Reprinted from the Proceedings of the Cambridge Philosophical Society,
Volume 57, Part 2, pp. 209-222, 1961

PRINTED IN GREAT BRITAIN

ON THE HAUSDORFF MEASURE OF BROWNIAN
PATHS IN THE PLANE

By P. ERDOS axp S. J. TAYLOR
Received 26 November 1959

1. Introduction. Q will denote the space of all plane paths o, so that » is a short
way of denoting the curve z(t,w) = {®(t,w), y(t,w)} (0 <t < +00). We assume that
there is a probability measure yx defined on a Borel field # of (measurable) subsets
of Q, so that the system (Q,.%, ) forms a mathematical model for Brownian paths
in the plane. [For details of the definition of s, see for example (9).] For

0<a<b<g<+w, wel,

let L(a,b; w) be the plane set of points z(f, w) for @ < t < b. Then with probability 1,
L(a,b; w) is a continuous curve in the plane. The object of the present note is to
consider the measure of this point set L(a, b; w).

The first step in this direction is due to Lévy (7) who proved that, with probability 1,
the Lebesgue plane measure of L(0,00; w) is zero. In (9), one of us considered the
fractional dimension measure, that is the measure with respect to the function
a% (0 < s < 2). It was proved that, again with probability 1, the measure with respect
to each x% (0 < s < 2), is infinite: that is, the path has dimension 2 in the sense of
Besicovitch. In (8), Lévy improved his zero Lebesgue measure result by proving that
the measure of L(0, 1; w) with respect to the function *loglog 1/x is finite with prob-
ability 1. In fact Lévy proves this result for Brownian paths in n-dimensional
Buclidean space (n > 2), but states that he does not expect his result to be best possible
for paths in the plane. He conjectured that in the plane case the measure of L(0,1; )
is finite with respect to the function a?log 1/a.

() is called a measure-function if there is a & > 0 such that ¢(x) is monotonic

increasing and continuous for 0 < 2 < ¢ and lim ¢(x) = 0. For a set of points & in
r—=04

Euclidean space the Hausdorff measure of £ with respect to ¢(x), first defined in (4),
is denoted by ¢-m(E). Put
h(x) = a*(log 1/z)* (2 > 0).
Then %, (x) is a measure function. In the present note we prove in § 3 that
hy-m[L(0,1; w)] < +c0 (1)

with probability 1 (this establishes the conjecture of Lévy). The essential idea of our
proof is to extend the results of Dvoretsky and Erdés(2) concerning random walks
in the plane to the case of Brownian paths. Thus we consider how many squares of
a covering mesh of squares side 1/n are entered by the path L(0,1; w).

To prove that & (x) is the ‘right’ measure function for L(0, 1; ») one should also

show that hy-m[L(0,1; )] > 0 )
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with probability 1. Unfortunately, this turns out to be much more difficult to establish.
We have a semi-heuristic proof of (2) which becomes impossibly complicated when one
tries to make it rigorous. The essence of the difficulty is that one needs to show not
only that most coverings of L(0, 1; ) are ‘not too small’ with respect to &, (x) but that
it is impossible to find any covering which is arbitrarily small in the sense of k,-measure.

It is worth mentioning at this stage that, if (2) could be established as well as (1),
the law of zero or one would imply the existence of an absolute constant £ > 0 such
that, with probability 1, forall0 < e < b < +w

hy-m[L(a, b; )] = £(b—a). (3)

Due to the connexion between Hausdorff measures and generalized capacities
[see (5)], it is possible to obtain a lower bound for the measure of L(a,b; w) by con-
sidering the capacity of L(a,b; w) with respect to a suitable generalized capacity
function. We push this method as far as possible and obtain, in § 4,

hy-m[L(0,1; )] = o forall o> 2, (4)

with probability 1. This is clearly a long way from the desired result (2), but there are
technical reasons why (4) is as much as one can hope to prove by using the method
of capacities. These are discussed in (10).

