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ILct ca, < . . . be a sequence of .integer,, we will denote it by A . Put
A (x) -_ '~: 1 and denote

az<x

f (x) ~ ~~ 1 .

«r -
In [ij we proved that if .1 has positive npper logaritl inic density

then for infinitely many x (log k e denotes the k-fold iterated logarithm,
exp .z - )

f (x) > .z;exp(e, (log .2 x) 1 2log 3x

but there exists a sequence A of positive density for which for every x

f( ;r) < ;x exp ~e (1og_,)" 2 1og 3a ) .

Throughout this paper c , e , . . . will denote positive constants, not
neeessavily the swine at each occurrence . line inf [A (x)/x] mill be calledN
the lower density of the sequence .1., v1 m -ill denote numbers which can
be chosen rbitrarily small not necessarily the swine at each occurrence,
(',, . . . unnibers which can be chosen arbitrarily large .

ri nat ui nd question now was: : Ahat as uunptions about A will
insure that ;

f W -
(1)

	

1ml

	

c
x

should hold'
It i, cosy to see that (1) does not ha"-, to mold if mm a ,sn,oc that the

logarithmic density of A is positive . It w"'s e aced in LIB that if _l ha,
positive density then (1) holds . It will turn out that the speed O th whicli
f (x)Ix tends to infinity depends in a curious may on the density of our
sequence .t. In fact xv-c shall prove the following

Tin:ori,; .'-,i 1 . Lct k he au!,,, i0,teger m(l .lj 1

	

1)

	

,t

	

1 í1, - . ihen. 11 re

its a e 1 --= e, (u) so that if the seq o, ecc :I has lo,cer ele,, .sity a the„ fo ;- all
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ciewl!i targe a

(2)

	

f (x) > xex1)(e, (log~ . , rx) log~.

It is rather Surprisizlg t11at tl -~ is «~cird Theorem is nearly best possiblc .
2 . -het 1/(1;- 1 -1) < a < 1/k . The~i there is a se(pre)uee of

de~tsitrt ~~ autl ci eo~zstant c, = c,(a) sati-sfyiug

( :3)

	

linlinf f( .r.)( .xex-p(c2(log,;,,x)'%'log, 2x~) z = 0 .
- ti

C ., -- (' 2 (a) tew18 to 0 if a -~ 1/(1; 1) au(l k is greater tha)I 1 .
Let fi~ia.llrt a - 1/1r ow1 g(x) a.ny f?ow1ioo teodi-rrg to infiii, t1y a,s slotr1!j

as we htease. Theu there exists a sequew,e (, ,f de)~sit!1 11k- for which

liin inff(x)~ .a ex1~(g(,r)(logh. _, x)' 'log,, . , 2 T» - ' = 0 .
r v

Denote by L(a) the upper limit of the values of c, for wlcich (2)
holds. Clearly for every c 2 > L(a) (3) holds . It would be of interest to
determine L(a) explicitly and to decide whether t2) or (3) holds for
e ., -- L(a) . It seems possible that L(a) tends to infinity as a tends to 1/k .
We already know from Theorem 2 that L(a) tends to 0 if a tends
to 1/(k-á,-1) and k > 1. We can only prove that L(a) tends to infinity
if a

	

1 .
S2(~i) will denote the number of prime factors of is multiple factors

couched multiply and Qj (n) will denote the number of prime factors not
exceeding t (multiple factors counted multiply) . To prove Theoreni 1
we need sonic lemmas .

11:~i~rA 1 . To erery ii > 0 there is a C, = C,(r)) so that for erery I
the uiiurber of i0ege)s )i _>x for eahieh

I ~2zOt) - logsjÍ < C 1 ( 11)g21) 1 ;2

is te.ts thall yx .

1 .ennna I cann be proved easily by the method of Turán [5] . In fact
it is easy to see that as I --- co (2i ('")-1og 2 1)/(log 2 Z)'/ 2 approaches the
Uaussian distribution (see [2]) .

