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I dedicate this little note to Professor Waclaw Sierpihski since I
use in it methods which he used very successfully on so many occasions .

Throughout this paper a, (3, y, . . . will denote ordinal numbers,
7z á , na , . . . integers, r a , . . . rational numbers, ra , . . . non-negative rationale
and a, a., b, . . . real numbers . H will denote a Hamel basis of the real
numbers, H* the set of all numbers of the form fn,a a (a,EH) (the sum

a
is finite) and H+ the set of all numbers of the form jrQ as (0a EH).

a
Measure will always be the Lebesgue measure, and (a, b) will denote
the set of numbers a < x < b .

Sierpinski showed [1] that there are Hamel bases of measure 0 and
also Hamel bases which are not measurable .

We are going to prove the following theorems

THEOREM l . H* is always anon-measurable . lit fact H* has inner
measure 0 and for emery (a, b) the outer measure of H*r,(a, b) is b-a .
TH OREM 2 . Assume c = N 1 . Then there is an H for which. H+ has
measure 0 .

Proof of Theorem 1 . The sets H* +1 far., 2 < v < oo, are pair-
wise disjoint . Thus a simple argument shows that H * has inner measure 0 .

For every x there exists an nx so that nx •x is in H*, or the sets 1 fnL[*,
2 G n < oo, cover the whole interval (-oo, +oo) . Hence H* cannot have
outer measure 0, and thus by the Lebesgue density theorem it has a point,
say x o , of outer density 1 . But then (since H* is an additive group) every
point of x, R* is a point of outer density 1 of H * . Finally, it is easy to
see that R* is everywhere dense (since, if a and b are rationally indepen-
dent, the numbers n l a n b are everywhere dense) .

Now it is easy to deduce that the outer measure of H*,-,(a, b) is b-a .
To see this observe that since H* has outer density 1 at x,, for every
s > 0 there exist arbitrarily small values of rl, such that the outer mea-
sure of H *- (xo - al, x,T ap) is greater than 2 (1- e) at ; but consequently
the same holds for H*,,(x,+t-y, x,+t+n), where t is an arbitrary
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element of H*. Since H* is everywhere dense, a simple argument shows
that the outer measure of H* (a, b) is greater than (1- e) (b - a) - 3 ?j .
Since this holds for every e and q, the outer measure is b - a, which com-
pletes the proof of Theorem 1 .

Now we prove Theorem 2. In fact we shall prove a somewhat stron-
ger theorem :
THEOREM 2'. Assume c = X, . Then there is an. H such that H+ is
a Lusin a set (see [2], p . 36-37), i . e. it intersects every nowhere dense
perfectset ina a set of power <'No.

It is well known (and easy to see) that such a set has the property
that if Eke I < k < oo, is any sequence of numbers, it can be covered by
intervals -Tk of length sk (1 < Ic < 00) (see [3] and also [2], p . 37-39) .

We shall construct our H by transfinite induction . Let {Fj, 1 <
a < ,, be the set of all nowhere dense perfect sets (as is well known,

there are c = fit, perfect sets) and let x a , 1 < a < 52,, be a well-ordering
of the set of all real numbers. Put

F(a) = U F Y .
l_<y<a

F( a) is a set of the first category and for a > y we have F(a) zD F(Y) .

We shall denote by {aj, I < a < Q,, the elements of H. Assume
that for a < fl the afl have already been constructed . We choose a# and
a # _F , as follows : Let xő be the xa of smallest index which is not of the
form lrai aai , ai < P . Put

i
(1) xő = U- V,

where u and v have the following properties
I. {u, v, a s}, 1 < a < f3, are rationally independent .

II. The numbers

(2)

	

r, v + r• 2 V +

	

r,,, a ai I

	

ai < P,

are never in F~, unless r, _ - r 2 0 .
Then put a~ = v and a,,+, = it . First we show that such values u

and v exist .
Put it = v + xő . Then II is equivalent to the relation

((r,+r2)v+r,xs+ Z r•aiaai ) ~ F(r)
i

for every choice of r,+r 2 - 0 and arbitrary rai , aQ ., ai < (3 . Thus v is
in none of the sets

(3)

	

(F"-Ira,a,,-r,xő)11(r,+'r2)i
Clearly all sets (3) are sets of the first category and there are only 8,
of them. Thus their union is also of the first category and hence there
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exists a set of v's of second category which is not contained in their union
and which thus satisfies II . It is easy to see that there exists at most a,
countable number of choices of v and ti = r +x, which do not satisfy
I ; hence there exist it and v satisfying both I and II .

This construction can clearly be carried out for all ordinal numbers
11 < _2 1 T and, since e = ,, it gives a Hamel-base H. Clearly H+ is a
Lusin-set. To see this it is sufficient to show that

	

has for every

a < Q, a power not exceeding N, . Let )mar

	

< . . . < st) be an ele-

ment of H -` . 'Since c - fit„ there are only denumerable many elements
t

of H1 with : t

	

a . If sir > a, there by our construction _r -

	

is not in
t

	

~-z
F(°) since, by If, if , > u, then ~rxti a, . can be in F" only if St_1+1 =

= 51' and r,,,_, _ - r, r , but it is then not in H+ . This completes the proof
of Theorem II .

Tire have really proved the following stronger statement
1'h-ere exists a Hamel-base H with a Well-ordering la,,)- such Mat the

t

set of real numbers	 a„ i for which-1

r
«t r at-1 r'°t 'r'at 1 / 0

is a. Lusin set .
Kuczma asked in [4] the following question : Let f(X+Y) = fJ)+

- :-f(Y) and assume that f (Z) < c for every Z EP, where P is such a set that
every real number can be written in the form Z,-Z 27 Z„ Z,EP . Does
it follow then that f J) - cX "? The answer is negative. To see this let
f (a a ) 0 for every a„ EH, let f (a a ) be non-linear and let us extend f (X)
for every real X by f(2t,-} ?i) = f(et)+ f (v) . Clearly f (Z) < 0 for every
ZEH+, every real number is of the form 7,,-Z,, Z„ Z,6H+, and f(A7 )
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