2. Prelimanary results. Suppose A, = A, (0) is the lattice of points in the plane with
coordinates (¢/n,r/n) where n is a positive integer and ¢, r are integers. If z, = (2, 7,)
is any point of the plane, A, (z,) will denote the set of points of the form (z —z,) with
z € A,. Then the set A, (z,) defines a mesh of squares of side 1/n which have the points
in A, (z,) as their vertices: for convenience we suppose that each of these squares is
closed on the left and open on the right. S§"(z,) will denote the square of this mesh
which contains the origin O.

By the definition of (£2,.#, i), the Brownian path starts from O with probability 1.
Let ,

t

% (ﬂ'z LB,___;T:U,I}Q,...), (5)
n

Qr,n(w) - z(“’r,ww)- (6)

We start by looking at the path L(0, 1; w) only at the points, ,, and ask first how many
squares of the mesh defined by A, (0) are required to cover all the points @, ,(w)
(0 <r < x?). In (2), Dvoretsky and Erdds obtained an asymptotic formula for the
number of points entered in n steps by a plane random walk on a lattice. We now make
some modifications in their method to fit the Brownian motion case.

Let vy, ,.(2,) denote the probability that none of the points @, ,(w), @, (®), ...,
Q,_1,»(w) lie in the square S§”(z,)—that is, the probability that the path z(, ) does not
return to the ‘origin square’ at any of the points #_ , (1 < s <r—1). Put

1fn 1/n
Yron = nﬁfﬂ fn Yo, n(%0) Ao dy,. (7)

If z, € §§(0), we can think of y, ,(z,) as the probability that a Brownian path starting
at z, will not be in the square S§"(0) at any of the times ¢, , (1 < s < r—1). Thus, by
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(7); Vr.n 18 the average value of vy, ,(z,), assuming a uniform distribution for z,. Now
the measure x in Q is not changed if one simultaneously alters the time scale and the
scale on the plane by multiplying ¢ by a factor A? and x, y each by a factor A, when
A > 0. It follows that y, , is independent of # so we can write

Yr=Yr1=Vre= = Vran (8)
Our first object will be to obtain an asymptotic formula for y,.

It is clear that l=9Y2%2...27,>0. (9)

Let the probability density function for the position of the point @, ,(») be u, ,(x,¥):
this is given by . ) = L ( e y“‘) e
oY S e T\ Yy

For any z,, if (z,y) € S§"(z,) we have |z| < 1/n, |y| < 1/n, and it follows from (5)

and (10) that 2

n n? 1
%2 Ur,n(%>Y) = 21 l_;' (L1}

for r = 1,2, .... Thus for any z,, if w, ,(z,) denotes the probability that @, ,(v) lies in
S§(2,), we have

\-r

1 1 1
} w,., n(zl]) Eir (1 “;) ] (12)

Now we can classify the paths according to the last of the points @, ,(») (r = 0,1, ..., k)
which lie in the square S§"(z,). This gives

k
},I.'. n.(zo) + E ur,'n(z) '};k-—r. n(z + zl.‘l) dz a 1; (13)
r=1J 8{z)
because if the path is at z € 8§ (z,) at time ¢, ,,, the probability that it will not return
atany of the timest, , (r+1 < s < k), is the same as the probability that a path starting
at O will not return to S{™(z+2,) at any of the times t; , (1 <4 < k—r). Now v, ,.(2)
is clearly periodic in @ and y with period 1/n in 2 and 1/n in y. It follows from (7) and

(8) that 1
f Y- r,'u(z+z€.l) dz = —3 Vk—r: (14)
Siz,) L)
Applying the lower bound in (11) gives
1 %1 1
Vinlfo) +5- X (1 = —) Vier < 1. (16)
Myr=17% L

Averaging over z,, and applying (9) leads to
1 k1 1
B 5 ) g P
Yk‘gﬂrf:ll r (l ?‘) * l} b l!