1 1:AI lI 1 2 . Let I < (' (loglog .r )'' 2 . Theti are hare uniformly iii x

`, ~- _ (1 ± o (1)) (log 2 a-) t/i ! .
~r t

'I'lce proof of Lemma 2 is easy by complete induction with respect
to I [1 ] .

l-sing Lemmas I and 2 we now prove the crucial and difficult



LEAim,k :1 . Let r1,

	

1, o < (I be arbitrary rr.zr-,~rber8, -rr' I J <'Iiz < rt < r
depex .d o)t a parameter, x awl satisfg

(1)

Divisibility of sequenceR of integers (II)

	

3

r .

	

rr

	

r.
oo,

	

log-

	

> - - .
7r,

	

7rL

	

IL

Let fitrther m < b, < . . . < b, n be arr- arbitrary sequeoce 13 of irz-
tegcrs for rrbieh for every g there is a C,, > l/q so Mat for every C, vi, < t < it,

(B (t) -- f 1, C,,, depewbs mily oi? q)
b r ; t

( >)

	

B(t) >

Dcoote by g(a) Me wimber of b's dividing u. Then there is a rr. co = ro( (5 , d)

so Mot Me rrroober of i itegers it < e( < r for which

( t~ )

	

9(") > esp co (log : -~rr) logs m2)

is ,beater tlrarr. ((1-á)r . TIm -ther far event fixed d, as S tends to d, o,) = co(8, d)
coo be -made as large as irc please . In other ivords for every C there is
a 6 o = b~(C, (1) so that for every b o < 6 < d (6) holds with m - C, .

To prove Lemma 3 denote by b , . . . , V thee b's satisfying

a I

	

rr

	

' J
(1)

	

Q,,(b;)-log :- - < C, log, -~nt

	

rn-

h} Letnrna l and (5) we have

(b)

	

B* (t) > ((1-2q) t

for every C2 I" < t < rr .
Let now y = y(á, (1) be a number which will be determined later .

Prrt

(9)

,And consider the integers of the form bí q, r = 1, . . . , r, where q runs
through all the integers satisfying

r

	

r
~~(q) = k,

	

~a < q < C era

Denote by g* (it-) the number of solutions of b,! q = it where q satis-
fies (10) . Clearly

(10)

(11)

k = [y(log2
rrr . )1 2,

g(a)

	

fl* (u),

so that to prove our lemma it will suffice to show that g* (v) satisfies (6)
for at least ((I,- 6)r integers rr < rr < r .
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-Now we estimate from below

	

y* (2c), or in other words we,
7z~u<r

estimate from below the number of integers of the form Vi q where q
satisfies (10) . Let q be a fixed integer satisfying (10) . By (8) and (10)
we have since r/n-

	

o0

(

1'

	

1'

	

92
(12)

	

q

	

r~*
72"
> ( d-217) -

q
> (d--317) r- .

From

From (12) we evidently have (in '~:' q satisfies (10))

i
Y ,` (9) -

	

( ) -73 e 11
-) > ( d-3~])1 ~J ' -1 .

»<v — r

	

4

	

q

	

q

Now by Lemma we have from (1) by a simple computation

or by a simple

q

	

t7

16
C' 2 77a

(1 2 ,q) (1o92
912

(13) and (11) we finally obtain

Now Ave estimate max fj* (-?a) from above, in other words we esti-
1i, -it`r

mate front abovee the number of solutions of

1i :

where 2c satisfies (10) . Clearly (16) has at most ( k) solutions where

T --- Q,, j „ . (it) and k is defined by (9) . Further by (16)

n

	

%s

	

1b
2 77n,(Z1 ) - üy77,7t(' 1 )

	

~,a!va(q) < k

	

log,

(1O

	

(j* (u)

	

-l

1 1

	

~ 1

	

~, k

-> (1-97) 109 2 --

	

/k!-`'log
2 772

	

91
-(11)°

g* ( ,? I) > rd (1

	

:~17) 109 2	 1,k!kv
iz

	

r

	

IM,c2c~,

k .

computation using (9)

1~
- r
~~

	

1/2

(1092
IJt.

-I-

	

i
)1 '~2

C, log ., ~

	

L
(

	

117-

1'~"

	

~~
1og ., -

9)2

k 1.



