ON SEQUENCES OF INTEGERS NO ONE OF WHICH DI-
VIDES 1HE PRODUCT GF TWU OTHERS AND ON SOME
RELATED PROBLEMS.

Paul Erdos (Manchester).
Introduction.

In § 1 we consider sequences—say A sequences—such that no mem-
ber of them divides the product of any two other members. We prove
hat the number of integers not exceeding # of an A sequence is less

than = (n)+ O (—”—’i
log n

es not exceeding n, and we show that the error term is best possible.
Sequences no term of which divides any other may be much denser ?).
In § 2 we deal with B cequences, which are such that the product

f any two of their memders is different. Here we prove that the num-

Ober of integers not exceeding 7 contained in a B sequence is less than
7 (n)+ O (n'+) and we show that the error term cannot be better than

2
), = (n) denotes, as usual, the number of prim-

o( __.’?_'___) .
(log n)*,

The sequence of primes is both an A and a B sequence. Our 4
and B sequences seem ot be very much more general, but our theo-
rems show that they cannot be very much more dense than the se-
quence of the primes.

In § 3 we chow by using the results 0f§ 2,that if p, <p, <...<p. <n
¢ nloglogn
log n)?
¢, is a sufficiently large absolute constant, then the products (p;i—1)

(p;—1) cannot all be different.
In this connection I proved in a previons paper that for an infi-
nity of » the number of solutions of the equation n=(p—1) (¢ —1)

(logm)' 2

is an arbitrary sequence ofprimes such that z > , Where

(p, g primes) is greater than e

§ 1

In order to make our method more intelligible we first prove that
the number of integers not exceeding » of an A sequence is less than

 (n) -+ 2n%,

*) Such a sequence may obviously contain /2 numbers not exceeding m.




On sequences of integers. %

We denote by &,, 4., ...the integers not exceeding n'* and the
primes of the interval (n", n), further by d,, d,, ... the integers <  n’.
so that every d is at the same time a #&.

Now we prove

Lemma L

Any integer m . n may be written in the form b d; .

Proof of the Lemma.

We may evidently suppose m > n'.
Ii m has a prime factor p >#n'® we write m —= p.”/s, where p—=b, and
mi,-—d,, If, on the other hand, all prime factors of m are less than
n's then we write m=p, p,...p, where all p ’s are less than a'* but
not necessarily different. Hence at least cne of the integers p,, p ps,
PiD2Pay - .58y pyps...p lies between 2 and a' . Then we write

bi=py ps---py and d;=mip, ps...PL -

Now we write every a in the form b; &, so that every a is repre-
sented by the segment connecting the points &; and d,. If &; is con-
nected with two or more & ‘s say &, dj, -..then these d ’s cannot
be connected with any other & ’s. For il e. g. d;; would be connected
with &; then in contradiction with the definition of our sequence, é.d,.
would divide the product (d;, 6°) (&; d;,).

We assert that the number of these segments is less than g7
where § denotes the number of b 's and 7 the number of d s i. e. the
number of a ’s is less than = ()42 n". To prove this we split the
b ’s into two classes. In the first class are the b ’s connected with
only a single d and in the second class all the other & ’s. The num-
ber of segments starting from the & ’s of the first class is evidently
less then or equal to the total number of & ’s. In consequence of our
previous remark a d cannot be connected with two & ’s of the second
class. Hence the number of segments starting from the & ’s of the se-
cond class is evidently less than the number of d’s. Hence the result.

Now we improve the error term to O (— il )
(log n)?

First we improve our Lemma.

Lemma Il.

Any integer not exceeding n may be written in the
form b:d; where b, by, ...represent four classes of inte-
gers:

(a) the integers not exceeding n',

(b)the primes of the interval (#', n), .

(c) the integers of the form pg with p, ¢ - n',

(d) the integers of the form gr with ' <{g << n™

and r<-£z(p, q, r primes).
q
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The d ’s denote the integers not exceeding n** (class {(a) of. the &s).

Now be an integer m <_n we have the following 6 possibili-
tigs

1. m < n’». This case is settled by Lemma [, if we replace n of
the lemma by n'™,

2. m has a prime factor p_- n'*; then we write b;=p, d;= £

3. All prime factors of m are less than n'*. Let m=p,p. ... p\.

At least one of the integers p,, pips, .., PP ... Py SRY Py Do .. .D.
{ies between a% and n". Hence byj=p, p....p1, di=mip,p. ... p.