2 1
; — 16
or Vi € og e O((log k}ﬂ) ‘ (16)

Using the upper bound of (11), we have for any z,,

Yi, n(20)+ Z Yi—r,n z 1 (17)

2m’
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so that, on averaging, if 1 < &, < k, < k we have, by (9),

[ | Ky 1 ke 1
L %‘ e Vi !ar—§+l %’-l-r E—l—] Sy > !
With e
log &
2m 1
this gives Vi = ik O(Zlog fc}g)’

which with (16) shows that

27 +0 1 (18)
" T Jogk (log k)2)

If z,, z; are any two points, subtracting (17) with z, replaced by z; from (15) and
simplifying yields

1
yk,ﬂ(zﬂ) /.’ n(z(i) ;2 (J' + 0( 1))

I|Ns

_‘_
log k=
T

< +—= (140(1)).

log k (
Since ;. is the average value of v, , (z,) for all z;, it follows from (18) that, for sufticiently
large k, and any z,,
Vi < Vialzo) < 295 (19)
Now consider the fixed lattice A, (0). Each point of the plane is in precisely one of
the half-open squares of side 1/n defined by A,(0). The density distribution (10)
therefore defines a density distribution relative to the mesh. That is, if we are only
interested in the position of (a, y) relative to the square in which it lies, we obtain a
density distribution v, ,(x,%) at ¢ = {, , given by

+ 4o _{an 3 [ X2 {; 2
V@ Y) = 5 : DI exp( (@+8/m) _(y+q/n)_)

"‘ﬂtr,ns:-—'l g=—uo Qtr,ﬂ.

for 0 <@ < lfn, 0<y<1/n with v, ,(x,y) =0 for other points (x,y). A simple
computation shows that v, ,(z,y) defines a distribution which, for large integers 7,
becomes very close to uniform in the square S§”(0). We only require that

r “(3& . ?3‘295?(3:‘ y)’ (20)
where Ol y) = 1+o(lfr) as r->o0;
for (x, ) in Sy (0).

Still considering the fixed lattice A, (0), let 7,,, be the probability that @, , () lies
in a new square of side 1/n: that is, that @, , () lies in a square which contains none of
the points ¢ ,(v), @1,,(»), .... @,_; ,(»). Now a change of scale again shows that
Tk, 18 independent of n, so we will denote it merely by 7,. We can think of z(¢, ,, »)
as the result of adding together » independent random vectors each distributed like
z(1/n* w). Hence we can apply the argument on p. 354 of (2) to deduce that, if the
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distribution of ¢, ,(w) relative to the square in which it lies were uniform, then we
would have 7, = y,. However, the distribution is almost uniform so that, by (20),

=y {1+0(1/k)};

] 2m 1
. "= g+ eg)
on substituting (18).

Now let N, (@) be the number of squares of the lattice A, (0) which are entered by at
least one of the points ¢, . (v) (0 < k < n?). It is clear that

(21)

E{N,(v)} = :Eu T)r
Substituting the estimate (21) gives
mn? n*log logn -
/(¢ 22
00 = g+ O(Sogan ) )
By using the relation (19), the methods of (2) can be modified without difficulty to
estimate the variance of N, (w). This gives

2logl ;
N, ()} =o(‘f‘_(l§§$§f). (23)

The strong law for N, (v) does not follow immediately by the methods of (2), though
it can be proved by a more detailed investigation. We do not do this in the present
note as it is not required—the strong law for a subsequence is sufficient.

Lemma 1. If ng= 2% (s = 1,2,...), then

. log n,
) L e || 2 =il
;{[u elim[’\ (w) p 1’
Proof. Chebyshev’s inequality applied to (22) and (23) gives
P 2 n? loglogn
,a.lw. Nnf) " log n‘ logn } O( logn )
It follows that, for any e > 0,
2
._.ﬂ,[w N, (w)— lozr‘dn }

converges. An application of the Borel-Cantelli lemma is now sufficient to give the
required result.

