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CONCERNING APPROXIMATION WITH NODES

BY
P. ERDOS (LONDON)

This note contains a remark on the subject treated by Paszkowski

(1], 21
Define

B, =min max |f(2)—P,(2)], E,= min max |f(@)—Pn()|
Pp(z) —1=z<1 P,(0)=f(0) —l<z<1

where P, (x) runs through all polynomials of degree n. Clearly
(1) B, < B, < 2E,.
I shall prove that there exists an f(x) satisfying

(2) LimE./BE, = 2.

n=00

Let ny — oo sufficiently fast. Put
f@) = > Tony (2)]R1,
k=1

where T, (#) is the n-th Tchebycheff polynomial. Because of |7,,(0)] =1
we have
E
) .
(3) By, < (1+o(V))/(B4+1)! (Pul(e) = Tony () [71).
=1
Next we show that

() B, = (2-+0(1) /(1)1

Equality (2) follows from (1), (3) and (4). Thus we only have to
show (4).
Let @y, () be the polynomial of degree < 2w, for which

MAX |f (%) —On ()] = Bl
—lze<l
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Denote by y the nearest extremum of T,,, (@) to 0; clearly
Yl < z/neyy and [T, (¥)—Tom,,(0)] = 2. If the =, tend to oo fast
enough we clearly have

(5) f(y)—F(0)] = (2+0(1))/(k+1)!,
e f(@) = I (2)+2,(2)+Z5(x) where

Tet1

E
Ei(@) = Y T (@it Z3(@) = Tany,, (@)/(k+1)!,
i=1

(@) = D Tam (@i
f=k+2
Now clearly

R
—_— = — =
pABEIE — TESTY
if m; — oo fast enough, i. e. if |g,(x)] < 1, g.(x) is a polynomial of degree
n, then by Markoff |g,(z) < »*, —1 <z <1,

1
Zo(y)—25(0) = 23(y)—25(0) = O(W)

2
(k+1)!’
Thus (5) follows.
Now |0, ()] < 2¢ for —1 <z < 1 (sinee [f(2)| < e) and since O, (@)
is a polynomial of degree at most 2n;, we have, by Markoff’s theorem
02n, (@)] < 8eni, —1 <& <1. Thus

1
(6) Osn, (¥) — Oz, (0)| < Bempy < Bmemy[nyyy = "((k+1)! )

if #n, — co fast enough. Thus from (5) and (6)
(@) —=Oum, ()] = (2+0(L)/(k+1)!;

Hence (2) follows and our proof is complete.
By a simple modification of this argument it is easy to construct
an f(x) with

limE, /B, =2, LmE,/B, =1

(it suffices to put j(x) = YT, (x)/k! where ny, = 0(mod 2), nyy, = 1(mod2)
and n; — oo fast enough).

I expect that one can show limE,/E, = 2 for suitable f(z), but I
have not succeeded in doing it.
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Note of the Editors. It has been stated by Paszkowski ([2], theo-
rem 5.2) that for the approximation with algebraic polynomials the in-
equality

(7) lime, (&; T)/en(8) < 2
M0 .
holds for an arbitrary continuous function £(¢) and for an arbitrary sys-

tem T of nodes the notation being that of [1].
The relation (2) proved here by Erdiss shows that (7) cannot be

strengthened.
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