ON A THEOREM OF HSU AND ROBBINS
By P. Erpiis
Syracuse intveratfy

Let fi(x), fo(x), ~-+ be an infinite sequence of measurable functions defined
on & measure space X with measure mr, m(X) = 1, all having the same distribu-
tion function G{t) = mir; fulz} < ). In o recent paper Hsu and Robbins'
prove the following theorem: Assiime Hiad

(1) [ taaty = o,
2) [ #d6t) < =
Denote by Sy the sad (Js; ;i;_f,,{r} | > n), and put M, = m{S8.), Then E: M,

COMUErJEs.

It is clear that the same halds if | 2, filr) | > n is replaced by | 2 fulx) | > en
dmlL f=l

(replace fi(z) by e-fu(z)).
It was conjectured that the conditions (1) and (2) are necessary for the
convergence of Z; M, . Dr. Chung pointed it out to me that in this form the
= ' 1

tonjecture is inuccurate; to see this it suffices to put fifr) = (1 + re(z)) wheee
re(z) is the kth Rademacher function. Clearly |filx) | < 1; thue M, = @
thus 2 M, converges, but [ LdG(t) # 0. On the other hand we shall show

=l ]

in the present note that the conjecture of Hsu and Tlobbins is essentially correst,
In fact we prove _
Tureonem I. The necessary and sufficient condition for the convergence of

L 3

2. M, is that

me=]
(1 | [ acr | <1,
and (2) sheould hold.

In proving the sufficiency of Theorem [, we can assume without loss of genes
ality that (1) holds. It sufficesto replace fix) by (filz} — €) where ' = _[ LGl

The following proof of the sufficiency of Theorem I (in other words essentially f
the theorem of Hsu and Robbing) is simpler and quite different from theis
Put

(3) a; = mie; | fidz) | > 29,
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‘since the fi's all have the same distribution, a; clearly does not depend on L.
‘We evidently have

g 2“'_! L i iﬂ Bﬁ(ﬂi = ﬂi—!-]} L: ‘[: f CEG(I} £ gfl-Hfﬂ; i ﬂ;-H} E g 22“-\2 G
Thus (2) is equivalent to
@ > 2a < =,

Let2' < n <27, Put

8 = (z; | fulz) | > 277, for at least one k& < n),

S = (g | fislz) | > e | Feol2) | > n'® for at least two &, < n, ka < n),
PR

5L - {::;'Zﬁfa:}‘:‘? 2%,
| =1

‘where the dash indicates that the & with | fifz) | > n*® are omitted. We

(gvidently have

8, c 8P 8P U 82,

!E' if zisnotin 8" U 8P U 82 then elearly

o B B e

=
Thus to prove the convergence of 21 M., it will suffice to show that

il (m(SD) + m(8D) + m(SD)) < .

m (3) we obtain that m(SY) < n-ae < 27" 4,2, Thus from (4)

¥ ey =¥ . s8R e NP o e,
el (T e Lt | i
Trom (4) we evidently have that for large u

mz; | fulz) | > u) < 1/
Thus since the f’s are independent, and have the same distribution funetion it
we that for sufficiently large n,

0 < 3 mle | ful@) | >0 | ) | > 0t

L=k <ks=n

= (g) miz; | fil@)| > '), mlz; | filx) | > n*®) < 2™ = 0%,

=l

> miSY) < =,

=]
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Put
fule) for | fulz) | < 2*%;

filz) = !
Clearly the fi(z) are independent and have the same distribution fun o
G+(t). Put

) [[1a0') =6 a6 =fiw) -«

0 otherwise,

We have from (8) that f gilz) dm = 0, and by (1) that e = Ongn — =. We

evidently have

[ (ggkm)' am = [ Sl dm +6 [ T gita)-gite) dm.

Now since max | gi(z) | < o7 + &,

f gie) dm < (2" 4 &) - Lgffa:} dm < eoon’ ",
I

and
3 ; 2 q LY
fm(m}-m{m} dim = f gilz) dm f gi(x) dm < cs.
X K X
Thus
w £
f (E gp{I)) dm < ean™*. |
X 1
Henee ]
(9) m (w; ; gle) | > n/16) < een 7. i

Thus from (8), (9), |fi@) | < |g@) [ + 1/16 (for e < 1/16) and n/8 < 2%

we have
m (ﬂ:; ?:f’{x} ‘ > 2"'“) = m(m'l i:i.ff{m} > 2"_') |
g ge() ‘ >n/ lﬁ) = ~1-::'r":::

< m(z;
or

(10) m(8P) < om0,

Thus finally from (6), (7) and (10) we obtain (5) and this completes the p:
of the sufficiency of Theorem I.
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Next we prove the necessity of Theorem I, in other words we shall show that if
2 M, converges then (1) and (2) hold.