We now need a lemma which shows that any square of the mesh defined by A, (z,)
which contains at least one point ), , (0 < r < n?), is likely to contain very many
of them.

LeyMmA 2. Suppose 0 < & < &3 for a given path w, let the number of the points 2(t, . w)
with 1 < r < n® which lie in the square S§V(zy) be Y, (25: w). Then, for any z,,

T loglog n
(log n)1—? logn }°

o Y, (zg; w) < (logn)’} =
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Proof. The point z(t, ,,») = 0 lies in S§(z,). Let 0 =r, <r, <r, < ... be the
sequence of integers, defined by the path w with probability 1, such that z(t, ,,®)
lies in S{"(zo) for r = 74,7y, ...; but not for r,_; <7 < 7; (i = 1,2,...). Now it follows
from (10) that the distribution of the point z(t, ,,, ) in S§"(z,), given that it lies in this
square, is very nearly uniform for large r; in fact, it differs from the uniform distribu-
tion by a factor ¢ where

' # 6-1] <.

Hence, since r; > ¢, for each positive integer k
{1=(1)i)}yp < plo: ri—ri >k} < {1+ (1/0)} ) (24)

Put s = [(logn)’]. Then Y, (2,; w) < (logn)? if, and only if, r, > n% Now if Y, (z,; w) < s,
then 7, —r;_; > {n?/(logn)?} for at least one i (1 < ¢ < s); so that

8 n2
o Y, (z; w) <s} < i=]#[w? ?‘i‘“?‘r—l‘;‘{‘[ﬁ}i]-
Using (24) and (18), this yields
. ) m loglogn :
Mo: Y, (zo; 0) < s} < Togny™ O(W) - (25)

In the other direction, notice that if there is one integer ¢, (1 < 1, < s) such that
Fig—Tig—1 > N* whiler,—r, ; < nfori + 4y, 1 < i < s, then Y, (z); w) < s. For different
integers i, these events are mutually exclusive. Hence

&
Mo Yy (zg; 0) <8t > 3 plw: vy —r; >0 but rp—r,_ <n® for i, 1 <i<s).
=1
Since the inequality (24) was true for any z,, we have

;z{w: Yr:.(zll; w} {S} = % (1 _%l) Yz lql [] - (l + !) ‘}’-n”,
0 im1 4

ir=1

T loglog n
> gm0 oge)

on using (18). This, together with (25) clearly establishes the lemma.

Lemma 3. Let Ty(n; w) 0 < & < 4, be the number of squares of the mesh defined by
A, (0) which contains at least one z(t, ,,, w), but less than (log n)? of the points z(t, ,, ») for
0<r<n? Then

; mn? n*loglogn
c)l = " 75 "o n
00 0} = e+ O goga)

Proof. Suppose A(r), 0 < r < n?, is the probability that (i) (¢, ,,, ) lies in a square of
the mesh not containing any of the points z(¢; ,,») for 0 <4 <, and in addition
(ii) fewer than (log n)? of the points z(t; ,, ), r < 7 < n? lie in the same square as

2(t,. »» w). Clearly n?
E{Ty(n; w)} = }_]0 Ar). (26)
Now A(r) =2 7, inf pw: Y, (z; w) < (logn)’},

2 € S1(0)
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since Y, (zy; @) < (logn)® has the same probability as the event that in the n* steps
2t o ) (r < 1 < r+n?), starting from z, = (¢, ,,, @) € S§”(0) there are less than (log )’
returns to S§(0). From Lemma 2 and (21) it follows that

piryn; ) > [y +O(ERET 10 (1 g L)
E{Ty(n; )} > Togn)! ,+0 logn }|logn 14 O(Iogn) )

