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The frequency of naturals » satisfying a condition @ is defined as
the limit

frim:n satisfies @} = th {n:m satisfies @, n < N}

N0

provided this limit exiztz. (A denotes the power of A).

We say that a set 4 (4 C[0,1)) belongs to the olass 5 if for every
irrational & the frequency fr{n: ‘e d(modl)} exists and does not de-
pend on the choiee of & It is well-known that every Jordan measurable
set belongs to £ and, moreover, the frequencies fr{n: nf e A(modl)} are
equal to the meagure of 4. Furt}h&r, it is easy to verify that every Hamel
base (mod 1) belongs to E, which shows that sets belonging to £ may
be Lebesgue non-measurable.

We may that a class Z, is the base of ‘the family = if for every 4 ¢ 5
there exists a set B e Z; such that

frin:nEed=FB(modl)} =0%)

tor any irrational £
We say that a class =, is the weak base of the family Z if for every
A e =Z there existr a set B 5, such that

frim:nfed=-B (modl)} =0

for almost all &,

The purpose of this note is the investigation of Lebesgue meéasura-
bility of sets belonging to a base or to a weak base of the family 5. Na-
mely, we shall prove with the aid of the axiom of choice

*) 4=B denotes the symmetrie difference of the sets A and B,
[748] Ba¥
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Turorey 1. Beery base of the family £ containg 22 Lebesgue non-
weeasurable sets. d

Toeonem 2. Every weak base of the family £ contains af least
Lebesgue non-measurable sets.
o Lorornary. Under asswmption of the continuwn hypothesis every
bass of the family = econtainsg 2° Lebesgue non-measurable sets,

Before proving the Theoprems, we shall prove three Lemmag.
us introduce the following notations

U = {x: » rational, k(k—1) <2 <&} (k=1,2,..),

: § 20 .
‘) Tﬂ+=kL,.l"H‘r, W={r:—we W)y W= W

Lemma 1. For éwry rational wwmber v == 0 the equality

frin:nre Wi =14

i brue.
Proof. It is sufficient to prove that, for every positive
number r, the equality fr{n:nreT@,} = 4 holds.
Let I'®i{y)} denote the number of such naturals w that wre
- Obviously,

i.ﬂl [E] —1 < W) < [f’] S5

whem [2] denotes the greatest infeger <.,

- Ixr) will denote the number of such naturals u (n < N) tﬁﬁ#
1 k*’l].rﬁTr] and nre Y then, in view of (1), wr <2<
which implies the inequality » < N, Hence, we obtain fthe

[V 2r]
Iyry= ¥ IBr) (N =1,2,..).
h—l

Consequently, taking into account (2), we have the i

Ly xel
(3) Iyir) = 2 L:] [N ¥ =12,
k=1 1

- Further, if & =|y Nr]4+1 and wre @ then, in i
> k(k—1) > Nv, which implies the inequality » > ¥.
the following inequality 5

- Wk ol
< 3 I (¥ =1,3, 0,

sl



On Sete Whieh dre Measured by Malliples of Teealional Numbers 745

Consequently, taking into account (2), we have the inequality '

Nr]l+1 :
I‘\'{]Ij :':_-\..,‘_ z [,}1“‘ !i.lj.‘l‘rl_'] —-.[ {ﬁ‘- - -I., 21 --.:l -
E=1 -
Henee, and from (3}, it follows that
iael
) Iir)= ) H+u{m (¥ =1,2,..).
k=1

Setting r — g Ny V] = dyp sy (0 < 85 < p), where p, g, dy and sy

are integers we obtain by simple reasoning
1A I 1 v j 'I':'_‘ j
H = apgdyldy —1) +dy L H + ; H + gily sy
o1 f=1 Ferl o

1 s Bl 8
= 5pgdn + o(N) = ;N +o(¥).,

Henee, in virtue of (4), we obtain the equality fy(r)= § N +o[N).
The Lemms is thus proved.

- By ¢ we denote the first ordinal number of the power continuum.
Let, us consider a Hamel hase @;= 1, &, @y coay Tay o (0= ). Bvery
irrational number » may be represented ss a linear combination with
rational coefficients o = vy + rya, + o where 1 = g, < ay =< ... < @y
ry #= 0. In the sequel we shall nse the notations r(x) = r), alr) = a,.

Let B be the elass of all subsets of the set of all positive ordinals
“lesk than p. Obvicusly,

() B =2,
For every Ve® we define the set
Ap = (x:x irmational, 0 <z <1, rix) e W, aln) eV} L)
{wzw irrational, 0 < & < 1, r{r)non e 9, a{z)nonel’},
LEMMA 2. For every Ve B Adp eZ. Moreover,
fe{ninfe dp(modl) =4
for each irvattonal £,

Proof. Since riné) = wr(&) and a(né) = a(f) we have the following
equality

ey e fleWn <N} i alf)eV,
fw:néeAp(modl), n < N} = e wr () non e W, w< Ny it alEnoneV.
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Hence, according to Lemma 1, for every irrational £ we obtain the
equality frin: nf e 4p(modl)} = 4, which was to be proved.
Lumma 3. Let D (DC[0, 1)) be a sel satisfying the equalily

(6) frfninfedp=D(modl)} =0 (Ved)

for almost all 5. Then, D iz Lebesgue non-measurable.