Divisibility of sequences of integers JI)

Write

!I*(of)

	

.1 i Y(rc)

	

L~2 *(rr)
to - to

where in

	

the summation is extended over the -rt < w < r satisfying

ef :' (9t-)

	

I)Gd log,--- ,Ik~ = dI

9'r t

and in ~_ the opposite inequality holds . Clearly-

	

~g * (ct) < r . Thus
hunt (15) and (18)

(2u)
rr

* (rr) >

	

i/) 109, -
fil

From. (1i) and (20) Nae obhun tlwl ilw number of summands in
t' * (u) is greater th , c>>

(21l

	

cd'r•(1-lirl) I-' -

	

P

	

ri,a

	

,

	

-"`
}

	

_: 1' .

('()~"2
IM,

(

	

rr v I-

	

rr
V

	

ex 1) (I) log,

	

log3
?)r

	

'Nt

curl for this value of y a simple computation gives (t' = s(y)) V

--I F)•

	

((l 6) r,

if ) rd-a . Thus tlu, second statement of Lemma 3 is also proved.

hence finally from (21), (19) and (11) there are al least V - ! (y)
irrtc~rrs rr, ` x < r' satisí'ying

Now since y is at our disposal we can immediately obtain from (22)
the statements of Lemma 3 . If y -- y(cd, (>) is small enough then clearly
1' > r(cd- )) Of 'it -- rl(ed, ó) is sufficiently small) and by a simple coin-
l ufOion for a suitable (') _- w(y)

rr ~'''

	

u
('X 1) cu (109, - -~ 109 3 -

'irr

	

Y)1 )

(the factor i l of U causes 110 trouble since i/ = 7l(b, (d) is fixed and. -rr/m

tend` to iní'inity) . Thus (a) holds foi • (ed.- (5)r integers, as stated .
On the other hand for an arbitrarily large o> there is a y

	

y(eo)
~o that
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Instead of assuming (1) we could prove our lemma by asstnuing
r/n > J1 (h, d) and 'n/,nc > _ill, (h, (1)exp(-r~-n)i but our computations
would be more complicated and Lemma 3 suffices for our pill-pose in
its present form .

Perhaps a more interesting question is to what extent can the conili-
n, 2

tion (log-- > r/n be relaxed. It seems to its that the best possible eon-
1n

dition for the truth of our lemma is that nl ni and r/n tend to infinit y so
that for every fixed k eventually nlia > (r1n) k but we have not worked
out the details of the proof .

Now we are ready to prove Theorem 1 . Assume first 11(k-j-1) < u < 1 /1; .
We shall prove that (2) holds for a suitable c, = e,(a) and -all stifficiciOly
large x. Put q < j-a-1/(h--1)]/3 and let

	

c, q) be a suitable constant .
I' m

(23)

i

	

x
xo --x ,

	

x;=

	

-

	

,,,

	

-- ,

	

2=1, . . .,k-1,exp «" (1ogi , ,,r) logí i - ~ x,)

log,; , ,x
Now w-e define inductively the segnenc.e s Aj , i = 1, . . . , k --1 (the

sequences A ; depend on x but since there is no danger of misunderstanding
we do not indicate the dependence on x) . 11., is the sequence of a's belong-
ing to the interval (x,, ,r,), in other words : tEit, if and only if x„ t x,
and tE_1 . Asslulue that for i- < j < k~ 1 the sequence A ; has already- been
defined. The :t j is defined as follows : .1; - A~' ) A10 where IE_-l ;i ) if
arld only if X jI < t

	

.r; and tCA, tCA 2) if and only if x ; ,

	

X

and t has at least
(2-1)

	

exh (-'e, (logi x) 11'logi- ;- j x) _ -Ti
divisors amongst the A;_, . -row we prove

4. Every integer t,EA (j2) , 2 < j

	

k+I, ha,s at least T rhe%isors
avnotgjW the a's (i .e . aino,)2yst the )ncnibers of the sequence A) .

The lemma is obvious for j -- 2 and follows by a simple in(luction
a.rgnnient for j > 2 . Assume that it holds for j-1 and tive will prose it
for j . Let tEA( ) . >;y (24) t has at least T; divisors amongst A ; ,

	

.1
Assume that t has D diN -isors in

	

these divisors are a's in
(x; 2 , ,) . If I) > T; our lemma is proved . If D < T; our t is divisible
by it least one t' EA;2), which by our induction assumption is divisible
by at least T; , > T j a's, hence Lemma -I is proved .