4. Only one prime factor p of m is greater than n'* (but of course
p < n'). We then write m =pp,p, ... pp. This case may be settled as
the previous one since at least one of the integers pp,ppips...,
2P Pz ... pp lies between n's and n'k.

5. Exactly two prime factors of m, say p, ¢ are greater than n' .

Then m—=pqpips---Pv PP1 P2 .- D sl =a'e i >p' hence  at

q
least one of the integers ppy,, ppips, ....PP1P-> ... pu lies belween n*”
and n’. This seftles 5,
6. At least three prime factors of m say p > g >r are greater than

n, 1f ¢ and r are both less than n'~ we write b, =gr, diz-—'{‘—-:
gr
g y .n _n
it on the other hand g >>n", we have from pgr .n r-_ — < -,
PG G-

thus 3gain bf"‘._."‘ qr, dl: _{.?_1._ ;
qr
Thus Lemma IL is proved.

To prove that the error term is O( : ) W& have ‘euly fo
(log n)?
show that the number of the #'s is r:(i’l)—{-o('—’f .
(log n)*,

For the first 3 classes of the #'s this is immediately clear. The
number of b’s of class d equals:

N oz —G—)<c., -._?_._. —1_ i By > l e
il 9° “logn 4= g* “logn e= . k?logk:
n'ls }q}n"{ q}a’ n k "‘i‘p]hﬁ
0 ( n'h )
(log n)2/’

Now we prove that the error term is best possible.

Let p, < p,<...<ps be the primes not exceeding n'». From the
elements 1,2,..., s we form combinations taken 3 at a time such that
uo fwo of them have two common elements. We estimate ihe num
ber of these combinations.
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For sake of shoriness we call any combination taken 2 at time =
pair and any combination taken 3 at a time a triplet. Let now (i, j, &)
lialsky),. .., (iwlwke) De a complete triplet system of having no com-
mon pair, which means that if the triplet (//K) does not occur in the
system then there exists at least one triplet of the system having two
common elements with (//K). The number of pairs contained in the
complete system of triplets is evidently 3w, and since there are s—2
triplets containing a given pair we have

—23-} S)v
(s—2) 3w (.3|

w__.___l_ s J
g\ 2
Now we deiine a sequence which consists of the”primes of the in-
terval (n'*, n) and of the products pi, pj, Pr,, Piy PiyPry- « -Dig Pigy Plg, It i€

evident that this is an A sequence and the number of its elements is
greater than

hence

1 ; n
() —s-4-—( * w{p)t ————,
") ' q( 2 )> () 80 (log n)?
1
since by the prime number theorem sf,“:z»—~2-.—’;———.
ogn

Hence the resuit.
§ 2

Here we deal with the B sequences.

Let ¢, <a,<...<_ ay<_n be 2 B sequence. We write all a's i
the form b; d; where the & s and d’s are defined as in Lemma I. Here
we represent again the a's by segmeénts connecting the 4’s and the d’s.
No two #’s can be connected with the same two d’s. For if they
were, let b; b, d; d,, be the b’s and d’s in question. b dj —a;, |
bi,di,=a; j,, bi,dj =a,,; b; di,=ai,, and a; i, j,= @ ;, Qi j;
an evident contradiction. We may suppose in the representation of any
a that b,>dl.

We split the a’s into 3 classes. The lirst class contains the a’s for
which b; < r":, the second countains the a’s for which n': .~ b, —n"
and the third class the other a’s.

To estimate the nuimber of a’s cf the first class we split the &’s
not exceeding n'+ into two groups. Into the first group we put the
©’s connected with more thau n' d’s and into the second group
all the other &’'s. Let /i, Jj., ...,/y be the numbers of segments
starting from the first, second,... &’s of the first group. Taking in
consideration that no 6's can be connected with the same two d's
we have

e A S R
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since the d’'s are < n':) so that the number of pairs of d's is -

)
{, 2 )
Since all j’s are greater than n'c we have

L

nﬂc

L itred i<

so that o )
fittat - AL 200

On the other hand it is evident that the number of segments starting
from the b's of the second group does not exceed n". Hence the num-
ber of a‘s of the first class does not exceed 3 n™.

The argument was really based upon the [ollowing theorem for
graphs. Let 2% points be given. We split them into two classes each
containing & of them. The points of the two classes are connected by
segments such that the segments form no closed quadrilateral. Then
the number of segments is less than 3 &". Putling £—n'" we obtain
our result.