— mn? n*log logn o
so that (3@{ Ia(n, (:)}} = Uog—n);‘!—_—l‘; + O( _(lﬂg ??/)2 = ) . {-‘ ")

Let p(z,) be the probability that in [n2/(log n)?] steps there are fewer than (logn)?
returns to S§”(z,). The argument of Lemma 2 shows that

m loglogn %
— — o ..,R
P(z0) (iogn-)‘—"+0( logn ) (28}
If 0 o[ 2 N
= s — — = =a
<r<an [(lognF] (= N, say)
it is clear that Alr) €7, sup p(zy)

2, € 8§(0)

while for N < r < n2, Alr) € 7,
Hence, by (28) and (26), we have

N n?
En; w)p < X A(r)+ X 7,
=N

r=0 r

g loglogn ] n n*
< [(lng n)“”+0(__lo_gn ) rzh Tt (logﬂ)s)

men? O(nzlog log n)

= ogny O\ o

This, together with (27), establishes the lemma.

LemMa 4. Let S be a fized square of side 1[n whose distance from the origin is less than
plnwhere p < k¥, k a positive integer; and suppose F,(S') is the event that none of the points
Q. n(0), 0 < v < klies in the square S'. Then there is a real constant c, such that

o ei(logp+1)
MME(S)) < ]gggg'

Proof. The result corresponding to this lemma was obtained for plane random walks
in (3). Modifications to the methods of (3), similar to those used in the present paper in
obtaining the estimate (18) for y,, are sufficient to prove the lemma, so we will omit
the details.

We need to consider not only the points @, , () of the path L(0, 1; w) but also the
points z(¢, w) fort, , , <t <t,,(r =1,2,...). For this purpose we shall need estimates
for the largest variation |z(t, w) —z(t,_, ,,, @)| fort,_, , <t <, ,. The next two lemmas
give the results we need.
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Levmuma 5. If p > 1, then there is a finite constant ¢, such that

fr,n@‘fﬁf?-rl,ﬂ

2
o sup |21, 0)—2(t, w)| > (p/n)} < %’exp ( —'%) ;

This result is well known; for example, it is an immediate deduction from Lemma 4
of (9).

Lemma 6. For a fived path o in Q, there is probability 1 that

. n
lim sup{ sup (\7(2 Toghy . sup  [2(r, w)—z(tf,.mmﬂ)} = 1.

N> 0=r<n® Sr<trin

This is the two-dimensional form of a result which is well known in one dimension:
a proof of the one-dimensional case may be found in (6), p. 152.

3. Covering the whole path 1(0,1; w). The result of Lemma 1 shows how many
squares of side 1/n, of the mesh defined by A, are needed to cover the »7 discrete
points @, , (w) (0 < r < ). Our object now will be to show that the whole path
L(0, 1; w) ean be covered without increasing the number of squares needed by a factor
larger than one. We have seen already in Lemma 3 that most of the squares of side 1/n
which contain one of the points ¢), ,(w) will contain a very large number. From this
we will deduce that the path is highly concentrated on the little squares entered; that
is, that most of the squares which contain one of the points @), ,(w) are such that all
the squares of the mesh nearby also contain at least one of the points @, ,(w). By this
means we can show that it is possible to expand each of the little squares containing
a point @, ,(w) by a suitable large factor, without increasing significantly the total
number of little squares of side 1/n which are included in the covering. The expansion
factor will be chosen large enough to ensure that all of L(t, .1, ,; ») will be included
in the larger region about the square which contains @, , ().

We need to consider three types of ‘bad’ points, i.e. points which would spoil our
covering estimate.

(i) Those integers r for which there is a very large displacement between ¢, and
tri1,n- When n is large, Lemma 6 gives an adequate upper bound to the size of the
‘large’ displacements. It is convenient to call the point @, ,(w) bad in this sense if

sup  |z(7, w)—2(t,, w)| > &9, (29)
b STt 41, 1%

where p,, = loglogn. The number of integers r (0 < r < »?), for which (29) is satisfied

will be denoted by B,(n, w).