- First, we prove (2). The following proof was suggested by Dr. Chung, who
gimplified my original proof. By a simple rearrangement we see that (2)is
pguivalent to

infmmdf;{:} <w

_[:]L]:IG{.*.]{ o

i8 equivalent to
> [ a6 < =
=] &[] >on

any ¢ > 0. Now we have clearly,
(z; | fulz) | > 2n) © 8aa U 8.

)X f“m“ G0 S T (8w + m (8)) < e,

This we obtain (12). Sinee the terms of this séries is non-inoreasing it follows

[y s 0

ur nesumption being that £ M, < = wehave My, —+0asn — =, Ttfollows
p there is & constant p > 0 independent of & and » such that

m (r: 2 M) | < ﬂ) -
=
oW, writing set intersections as products, we have

£|1 (z: 1 ilz) | > E!IJ*(I; gf:{:]i < u) c 8.

¥ 2

iting this for 8 moment us

U (BT C 5.,
b=
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where Ry = (z;|fulz) | > 2n) ete. and denoting by R’ the complement of§
wie have X

1, = misd = m (0 @oro)
= m(0 @ry - Ry R
= Zm(RTY - By 11 RTY
= gm{ﬁf{ e Re g RaTh)
> g [m(ReTs) — m((RyU+++ U Ri R}
2 X (ml) — (k= DmR)m(R)}
z E o~ m@)ImRIZ T 6 ~ ol)miRA.

2o T mR) = [ dal)
b=l [Hj=tn

by (14) since m{R,) = e dG (), nm{H) =+ 0 as n — oo,
Sman
Thus
pag 6l £ LT M, < =
- 1 >2a P

Hence we have (11), which i equivalent to (2). The proof of (1°) is quite e ¥
By virtue of {2) we can put

[ : G = .

If € > 1, then it follows from (2) and Tschebychell inequality that M, — | a8
n— o, thusC = 1. Butif € = 1, we conclude from (2) and the central limif
theorem that M. does not tend to 0. Henee C < 1, and (1") is proved. ]

By similar methods we can prove the following resalts: Let 2 < ¢ < 4,

MY = m (a:; #Z:_ﬁ.{.z} >0 m)
-] §

L
Then the necessary and sufficient condition for the convergence of 2 ME"
=]
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Emc‘;{a} = [:I LP ) < .

If ¢ < 2 then the necessary and sufficient condition for the econvergence of
2 MY is that_[ [t dGil) < o=,
L

- Finally we can prove the following result: Assume l;hat[ t dG(t) = 0 and
il t' dG(t) < =. Then there exists a constant » so that

2 m [ﬂ-‘; 2 filz)
me=] )

" The casze of the Rademacher functions shows that (17) can not be improved
rery much, in fact only the value of » could be improved.

= e (log u}'] < e,
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pp. 85-88) which appeared in Mathemabival Resimws, Vol. 9 (18948), p. 470, 1
stated that “‘a more simple and elegant, and equally general, expression is ob-
tainable by a simple adaptation of formula (41}, p. 215, of J. F. Steffensen’s
book, Interpolaiion”

This statemernt i2 not entirely correct and iz also misleading in its implications
ginee Dr, Kincaid's expressions are actually more general in certain respects, and
simplicity and generality are not the only considerations nor, in this case, the
most important ones. In setting up an expression for the remainder in an inter-
polation formula, the primary objective is to secure pn efficient appraisal of the
remainder. In this respect, Dr. Kineaid's expressions are superior as they involve
only the higher derivatives of the function it is desired to reprosent, whereas
Hteffensen’s method would always invelve a first derivative term in such a way
as to prevent any refinement of estimates of the error by introdueing additional
given values.

T

REMAREK ON MY PAPER "ON A THEOREM OF HSU AND ROBBINS™
By P. Ernis

Syracuse Universily

Professor Robbins kindly pointed out that in my paper mentioned in the title
{Annals of Math. Stat., Yol. 20 (1949), p. 286-291) 1 have misquoted a statement
in the paper of Hsu and Robbins (“Complete Convergence and the Law of
Large Numbers” Proc. Nal. Acad. of Sci, Vol. 33 (147), p. 25_31}'«;[ attribute

to Heu and Robbins the conjecture (notations of my paper) that if EiM. < e

then (1) and (2) hold, and proceed to give o counter example. However, the
conjecture of Hau and Robbins is not the above false one but the following: If
¥ M, < = and (1) holds then (2) also holds. This eonjecture is true and is in

n=]
fact proved in my paper.

Professor Robbins also points out that a shight modification of my theorem
¢an be stated in a more concise form as follows: Let X, , Xy, -+ bea sequence of
independent random variables having the same distribution function F (x), and let

Yo=(1/n) Xi+ -+ +X,)
Then the necessary and sufficient condition that
2P| Yal > e < my for every e > (0,
il

1§ that

L)

[ zar@ =0, f: 2 dF(x) < =,
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