Proof. Suppose the contrary, i, e, that D iz Lebesgue measurable,
First we shall prove that, for every interval U7 ({7 C[0, 1)) and for al-
most all &

(7) fr{n:née dpnU{modl)} = §|U|,

where |I7| denotes the measure of I7.
For brevity, we shall use the notations

=", W=, VP=¥ amd Fi=F,

where ) denotes the eomplement of the set 9 to the set of all ratio-
nals and ¥’ denotes the complement of the get ¥ to the set of all poe-
gitive ordinal numbers less than j.

Tor every rational v (r £ 0) we denote by () (w=1,2,..)1he
sequence of naturals n such that nre @' (i =0, 1).

It is well-known ([2], p. 344-346) that, for every sequence of in-
tegers k, < ¥k, < ... and for every interval U7 (U C[0, 1)),

frin:k,f e U{modl)} = |U|

for almost all & Consequently, tor almost all £ and for every rational &
(» == 0), the squality

(8) frin:ki(r)é e Ulmod1)} = (U] (i=0,1).

From the definitions of the set A4, and the sequences EY(r) it follows
directly that '

{n:néedy A Ulmodl), n < Nj= (n: k(r(£)E e U(mod1), kf(r(&)< N}
and '

[ kD(r(8) < N} = {n:nr(f) e Wy n < N}
if a(&) eV (i=0,1). Hence,

liﬂrﬂfed;rnlﬂ[muﬂlj, n=N}i—

N

Ak (r(8)§ « Umod1), k(r(£) < N}
s BP(r(£) = N}

= %E’ﬁm{_&‘}t ¥, n = N}
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if «(&)eV' (i=0,1), which implies, in view of (8) and Lemma 1, the
equality

frin:nfedpnU(modl)) =
= fr{n:nr(E) e WY e in: KD (£)E e U(mod 1)} = 4|U]| .

The formula (7) is thos proved,
From (6) and (7) it follows directly that, for every interval [T and
for almost all & the following equality holds

() frin:nf e » Ulmodl)} =¢§|U|.

Further, in view of & Theorem of Raikov ([1], p. 377)

L

N
MR 2l s |
DT
:if_'fia] ‘.-‘v 23“"“ L Y

n=1

d‘EF{IT
|

where y is the characteristie function of De U extended on the line
with the period 1. Hence, and from (9), for every interval U7, we obtain
the equality |[D~U|= §|U|, which eontradicts the Lebesgue density
theorem. The Lemma is thus proved.

Prool of Theorem 1. Let ¥V e B, By By we denote a set belonging
to the base of the family Z such that

frin:nt e dp= Bp(modl)} =0

for each irrational £ (According to Lemma 2 the sets Ay (V7 ¢ B) belong
to 5). Applying Lemma 3 we find that the sets By are Lebesgue non-
measurable, Since the power of the base is =2 then, to prove the
Theorem, it suffices to show, in virtue of (5), that the function V- B;-
egtablishes -a one-to-one correspondence between sets V7 and sefs By,
Suppose V; == V,. There iz then an irrational £, such that a{&,) «V,=V,.
Taking into acconnt the definition of 4, we have nf, e 4, — 4y, (mod1)
(n=1,2,..). Hence, fri{n: nf e dp, ~4p, (modl)}= 1, which implies
fr{n: nEy e By, —Byp,(mod1)} = 1. Consequently, By, % By,.

Theorem 1 is thus proved.

Prooi of Theorem 2. By B, we¢ denote the class of all subsets
of the set of all denumerable ordingl numbers. Obviously, B, C 8 and
B, = 2. By Cp (Ved,) we denote a set belonging to the weak hase
of the family = such that

tr.fn: né « Ay = Cp(mod 1)} = 0

for almost all & According to Lemma 3, the sets € are Lebesgue non-
megsurable, To prove the Theorem it suffices to show that the funetion:
Vs (Ve®R,) establishes a one-to-one corvespondence between the
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sets ¥ and the sets Cp. Buppose V, 7V, (V,, 1V, e B,). Similarly to the
preceding proof we find that

frin:nge Cp, = Cpy(mod 1)} = 1

for almost all & satiafying the condition «(&) eV, = V,. Obviously, to
prove the inequality ', = Oy, it is sufficient to show that the outer
Lebesgue measure of the set 8= {£:a(f) eV, =17} is positive, Bupm&
the contrary, i. e.

(10) |8 =9.

Let n be the first ordinal number belonging to V, = V.. It is easy to verify
that the real line B may be vepregented as the denumerable unitm tFE
setg congruent fo S

X ...r,, la‘—I—Zﬂw ..rcﬂ’

B a1y

where 1y, ..., #, are rationals (s = 1, 2, ...). Henee, and from (10}, it
lows that |[R|= 0, which i3 impossible, The Theorem iz thus pro
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