(ii) Those integers r such that @, , (o) lies in a square S of the mesh A, (0) such that
S contains fewer than (logn)} of the points @, ,(@). The number of integers » which
are bad in this sense will be denoted by By(n, w). In fact By(n, w) = T}(n, w) as defined
in Lemma 3.

(iii) Those points which are not bad in sense (ii) but, nevertheless, are such that
there is at least one square of the mesh whose distance from S is less than 2loglog n/n,
but which contains none of the points ¢, , (). The number of integers » which are bad
in this sense will be denoted by By(n, o).
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For any positive integer n, let L,(w) denote the number of squares of the mesh
A,.(0) which contain at least one point of L(0, 1; w). N,(w) was the number of squares
which contain at least one of the points @, ,(») (0 < r < n?). Let us now obtain R, (w)
in the following way. If a little square S of side 1/n contains at least one of the points
@ a(w) (0 <r < n?), then take all the squares of the mesh which are within
loglogn/n of S. In addition, if § contains a point @, ,(w) which is bad in sense (i),
take the squares of the mesh which are within (2/r) (logn)} of 8. R,(w) is the total
number of squares obtained in this way. It follows from Lemma 6, that for sufficiently
large n, the set of squares obtained must cover all of L(0, 1; w). Hence for large enough »

Ny() < Ly(0) < B, (). (30)
Thus to obtain an estimate for L () it is sufficient to show that
(@) {No(@)} > 1

and use Lemma 1. In obtaining an estimate for the measure of L(0, 1; w) it is sufficient
to obtain arbitrarily fine coverings of bounded ‘extent’. Hence it will be sufficient
to show that, with probability 1, if n, = 2%

Rﬂs(w)
IEI; N, (wj

We need estimates of the numbers B;(n; w) (i = 1,2, 3) of bad points. It follows
immediately from Lemma 5 that,T for large n,

(31)

72
32
éE{Bl(n &J)} {log n)lgs ( )
n? 1
Hene I s T =
ence )‘t{() Bi(n, w)> Togn)® < (log n)®
An application of the Borel-Cantelli lemma shows that there exists, with probability 1,
an integer s, such that 2
& p 2 8. 33
By(n,, w) < og n8)5 for s>4¢ (33)

Lemma 3 already gives a good estimate for &{B,(n, w)}. This leads to

€y

w: B 0] :
#: Bal, )}(logn)i‘ (log n)*

for a suitable positive constant ¢,. Again the Borel-Cantelli lemma shows that there
exists, with probability 1 an integer s, such that
2

Ny
Bl ) < iogn

for s> s, (34)

Suppose now S is a square of the mesh which contains at least (log n)* of the points
@, () (0 < r < n). Let q,(S) be the conditional probability that there exists another
square of the mesh within 2loglogn/n of S with none of the points @, ,(») in it. We
need first to estimate ¢,,(S). Suppose i, is the first integer r for which @, ,,(w) lies in §.

T Much more than this is true, but (32) is sufficient for our present purposes.
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Consider a fixed square S" within 2loglogn/n of S. By Lemma 4, the probability
p, that none of the points @, ,(v) for

iy < 1 < iy+ (logn)t

logloglogs

lie in S’ satisfies M Toglogn

C5

Let i, be the first integer » > iy+ (logn)t such that @, ,(w) is in S again. Then the
probability of not entering S’ for i, < r < 4, + (logn)i is again

. log log log »

Repeat the process, obtaining
B <ty < e <Y < WA
Since S contains at least (log n)} points @, () and there cannot be more than (log )}

in any of the ranges (i, ¢;,,) it follows that ¢ > (logn)t. Hence the probability that the
square S’ contains no point @, ,(w) satisfies

p< (65 ‘loglogn

But there are not more than 15(loglogn)® squares of side 1/» which are within
2loglogn/n of 8. Hence the required probability ¢, satisfies

y 2 s T T i
7,(8) < 15(log logn) [‘-”5 loglogn |

This implies, @ fortiori for large =,
2,(8) < exp (— (logn)}).
Since there are not more than n?* squares, it follows immediately that
&E{By(n, )} < nexp (— (logn)i). (35)

