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The famous theorem of Schnirelmann states that a constant ¢ exists such that
every integer greater than one may be expressed as the sum of at most ¢ primes.
Recently, Heilbronn, Landau and Scherk proved that this holds with ¢=171.
Probably the true value of ¢ is 3. Another well-known theorem (Hilbert’s solution
of Waring’s problem) is that every integer is the sum of a bounded number of
positive kth powers. If we omit the restriction that all the £th powers are positive,
the problem is referred to as the easier Waring problem and the proof of the result
is then much simpler.

It is an interesting but very difficult question, which I cannot answer, whether
every integer is the sum of a bounded number of kth powers of primes. It would
suffice to prove that for some fixed / the integers of the form pf+p§+... +pf

(where the p’s and the ¢’s throughout this paper denote primes), have a positive
density. I can, however, prove

Tueorem 1. The positive integers of the form p}+pi—qi—qi have positive
density.
I then deduce

TarorEM I1. A4 constunt ¢ exists such that every integer is the sum of at most ¢
positive and negative squares of primes.
This follows from Theorem I by Schnirelmann’s well-known

LEMMA. If ny=1,ny, ng, ... 18 a sequence of positive integers such that, for every
n = 1, there are at least un of them not exceeding n, where « is positive and independent
of n, then every positive integer can be expressed as the sum of a bounded number of
the nq, Ry, ...

I shall prove by more complicated arguments in another paper that the
density of each of the sets of integers

4 4 gk
pi+pi-p3, I -3 @ Tepk, (e=1t1),
r=1 =1 r=1

is positive. I conjecture that the density of integers of the form pi+ p+pj is
also positive, but this seems to be very deep.
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Throughout this paper n denotes a sufficiently large positive integer, the ¢’s
and y’s are positive numbers independent of %, not necessarily the same at each
time of occurrence. Also 0 <y < 1, and ¢ will be used only as an exponent of » in
applications of Lemma 2.

Levma 1. Let k>0, @, x, &5, «.., @, be 7+ 2 integers. Write

r

f@)=11 (z—=), (1)

s=1
k .
s Jp m (1 t 15) if f@)%0,
L0 if f(x)=0.

Then if max |z, | <n, and € is any positive number, there exists g=g(r, k, €)
such that, for n>n(€),

n
Zl g (@) <en. (2)
0@ >0
It suffices to prove that
E=Y g(x)2<e(k,r)n, (3)
x=1

for then we can take g=cfe, and

L 1n €
gx)<- X g(@)*<-cn
z=1 Hr=1 ¢

gley=g
by (3).
n \2
Now E=% 11 (l+—) .
z=1 p|fix) p
(x40
For the primes p = k, we note that
Y 2
(147) 258,
r r
n kN2 3k
Hence E<Y H(I+---) 11 (1+—)
a=1 p<k\ P/ plf P
flz)=0
n 2 (d) (3k)@
<oy 3 3 KOO
z=1d|flx)
f(@)+0

where A (d) denotes the number of different prime factors of d. We invert the order
of summation. The number of solutions of f(2)=0 (modd), 1<z <n, does not

exceed ?‘““’([gjl + l), and | f(n)| < (2n).
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(2n)" 2 A
Hence ESC(k) E M(?_a_f_l)
a=1 d d
i 3kr 3kr
<ell)n (l+—)+ck (l—l——-—)
(k) p[l2 2 ( )p(l:[zﬂ)r B
<e(k,r)n,
since = l=|:a(lo,c=,>'l\7).
p<NP

Levma 2 (Brun*). Let there be given an arithmetical progression
z=A(mod D), 0<A<D,

and r consecutive primes Py <Py... < p,, none of which divides D. With each prime
Py let there be associated k residues R, , (s=1.2, ..., k), where k 1s an assigned integer
less than each of the p’s. If v(x,n) is the number of the x <n such that

*%* R, (modp), (s=1,2 ...k i=12,..,1)

k
then v(z,n o (1——),
<3}
provided that all the p’s do not exceed n” where y is a certain positive numerical
constant less than 1.
This is proved by Brun for k=1, 2 and the proof is the same for general %.
It is also clear on examining Brun’s proof that the result still holdst when D
depends upon # if D < n¢, where ¢ is sufficiently small.

Lemya 3 (Schnirelmannf). If a is a positive integer, the number of solutions
the equati
of the equation P1—Pe=1a,

in primes P, <p,<n, , 18 less than
n 1
c-—— 11 (l +—).
(logn)pia\” " 2

Lemma 4. With suitable e, there exist two positive integers a, b with highest common
factor (a, b) such that
(1) (a,0) <c,

clogn <a <b<10logn,

II (1+£) <e, 1 (1+1)<c;
pla P alb q

* “Le crible d’Eratosthéne et le théoréme de Goldbach ', Videnskapsselskapets Skrifter,
I, Mat. Naturv. Klasse 1920, No. 3, Kristiania.

T Loc. cit. p. 22, eqn. (20).

