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Szele® recently proved that the necessary and sufficient
tondition that there should be only one abstract
group of order m is that (m, ¢(m)) = 1. In the present
note we are going to investigate how many such integers
there are up to n. In fact we prove the following

THEOREM. Denote by A(n) the number of integersm < n
for which (m, #(m)) = 1. Then

ne””
A(n) = (1+0(1)) “logloglog n
where v is Euler’s constant.

Throughout this paper p, ¢, 7 ands will denote primes,
the ¢’s denote absolute constants, ¢ > 0 is a number which
can be chosen arbitrarily small.

Clearly (m, ¢(m)) =1 if and only if m is squarefree
and m is not divisible by p. ¢, where g=1 (mod p).

Denote by 4,(n) the number of integers m < n for
which (m, ¢ (m)) =1 and the smallest prime factor of
mis p. Clearly

An) = 3 Ay (n) = 3,+3,+3,, (1)
where in 3,, p < (loglog n)}' %,
in 3, (loglog =)'~ < p < (loglog n)'**
and in I, (loglog n)'*: < p.

First we prove three lemmas.
Lemva L. Let p < (loglog n)'~*.  Then

Z’% 5% Iog;}g—n > (loglog )77,

where the dash indicates that the summation is extended over the
qg=1 (mod p) which satisfy q < ni/Gogtos m*,

1. Comment. Math. Helv., 20 (1947), p. 265-7.
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A result of Page! states that if =(x, 1, £) denotes the
number of primes g=1 (mod %), then
wll; Xok) = (1+0(I))¢(k) Iogx
uniformly for £ < log x. Thusif ¥ > log n> ¢, we have
(% 1, 0) > % (2)

From (2) we obtain

’1 1 log log n
ZE>Zﬂllogl>c] p

where log 7 < [ < n1/tegiosm* which proves the lemma.
Lemma I1.  Let p be any prime.  Then
g : log p+log log =
2. g ( ) ) ’
where the dash indicates that =1 (mod p), g < n.
We have

” 1 ”
Z <Z I+ap 1< 20gﬁ Z . (3)

where in 37, g=1 (mod p), p’<g<n. By aresult of
Titchmarsh2 the number of primes ¢=1 (mod p), ¢ < x is
for x > p? less than

plog x

C3 %
plogx
Thus a simple argument shows that
" I cs _-_“__':.[__-_ ‘_-'-2;
z o by <3 log log n. (4)

Lemma II follows from (3) and (4).

LemMa ITI. Let x < (log log n)'* (x— o). Denote by
B.(n) the number of integers m <n not divisible by any prime
p<x.  Then uniformly in x

1. Proc. London Math. Soc., (2) (89) (1935), p- 136 equation

(36)-
2. Rend. di Palermo, 57 (1933), p- 478-9.
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n

B, (n) = (140(1)) ¢~ EEer®

By the sieve of Eratosthenes we have

sio=e- 3 5 S[7nl-

= (1—;)+0(2’)=(1+o(1)) Og”ligx.

p<=

From Lemma III we immediately obtain the
following

Cor. Letp (loglogn)'*e. Denoteby Cy(n) the number
of integers m < n for which the least prime factor of m is p.
Then

n ne~"”
Cr(n) =5, (5) A ploglog p-

Now we can prove our theorem. First we estimate
3;. Letp < (loglogn)'~. A,(n)is clearly greater than the
number of integers m < n not divisible by any ¢g= 1(mod p)
satisfying ¢ < n VUe¢le»? By Brun’s method' we thus
obtain from Lemma I that

i _;I' —(log log)é/? _— S —’3_—_
A,(n) <enm (I q) < csmem ot 0((Ioglogn)z),

where the dash indicates g=1(mod p), g < n'/loglezm?
Thus

<loglegn  max Aol —— 8%,
Z' e & omtom 1 o) { log log )

(5)

Now we estimate 3, We have by the corollary to
Lemma III that

R~ ne-" ! €n
zz < z ‘(n) <c‘slt:-gloglog n Z p = logloglog n’ i
where the dash indicates that
(log log n)'=* < p < (log log n)'*-.

1. P. Erdos, Proc. Cambridge Phil. Soc., 33 (1937), p- 8 Lemma 2.
In this case one does not need the full strength of the method and
the simpler arguments in Landau, <ahlentheorie, Vol. 1, will suffice.
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Finally we estimate ;. Put x = (loglogn)'*. Clearly
by our remark at the beginning of the proof, i.e.
(m, ¢(m)) = 1 if and only if m is squarefree, and is not
divisible by any p.¢g with g=1 (mod p) we have

’
B,(n): B.(n)—~ Bl B
‘(ﬂ) -~ z3 > (n) z ) 5152 ¥
r>x
where the dash indicates that 5, >x and 5,=1 (mod s,).

By Lemmas II and III

—_—

( _8 N L
\[+0(1)) (I+E‘) 10g]oglogn>
e "n
%> (ol) G S ogTogTogm)
n_ log s+log log n
x z o8 —
$>x
: e~'n _n_ logx loglogn
>(I+ﬂ(l)) {I—f—e) Iogloglogn X 63—:‘“"—"?_"
e L
= (o) (o eglogogn 7

Since ¢ can be chosen arbitrarily small, we obtain the
theorem from (5), (6) and (7).

By more complicated methods we can prove the
following result: Denote by »(x) the number of prime
factors of ». Then the number of integers mn for
which » {m, ¢ (m) | does not satisfy
(1—¢) log log log log m < v{ (m, ¢(m)) |

< (14¢) log log log log m is a(n).

An analogous but much harder prob em was raised by
Pillai*: Find an asymptotic formula for the number of
integers m < n which have no factor of the form p(a.p41).
I can prove by much more complicated methods that the
asymptotic formula for the number of these integers is

& n
o4 T han
1 hope to return to this at another occasion.

i. The Fournal of Indian Math. Soc., 18 (1929-1930), p. 51-9.