A further application of the Borel-Cantelli lemma shows that there exists with prob-
ability 1 an integer s, such that

By(ng, w) < —%—— for s> s,. (36)
Finally, by Lemma 6, there exists with probability 1 an integer s, such that

sup  (sup  |2(7, @) —2z(f, n 0)|) < 24/logh (37)
0<r<n® b nS7<tr 1,0 L
for all n > n,.

Now, if K = max (s,, 85, 83, 84), it is easy to deduce from (33), (34) and (36) that the
number of extra little squares we have included by our procedure satisfies

2
Ny

Rﬂs(m) - Nn‘?(w) < ! (38)

(log mg)®
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for all s > K. Further (37) ensures that the procedure includes sufficient little squares
to cover the whole path. Lemma 1 together with (38) establishes (31) which in turn
implies

Lemma 7. Let L, (w) denote the number of squares of side 1/n of the mesh A, (0) which
are entered by at least one point of L(0, 1; w). Then, if n, = 2% (s = 1,2, ...),

.u{m: lim (L_“,(ru) 1(;5;53) = l] =1,

> om g

We can immediately deduce
THEOREM 1. If hy(x) = a®log 1]z, then there is probability 1 that
hy-m{L(0,1; w)} < 27.

Proof. The diameter of a square of side 1/n is \/2/n,. For any ¢ > 0. we have just

shown that for large s it is possible to cover L(0, 1; w) with less than
2 . a9
(mte)ng squares of diameter Y2 .

log n, 7,
This gives an h;-measure covering by arbitrarily small squares of extent less than
2(7 +€). The theorem follows immediately since e is arbitrary.

Remark. 1t is clear that the constant in Theorem 1 is not best possible. If one covers
the path with a mesh of hexagons instead of the mesh of squares we have used it can

be proved that 8o

EWER

however, even this result may not be best possible.

h-m{L(0,1; )} <

4. A lower bound for the measure. In proving that the k,-measure of L(0,1; w) is
finite we only had to show that it is possible to give a covering of the path of bounded
extent using figures of arbitrarily small diameter. However, if we are to succeed in
showing that the z,-measure is positive then we must show that no covering is possible
by a collection of convex sets of arbitrarily small total extent. This is much more
difficult. Besicovitch (1) showed that in order to prove positive measure it is sufficient
only to consider coverings by squares belonging to one of the meshes A, (0), n = 2F
(k= 1,2,...). Infact for the particular measure function %,(z) it can be shown that it
is sufficient to consider coverings by squares which belong to one of the meshes A,
(s =1,2,...). [This follows from the fact that, in a certain sense, h,-measure differs
only slightly from Lebesgue measure.] However, one still must allow for the possibility
that the covering set may consist of squares of widely different sizes: it is this which
causes the difficulty. In §2 we saw that the path was fairly thickly concentrated in
the regions which it enters. We would now need to prove that this concentration is
not ‘too thick’, i.e. that not too large a proportion of the squares of the mesh side
1/n,, contained in a single square of side 1/n, are entered when k is much greater thant.
We have not succeeded in completing this proof rigorously.

For the remainder of this section let us push the technique of using generalized
capacity as far as possible and see what can be deduced. Suppose ®(r) is any con-
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tinuous function defined for » > 0 such that lim ®(x) = +c0. For a closed set E in
>0+

the plane, consider the class of all measures » defined on E such that p(E) = 1. We say
that the ®-capacity of F denoted by C“®(E) is zero if

f J. O(|x—y|) dv(x)dv(y)
e r
fails to converge for all measures v; on the other hand, if we can find a measure v such
that
f xf O(|z—y|)dv(x)dv(y) < + o0 (39)
E JE

we say that C‘O(F) > 0.7
h-measure and ®-capacity are connected by the following result due to Kematani (5).