To estimate the number of a’s of the second class, we split them
into several subclasses. In the first subclass are the a’s for which the
corresponding &'s lie between n's and 2n'. For the second subclass
the &'s lie between 2n'* and 4a' and for the (k-4 1)% subclass
Rph < by< 25+ 'k, 1t is evident that the d's belonging to the b’s of

the (k- 1) subclass are all less than-;k

To estimate the number of a’'s of the (24 1) subclass, we split
the corresponding &'s into two groups. In the first group are the &'s
3k

connected with more than n'*22 d’s and in the second group are ali
the other &’s. Let 4, hs,..., #; be the pnumbers of segments starting
from the b’s of the first group. Taking again into consideration that no
iwo &’s can be connected with the same two d's, we have

(- +{)= (%)

Since all A's are greater than-—i----

-

tohla

D3k,
we have
nlt—1 n
o Gt bt A<
2%
Hence linally
h\\.

2n'

bbb <
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The number of a’s starting from the &s of the second group is evi-
y nl.;‘ - n-“;‘
dently less that 2 * n's 2— - aade e
: 2
Hence the number of a@'s belonging to the (k--1)* subclass is

al,

less than g'{irt . From this we obtain that the number of a’s belon-

ging to the second class is less than

= 4

i1 1

3n S 5o =3nt— < 9.
(o ]
Ve

The d’'s belonging to the a’s of the third class are all less than n'l'.
We split the &’s belonging to the a’s ol the third class into two groups.
In the first group are the &’s connected with only a single d. The num-
ber of these segments equals at the utmost the number of the &’s grea-
ter than n'* which is less than =(n).

Taking again into consideration thatno two &'s are connected with the
same two d's we obfain that the number of segments statting from
the &’'s of the second group is less than n'., Hence the number of a‘s
of the third class is less than = (n)--n'".

Thus finally the number of a’s not exceeding n is less than

7 (m) 8" = () O ().
Hence the result.

Now we prove that the error term cannot be betler than O [-n "

(log n)'is
First we prove the following lemma communicated to me by Miss
E, Klein.

Lemm a.

Given p(p-+1)+1 elements (p a prime), we can con-
struoct p (p+1)-41 combinations taken (p-+1) at a time
having no two clements in common.

Remark.

r o 1 -L 3 = .

Since !Fip—t?—}--)+ J i =lp+1)+1] [p'glJ each pair will be

L |
contained once and only once in the above combinations.
Proof of the lemma.

We construct the combinations taken p-}-1 at a time as follows. The

first p-+1 combinations are:

1 2 3 ... p+1
1 p+2 p+3 ... 2041
1 2p+2 2p43....3p+41

oooooooooooooooo

v pp+2 pp+3....p+N)p+1
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For sake of shortness we denote the matrix

P42 P13 oen2p41
202 2v0+3 ....3p+1
; pp2  pp+3 ....(p+D)p+1
y
Ay Qs aip
Ay Ay ... Qap

py  Qps .... Gy

The next p* combinations are the following

2 a, ay o PN as,

2 Qs (T (I;;.i iR ﬂ‘.p:

2 a a. a a

-~ im i ) 7 oy

3 alj a—‘_iz ﬂ-;:.'. ..o .aplp. 1 a’yp

3 Tya @ (7L . Qp y.p ﬂp[

rooay @aV%es @i op ... Apitp e
r . s, .2 asz oo ™y e ﬂp. 2o-p T
r Qi Qiyigr 2 A3 ifTr 21 eves Qg ifip—Nyir

. - s = . P . . =

where = _p and the index i A(r—2) is to be reduced mod p.

It is easy to sce that no two of these p(p+- 1)+ 1 combinations have
itwo elements in common, which proves our lemma.

Let now ¢y, 9s,..., ¢- be the primes not exceeding !/, n'=. We con-
sider the greatest prime p for which p=p(p -+1)4-1 does not exceed -.

By the prime-number-theorem s > ; . From the elements g., %s,...,9,

we now form » combinations taken p-1 at a time and having no iwo
common elements; in consequence of our lemma this is always possible.
Let these combinations be C), C,,. .., CP.

Further let r,, r,... be the primes of the interval (}/,n'f:, n'). By
the prime-number-theorem, their number is greater than o.

Now we define a B sequence as follows.

We multiply »; by the ¢’s contained in C,,

e Fr » " q’S " - Co,

a v s . a = & = = =

r.n » n .q;s . w » Cp:
Our B sequence is formed by these products and by the primes o:
ihe imterva! (n', n).
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By the prime-number-theorem

L
6logn
Hence the number of elements of our B sequence is greater than
nl
w(n)—n' > (n —,
( U

Hence the result.

