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ON THE INTEGERS OF THE FORM af-y*
P. Enpos*.

In a previous paper, which I wrote in collaboration with Mahler{, it
wag proved that, if f(z, y) is a binary form of degree L =3 with integer
coefficients and non-vanishing diseriminant, then the number of integers
not exceeding n representable by the binary form with positive w and ¥
is Q(n**), The proof was simple but not elementary. For the special
form xt-y*, k odd, I have found an élementary proof which may be of
some interest.

So far aa T know, the first non-trivial estimation of the number of integers
not exceeding » of the form a*-y* is due to Landauf. He proved that
for even & the number of integers in guestion is Q{n**/logn). Later this
result was improved by 8B, 8. Pillai§ to O{n**/{logn)*}. 0 <<a <1, in the
eases b=1, 2, 3 (mod 4). The method used in this paper is a refinement
of that of Pillai.

Firat we prove five lemmas,

Lemma 1. Let 4 and B be arbitrary positive integers, 4 == B, Wyile
(1) e d—af=yt(B—yk O<z<id, 0<y<iB.
Then y 15 o conver function of x.

Proof|. We note first that y is an increasing function of &, since the
left-hand side of (1) is a decreasing function of #, while the right-hand side
iz a decreaging function of y.  Considering ¥ as a function of x and B, we
obtain

oy 1
Y- v g =

Differentiating this equation with respect to x, we obtain

aﬁy - 1 T o G "'E_ _@E
58~ = ¢ (w5

* Received 24 Febraary, 1939; read 23 March, 1930,

t P, Erdés and K. Mabler, Jowrnal London Math, Soe., 15 (1938), 134133,
4 H. Landsu, Jowrnel London Math. See., 1 [1028), F2-T4.

§ 8. B. Pillai, Journal Londen Math, See., 3 (1028}, S6-61.

|| This proof is due to Dr. W, Stradt,
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2 : i :
Hence o7 tl.ugg%) increases with x for any wvalue of B. Integrating
with respect to B, from A to By 4, we conolude that

Iuggfﬁ
increases with x: Since y = & when B =2, this implies that

dy
dz

r—n,

inereases with i, so that (1) delines sg a convex funotion of &,

Lemsma 2. The pumber of aolulfions in indegers 2 and y of (1) s less than
748,

Proof. First we show that, if (1) is solvable, 24 > B. 1t is evident
that both f(4, #) =24 (4 —2)* and (B, y) = y*+ (B—y)* are monoton-
ously decreasing for 0 < < {4, 0 <y < 18, and that f(4, u) < f(5, u).
Thus, if (1) holds, y = », A— > B—g, i.e. 24 > B.

Let now (xy, 1), (%e Wg)s ..es (2, ) be the solutions of (1). From
Lemma 1 it follows that

(2) Yia =MW > Yi~¥ia

Hpa—d, ¥,

We now split the (z;, y)'s into two classes, In the first class we put the
(x;, #) for which one of the equations g, ,—w>24% = ,—x > 244
holds, and in the second class all the other (z;, ). Obvicusly the number
of the (x, ) of the first class is less than 24%  Thus, if the result is
false, the second class contains at least 54%, y). Thus we obtain from
(2) that there are at least G40 different fractions sy, with w < 244
o= 248 an obvious contradiction,

Lusva 3. Let k=rprp..rp, where the r's are odd primes.  Then all
prime factors p, (p, k)=1, of

2 =1,

x4y '

are of the form 2ryry ord4 1
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This result iz well known*
Lumma 4. Denoted Il p* by (m).  Then the number of

Fis
p=1Tmadr;ry... )
integers m <<n with {(m, &)= 1 and H(m) < m® iz greater thaw con, where
e, depends only on k.

Proof. Consider the integers not exceeding n of the form pa, with
p prime, p>n¥, a<ad (o, k)=1, p==1mod(ryry...r;}, They ob-
viously satisfy the requirements of the lemma., We estimate the number
B of theee integers.  Denote by 4(E, d) the number of integers not exceeding
d and relatively prime to £ Then

,B:#I I!modzrl s 'r,;}(ﬁ (‘E’ }E) ;
nEp=nil

By the sieve of Eratosthenes, we get]

g (- 1) -

thus B> 11 (1—]1,--) B, i,
PlE pElmod fire.r) P
e p=qtl
where «(n) denotes the number of primes not exceeding n. But, by the
prime number theorem or by a more elementary result,

b 4 = £, w{n)=o{n);
pElmod iy ry.. 7} P
NP>
henece B=egnll (1— ?1) —o(n). = ¢y,

L]
which proves the lemma,

Lemma 5. Leb a; <a, ... << a<m be integers with £ > cym, then§

F-_{-"l blay) = egm?.

* L. Buler, Comi, Arith, Coll, (Petropoli, 1844), (1), 50 and (I1), 528,
T || means that gejm but pet! 4m.

4 rid) denotes the number of different prime factors of &,

& mlay) denotes Enler's. g-function.
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Proof. First we show that the number of integers & not exceeding m
for which ¢(s) <= e,m is, for suitable e, less than Jeym.  Obviously

rf;iqu.{u] —mt 11 (1- ;—:_) il W n (1 - %)""'"

moow HE
sZm (]—Eﬂé) = mWoy ™,
1 P
But if our result is not true we should have
i
I () < mmeleam,
"1

which is impossible if e} < e,
Thus we obtain

L.
5 $lay) > L8 mt = o, m?,
i=1 s
which proves the lemma,

Tureorus, The number of integers not exceeding n of the form z%y,
where k=3 is odd and (x, y) =1, is greater than o,n®%,

Proof. Denote by a; <a, < ... << a, the integers a with 2 < g < nl/%,
(@, k) =1 and if{a) < ae®. Consider the integers

() k-
with z+y=a;, (&, y)=L 2 <}g (i=12 ... These are obviously

all less than %,
The number y of these integers, not necessarily all different, is equal to

} X dla) = cont'F,
=1

by Lemmas 4 and 5.
We now estimate the number & of solutions of

(4) Ty = w40k,
with Z ﬂ‘-‘-Hr' =y (&, y;l =1, urv= thsy {ﬂ‘r '!'-1} =1,

i< wi=1 2w li <oy u<la,
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Write (4) in the form

4+ 'H-F"—I-!"ﬁ
{5} ‘i!'f, }lrl'l'ﬂ'} I"’ﬂ_"l" I:Illfi{ﬁ}u-f-w'
By Lemma 3, (5) is possible only if
EL
!.f'{ﬁll ihlay)’

which means that, for fixed g, there are at most
ik gk
aslipla) = alh
possible values for a,; thus, by Lemma 2, the number §; of solutions of (5)
for fixed a; iz less than

ik gl

T

aF <"ar
Hence, finally,

(6) S— 5 B<TuVk T L < 100neH-1Gh,

i-1 i 1
Obviously the number of different integers represented by (4) is not less
than*

y—5 = gynF— 10008 = ognt®,

which proves the theorem.

By similar but slightly more complicated arguments we can prove that
the number of integers not exceeding » of the form z*4y* = =y =0, is
equal to

P E (n—a® % fo(n?k).
Tk

From this result it evidently follows that the number of integers m not
exceeding » for which the equation m = z*+#%, & == y > 0, has more than
one solution is o(n®*),

The University,
Manchester.

® Denocte by flm) the number of times that s is represented by (3], Then
3=y ind 3 (P s e pm=n (FP) =0 .
el ] - -

thus it is ¢lear that E 1 y—a
Fwmia
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