\ow wee show- that (2) holds for sufficiently small c, --- e,(a, )t) if
x. > .eO (c,) . Assume first that for some `' j Ic-{-L (1SI denotes the
number of elements of the set S)

af~) n jt°)-_ xJ

	

2 I i 7-1



Divisibility of seglrenres of integers (11)

(2 :r) immediately implies (2) . To see this observe that by Aj' ) e _1
(25) implies
(26)

	

~rl

	

xi i .

(26), (24) acid Lemma -I clearly implies for j

	

k

f( ; z')

	

T; A r, A(.2)1

	

c'i_ I exp(_2c,(log ;x}iúlogj_,,_,x)
= xexp(c(log;x) J log;_,x) > xe Xp(c(logr ,x)121og k 2 x)

which proves (3) for j

	

1; . For j - k+1 (25) implies (2) by a simple
computation which we leave to the reader .

Henceforth we can thus assume that for every 2

	

- " k -1 and
all sufficiently large r

We shall show that (2 7) leads to a contradiction, and this will complete
the, proof of (2) .

From (25) we deduce that for every 1 j k 1 and every ri > 0

(28)

	

.c;,
(2!r)

	

Aj( ) > j(a--3ai)

if e 1 = (, ,( q) is sufficiently small . and x > x,(cj is sufficiently large .
We prove (29) by induction with respect to j . First of all we remark

that (23) implies x;-, logy _ I X < x; , (29) clearly holds for j = 1 since _l
has lower density a . Assume that (29) holds for j-1, we will prove it
for j. We apply Lemma -3 with mri = x; - .2 1ogk

	

It - x;-„ r = z, 13 = -l i-, .
From (23) Ave deduce by a simple calculation that (1) is satisfied . By
a further simple computation we obtain from (23) that for sufficiently
large

mr(30)

	

loge -- > 3log j x'
lib

Now we can use (6) of Lemma 3. By our induction hypothesis (29)
holds for j-1 hence (5) holds with d _ (j-1)(a-39i) hence if we put
o _'q we have by Lemma 3 if c = c(q) is sufficiently small (use (6)
and (2-1))
(31)

	

AY) (~; ) > z (( j -1) « 3 ( j -1) ~~- ~l) -- ((~

	

) «- (3j

	

) ~~)

further since the lower density of A is a

(32)

	

1 iá (, )

	

z(a-U(1)) > _~ (a-)/) .

I~rom (31), (32) and (27) we finmliy obtain for sufficiently large x
4 (2)

(N) - ! :l ;'~

	

> 1(c

which completes the proof of (29) .
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\o NA- Nve show that (29) leads to a contradiction and this will complete
the Innof of (2) . Apply- (29) wMi j -- kd-1, x = x A-_ 1 . We then obtain
front '11

	

(u-1 ;(k4-1))!3 . a'

	

1 .,,.- :,(,r')

	

(k: -1)x(u-3~i) > ,x an evident
contradiction . Thns (2) i proved .

It follows immediately froau I .nma 3 that to every C there i, an r
so that if _1 has density- > 1-a then

(m)

.f (x) > xex1t~C'(log

XVe leave the sitnltlc proof to the reader . Thus as stated in the introdue-
tion . L(u) > as a -> l . tAdortunately Ave -Avere unable to prove that
L(u) - >

	

as a -> l/k if A- > 1 (front below) .

\oNv vve prove Theoreru 2. As,tune 11(k ;-1) < a k 2 . 1?irst
of .~11 \" .<, Sho« - that there esis1s a sequence of density a for Nvflich (3)
holds for a Staitable C 2 = MA- AV(, will not giro all the deNUs but leave
m~ of the sim-plc arguanent, to the reader .

Let ~j - - ~i(u) be Sufficiently small and lei

be k--i disjoint se(lttences of primes so that for every j - , 2, . . ., k-1
the density of integers divisible by at least one of the pp, - 'l, 2, . . .
and tone of the p(.`~'i =- i . 2 . . . . ;

	

; 1 is u .
11- i, case to see that such a sequence of primes exists . It suffices

to have for j -- 1, 2, . . .' k

	

i

r.(P

- 1, 2 . . . , j -= 1, " . . ., k --l,

1

	

1 !a - - . j

1) i) )

	

1-lu --j '- 1

A siinple argument then shows that any set of k -I disjoint sequences
of primes satisfying (31) also satisfies (33) .