Lemma 8. If k(x) and ®(x) are respectively a measure function and capacity function
such that ®(x) = 1/h(x) and E is'any closed set with h-m(E) finite, then CO(E) = 0.
LeMMaA 9. Forany k > 0,t > 0,

1 y2
o |2t w)| <k} = .EJ‘“ rexp (__?_f) dr.
This is proved in (9).

TrreOREM 2. If h,(x) = x*(log 1/a)*, then there is probability 1 that

A , hy-m{L(0,1; )} = + 00
or every o > 2.

Proof. As far as Hausdorff measure is concerned only covering sets of small diameter
are relevant. Hence if

h(x r< i
‘}’54(9«‘)={ (%) (0 <x<})

[ (o > 0), (40)
Hlog2r =2, (x>4) |

then &,-m(E) = ¢ -m(E) for all K. Consider

_[ do 1 iexp{—(r*/2t)} 2 jopvi g
‘) fﬂﬁf’a(fz{tsw)n—'i.'.n rllog (L " A J FRAm iy

using (20) and Lemma 9. By making change of variable = t!a we obtain, provided

0<t<
{t<16 It B ét 3 eXP('—%x?‘)
)= rJ... z{log (1/xt})}>

U J'" J.t *}s(}ig;”j;?idr-fﬂ lexp(—H)

=L+L+L+AYexp(—1t), say.

dx + A;lJ‘w xexp (-3a?) da
it

T An actual numerical value for C!®{ ) can be defined in terms of the infimum of the set of
values of the integral occurring in (39). However, this is unimportant.
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Now 1 exp (—42?)
50 =3[ agog i+ Hog i

< ., S
t(log 1/t

W exp (—3a?) :
Iz(t):‘fl 2{log (1/2) + 4 log /i ™

for suitable ¢; > 0.

1 =}
1.
t(log l/&)“f —exp (—32?%) du,
since in the range of integration, log 1/ + log 1/t > }log 1/t. Thus
Cq
B < yiog 1]y

for suitable ¢; > 0.

-1 a{log (1)) +$log 1/t ™"

i—3 —1lp2

e F exp (—}a?)
<% ? 1exp(—‘:.~:2)da:

t T L # :

since in the range of integration log 1/x + % log 1/t = log 2. Thus

Cy
Is(t) L E‘i

for suitable ¢, > 0. We have obtained the estimate

&

) < log ]/{)&4 t{log Ut

+ +A lexp (— )

which is valid for 0 < ¢ < {%;. A simple computation shows that for ¢
finite constant ¢,, such that I(t) < ¢y

The estimates (41) and (42) show that, if « > 2

f: [JT: ( a Pal|2(¢, E)b)g%z{gjm) dﬁ}ds < + 0.

By Fubini’s theorem, (43) implies that, with probability 1,

J. ” ol |2t 0 w)—z(s w)|)d‘c]ds < +oc0.

221

(41)

> s there is a

(42)

(43)

(44)

Butif £ is the set L(0, 1; @) and vis the measure on F obtained as the image of Lebesgue
measure on [0, 1], the paths @ which satisfy (44) must give sets L,(0, 1; w) which satisfy

(39). Thus for any « > 2, there is probability 1 that
O L(0, 1; w)} >0,

where D, (2) =

%(&?)
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By Lemma 8 and (40), there is probability 1 that

h,-m{L(0, 1; )} = +00. (45)
Let o take successively the values
1
= 2 —_ — 2 seafa
o, L g (r=1,2,...)

Then there is probability 1 that
he-m{L(0,1; w)} = +00 for a = oy, ....

This implies the result stated in the theorem.
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