs

L
i i j*l
i=1

From (3.3), (3.4) we easily deduce by induction that for every €> 0
and sufficiently large r

3+€

2+€ .
,ls(]’.‘ SR

Si=r, r1=1‘, Sz=r; r2<r2+e’sa<r

I _+e 2
k-1 %
Sk<r ,ikSr
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Using (3.7), we obtain that

2
k+e

logN, <r ;

k

whence

. 1/1, -€
d N ) = 2 2 exp | Qlog N, ) )

which proves (1.2).
4.) Now we prove (1.1). Let Nj,Ny,--- ’Nk be an arbitrary sequence of
natural numbers, such that

dN. ) = N, ,

il j
for j=0,1,""*, k-1.
Let B denote an arbitrary quantity in the interval

(log log I\Tk)-c < B £ (loglog Nk)c §

not necessarily the same at every occurrence.
We prove

'
@.1) log X, > Bllog No) K.

whence (1.1) immediately follows.

In the proof of (4.1) we may assume that log Ny 2 (logN, ) , with a
positive constant § < 1/1 K

Let

Then
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Sy
Nﬂ = H Q’i -
Since 1=
ai-l ai—l
2 S q1 N1 3
we have
@, < clogNy.
Hence
(log 2)8; < log Ny = Zlog A < (loglog Ny +c)S; ,
1- e. )

log No = B51
We need the following:
Lemma. Suppose that for some integer j, 1 < j<k-1,

4.2) @ QYA_I N
. i A IR s

where Qy, ***, Q A are different prime numbers and

1. ;
@3 A>Bs 0t g 2 Es, v > Bs P = 1,eee,0)
Then either 1
k
(4.4) log Nj+1 2 (log Ny) —,
or ﬁi‘l ﬁc‘l
4.5) ry 242 Lo Nj+1 i
where ry,"**,r- are different primes and
£, 1 £, 1
4.6) c>msd, r2msl, g2 B/ G=1,00.
To prove the lemma, let
S.
g 1
N, = I ¢

Since d{Njﬂ_) = Nj’ by (4.2),
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A v.-1| 841
@.7) ne!' | s =nN, .
f=j * ! )

Agsume first that there is a Si which has at least Zﬂk (not necessarily
distinct) prime divisors amongst the Q; We then have

2y

> 1 >log2 ¢ >[pgi- >
10gNj+1—§§ilog t, 75 Si Z\(BS; z

if N, is sufficiently large, i.e. (4.4) holds. Then by (4.2), the number D of
5's, each of which contains a prime divisor amongst the Q's satisfies the

inequality
A
' 14 3
@8 D> % @,-1> f—k miny, > ABsJ™% > msJ-% J-1 _ pgJ.
=1

Without loss of generality, we assume that these &'s are &4,°*" 'SD and t;
> oty Dee 2 tD in (4.7). Since at least one Q divides Si(is D), by 4.3),

we have

ﬂ;.l
5, >B8{ .

Furthermore it is obvious that t[D/z] > D. By choosing

C=D_%’ r'=t-’ Bj_:&' ﬁ=19”':c)!

we obtain (4.5) and (4.6).

This completes the proof of the Lemma.

Now (4.1) rapidly follows. Indeed, the validity of (4.4) for some j, 1<
j £ k-1, immediately implies (4.1). So we may assume that (4.4) does not
hold for j = 1,-++,k - 1, Now we use the Lemma for j = 1,---,k - 1. Since
N; has §; different prime divisors ([1/2 S;] of these is greater than S;)
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the conditions (4.2), (4.3) are satisfied for j = 1. Hence (4.5)-(4.6) holds,
i. e. , the conditions (4.2)-{4.3) hold for j = 2. By induction we obtain that N

k
has at least
£
Bsik'l
JEk 2
distinct prime factors each with the exponent greater than BS; . Let
Pj-l
Nk = ﬂP1 %
Since
log N, > 1 Z
€87 7 &Py 0
we have
A 1
log N > BSik_l K-8 o Blog Ny) A,
Consequently (4.1) holds.
5.) Proof of Theorem 2. Using (1.1) in the form
&) < exp (uog 0% 3)
for n z ¢, and applying this k times, we have
(5.1) log doy () < Qog ™" when a4, > o
' 6 ok g C ok-2'M 2 ¢

Equation (5.1) implies the upper bound in (1.3) by a simple computation.
For the proof of the lower bound we use the construction as in 3). Let r
be so large that

2 +€
ch+1 (log Sj+1) < Slj+1

in (3.6). Using that
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log Nj+1 < (log Nj j2teE
Thus
log N} < (log Ni)(2+€)K s
hence by taking logarithms twice,
KN 2 k2 cqlog N, »

which completes the proof of (1.3).
Denote by Ln) the smallest integer for which log DL () < 1. We con-
jecture that

n
%EK(IIL)

m=1
increases about like L(n), but we have not been able to prove this.
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CORRECTION

On p. 113 of Volume 7, No. 2, April, 1969, please make the following
changes:

Change the author's name to read George E. Andrews. Also, changethe
name "Einstein, " fourth line from the bottom of p. 113, to '"Eisenstein. "

ok ok ok ok



