ON A CONJECTURE OF STEINHAUS

By P. ERDOS
(Iustitute for advanced study, Privcetou, N. J.)

Steinhaus conjectured that if all the partial sams of
1 —]»- E (ax cos ke - by 8in kx),
k=1

are everywlere nou negative then lim ap =1im b;=0. Von Neamann'
and Schuar ! proved that lim inf ¢; = lim inf by = 0. 8idon * proved that

lim: § ax| 4| bl =0,
N

In the present paper we are going to sharpen these results by prov-
ing the following Theorem. Let each partial sum of

1+ 3 (az cos kx - by sin kw)

be everywhere non negative; then the number of indices ¥ < for
which the inequality a;* 4 b;* > o* holds is not greater than

(log, m)#/e’ +1 2,

Proof. Our chief tool will be the following classical theorem of I'e-
jért: Let
N
0<1+4+ ¥ (axcoske - bysinks) for 0 <a < 2r,
k=1

! Unpublished.

® Aota Litl. ao Soient. Szeged, Tom. II, pp. 43-47.

* log, n deunotes the logarithm of n to the base 2.

+ Journal fiir reine und angewandte Mathematik, Vol. 146, 19186, p. 63.
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then real numbers @y, 2, ... ¥4y Y4y Y1 - Y €Xi8E suech that

" n—Ek

1= .Zo @+ _Eoyi‘s ap=2 lEu (®er@r+Yer W),
= Pe= -

n—k

by = 2{2“18&'-;13’1 — Yy (1)

Conversely if we choose 2n |- 2 real numbers @, @, ... ¥ny Yo, ¥y e ¥n
with

3@ tun=1

arbitrarily and determine the a’s and b’z by (1), the resulting trigo-
nometric polynomial will be everywhere non negative.

If we replace x; by r'a:.-' -+ y:* and y; by 0 we obtain a non negative
pure cosine polynomial

14 3 Ay eoskao,  Ay=a -+ D
k]

Thus Ay > max (| ax|, | be|) which shows that it suffices to prove
Lemma 1 for pure cosine polynomials. For these polynomials *
we obtain from (1)

n H—
1= E .t?‘-” ap—2 2 B Pk 1e
=0 =0

First we prove two lemmas.
Lemma 1 Let i, < i, < ... i< g be a sequence of integers such that
iy > %4,y (r=2,3...p) then

E 'y < 4

j=1

Proof. We have by Schwartz’s inequality

an' <43y Iyt <4 Typ

* Fejér, thid., p. 64,
¥ 8. S1poN, Journal London Math. Soc., Vol. VIII, 1938, p. 181.
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where the y;" & and z;' & run over @,, #,,..%;, Ty—i, ... x such that
if oy is a y; then @i pn—y i8 8 2;. Now we can choose the y;..1’s belonging
to a,’_;, insuch a way thatnoy;, equals any of they,” s (r=1, 2...j).
For if this were not possible then for a certain ko, wonld bea y,,
and &;y,—;, would be a y, (r,r, <j). But by definition the y,’s (r <j)
are a subset of the @/s with 0<I<4i; or n — 4 <1<n. But from
{j41 =>2i; it follows that @; and @;,,_;,, can not both satisfy one of
these inequalities, which completes the proof. Hence

L L] n
5§1 e et jgl Lyt igo A=t
which proves the Lemma!.

Lemma 2. Let i, <1, << ... <4, <n be a sequence of integers with
p>>(log, ») (t integer) then there exist t -} 24’8, ¢,/ < dy' < ... V142
such that for every r <<t -2 ¥,y — §/' > 2 (i — iy).

Proof. The Lemma holds for t = 0, we use induction. Suppose the
Lemma holds for ¢ — 1.

i + p

Lemma holds ; for then we can find ¢ -+ 1 "8 /<4< ..
i
fep1 < + 2

interval does not contain more than (log n)*—! integers then we take the

i ip
2

contains more than (log »)*1i’s our

If the interval * i,

satisfying the Lemma and we can choose 'y s=1,. If the

least ¢ not less than

‘m‘f‘ P.

ysay %, and consider the interval ¥,

; if it contains more than (log n)'~'#’s the Lemma is proved; if

; ; i - iy ;
not we consider the least ¢ not less than — — say i® etc. But the

number of the intervals of the form ¢, E is at most log n since

Q) + ip
2

the length of each of them is not greater than half the length of the
preceeding one. Hence at least one of them contains more than
(log, 7)1 i’s which proves the Lemma.

* It would be easy to show that the Lemma remains true if only ir>j>: i
<r

for r=1,2...p.
* Qur intervals are closed from below and open from above.
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We can now prove our Theorem. Suppose it is false and let a,_; ,
Qi voe @iy P > (lOg, m)¥e+1 be the o’ which are greater than ec.

.. [4
By Lemma 2, there exist [-‘;J +3 =1 ds, Qi g1y Ou—iryg e Qi 8-
tisfying &'y — i, > 2 (1, — ,) (r<{t) By the hypothesis

Nty

1+ ¥ apcos ke >0, for 0<a<2r
k=1

thus by Lemma 1.

- , o =)
2 ““u—i'.- <4(forl{7—l_‘1’< : 0 l S 2 :

r=1 - -

4 . ,
which does not hold since a*,_;z > ¢* }:i; this completes the proof.
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