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Introduction.

In three papers, one of which is published '), and the other two of
which will appear shortly, [ proved the following results: The densities of
the sets of integers p®+ q> —r? (p, q. r, odd primes) and p> — ¢* + 2! are
positive. In the introduction of I, I stated the following conjecture: The
density of the integers of the form p? -+ q?+ r? is positive. Now I have
succeeded in proving this conjecture and the present paper will contain
proofs of the following 4 theorems ?):

1. The number of integers not exceeding n, of the form p?>- ¢’ is

greater than c. =
' (log n)*’

2. There exists an infinity of integers m such that the equation
m — p? + q2 has one and only one solution.

3. The density of the integers of the form p? 4 q? 4 r? is positive.

4. The density of the integers of the form p? 4 q* 4 2 + 2% is posi-
tive. It is clear that 1. follows from 4. Nevertheless we give an inde-
pendent proof of 1, partly because it will help to make clear the method
and partly because we shall be able to deduce 2. from it. From 3. and
a well known result of SCHNIRELMANN we immediately deduce that a
constant ¢, exists such that every integer is the sum of ¢, or less positive
squares of primes. The chief importance of 4. lies in the fact that the
number of integers of the form p? 4 q? + 2% 4+ 2% not exceeding ndoes
not exceed c;n.

Throughout this paper n denotes a sufficiently large integer, ¢;,c,,. .
and y positive absolute constants, y will be used only as an exponent of n.

§ 1.
We require the following
Lemma 1. Lef e, e,....ex f1. f2..... [i- be integers with |e; |, fi|<n%,
and for no i and j e;—e;. [;=[; at the same time, then the number A
of pairs of positive integers x and y, not exceeding n, for which

sixth o ek hpvater+Gy o w 2 =+ 1)

2 k+1
are all primes, is less than cs £ (f?%éong)_‘

1) On the easier WARING problem for powers of primes, Proc. Cambridge Phil. Soc. 33,
6—12 (1937). I shall refer to this paper as L

2) In connection with all these problems, see VINOGRADOV, Comptes Rendus del'Acad,
des Sciences de 1'U.S.S.R., 16, 131—132 {1937).
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Proof. We first estimate for fixed y the number A, of x not exceeding
n, for which all the integers (1) are primes. We may evidently suppose
(enfi)=1,i=1, 2,... k. Let p be any prime not exceeding n’ with
pteey...ei and leex+fiy|>n'(i=1,2,,...k), then

by By B
x,#_ e gy T . {modp),
since e; x + f; y are all primes.
These k residues are all different if p { f(y). where
f(y):yeleg'..ek 11 {_e,—fj—-ejﬁ_}_

I<j=k

We may suppose f(y) 70 for evidently e f; —e; f; 7 0).

Thus, by Lemma 2, of I and by the fact that there are at most 2kn”,
values of x for which one of the inequalities 'e;x+ fiy| >n" (i=1,2...k)
is not true, we obtain

A, <cgn IT (l—£)+2knf. o wow ow v 2)
p<n’ p
el

By applying the inequality
k
1<(1 p)(w"“) p> k(4 1)
for the primes p >k (k- 1) dividing f(y) we obtain from (2)

A,<cen I (1——"—) 11 ( pfd )-1—2;( e RICTI0g AP TE

klkF1)<p<n? P/ slfty (log n)*
since
.k <,
II ] (- . S
k e+ 1)<p<n? ( P ) (log n)*
and
k + 1 A k+1 a2
1 (14575) < e llog log £(9))*+" < o log m)*"
eIty

Thus, from (3),

n? (log log n)<+1
A= S ASe N

which proves the lemma.
Theorem 1. The number B of integers m, not exceeding n, of the

n
2 )
orm is greater then ¢, ;.
f p +q g 1 Hog n)g
We prove a more general result containing at the same time Theorem II.
namely:
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The number B’ of integers m not exceeding n for which the equation
m=p?+ q* with p=q
has one and only one solution is greater than c,, {f?nn)-z'
Proof. Denote by @ (m) the number of solutions of the equation
m=p*+ q* with p = q;
we then have

B’=m§lq>(m)—- z; tp(m)}zmé]qo(m)~m§l([@(m)]’—rp(m))- (4)

plml=2
Evidently
P om>bntha e ptn )
Next we prove
n 2--_ n
niﬂwmn mwn<@§5q . w @ w ooe 0
Denote by C the number of solutions of
pP+e¢=r+s E+¢<np<);. . . . (7

then
3 (I (M~ (m)=2C,
so that it will suffice to estimate C.
We write (7) in the form
P—pl=q¢—s . . . .. ... (8
and put
r—p=28, q—s=2b . « . . . . . (9
Evidently a, b < n':. We may suppose a > b > 0.
By (8) and (9),

ap—bs=0b2—a?,

or
__b(s+b)
p=—_——a
Bt (s, Bj==d, B—a’, L@
u a,; = da, d—a, d_ » en

p bt bd)

a

ald. . . . . . . (10




From (10) we obtain
s=—b"d(mod a"),
which means

s=—bd+a'x. . . . . . . . (11)
From (11), (10) and (9) we have

p=—a'd+b «x
r= ad+bx;. . . . . . . . (12
g= b’d—‘r—a'xs

Denote now by D the number of solutions of (11) and (12) with
15a/'dSnty, 1<a'xSnt @2>0>0 . . . (13)

then evidently
D>C

(for if a’.d, x do not satisfy (13) then at least one of the primes p,q,r, s
is greater than n'M).,

Hence it will be sufficient to estimate D.

Now we write

D=D"+ D,

where D’ denotes the number of solutions of (11) and (12) with d<<n'l,
and D’ the number of solutions of (11) and (12) with n's <d < n'h
First we estimate D’. Denote by IJ;. the number of solutions in
a’, b’ of (11), and (12) for fixed d and x.
From Lemma 1. by putting

eix=—d, ex—es=x, ei—=d, f=f=%x fi=—d, =d b'==x a'=—p

Iz
and replacing n by K:{x_a?)' we obtain

5
Di.< ¢,z n (log log n)

[max (x, d)]? (log n)* for x<<n's . . . . (14)

For x > n'ls we evidently have

Dl v s = s vom v« (5)
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From (14) and (15) we obtain

a'lz

D;—= E Dd,— E D, .+ E Ddx+ 3 D,
x>d x=n'ls
(log log n)? (log log n)’ -
cia nilog logn Gyniioglogn 5,
. d (log n)* T d (log n)* an j
Finally from (16)
bl
s "s 1y _ cun(log log n) 0, n (log log n)’
2 _d'é‘ Hes ~ (logny® TRAG (logn)* =~ °~ 7 \7)

Now we estimate D’. Denote by D, , 4 the number of solutions in
x of (11) and (12) for fixed a’, b’. d.
By putting

—b'd=fy, —a'd=fy. a'd:f,y, Kd=Fn, eita=—i, ==V,

and replacing n by ~——( { - < nh) we obtain from (3)

Yy ]
D:‘,vd<c“§n (log log n)

a’ (log n)*
Now
P - n': (log log n)®
Da’,d "-'HE] Da',b',d < Cis (log n)q
and
e
- n (log log n)y’
D=2 Denk 815~ oot
Thus finally
Y
S log log n)*
D'— 3 D M 18
o ol o (log n)? 18)

From (17) and (18) we obtain

n (log log n)® n
(log n)® < {logn)*’

D=D"+ D#<':(CIS +c17)

which proves (6).
From (4), (5) and (6) we obtain
B > ¢y

n
log n)?’

mn
(Tog F — g™ ]

Hence the result.
(To be continued).