1 “Uber additive Eigenschaften von Zahlen”, Math. Annalen, 107 (1933), 649-690,
p- 670. Lemma 3 can be deduced from Lemma 2.
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(2) each of the equations
Pr—D2=a, ¢ —¢=b
has more than cn/(log n)?® solutions in primes p, q satisfying

n .
60 logn’ N 60logn’

Let v (x) be the number of solutions of

m<

Py—Pa=7T
with Py <nf60logn.
We first find a lower bound for
10logn
v= 3 wv(x).
x=1

Split the interval (0,7/60logn) into 1+ [n/600 (logn)?] subintervals each of
length 10logn except the first, which may be ignored, and containing v, , v,, ...
primes respectively. Then evidently on taking any two primes in each subinterval,

we have 2p;p§+p§+...—v1—v2—
Now Syt vp > .
30 (log n)? 1T V2T 7 190 (log n)?’

since the number of primes not exceeding N lies between N /4 log N and §N/log N.
Further, if the sum of the v’s is given, the sum of their squares will be a minimum
when all the v’s are equal. Hence, by taking

_ n I: n ]
¥i=120 (logn)2 | | 600 (logn)2 |~ °

in ¥v2, we obtain

- n 7 n
se2-20 I:GOO (logn)2 | T30 (logn)2~ 120 (logn)? 25,
1

whence v> 341 (logn)t" (4)

Now an upper bound for » () is given by Lemma 3 as

1
)< g L1 +3) &
Consider first the values of x for which P= T] (1 + E) > ¢. Then from Lemma, 1
|z
on taking r=1, k=1, 2,=0, g=c, we have .
en logn n
e<iiioen” ) logn® 482 {logn*
=

Hence, from (4), e 1%ognv (3:') > WE. (6)

Pse
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Hence, noting from (5) that, for these x, v (z) < cn/(log n)?, there must clearly
be at least clog n terms in the sum in (6) for which

r <10logn, pl—|l;l:(1 +§3) <ec, v(x)>cn/(logn)d.
Hence there must be ¢log » integers  satisfying these conditions and also the
further condition clogn <x<10logn.
Hence among these integers there exist two, say @ and b, such that
clogn<a, b<10logn
and a—b<c, whence (a,b)=(a,a—b)<ec.
THEOREM 1. The integers of the form p}+ p3— gt — 3 have a positive density.
Leta, b be the integers of Lemma 4. Consider the two sets of integers defined by
-9l -4
where the p’s and ¢’s are given by

Pr—Pe=a q—¢:=b, p;,q<nf60logn. (7)
Then Pi-pi=a(2py+a) <jn+a?,
and similarly G—@G=b(29,+b) < In+ b2,

Since there are at least ¢n/(log n)? values of p, and also of ¢, , there are at least
en?/(log n)® even integers m, not necessarily all different, given by

= 2ap, + 2bq,. (8)
2
Let v, (m) denote the number of times m occurs. Clearly m < —; <n, and so
n
S v, (m) > en?/(logn). (9)

m=1

We estimate v, (m) by Brun’s method. If p,<m? there is at most one value
of ¢, for each p,, and similarly if ¢, <m?. These p, and g, give a contribution
of at most 2m” to v, (m). Suppose then that p,>m», ¢,>m?. Let p be an
arbitrary prime not exceeding m? with p+ 2¢b. Then

m m b

p2t01 — 1, %- %"E‘E(mc'dp)’

by (7) and (8). These four residues are all different if we assume p + M, where
M =m (m+ 2a2) (m + 2b%) (m + 22+ 2b2).
Denote by v, (m) the number of integers x < m/2¢ for which

2
e +% (mod p),

=0, —a, s
rxEl, a.2a2a
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for any of the primes p < m? not dividing 2ab; and also for which
m— 2ax = 0 (mod 2b),
so that x may be one of [a, b] different residues (mod b). Hence, by Lemma 2,
cm 4
m)<-—[a.b 1—-}.
im) <G ab) T (1-7)

ne 2abM
On using the inequality

1<(l+§)(1—§), p> 20,
p »

for the primes p > 20 dividing 2a¢bM, we have
cm

5 5 :
=t . l g
vl < o5 pll_z[ab(l +P) pﬁrf (I +P)20 <-11_*I¢m”( p)

cn 51
B b 10
{{log n)%ﬂr(”p)’ (10)

5 4 ¢ 5
since l——)<i—, l+--)<c
20 <lp-l<ml’( P) (logm)* palglab( P
from (1) of Lemma 4.
Now apply Lemma 1 with

k=5, r=4, #,=0, x,=-—2a% x,=-2b% x,=—20%2-—2b%

1 2

en
Then m§1 Vy (m) < W-
pll-lM(l +-)>c
But v, (m) < vy (m) + 2m?, (11)
n ent n?
3 AR T By i i) 12
and so mé! v (m) < (Iogn)5+ Ity < (log n)f (12)
;:II]H(I +‘Ii7) =L

Hence, from (9), (11), by choice of a suitable e,

3 vy (m) = cn?/(log n)®. (13)

m=1
PHM(1+%)€(!
But for the m in (13) we have, from (10), (11),

vy (m) <cn/(logn)®, v, (m)<cn/(logn)t.
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Hence in (13) at least
en?

(57
(logn)® / (logm)? ="
of the »; (;m) are not zero. Hence also there must be at least ¢z integers of the form
2apy+ 2bgy + a® + b2,
These integers are obviously less than » and are also of the form

Pi-pi+p3-1i.
This proves Theorem I.

I should like to express my deep gratitude to Mr Davenport and Prof.
Mordell for their help with my manuscript.