Now we are ready to coustrucl our Sequence d of density a satisfying
(3) . Let x, - 10 and log,,.x, . -_ a; a . Assume that our sequence mil . has
been defined np to

	

we extend it np to .x',, as follo«-S :
Let ,) = 1-, 2, . . ., k--1 . Pill

(~)

	

xr

logi xr

Let mare

	

-') ` i

	

a'(.' ) . tc-1 if and only if pf! for some i but
p7ll t for every s < j and every- i . This defines the sequence A up t .-o
x,/Iog,; j x,. . Clearly by (33) for cvery ._

	

;rdlogA.-,x,., A(--)

	

(u--o(1))~ .



(3~i)

Diri .eibilitlt of sequences o¢ integers (11)

Now we have to define the sequence in (x, ./log /, x r , x,,) . Denote
b} B the sequence of the integers in (x,./loge; ,x,., x,.) which aree not di-
visible by any of the p (;' ) , , = 1, 2, . . . ; 1 j --1 . Clearly by (3-1) for
eVei y

	

1X,. < ._ < x,.

(3 1 i)

	

1>(,Z) = (1~--o(1 .»(1
1 -1,;--1 ._ .
u

Determine now e from the equation
1

	

.
(31)

	

e rz i 2dx =
ti

	

-C

	

a

Let now x,./logf,_,x,. < t <

	

tE .4 if and only if toB and (i -- logy ,,x;,.)

(3`)

	

IQ,(I)-log,,,+,x,.! < e(log~.

	

)'l 2 .

Vroni (36), (37), (38) Ave easily obtain by the AN-ell known theorem
of Erdös and Kac [2], that for every z < ,x',. -t(_) a. ;-o(z) . Thus the
inductive definition of our sequence A is coin :pleted and oür sequence A
clearly has density a .

Now we slow

f(' x' r) < ~xreXP c,,(logA,_,_, . r) 1 /2
log".

Obm ,rve that if a,,ja,;, a,

	

x r , then either a

	

or for some
(I < ,)

	

< fl,

	

a r < x,' ) or finally x ; ` -1 ) < a„ < a r <

	

1hnS
1

	

V 111

f(x') = S 1
G„!Cl, .

	

CL .

	

-11.

	

ü21, ~G2.

where in V , a N _ _

	

= x1, . 1 iii V " x( i ') < a11 >_ a Z

	

r( j ~ for srnüe
and in "„ x

	

< a

	

a„ r . We evidently have

1/t < °x,.logx,._, < 3x,.log I,. ,x, . .

2

	

1'

(42)

	

v(i)
1 < x1

	

V l/t < 2x,. .LJ

	

logp,, . úa,,~~a z

	

1 ~1o I-, r
TIlu

11
(13 )

	

1 < 2 kx,. .

\ow we esi innate ~111 . Let

	

,x,. < a, . < a r . Theu by (38)

S2l (t)

	

f^< lo97,I- e (lo

	

xr)'/' .'+--, 'x r l

	

~,/~-1 '
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lob;,;-:-I x,.-c (lo ,;_I ;r,.)1 .2 - 7 ,"

	

°clog, I x, • - "2 .

Clearly for fixed it, the number of it's for which a,,! a„, x,./logk. I z,.

	

rr„ C , ,.
is at nwst

(44)

	

~21
1

t-0

-e Xp (C2 (lobk-l 'r)
I'2

l0gk-i 2 x

for a suitable ( •,

	

c 2 (0 -- • 2 ((') (c by (37) is determined by (t) . Thus
from (4 1)

I

	

ekP (cz. ( loga• . TI .z' r ) 1/'2 I
(

	

)

	

„

	

g,.

	

,
I ll X12;

(IU), (I1), (-1 :3) and (-1 :>) clearly imply (39) and thus (3) is prm-cd .
I>y t he name method we can prove that (3') holds, to sce this it nnffic •e n

to let in (38) r t end. to infinite nnfficiently slowly dehendinn orr g(a') .
We leave the details to the reader .

