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1. ) Let d(n) denote the number of divisors of n, logkn the k-fold 

iterated logarithm. It was shown by Wigert [I] that (exp z = ez) 

d(n) < exp (1 + e)lo$ sn 

for all positive values of E and all sufficiently large values of n, and that 
. 

(1 - Olog2 * loglogn 

for an infinity of values of n. 

Let dk(n) denote the k-fold iterated d(n) (i. e. , 

di(n) = d(n), (dk(n) = d(dk-I(n) ), k >, 2 ). 

S. Ramanujan remarked in his paper [z] that 

d2(n) > 4 ” log n 
log log n ’ 

and that 

d3(n) > frog n)loglogloglog n 

for an infinity of values of n. 

Let Qk denote the kth element of the Fibonacci sequence (i. e. , 

Q -1 = 0, Q. = 1, Qk = Q 
k-l + ‘k-2 for k > 1 ). 

We prove the following: 
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Theorem 1. We have 

?+ 
(1.1) dk(n1 < exp (log n) k 

[Oct. 

for all fixed k, all positive E and all sufficiently large values of n, further 

for every e > 0 

(1.2) d,(n) > exp ((log ngSE) 

for an infinity of values of n. 

It is obvious that d(n) < n, if n > 2. For a general n > 1, let k(n) 

denote the smallest k for which dk[nn) = 2. We shall prove 

Theorem 2. 

(1.3) 0 < lim sup K(n) 
log log log n <w * 

2.) Theletters c, cl, cz,“* denote positive constants, not the same 
.th 

in every occurrence. The pi’s denote the 1 prime number. 

3. ) First, we prove (1.2). Let r be large. Put Ni = 2.3 * * * pr , 

where the p’s are the consecutive primes. We define N2, l ’ * ,Nk by induc- 

tion. Assume 

(3.1) 

then 

S. 

Nj = n” p;’ , 
i=l 

. . . P 
psj-1 

r+ 9 . +rs 
j 1 

From 13.2) d(Nj+l) = Nj, and thus 
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(3.3) $ (Nk) = 2r . 

Let Sj and rj denote the number of different and all prime factors of 

Nj, respectively. We have 

(3.4) St = r, = r, S j+l = rj . 

Furthermore 

S. S. 
J J 

(3.5) Sj+2 = rj+l = C Yv(P, - 1) < Ps C Yv ’ C rjsj loi% ‘j 9 

Y=l j v=l 

since pp < Q log B for B > 2. Hence by (3.4) 

(3.6) S‘ 
3+2 

< cs s. log s. 
j+l J J 

(j z 1) , 

follows * 

Using the elementary fact that 

1 

c log Pi < CPf < @ &gP , 

i=l 

we obtain from (3.21, 

rj 

(3.7) log N j+l 5 ps 
j 

c log pi 5 c sjrjaog rjP = csjsj+laOg sj+$ . 
i=l 

From (3.3), (3.4) we easily deduce by induction that for every E > 0 

and sufficiently large r 

Si = r, r, = r, S, = L, r, ( r2+‘, S3 < r2++, r3 < r3+E, m-m, 

sk < rPk-lit, rk < ,” k+’ , 
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Using (3.7), we obtain that 

[Oct. 

Q k+E 
logNkL r , 

whence 

which proves (1.2). 

4. ) Now we prove (1.1). Let NO,NI,. . * ,Nk be an arbitrary sequence of 

natural numbers, such that 

d(Nj+$ = Nj , 

for j = O,l,“*, k- 1. 

Let B denote an arbitrary quantity in the interval 

(log log Nk )-’ 5 ES 5 (lOglOgNk)’ I 

not necessarily the same at every occurrence. 

We prove 

(4.1) l%Nk _ 
‘k 

> BOog No) , 

whence (1.1) immediately follows. 

In the proof of (4.1) we may assume that log NO > (log Nk ) , with a 

positive constant 6 < l/I k . 

Let 

sl cr.-l 
Nl = n q? . 

i=4 ’ 

Then 



19691 

Since 

ON THE GROWTH OF dk(n) 

Sl 

No = n ai . 
i=l 

we have 

2 
ai- ai- 

Lq.i Ni, I 

Hence 

CLL clogN*. 
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i.e. , 

(log 2)Si 5 log NO = z: log czi 5 (-log log Ni + c)Si , 

logN,,=B$ . 