§ 3.

Let now p,<p,<...p:<n be a sequence of primes such that
c,nloglogn
t>—=—
(log n)? .
ned later. We have to prove that the products (p;— 1)(p;—1) cannot
all be different.
We split the primes p; into two classes. In the first class are the
n
logn
class are all the other p’s. The primes of the first class are all of the
form ag-+1 with a<logn. But the number of primes of the form
ag-+1 for any a is by Brun’s method!) less than
1
Cs n(1+—)
pla 4
a(log n)?
hence the number of primes of the first class is less than

17(14a-L)

, where ¢; is sufficiently large and will be determi-

primes for which p—1 has a prime factor ¢ > ,in the second

2

s n pla ¥4 cy 1 1 1
o T < = s
(log n)? 2 a ~ (log n)? 2 d 2 a .
a<llogn d< logn ad
alVlogn
n 2 csloglogn _ c;nloglogn
(log n)? d? (log n)?
d<logn

Suppose now ¢; >¢; i. e. the number of primes of the second class

be greater than 6-352— . Now we prove that for the primes of the se-
ogn
cond class the products (pi— 1) (pj—1) cannot all be different.
More generally we prove: let ;< a,<...<as<n be a sequence

of positive integers, § > , and no a;—1 be divisible by a

(logn)?

i , then the products a;a; cannot all be different.

logn

prime >

1) P. Erdés. On the normal number of prime factors of p—1 and on some related
problems concerning Euler's @ function. (gual’terly Journal fo Mathematics. Vol. 6.
(1935) 205—213.

*§. 1. 1. Tpyaw HHHMM.
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n
n );
ogn
Where no two &'s can be connected with the same two d’s and split
them just as in § 2. into 3 classes, and obtain by the same argument
that:

1) the number of a’s of the first class is less than 2n%,

2) the number of a's of the second class is less than 6n’,

3) the number of a‘s of the third class is less then 1:(

As in § 2, we'write the a’s in the form b;d; (but here b;<C

n'{l

ogn
Hence the number of a's is less than

r:( a )+8n’f'+n'fz<
log n
which establishes the result.

- 2 n —
(log n)?

3ameTKa O HEKOTOPHIX CBOKMCTBaX NEJOYHMCIEHHBLIX nocae-
IOBaTeNbHOCTEHN.

M. 3PJiF1, MAHYECTEP.

[Mycrs ay < ay <...<a@y< n 03HAYAET TOCAEA0BATE/JbHOCTH IIe-
AbLIX UHCEJ, TAaKHX, YTO HH OJHO H3 TPOU3BeAeHHH JIOOLIX ABYX YH-
CeM H3 IMOCAeN0BATENbHOCTH HE JeJHTCH HH HA OAHO H3 OCTa’b-
HhIX.

Torpa i
x<w(n)+0(—+~)
(log ny?
npH 4eM OlleHKa He MOxeT GbiTh yayuinexa. JloxkasareancrBo Oyner
ACHEE, eCAM i B HayaJe AOKAXKY TOJABKO, 4TO
x < n(n) -+ 2n'h,
B sTom cayuae f0Ka3aTeJbCTBO OCHOBAHO HA JEMME:

Kaxjoe uenoe uyucao m-<n moxer ObTb 3amucano B dopme b; ¢,
rae b; O3HauaeT HEKOTOPOE ILEJ0e 4YHCJAO, He TpeBocxojdmee n';,
WJAH TPOCTOE 4YHCJO, WHTepBana (n's, n), M ¢ 03HAYAaeT HEKOTOpoe
Heaoe YHcJo, He mpeBocxoisinee n'h,

Yro6bl BRIBECTH AJA X Gojee TOYHYI0 OLEHKY HeOoOXOAHMa TOH-
Kas W AOBOJBHO CJOXHas GopMa JeMMbl.

Iycre Oymer oy <ay< ...<ay<n Apyras IOCAELOBATEJbHOCTD
HeAHX IMOJOXKHTE/NbHbIX 4YHCEJ, Takas 4YTO BCe IMPOH3BEAEHHA a1y
paaauuHbl Mexcay co6o#t. Toraa

y<=(m)+ O (n").

JloKa3aTenbCTBO OCHOBAHO HAa MpeAHAYILelH JeMMe.

3
31€ech OlLeHOYHBIH YJeH He MOXeTOhTh CAe/aH Jyylle 4eM O((l ‘)—.F)
ogn)'l
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