To complete the proof of Theorem 2 we now lame to shoo that if
k > 1 and a tends to 1/(k+1) front above c 2 - c 2 (u) tends to ai . We \ \- il l
only outline the proof and leave sortie of the details to the reader .

lí:urc precisely we Shall prove the following result: Let 1,• > 1. To
ceery e theree is a b so that for e\-ery 11(h;+1) < u < l,1(Ic!,--1)-r) there
is a seducnce íl. of density a for which (3) holds with a r•, = r,(a) < s .

To prove this statement we define our sequence A in tht • interval
(,r,. _ I , ~x,.) lust as preN-iously-. Thus the whole proof proi •ccd, as,
preNiounly until ( :3F) . Determine now il from the equation

(

	

1

	

,,

	

I
_l (1)

	

~

	

ry ~ ' (I,X% -

	

1
--1`T1

	

I

1'2,,

	

ro

	

U

Clcarl,y a a tends to 11(G:+1), -rl will tend to 0 from above .
Let now .0ogk_ I .c, . < t ` &iog .x,. . RA if and only if tEh and

(l = log; ;--Ix,.)

(17)

	

(t) > tor„~ .

	

r] (tor°, k -I x,)' '`L),

Let finally i,',./log,,-x,- G i < x,. . Then tEA if and on1y if tEB and

-(21 (t) < lour I ,r,,. -{- rJ (lock_; Ix,•) Ii2

Four (-1-6), (47) Mild (48) it follows by the theorem of

	

and

line ['?] that A has density « (~-e use J' e - ``y ' 2 ctx -- ~ e `` 2 ~Jdn .

-N

	

-Y~

An in the previous proof we easily obtain for our sequence _i (see
(MO, (-11), (4'.;) and (-ta))

(49 )

	

. t( , ") < N"

	

0 ( ,rrlo€;k-iIx ,. )
rt,r i,a i



ívhere i t)

Put

if rj = )j(r) is sufficiently small . (19) and ( .i0) clearly implies that (3)
holds with a c 2 < e as stated . Thus the proof of Theorem 2 is complete .

Unfortunately we were unable to complete the proof in the case
k -= 1 (i .e . if a -* 1 /2 from above) and in fact ire uncertain if the result
continues to hold in this case .

For each x denote by I (x) the smallest integer k for which 1 < log /,x
< e. It seems to us that by the methods of this paper íve can obtain the
following reslalts : Let 01 < 612 < . . . bee a sequence of integers satisfyüig
for a certain E > 0 and all sufficiently large x

Dirisibilil,,l of segve,e^es (f i~~le~/ers (ZI)

.Y'

	

:X

< a,, < --

	

and

	

- < a v < XI .1og'k 1 x,.

	

log, . .r,,

	

loo,log 1, x,.

I()", . , i ,r,. -'~) (loga 1X, .) 112 = 'I'i ,

	

2 ,q (logr;

	

._ .

We have as in ( 1-1-) and (l :i)
T2

1 :k

	

E

0)

	

1

	

i < x,.exh ~- (Jog ~. ,xr) 1121og/
0
1L .-i

	

( )

X
—I (X) > (1+E)

Z(x)
Then f (x)/ .x --> cam . On the other hand there exists a sequencee a, <
satisfying for all large x

1( 'r) > ( 1-E

and nevertheless liminf f (x) /x = 0 .

We have not in fact worked out the proof of these theorems and
we can not be absolutely sure that they are correct .

The following result can be proved by the methods bf [l] . Let e be
a sufficiently large constant and assume that the sequence A satisfies

(log logx)112

	

1lilnsup-

		

-

	

> c .
log x

Then linisup f (x)/x - ~. Perhaps the following result holds : :1s,ume
.C -N

that
(loglogx) ""

	

1lilusup

	

-

	

-- - > 0 .
0..

	

log .r

	

a- z

1-1



1_'

Then linls1Ipf(x)fx; -- C-'O . Wee proved that (.51) implies that ai j a; has

infiuitely orally solutions [3] .
Put: F(r) _ Y'l where the dash indicates that the smmi ltiti .on

is extended over those at a ; for which all prune factors of a.yq are greater
than the greatest prime factor of a n R is easy- to see that there is a sequence
of positive density- for which lüninfl+'( .r)l,r = 0 but for every stich

sell hence

11 Erdös, A . Sárközi and V Szemerédi

1imsupl'(x)/:x(loglug,x,)`

	

0 .
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