We need the following: 

Lemma. Suppose that for some integer j, 1 5 j 5 k - 1 , 

Yi-1 
G4.2) 

YA-1 
&I mm* Q* 

I 
N. , 

.l 

where Qi, *** , QA are different prime numbers and 

I4.3) A > BSI’j-l ; Qi > &’ , ‘j-’ 
Vi? BsI (i = l,.*.,A) . 

Then either 

(4.4) 

or 

(4*5) 

Q. 
log N. 

k 
F-1 

10ogND) , 

Pi-1 PC-1 
rl m.. rC 

I 
N j+l ’ 

where rir’ * m , rC are different primes and 

8. 1. 
(4.6) C>BSiJ, ri- > BSiJ, p. > BS;j-l 

l- 
(i = 1,a.a ,C) . 

To prove the lemma, let 

S 
j+l 8.-1 

N j+l 
=rItl, 

i 
ti primes . 

Since dIN j+l) = Nj, by (4.21, 
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14.7) 
A yi-1 ‘j+l 
fl Q. 
i=l ’ I fl si = Nj . 

Assume first that there is a si which has at least 2.fk (not necessarily 

distinct) prime divisors amongst the Qi. We then have 

2ek 
log N. 

J+l 
>h logti’-v si - 2-i 2 

Zk . . 
>(Bs*) _ 

‘k 
B OogNi,) , 

if No is sufficiently large, i. e. (4.4) holds. Then by (4.2), the number D of 

S’s, each of which contains a prime divisor amongst the Q’s satisfies the 

inequality 

P *e 
(4.8) D> _ $ t (yi - 1) 1 & min y 2 z ABStjm2 2 B&12 j-l = BS’l,j . 

i=l k 

Without loss of generality, we assume that these S’s are S,,’ * * ,bD and ti 
> tZ >*..> t,, in (4.7). Since at least one Q divides S,(i 5 D), by (4.3), 

we have 

5, > B&l , 

Furthermore it is obvious that t 
[D/2 1 

> D. By choosing 

C=D- 5, r.=ti, 
1 

pi = Si (i = 1,-m* ,C) , 

we obtain (4.5) and (4.6). 

This completes the proof of the Lemma. 

Now (4.1) rapidly follows. Indeed, the validity of (4.4) for some j, 1 < 

j < k - 1, immediately implies (4.1). So we may assume that (4.4) does not 

hold for j = 1,-a s , k - 1. Now we use the Lemma for j = 1, * * * ,k - 1. Since 

Ni has Si different prime divisors ([l/2 S1 ] of these is greater than St) 
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the conditions (4.2)) (4.3) are satisfied for j = 1. Hence (4.5)-(4.6) holds, 

i. e. , the conditions (4.2)-(4.3) hold for j = 2. By induction we obtain that Nk 

has at least 

Q 
distinct prime factors each with the exponent greater than BSI k-2. Let 

Nk = flP. 
Pi-l 

. 
1 

Since 

logNk> + & 
1' 

we have 

‘k-l@k-2 
Q 

log Nk > 13Si 
k 

= B(log No) . 

Consequently (4.1) holds. 

5. ) Proof of Theorem 2. Using (1.1) in the form 

for nl c, and applying this k times, we have 

(5.1) log dzk(n) < (log n)(2’3’k, when d2k-2 (n) z c. 

Equation (5.1) implies the upper bound in (1.3) by a simple computation. 

For the proof of the lower bound we use the construction as in 3). Let r 

be so large that 

in (3.6). Using that 
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log Nj+l - < flog Nj )2+E . 

Oct. 1969 

Thus 

log Nk 5 (log N,+2+e’k , 

hence by taking logarithms twice, 

K(Nk)> k> cilogaNkY - - 

which completes the proof of (1.3). 

Denote by L(n) the smallest integer for which log nLbJ < 1. We con- 

jecture that 

increases about like L(n), but we have not been able to prove this. 
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***** 

CORRECTION 

On p. 113 of Volume 7, Nor 2, April, 1969, please make the following 

changes : 

Change the author’s name to read George E. Andrews. - Also, changethe 

name “Einstein, ‘I fourth line from the bottom of p. 113, to “Eisenstein. lr 
***** 


